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Quantum gas microscopes offer unprecedented insights into quantum many-body states of cold atomic
gases. Here we introduce concrete protocols for extending quantum gas microscopes to measure in phase
space, by mapping momentum onto auxiliary degrees of freedom and using positive operator-valued
measures. We distinguish between two distinct operational modes. In the Husimi-Q phase-space
microscope, position and momentum are jointly measured; in this mode, the fundamental quantum noise
is distributed between position and momentum. Conversely, the averaged-mode phase space microscope
extracts the spatial dependence of averages of the momentum density (and its moments); these averages can
be retrieved with arbitrary spatial resolution. We illustrate the utility of these techniques in diverse physical
settings.
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Quantum gas microscopes (QGMs) perform spatially
resolved detection of the individual particles in a quantum
many-body system of ultracold atoms and allow for micro-
scopic insights into quantum phases [1]. They were first
realized in lattice systems [2,3] and later in the continuum
[4–7]. Projective measurements of atomic positions allow
access not only to density-density correlators [8] but also to
various multipoint correlators including string order
[8–10]. Recent experiments went beyond detection in the
position basis by measuring local currents and kinetic
energy operators along certain bonds of an optical lattice
[11,12], as well as local phases on the lattice sites [13]. An
effective way to overcome the optical diffraction limit is the
matter-wave microscope, which magnifies the density
distribution prior to optical imaging using two matter-wave
lenses formed by quarter-period evolutions in harmonic
traps [14,15]. This method also gives access to matter-wave
Fourier space and allows manipulation to provide an analog
of phase-contrast imaging [13,16] or access to various long-
range off-diagonal correlators [17].
Here we show how to extend these techniques to phase-

space microscopes, which access atomic occupations and
correlations jointly in both position and momentum. Despite
being conjugate variables—and, therefore, noncommuting—
jointmeasurements of position andmomentumare permitted,
albeit at the expense of introducing quantum noise via the

measurement apparatus [18,19].Wewill showhow this canbe
done for cold gases bymappingmomentum(or some function
of it) onto auxiliary degrees of freedom. This realizes
generalized measurements, described by positive operator-
valued measures (POVMs), that reflect the noncommuting
observables [19]. We discuss protocols for mapping momen-
tum space to an auxiliary dimension or to an auxiliary spin by
appropriate manipulation in matter-wave Fourier space. We
further show that the approach can be adapted to allow
measurements of averages of the momentum density (or its
moments). Such observables can, in principle, be measured
with arbitrary spatial resolution. We illustrate the utility of
phase-space microscopes for a variety of physical settings.
We first introduce the phase-space microscope for a single

particle of mass M moving in a continuous system in one
dimension, with system coordinate x, and using the z
dimension as the auxiliary space (Fig. 1). The particle starts
in the state Ψiðx; zÞ ¼ ψ iðxÞϕ0ðzÞ, where ψ iðxÞ is the state
we wish to characterize. We take ϕ0ðzÞ ¼ e−z

2=2σ2=ðπσ2Þ1=4,
assuming the particle to be in the ground state of a harmonic
confinement in z with oscillator length σ. We encode the
momentum px in z by applying a unitary operator,

Ûkick ¼ eiαp̂xẑ=ℏ; ð1Þ

that boosts the momentum in the z direction by px scaled by
a factor α. To do so, one can use a pulsed harmonic trap in x
of trapping frequency ω ¼ 2π=T for a quarter-period dura-
tion T=4 to map momentum px onto position x, thereby
transforming to the Fourier plane. One then applies a
potential Vkickðx; zÞ ¼ −ℏκxz for a short time τ ≪ T, which
imparts an x-dependent impulse ℏκτx along z. Such a saddle
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potential can be realized by a magnetic field away from the
Helmholtz condition [20]. Acting with another quarter-
period harmonic trap in x then maps back to position space.
Denoting the action of each quarter-period harmonic trap
(with oscillator length a0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ=Mω

