PHYSICAL REVIEW LETTERS 135, 231601 (2025)

Quantum Droplets in Curved Space
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This Letter investigates the formation of quantum droplets in curved spacetime, highlighting the
significant influence of curvature on the formation and properties of these objects. While our computations
encompass various dimensions, we primarily focus on two dimensions. Our findings reveal a novel class of
curvature-driven quantum effects leading to the formation of quasistable liquid droplets, suggesting a
feasible pathway for experimental observation, particularly in microgravity environments.
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Introduction—The suggestion that a specific choice of
the interaction strengths between atoms in binary mixtures
could induce the formation of quantum liquid droplets has
emerged as an important recent observation [1-3], which
has highlighted the essential role of quantum effects in
explaining the existence and properties of matter under
extreme (dilute) conditions, and experimental observations
have generated a certain amount of excitement within the
cold-atom community and beyond (see, for example,
Refs. [4-14] or Refs. [15-17] for review). Here, we argue
that quantum stabilized droplets provide direct access to a
semiclassical quantum regime, where geometrical effects
play a pivotal role in altering the physics of these systems in
a predictable and, in principle, observable way, allowing
one to test semiclassical quantum field phenomena in
curved space.

In the case of a single-species, dilute interacting Bose
gas, Bogoliubov a long time ago [18] calculated the ground
state energy & of .4 bosons confined in a volume 7" with
uniform density n = .4"/7/, interacting through a short-
range J-function potential in the mean-field approximation:

£==n", (1)

where ¢ = &/7" is the energy density and g a coupling
constant, indicating that, in dilute conditions and for fixed
particle number, the atoms can exist only as a gas. The
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mean-field result (1) was extended to include quantum
effects, a result due to Lee et al. [19-22]:
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where g = 4ra/m and a is the s-wave scattering length.
The presence of this correction implies that the zero
momentum part of the condensate containing most of
the atoms undergoes zero-point quantum fluctuations,
while a small fraction of atoms remain excited, a phe-
nomenon known as quantum depletion. In practice, quan-
tum corrections do not change the nature of the atomic
ensemble, because the energy remains a monotonic func-
tion of the density. (See Refs. [23,24] for reviews.)

The new observation of Ref. [1] is that in a two-species
Bose gas adjusting the relative interaction strengths, in a way
that makes same-species atoms weakly repel and different
species atoms weakly attract, reduces the resulting leading-
order contribution to the energy density and enhances, rela-
tively, the quantum corrections. The outcome is remarkable
as aminima in the energy emerges at a nonvanishing number
density: A localized spherically symmetric configuration—a
droplet, stabilized by quantum effects—forms.

In this Letter, we consider a similar two-species inter-
acting field theory setup and include a generic curved back-
ground substrate. We shall demonstrate that the presence of
curvature triggers a mechanism by which the stabilization
(or destabilization) can be driven or altered by geometrical
effects. The role that geometry can play in the formation of
droplets, in particular, and in ultracold atoms, in general, is
motivated by the possibility of using spherical trapping
potential or a combination of optical traps to generate a
curved background. In the context of quantum field theo-
retical approaches to Bose-Einstein condensation, curvature
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effects have been studied at least since Refs. [25,26]. See
Refs. [27-31] for more recent relevant work.

The qualitative effect of curvature on droplet properties
can be understood, for instance, by dimensional arguments
implying that additional contributions to the one-loop effec-
tive action, proportional to the Ricci scalar R and the density,
should occur. (In odd spacetime dimensions, logarithmic
corrections are also expected). These curvature-dependent
terms compete with chemical potential contributions, effec-
tively shifting it by an amount proportional to R, indicating
that curvature can significantly impact droplet stability,
either stabilizing or destabilizing them depending on the sign
and magnitude of R. These considerations are also supported
by general properties of interacting quantum field theories in
curved space (see Refs. [32-37]): The effective potential can
be lifted by the presence of curvature, which in topologically
simple cases, such as compact spaces, can be understood by
analogy with finite-temperature effects. Collectively, these
qualitative insights point toward a potentially substantial role
for curvature and can be made more precise by explicit
calculation.