p
) by the unitary

operator Ûx, the overall transformation is

Ûxeiκτx̂ ẑÛx ¼ Û2
xeiκτðp̂xa20=ℏÞẑ; ð2Þ

which matches the desired form (1) with α ¼ κτa20. The
prefactor Û2

x just reverses the spatial coordinate x → −x and
adds an unimportant phase [21]. Finally, we measure the x
position and pz momentum of the particle in this final state,
which we denote by xm ≡ −x (to remove the spatial reversal)
and pm ≡ pz=α (to recover px by removing the scaling by
α). The measurement of pz can be conveniently achieved by
applying a quarter-period harmonic oscillator in z simulta-
neously with the other directions and measuring in position
space. The final positions can be imaged by capture in a
lattice, where for a reasonable matter-wave magnification,
the discrete position measurement from the lattice will not be
limiting. The phase space can then be read out via an image
of the x–z plane.

Following this protocol, the probability of measuring the
particle in the state ðxm; pmÞ is readily found to be [22]

Pðxm; pmÞ ¼
���hψ ðxm;pmÞ

coh jψ ii
���2; ð3Þ

where ψ ðxm;pmÞ
coh ðxÞ≡ e−ðx−xmÞ2=2σ2cþipmx=ℏ=ðπσ2cÞ1=4 is the

phase-space coherent state centered on ðxm; pmÞ with
positional uncertainty Δx ¼ σc ¼ ασ. Equation (3) defines
the Husimi-Q representation of the quantum state: it is
related to the Wigner function by a convolution that renders
it a positive-definite measure in phase space [23].
Equation (3) shows that our protocol is a POVM in the
coherent state basis [19]. Indeed, it implements precisely
the Arthurs-Kelly proposal for measurement of noncom-
muting variables [18]. Similar POVMs using two non-
commuting spin observables were previously performed in
trapped ions [24] and for collective observables [25], while
Wigner functions of individual atoms were previously
obtained by motional state tomography in tight harmonic
traps [26,27]. Our Letter goes beyond these by being
applicable to systems of very general form.
Joint measurements of conjugate variables [18] leave

freedom to choose how to distribute quantum noise
between the two variables while remaining consistent with
the uncertainty principle. In our protocol, the uncertainty of
the measured momentum is set to be Δpm ∼ ℏ=ðασÞ by the
size σ of ϕ0ðzÞ and the scaling α in Eq. (1). Reducing this
must cause the measurement to add noise toΔxm [18]. Here
this arises because the potential Vkickðx; zÞ, applied in the
Fourier plane, imparts an impulse ℏκτz in x due to the
necessarily bent force lines, with uncertainty ∼ℏκτσ due to
the spread σ in z. Moving back to real space using Ûx, this
introduces the noise Δxm ∼ ðℏκτσÞða20=ℏÞ ¼ ασ.
One can readily generalize this procedure [22], extend-

ing the system of interest to 2D r ¼ ðx; yÞ and imprinting a
general ÛG

kick ¼ eiGðp̂Þẑ, where GðpÞ is a chosen scalar
function of p ¼ ðpx; pyÞ. This generalization requires an
isotropic harmonic oscillator with equal frequencies in x
and y, as well as imaging in a three-dimensional quantum
gas microscope. Note also that the full phase space is four
dimensional, so it cannot be fully encoded in these three
spatial dimensions with the scalar function GðpÞ. One can
instead use an internal spin degree of freedom as an
additional auxiliary coordinate, which allows the mapping
of both components of the 2D momentum onto the Bloch
sphere, analogous to a stereographic projection (see Fig. 2
and [22]). Finally, although we have focused on a single
particle, the method can be extended to multiparticle
systems of bosons or fermions, provided interactions are
sufficiently weak that scattering can be neglected during the
quarter-period evolutions. It also admits extensions to
spinful systems, provided internal levels can be separately
measured.

FIG. 1. Sketch of the protocol for mapping momentum to an
auxiliary dimension to realize a 1D Husimi-Q phase-space
microscope. (a) Two atoms with initial positions x1 and x2
and momenta p1 and p2 in the physical x dimension. (b) A T=4
pulse is applied to move to the Fourier plane in the x direction: the
horizontal position of a particle now encodes its initial momen-
tum, so it is labeled by p1;2. (c) A spatially dependent impulse
maps this momentum to a momentum in the auxiliary z
dimension. (d) A second T=4 pulse along both directions creates
an image in the x direction and maps the acquired zmomentum to
a z displacement. The protocol gives a choice of how to distribute
uncertainty between x and px.
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We refer to the above protocol as a “Husimi-Q phase-
space microscope” since it measures the wave function in
phase space according to Eq. (3). We use this term broadly
to include the situations in which, jointly with the atomic
positions, the microscope images only a subset of the
momentum components or some function of momentum.
The Husimi-Q framework also reveals a natural path to a

second class of measurement. The joint position-momentum
measurement has position uncertainty σc and momentum
uncertainty ℏ=σc. When σc → 0, such that the position
becomes sharply resolved, one might expect that momentum
information is lost. However, this is not the case. Instead,
even if one cannot resolve the full distribution of momentum,
one can still measure phase-space averages of the momen-
tum density or its moments. For example, in the above 1D
Husimi-Q microscope, if instead of measuring the momen-
tum in the z direction one measures the probability to occupy
the nth harmonic oscillator eigenstate, one finds this to be
proportional to the 2nth moment of the local momentum
distribution, even as σc → 0. The resulting “averaged-mode
phase-space microscopes” are functions only of the spatial
coordinates and are not subject to Heisenberg noise.
Averages in phase space are readily obtained when one

makes the auxiliary space finite: either as a finite set of states
of a harmonic trap or as a spin of finite length. Consider the
auxiliary space to be an internal spin S with the system
initially prepared in the maximally polarized spin state, i.e.,
jΨii ¼ jψ ii ⊗ jS; Si. We encode information about the
system state jψ ii in the spin using a momentum-dependent

spin rotation, Ûrot ¼ exp ½−iθ⃗ðp̂Þ · ˆS⃗�. One can again do this
by transforming to the Fourier plane by quarter-period
evolutions in both x and y (via the product of operators
ÛxÛy), and then imposing a spatially dependent spin

rotation θ⃗ðrÞ, before transforming back to position space
with ÛxÛy. Here we provide two example protocols to
measure different moments of the momentum distribution.
Spin rotation (i)—We map the 2D momentum to the

surface of the Bloch sphere by a spin rotation
θ⃗ðpÞ ¼ 2ð∓ py; px; 0Þ=p0, where p0 sets a characteristic
momentum scale [28]. In the matter-wave Fourier plane
(where p is transcribed to r), this requires a resonant Rabi
field Ω⃗ðpÞ ∝ θ⃗ðpÞ that is circulating in the plane, Fig. 2(a).
Such a spin rotation could be performed via an optical two-
photon transition using Gauss-Laguerre beams with angu-
lar momenta L ¼ 0 and L ¼ �1 [29]. Overall, this couples
space and spin as

jΨfi ¼ Û2
yÛ

2
xe

−2iðp̂xŜy∓p̂yŜxÞ
p0 jψ ii ⊗ jS; Si; ð4Þ

where Û2
yÛ

2
x effects the inversion r → −r. This protocol

can, in principle, be used to construct a POVM for the full
four-dimensional phase space of ðx; yÞ and ðpx; pyÞ [22].
Here we show that projective measurements of the spin

components extract moments of the momentum density.
Consider projective measurements of Ŝz. Expanding the
exponential (4) for small jp̂j=p0 gives jΨfi ∝ Û2

yÛ
2
x
P

2
j¼0

S

ffiffiffiffiffiffiffiffiffiffiffi�
2S
j

�s
ðp̂x � ip̂y=p0Þjjψ ii ⊗ jS; S − ji. The particle is

found in the jS; S − 1i state at position rm ¼ −r (chosen to
correct for the spatial inversion) with proba-
bility density proportional to jhrmjðp̂x� ip̂yÞjψ iij2≡2M
½K∓ℏM], where