Two-species quantum gas in curved space—In the
following, we consider a model describing a Bose-Bose
mixture:

y:/dv{%:[Re(igo;(p,,) —‘ZZ”'T —U}, (3)

p

where U =3 7,l0,*lo,)*/4. The above model is
assumed to live on a curved background spacetime, which
we assume to be static, defined by a metric tensor g, (g is
the determinant and V is the scalar covariant derivative
in curved space). Other than the assumption of staticity,
the background is kept general. We have defined dv =
dxdt,/g, and d is the spatial dimensionality. The couplings
Ypp = 4ma,,/m, and yy, = dna,(m; + my)/(m;m,) are
the intra- and interspecies coupling constants, respec-
tively, and a,,, are the relevant scattering lengths. We set
Y12 = 721 and adopt natural units where 7 = 1. Relation (3)
represents a minimal (e.g., without nonminimal cur-
vature couplings) extension of the model of Ref. [1] to
d + 1-dimensional curved spacetime. Classically, in flat
space the system is stable when U is bounded from below,
which implies y;; > 0, y2, > 0, and 3, < y;,722; i.€., the
quadratic form above is non-negative and the potential has
a single minima at |¢;| = |p,| = 0. The classical ground
state is characterized by uniform condensate densities
satisfying 0 = g, =332, 7,4 @,|% for p =1, 2, where
u, represents the chemical potential associated to the
species p = 1, 2. In curved space, we need (necessarily,
in the case of a spatially varying background) to consider
more general, inhomogeneous, configurations for the
ground state; thus, we expand around a semiclassical
space-dependent, static background ¢, (x):

Pp = Pp(x) + 80, (1, %). (4)

The perturbations ¢, (t, x) represent the quantum fluctua-
tions that are integrated over in order to obtain the one-loop
effective action. (See Refs. [24,25,38,39] for examples of
application of the Schwinger effective action formalism
to Bose-Einstein condensation and for other earlier refer-
ences.) We introduce for convenience the notation

D7 = (8¢} 50} 595 59} ) )

with each of the complex field components treated as an
independent degree of freedom and corresponding to the
real and imaginary parts of each of the perturbations (e.g.,
o is the real part of O¢;, etc.). Implementing the
expansion to second order and removing linear terms yields

S xS+ polp,|Pp®y. (6)

where . = .[p,]; the approximation symbol signifies
that the expansion ignores terms of order higher than
second in the perturbations. We use the condensed notation
of DeWitt [40], where repeated indices are summed and
spacetime variables, not indicated explicitly, are integrated
over. The Lee-Huang-Yang correction can be calculated
from the second term in (6) from the effective potential (see
Ref. [24] for an explicit calculation in the case of a single
complex scalar field in d = 3).

Quantum effects—In the following, we want to isolate
the effect of curvature in the quantum corrections, and for
simplicity we consider the case of identical species, e.g.,
my =my =m, and y;; =yn =g, and y12 =ypp = Gi- If
we write the background configuration as @, = p pe’gﬂ for
p =1, 2, we get for the action evaluated over the back-
ground

1o, = / d”{z [_ﬁ ((Vep)* +£5(V6,)%)

p=1

g
- Zsp?,} _gi|Pl|2p22},

and for the second-order correction

7 pole)|Pp®g = /d”q’TD[%]‘I’- (7)
An explicit expression of the operator D[g,]| can be found

in formula (S1) in Supplemental Material [41]. The one-
loop effective action can then be written [24,40] as

Fz&z—i—%lndet(D[@p}). (8)

The quantum contributions that stabilize the droplet for
specific choices of the curvature and of the couplings come
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from the functional determinant, which depends on the
ground state and has to be computed self-consistently by
extremizing the full effective action as a function of ¢,.
Technically, in the present approach, it is the presence of
cross-interaction terms that complicates the matrix struc-
ture of the operator, leaving us, as we shall see, with the
task of computing functional determinants of higher-order
minimal operators. Here, since we selected a U(1) sym-
metric potential and two identical species, we shall look for
a ground state symmetric under the exchange of species
“flavor” and assume that the two flavors have vanishing
phases. Also, since we look for ground states that are not
rapidly varying functions in space, spatial derivatives
emerging from higher-order terms as perturbations.

Some remarks on how the computation can be carried out,
in general, and how derivatives can be treated systematically
in the present approach are illustrated in Supplemental
Material [41]. Our choice of ground state yields

1 1 1
Elndet(D[p}) :ElndetDJr—i—ElndetD_, 9)
where
02
D, = 4m2¥ — A2+ 4mX A +4m>S,
with
Xy = =2gp* = 29ip*6. (10)

S. = ((9:—39,) —49:6.)(g: + g )p*.  (11)

with k =+ and 0, being a Kronecker delta. A is the
Laplace-Beltrami second-order operator. We follow notation
and conventions as in Ref. [42]. The determinants in (9) can
be calculated using zeta-function regularization that has the
advantage to allow for incorporating effects of curved space
and of inhomogeneities systematically [42-46]. The deter-
minants can be expressed, upon Euclideanization t — —ir
with 7 € S'(j) with j3 being the inverse temperature, in the
form (k = +)

Indet Dy = ~£[D,]/(0) — {DJ(O) &2, (12)

where ¢ is a renormalization scale, which in the present case
has mass dimension —2. The generalized zeta function in
(12) can be expressed via the Mellin integral representation

¢[Di](s) =uD* = ! /mﬁ9(4ﬂz/ﬁz)tre_z'7im,
0o < °

I(s)
(13)

where we have introduced .7 . [A] =A% —4mX A +4m>S%
and the Jacobi elliptic function O(x) = 3, ¢, ™™, with

B = p*/(4m?), x = 4xz/ . In order to separate the finite-
temperature from the zero-temperature part, we may per-
form a modular transformation 6(u) = \/1/—u9(1 /u) and
use a series representation of the theta function, leading to

m2 © ~2n2
0(4nz/p*) = \/%Q + ZZeXp (—%)) (14)

The procedure we follow consists in expanding the inte-
grand in (13) in terms of the ground state; this can be done
by using the asymptotic expansion (we rely here on
Ref. [47], whose results are used here in a slightly modified
form by exponentiation of the trace; earlier relevant results
on heat-kernel higher order can be found in Refs. [48-59]):

7 — dx I'(d/4)
tre—:7=18] — N (g/2)-(d/4) / 12

; (4r)4/27 2I(d/2)

x e VITEL), (15)
where T, = —[['(d/4 + 1/2)/dI'(d/4)|{D + (d/3)R} and
D = —4dmX . The first two coefficients are IVE(()i) =1 and
Egi) = 0. (Details on the asymptotic expansion of the

functional trace involving fourth-order minimal operators

and a formula for E4 are discussed for completeness in
Supplemental Material [41].) In the following, we shall
perform a truncation and ignore terms of mass dimension
greater than 6, i.e., k > 3. This level of approximation
implies that the background geometry cannot be highly
curved, in the sense of O(R?), or highly inhomogeneous,
in the sense of O(VVR?). Also, combinations between
curvature and ground state ignored within the present
approximation consist of (Vp?)2, A%p?, ARp?, R*p?, and
higher powers of the ground state. Physically, this means
that our approach cannot be applied to highly curved or
inhomogeneous backgrounds and reveal whether there
exists a ground state that is rapidly varying in space; while
this seems unlikely, this is, in fact, a limitation of the
present approach that we accept in view of the fact that
droplet profiles are indeed not rapidly varying functions in
space by definition. We stress that this argument can be
made rigorous by computing the next-order corrections
k = 3 that could allow one to improve the approximation
perturbatively. However, including highly curved and
inhomogeneous backgrounds requires a more extensive
use of numerical analysis. It helps intuition to recall that the
idea behind this Letter is that even a small curvature can
shift, in principle, the effective potential: If the droplet is
obtained close to a critical configuration, then even a small
curvature can further stabilize or destabilize the droplet.