KðrmÞ≡ ℏ2

2M
j∇ψ iðrmÞj2; ð5Þ

MðrmÞ≡ ℏ
2iM

∇ψ�
i × ∇ψ i · ẑ ð6Þ

are the kinetic energy density [31] and the orbital mag-
netization (the curl of the current density), respectively.
Thus, repeating measurements for ΔL ¼ �1 allows both
the kinetic energy and orbital magnetization densities to be
measured. Similarly, the particle is in the jS; S − ji state
with probability density ∝ jhrmjðp̂x � ip̂yÞjjψ iij2. Thus, the
measurement of all spin states provides 2S moments of the
momentum distribution as well as the particle density
(j ¼ 0). Measurements of Ŝx;y provide the local momentum
density [22].
Spin rotation (ii)—In place of the circulating Rabi field,

one can engineer a useful momentum-dependent coupling

FIG. 2. Sketches of protocols to map moments of the momen-
tum density to an auxiliary spin state in averaged-mode phase-
space microscopes. These are applied in the Fourier plane, so the
position is labeled by momentum p. (a) Spin rotation (i) trans-
forms the initial jS; Si spin state (aligned vectors of lower layer)
using a resonant Rabi pulse that circulates as Ω⃗ ∝ ð−py; px; 0Þ
(orange central layer) to map the 2D momentum space onto the
Bloch sphere in the final state (vectors of upper layer), in a
mapping analogous to a stereographic projection (see End
Matter). (b) Spin rotation (ii) uses a uniform Rabi pulse Ω⃗ ∝
ð1; 0; 0Þ in the presence of a quadratically varying Zeeman shift to
imprint jpj2 in Sz. In both cases, the measured spin encodes
moments of the momentum distribution.
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using rf pulses. We impose a quadratically varying Zeeman
shift in the Fourier plane, as realized in a magnetic trap
[Fig. 2(b)], leading to a detuning δ≡ Ωjpj2=p2

0 when the rf
is resonant at jpj2 ¼ 0. We apply a uniform Rabi field ΩŜx
for a time π=Ω, which rotates a particle at jpj2 ¼ 0 into
jS;−Si, in general in a multiphoton transition. A particle at
jpj2 ≠ 0 will not perform an exact π rotation, leading to

jΨfi ¼ Û2
yÛ

2
x exp½πiðŜx − Ŝzjp̂j2=p2

0Þ�jψ ii ⊗ jS; Si: ð7Þ

Expanding in jp̂j2=p2
0 shows that the amplitude of

jS;−Sþ ji grows as jp̂j2j. In particular, the particle is in
the jS;−Sþ 1i state at position rm ¼ −r, with probability
proportional to

jhrmjjp̂j2jψ iij2 ¼ jℏ2∇2ψ iðrmÞj2; ð8Þ

providing a quartic moment of the momentum density
for jpj ≪ p0.
Thus, measurements of Ŝz return spatial maps of

moments of the momentum density. Larger values of S
allow access to higher moments. However, S ¼ 1=2 is
already sufficient for measuring the kinetic energy density
and orbital magnetization [Eqs. (5), (6)] with spin rotation
(i), or the quartic moment of momentum [Eq. (8)] with spin
rotation (ii). As mentioned above, there is no fundamental
limit to the spatial resolution of these averaged-mode
measurements since they do not measure separate non-
commuting operators. Rather, they measure certain
momentum-dependent observables. For an N-particle sys-
tem, the observables Eqs. (5), (6), and (8) correspond to

ρ̂KEðrÞ≡
XN
i¼1

X
α¼x;y

1

2M
p̂α
i δðr − r̂iÞp̂α

i ; ð9Þ

ρ̂magðrÞ≡ ∇ ×
XN
i¼1

1

2

�
p̂i
M

; δðr − r̂iÞ
�
þ
· ẑ; ð10Þ

ρ̂quarticðrÞ≡
XN
i¼1

jp̂ij2δðr − r̂iÞjp̂ij2; ð11Þ

where ½Â; B̂�þ denotes the anticommutator of Â and B̂.
Averaged-mode phase-space microscopes allow measure-
ments of these new observables and their correlations, in
addition to the particle density ρ̂ðrÞ≡P