Substituting (15) in (13) and integrating over z (see
Ref. [60]), we find
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B/(2m) T(d/4)
Zp. () _/d” (4)1+D/2T(d/2)

x i [ff(i) ,%,i)(s)] (16)
q=0

The contributions 2 flﬂ(s) and . gi)(s) can be calculated
exactly (see Supplemental Material [41] for details),
yielding for the zero-temperature term

T(2s+q—dj2—1

)T 1—g+d/2-2sp
F(S) ‘T:t|1 /22 E2q‘ (17)

7 (s) =

The finite-temperature contribution .7 ,(ni)(s) can also be
computed exactly, and its explicit form is presented in
Supplemental Material [41] for completeness, as it is
lengthy and not central to the present discussion. The
above results already convey a certain amount of informa-
tion. First of all, taking the s — O limit reveals that
{p,(0) =0 only for d odd (e.g., d = 1, 3): Logarithmic
contributions appear only for d even (e.g., d = 2). This
general property is in agreement for d = 1, 2, and 3 with
Refs. [1,2]: Within zeta regularization, as usual in spaces
without boundaries, the occurrence of logarithms in the
one-loop corrections is understood as related to the dimen-

sionality. The thermal part coming from .7 E,,i)(s) does not
contribute to {p, (0) as expected from general arguments
(as thermal corrections give rise to finite contributions).
Here, we are interested in the 7' = 0 case and ignore the
thermal contribution in what follows. Using (8), (9), (12),
and (16), we arrive at the one-loop effective action:

=7 =33 [t

where the latter equality defines I" and is introduced for
brevity of notation. For example, for d = 3 the previous
expression reduces to

0)+ (o, (0)n¢2| =7+ T, (18)

3 5/2 1/2f
ra-L008 [ 4 o3 [ome 13T e (19
where = signifies that we have truncated the expansion to
g =2 (i.e., we have excluded terms of mass dimension
greater than 6).

Curvature-driven droplets on surfaces—Here, we are
primarily interested in droplets forming on surfaces, d = 2:

=~ | 4T =3 4 n(Tip)

<R2 + S+ ! RXk) (e + In(JTe?E) | (20)

18 6

Notice that taking the limit of vanishing curvature and
appropriately choosing the renormalization scale £ allows
one to recast the previous expression into the following form:

- P
'=——
2rm

dvn?[In (n?/73) — 1], (21)
where we have defined n = p? and rescaled & in terms of 71,
and defined w = g2 + 79,69/16 + (1 4+ 7/32)8g%, where
we have defined g, + g; = d¢g. In the present case, it is
possible to rescale £ in terms of the equilibrium density n
and the background field, allowing one to relate our
renormalization scale to the scattering lengths. [To be
precise, in (21) we have rescaled ¢ in terms of 7. It is
easy to see that one can write (21) precisely as formula
(6) in Ref. [2], by rescaling the ground state and . In this
way, the apparent renormalization scale dependence ambi-
guity is eliminated. This conclusion is robust since the
renormalization scale dependence does not reappear includ-
ing higher-order terms.]

We can inspect the role of spatial curvature quite simply
by looking at the one-loop effective potential that we can
directly read off from (18) and (20). If we choose the coup-
lings g, > 0 and g; < 0 with g = g, + ¢g; > 0 and small to
guarantee the existence of a droplet in flat space (in other
words, that the effective potential has a minima at a
nonvanishing p for R = 0), then we can inspect how the
minima moves when R # 0. Figure 1 shows the changes in
the effective potential for the given choice of parameters:
The R = 0 curve shifts downward (upward) for positive
(negative) small R. For values of the curvature small but
sufficiently negative, the nonzero minima (i.e., the droplet)
disappear, through a first-order quantum phase transition
(See Fig. 2, which shows the potential landscape).