N
i¼1 δðr − r̂iÞ. In

effect, by making the derivatives of the wave function
observables, they provide continuum realizations of pro-
tocols for measuring off-diagonal coherences on lattices,
which can measure local currents and kinetic energies
[11,32,33]. The freedom to control the evolution in the
Fourier plane provides a very rich set of possible momen-
tum-based observables to be realized using averaged-mode
phase-space microscopes.

In practice, the spatial resolution of the measurement
process will be limited by atomic shot noise. For a 2D
system with mean density ρ̄, measurements of density ρ̂ðrÞ
with spatial resolutionw have an error δρ=ρ̄ ∼ 1=

ffiffiffiffiffiffiffiffi
ρ̄w2

p
due

to the projection noise from the atom number in that area.
Similarly, measurements of the kinetic energy density
ρ̂KEðrÞ for particles with characteristic wavelength λ will
have an error δρKE=ρKE ∼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ̄=λ2Þðℏ2=p2

0Þw2
p

because
the typical density of spin flips is ðρ̄=λ2Þðℏ2=p2

0Þ. Thus, to
have a signal with minimal noise, one should choose
p0 ∼ ℏ=λ. Note that the above protocols (4) and (7)
approximate the densities (9), (10), and (11) accurately
for jpj ≪ p0, with p0 acting as a high-momentum cutoff.
The proposed phase-space microscopes could be directly

implemented in state-of-the-art quantum gas microscopes.
They would significantly expand the toolbox of cold atom
experiments: by exposing momentum-space features with
spatial resolution, they open up many new ways to probe
quantum many-body systems. Here we focus on weakly
trapped gases where the continuum momentum is the
relevant quantity. However, the microscope can also be
used for lattice-based systems, where it can be helpful to
use band mapping to recover the lattice quasimomentum
[34]. In the following, we present four applications in
continuum settings.
(1) Short-range external potentials: Imagine that one

wishes to characterize a sharp potential step imposed at the
edge of a system, leading to a wave function ψ edgeðxÞ that
vanishes over a small length scale δ. Measurement of the
particle density jψ edgeðxÞj2 with a point spread function in
position of w can resolve down to δ ∼ w. However, a
Husimi-Q phase-space microscope with the same posi-
tional resolution σc ¼ w, evaluated at the edge, can detect a
high momentum tail out to ∼ℏ=δ, even for δ ≪ w (see
Fig. 3). While a global measurement of the momentum
distribution would also depend on the sharpness of the

(a) (b)

FIG. 3. Measurement of a sharp step in the potential, with edge
thickness δ mimicked by a state ψ edgeðxÞ ¼ ½1 − tanhðx=δÞ�=2.
(a) Density distribution as measured by a conventional QGMwith
point spread function ∝ e−x

2=w2

. (b) Distribution of particles with
momentum pm ¼ 3ℏ=σc as measured by a Husimi-Q phase-
space microscope with σc ¼ w. The density measurement (a) be-
comes insensitive to δ for δ=w≲ 0.5, while the phase-space
measurement (b) continues to discriminate via the high-momen-
tum tail.
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edge, the phase-space measurement targets the local prop-
erties and can lead to a larger signal-to-noise ratio.
(2) Imaging quantum vortices: Averaged-mode phase-

space microscopes allow access to the velocity field
associated with the circulation around a vortex. They
can be used to image the kinetic energy and magnetization
densities (9) and (10), which have peaks at the vortex core,
or the quartic density (11), which is a ring around the vortex
core, Fig. 4. These features have sizes set by the healing
length ξ, so sensitivity is maximized for p0 ∼ ℏ=ξ. The
measurements could also be performed in 3D, using spin as
the auxiliary space. Then, the paths of the vortices will
appear as lines of spin flips along their cores. This may
facilitate measurements of quantum turbulence [35].
(3) Thermometry: Measurements of the local kinetic

energy allow access to the local temperature. This could
facilitate thermometry of strongly interacting systems—
e.g., by partitioning the cloud into a region of interest and a
region in which the equation of state is well known. For
noninteracting bosons in 2D, a thermal cloud with density ρ̄
has a kinetic energy density ρ̄KE ¼ kBTρ̄, while a BEC has
ρ̄KE ¼ ½πM=12ℏ2�ðkBTÞ2, both providing simple scales.
(See Ref. [22] for other cases.) The protocol would also
allow a better fit to bimodal profiles in a partially
condensed cloud by including spatial position and kinetic
energy for each particle. Such precise determination of the
condensate fraction is, e.g., important for studying thermal
condensate fluctuations [37–39]. The local nature also
opens up the possibility of measuring temperature gra-
dients, or indeed measuring second sound.
(4) Local Tan contact: Quite generally, for a gas with

short-range interactions, the high-momentum population
takes the form ρp ∼ Cℏ2=jpj4. Here, C is the Tan contact,
which characterizes the interacting system [40]. Depending
on spatial dimension and on which moment of the
momentum is measured, this can dominate the signal in
an averaged-mode phase-space microscope. For example,

for 2D systems, the local quartic density Eq. (11) is
dominated by this contribution when p0 ≳ ℏ

ffiffiffī
ρ

p
[41].

Using the protocol (7) for S ¼ 1=2, one finds
hρ̂quartici ¼ 0.14ℏ2Cp2

0. While C has been measured by
other methods [42–45], the averaged-mode phase-space
microscope permits measurements even in spatially inho-
mogeneous systems, e.g., probing its variation in vortex
cores even for strongly interacting superfluids. More
generally, the dependence of hρ̂quartici on p0 would allow
a detailed analysis of condensate depletion in such inho-
mogeneous settings.
Beyond the applications outlined above, phase-space

microscopes offer even more powerful ways to probe
strong correlated phases through measurements of spatial
correlations of momentum-space features [34]. In the
lowest Landau level regime, correlations of density and
velocity have been shown to provide a way to measure the
many-body interaction energy [46]. We expect that corre-
lations in phase space also have the potential to reveal
hidden order in exotic many-body phases, potentially in
combination with machine learning analysis of the data
[47]. The access to conjugate observables with detection of
every particle might be useful for accessing entanglement
structure [48] similar to the measurement of noncommuting
spin observables [49]. Squeezing between particles in a
quantum many-body system could directly show in the
phase-space microscope via a narrower distribution in one
of the conjugate variables of position and momentum.
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ρ

p
reiθ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ 2ξ2

p
. The averaged-mode phase-space microscope

also allows measurements of the latter three quantities.

PHYSICAL REVIEW LETTERS 137, 173402 (2026)

173402-5

https://doi.org/10.1038/s41567-021-01370-5
https://doi.org/10.1126/science.1192368
https://doi.org/10.1126/science.1192368
https://doi.org/10.1038/nature09378
https://doi.org/10.1103/PhysRevLett.126.020401
https://doi.org/10.1103/PhysRevLett.134.183403
https://doi.org/10.1103/PhysRevLett.134.183403
https://doi.org/10.1103/PhysRevLett.134.183401
https://doi.org/10.1103/PhysRevLett.134.183401


[7] R. Yao, S. Chi, M. Wang, R. J. Fletcher, and M. Zwierlein,
Phys. Rev. Lett. 134, 183402 (2025).

[8] M. Endres, M. Cheneau, T. Fukuhara, C. Weitenberg, P.
Schauß, C. Gross, L. Mazza, M. C. Bañuls, L. Pollet, I.
Bloch, and S. Kuhr, Science 334, 200 (2011).