One-loop effective potential

0.0002

0.0001

0.0000

—0.0001

— R=-0.1
—— R=-0.075
— R=-0.05
—0.0002 | — po0

— R=0.05

0.0 0.1 0.2 0.3 0.4 0.5 0.6

n

FIG. 1. One-loop effective potential dependence from curva-
ture. We have chosen for illustration g, = 0.150, g; = —0.145,
and ¢ = 1. Everything is measured in units of m. The value of the
renormalization constant £ can be rescaled, resulting in a rescaled
location of the minima. The plot illustrates the change of the
potential from a R > 0 nonvanishing minima to the flat space
droplet minima through the transition happening for R < 0.

231601-4



PHYSICAL REVIEW LETTERS 135, 231601 (2025)

Potential Landscape - droplet minima
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FIG. 2. The figure illustrates the potential landscape, and the
position of the droplet minima is indicated by the line. The dot
represent the position of the flat space droplet minima, and the
curve indicates how this minima moves when the curvature
changes. The parameters have been set as in Fig. 1. The transition
point where the droplets are destabilized and the minima move to
zero happens for a negative value of the curvature.

This behavior is due to the Rp? correction in the potential,
which is peculiar to curved space. Computing the derivative
of the potential Uj, = lim,_,,U’(n) keeping curvature terms
up to O(RIlog(|R|)) gives Uj = (g + 69)R((16 + Tx) x
(y. +1log (R*/(97)) — 8(4 + ))/(384x%)) that is positive
(negative) for negative (positive) R. We should remark that
this behavior can be inverted for a configuration where the
difference between g; and g; is fine-tuned, whereby positive
curvature pushes the potential upward. For |g;| larger than
g, the effect of the curvature may be expected to produce
a small potential barrier between the minima at n =0
and larger values of the density, beyond which repulsion
dominates. This raises the question as to whether it is
possible to modify the interaction potential in a way that
positive curvature leads to a destabilization of the droplet.
In this case, the stabilization of a droplet configuration is
not obviously guaranteed at least within the simple model
analyzed here.

We should notice that if the background geometry
is inhomogeneous, then higher derivatives of the ground
state may become important and could, in principle, be the
drivers of dynamical instabilities. While we are not inter-
ested in this possibility, it is a problem that is worth
mentioning in the context of a curved space formulation.

The results of this Letter refer to the case of a symmetric
mixture. It may be interesting to extend the results of this
Letter to include a small perturbation due to asymmetry in
the mixture. The combined effect is difficult to anticipate;
however, if the asymmetry is small, one can expect that the
droplet can receive larger contributions from the species in
excess, leading to a slight change in the profile of the
droplet (if the asymmetry is a perturbation). A slight change

Droplet Density on flat background

r0.30

- 0.25

o
N
o

I
=
u

Density n(x,y)

-1
0.10

-2
0.05

0.00
-3 -2 -1 0 1 2 3

FIG. 3. Flat space, droplet density. The values of the coupling
have been set for this and the other figures to g, = 0.150 and
g; = —0.145 and & = 1. The peak value of the droplet density
corresponds to the density at the minima of the effective potential,
which in this case is 0.3395.

in the total energy of the droplet could be viewed as an
unbalancing between the surface tension and the energy
associated with the volume or area of the droplet. Since
curvature can shift the energy, curvature effects can, in
principle, offset changes due to small asymmetries, but a
more detailed analysis is necessary to capture these aspects
precisely.

For completeness, we explicitly construct numerically
some examples of static droplets solutions on weakly
curved backgrounds, where the Ricci scalar is taken to
be small, i.e., the curvature radius in the region where the
droplet forms is large. The existence of such solutions is
guaranteed by the form of the potential (i.e., the existence
of a nonvanishing minima at nonzero density) and particle
conservation. Here, we obtain numerical solutions using a
pseudospectral solver that integrates Gauss-Legendre quad-
rature with fast Fourier transforms, with time evolution
handled via the Strang-Yoshida splitting method [61-64].
Ilustrative solutions are shown in Figs. 3 and 4 for the case
of droplets in flat space, in Figs. 5 and 6 for the case of a
weakly curved spherical cap, and in Figs. 7 and 8 for the
case of a negatively curved sector of hyperbolic space (i.e.,
a 2D saddle).