[9] T. A. Hilker, G. Salomon, F. Grusdt, A. Omran, M. Boll, E.
Demler, I. Bloch, and C. Gross, Science 357, 484 (2017).

[10] J. Koepsell, J. Vijayan, P. Sompet, F. Grusdt, T. A. Hilker, E.
Demler, G. Salomon, I. Bloch, and C. Gross, Nature
(London) 572, 358 (2019).

[11] A. Impertro, S. Karch, J. F. Wienand, S. J. Huh, C.
Schweizer, I. Bloch, and M. Aidelsburger, Phys. Rev. Lett.
133, 063401 (2024).

[12] A. Impertro, S. Huh, S. Karch, J. F. Wienand, I. Bloch, and
M. Aidelsburger, Nat. Phys. 21, 895 (2025).

[13] J. C. Brüggenjürgen, M. S. Fischer, and C. Weitenberg,
Science 393, 167 (2026).

[14] L. Asteria, H. P. Zahn, M. N. Kosch, K. Sengstock, and C.
Weitenberg, Nature (London) 599, 571 (2021).

[15] S. Brandstetter, C. Heintze, P. Hill, P. M. Preiss, M. Gałka,
and S. Jochim, Phys. Rev. Lett. 135, 103401 (2025).

[16] P. A. Murthy and S. Jochim, arXiv:1911.10824.
[17] C. Weitenberg, L. Asteria, O. Carlsson, A. Bohrdt, and F.

Grusdt, arXiv:2602.12142.
[18] E. Arthurs and J. L. Kelly, Jr., Bell Syst. Tech. J. 44, 725

(1965).
[19] A. Peres, Quantum Theory: Concepts and Methods, Fun-

damental Theories of Physics (Kluwer Academic Publish-
ers, Dordrecht, 1995), Vol. 57.

[20] This can be achieved via the coil geometry or a current
imbalance, with the 1D system oriented at 45 degrees to the
coil axis.

[21] If the second quarter-period oscillator has a different length
a00, the transformation also provides an overall magnifica-
tion ða00=a0Þ2.

[22] See End Matter.
[23] U. Leonhardt, Essential Quantum Optics: From Quantum

Measurements to Black Holes (Cambridge University Press,
Cambridge, England, 2010).

[24] M. A. Rowe, D. Kielpinski, V. Meyer, C. A. Sackett, W. M.
Itano, C. Monroe, and D. J. Wineland, Nature (London)
409, 791 (2001).

[25] P. Kunkel, M. Prüfer, S. Lannig, R. Rosa-Medina, A.
Bonnin, M. Gärttner, H. Strobel, and M. K. Oberthaler,
Phys. Rev. Lett. 123, 063603 (2019).

[26] J. F. Kanem, S. Maneshi, S. H. Myrskog, and A.M.
Steinberg, J. Opt. B 7, S705 (2005).

[27] M. O. Brown, S. R. Muleady, W. J. Dworschack, R. J.
Lewis-Swan, A. M. Rey, O. Romero-Isart, and C. A.
Regal, Nat. Phys. 19, 569 (2023).

[28] At small momenta, this is an approximation to the stereo-
graphic projection discussed in the End Matter.

[29] Despite the near detuning required for alkali atoms, the
losses should be small, as one only needs to make a small
fractional rotation of the levels, as in Ref. [30].

[30] L.W. Cheuk, A. T. Sommer, Z. Hadzibabic, T. Yefsah, W. S.
Bakr, and M.W. Zwierlein, Phys. Rev. Lett. 109, 095302
(2012).

[31] The kinetic energy density can be written as
ð−ℏ2=2MÞψðr�Þ∇2ψðrÞ or ðþℏ2=2MÞj∇ψðrÞj2, which

gives the same total kinetic energy under integration when
ψ vanishes on the boundary.

[32] M. C. Tran, D. K. Mark, W.W. Ho, and S. Choi, Phys. Rev.
X 13, 011049 (2023).

[33] M. Kiser, M. McGinley, and D. Malz, Phys. Rev. A 114,
013311 (2026).