Physical considerations—We have explored how spatial
curvature affects droplet formation in two-species inter-
acting quantum field theories. Our findings reveal that
curvature plays a significant role: It can shift the minima
associated with droplet configurations and destabilize them
for sufficiently negative curvature. This is noteworthy for
two reasons. First, the destabilization of a droplet configu-
ration in flat space points to the occurrence of a curvature-
induced first-order quantum phase transition. Second, even
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Droplet cross sections

0.35 4
— x=0,y=0
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Density n

0.10
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0.00 A

0 1 2 3 3 5 6
Distance from center
FIG. 4. Flat space, droplet density cross section along x =0
and y = 0.

a slight positive curvature can trigger droplet formation
in (near-critical) parameter regimes where, in flat space,
droplets would not typically emerge. These results suggest
that the dependence of quantum droplets properties on
local spatial curvature could be observed in microgravity
environments in space [65]. It is interesting to try to
generalize the picture to properly include gravitational
effects, and it is tempting to think about the possibility
of a quantum-stabilized droplet as a device to detect
gravitational waves. A more down-to-earth observation
is that it is natural to expect that a similar phenomena
should occur in models of bubble nucleation more complex
than what has been so far done (i.e., with several species
and unbalanced interactions).

A final pertinent question is whether observing such
curvature-induced quantum phase transitions is feasible
with current experimental techniques. To have an idea of
the typical scales involved, let us assume a typical droplet

Droplet density on Spherical Cap

0.35
0.30
0.25
0.20
0.15
0.10

0.05

0.00

FIG. 5. Droplet density on spherical cap. Parameters have been
set as in the other figures, and the Ricci scalar is set equal to 2,/3°.
The peak value of the droplet density is in this case 0.3815.

Droplet cross section along 6

— ¢ =0.00
0.35 —-—- @-averaged

0.30 A
0.25

0.20 A
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0.15 4

0.10 A

0.05

0.00

T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0 12 14 16
[¢]

FIG. 6. Droplet density cross sections along 0 (for ¢ = 0 and
averaged over @).

size of the order of 10 pm and thicknesses of the order of a
micron and setting the mass scale in our model to be of the
order of the inverse thermal de Broglie wavelength A
at 100 nK, that is, A=~ h/(/2mkgT) ~O(1 — 10 pm),
with & and kp being the Planck and Boltzmann constants.
Taking 0 < mg, ~ O(107!) and 0 > mg; slightly smaller in
absolute value suggests that a local curvature radius of
O(1 — 10) pm, corresponding to a Ricci curvature of about
1072 — 10! um~2, should be within the realm of detect-
ability. Practically, creating a curved optical trap with a
radius of curvature around 10 pm is challenging but
feasible utilizing optical shaping with spatial light modu-
lators, digital micromirror devices, holography, or high-
numerical aperture (high-NA) focusing. (See, for example,
Refs. [66—68].) Interestingly, Ref. [69] realizes a 2D regime
by using a detuned optical lattice that provides strong axial
confinement leading to a thickness of 0.4 pum, ensuring the

Droplet Density on a Hyperbolic surface

0.00

FIG. 7. Droplet density on negatively curved surface. Values of
the coupling and other physical parameters are set as in the other
figures. The Ricci is set to R = —2/5%, which guarantees that
there is a minima in the potential for nonvanishing density. The
peak value of the potential is 0.3292.
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Droplet cross sections (Radial Profiles)

—— 6=0° (x axis)
0.30 —== 0=90° (y axis)
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r
FIG. 8. Droplet density cross sections (radial profiles along 6

(for ¢ =0, /4, 7/2).

system behaves as effectively 2D, with negligible out-of-
plane excitations. A curvature is implemented through the
BEC’s density profile, mapped to curved metrics (hyper-
bolic or spherical). In this experiment, the key length scale
is the Thomas-Fermi radius of the condensate cloud, which
sets the effective radius of curvature. The value for the
hyperbolic geometry quoted in Ref. [69] is a Ricci scalar
of R~ —3.2x 1073 pm~2, which suggests that the effect
discussed here could potentially be measurable within the
experimental framework of Ref. [69].
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