[34] Y. Yang, C. Weitenberg, and N. R. Cooper (to be published).
[35] N. Navon, A. L. Gaunt, R. P. Smith, and Z. Hadzibabic,

Nature (London) 539, 72 (2016).
[36] A. L. Fetter, Rev. Mod. Phys. 81, 647 (2009).
[37] M. A.Kristensen,M. B. Christensen,M.Gajdacz,M. Iglicki,

K. Pawłowski, C. Klempt, J. F. Sherson, K. Rzążewski, A. J.
Hilliard, and J. J. Arlt, Phys. Rev. Lett. 122, 163601 (2019).

[38] M. B. Christensen, T. Vibel, A. J. Hilliard, M. B. Kruk, K.
Pawłowski, D. Hryniuk, K. Rzążewski, M. A. Kristensen,
and J. J. Arlt, Phys. Rev. Lett. 126, 153601 (2021).

[39] Z. Jalali-Mola, N. Käming, L. Asteria, U. Bhattacharya,
R. W. Chhajlany, K. Sengstock, M. Lewenstein, T. Grass,
and C. Weitenberg, Phys. Rev. Lett. 136, 083401 (2026).

[40] S. Tan, Ann. Phys. (Amsterdam) 323, 2971 (2008).
[41] For a weakly interacting 2D BEC, C ∼ ðg̃ρ̄Þ2, so it contrib-

utes hρ̂quartici ∼ g̃2ρ̄2p2
0=ℏ

2. For ρ̄p2
0=ℏ

2 ≫ 1, this is larger
than the contribution from the condensate hρ̂quartici ∼
ρ̄ðℏ=ξÞ4 expected in the vicinity of a vortex or edge, with
healing length ξ ∼ 1=

ffiffiffiffiffi
g̃ρ̄

p
.

[42] J. T. Stewart, J. P. Gaebler, T. E. Drake, and D. S. Jin, Phys.
Rev. Lett. 104, 235301 (2010).

[43] E. D. Kuhnle, H. Hu, X.-J. Liu, P. Dyke, M. Mark, P. D.
Drummond, P. Hannaford, and C. J. Vale, Phys. Rev. Lett.
105, 070402 (2010).

[44] Y.-Q. Zou, B. Bakkali-Hassani, C. Maury, É. Le Cerf, S.
Nascimbène, J. Dalibard, and J. Beugnon, Nat. Commun.
12, 760 (2021).

[45] Q. Huang, H. Yao, X. Chen, and L. Sanchez-Palencia, Sci.
Adv. 11, eadv3727 (2025).

[46] D. Spasic-Mlacak and N. R. Cooper, Phys. Rev. Research 7,
L032032 (2025).

[47] G. Carleo, I. Cirac, K. Cranmer, L. Daudet, M. Schuld, N.
Tishby, L. Vogt-Maranto, and L. Zdeborová, Rev. Mod.
Phys. 91, 045002 (2019).

[48] R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin, M.
Rispoli, and M. Greiner, Nature (London) 528, 77 (2015).

[49] P. Kunkel, M. Prüfer, S. Lannig, R. Strohmaier, M. Gärttner,
H. Strobel, and M. K. Oberthaler, Phys. Rev. Lett. 128,
020402 (2022).

[50] O. Elíasson, J. S. Laustsen, R.Heck, R.Müller, J. J. Arlt, C. A.
Weidner, and J. F. Sherson, Phys. Rev. A 102, 053311 (2020).

[51] J. Koepsell, S. Hirthe, D. Bourgund, P. Sompet, J. Vijayan,
G. Salomon, C. Gross, and I. Bloch, Phys. Rev. Lett. 125,
010403 (2020).

[52] T. Legrand, F.-R. Winkelmann, W. Alt, D. Meschede, A.
Alberti, and C. A.Weidner, Phys. Rev. A 109, 033304 (2024).

[53] J. M. Radcliffe, J. Phys. A Gen. Phys. 4, 313 (1971).
[54] T. Chalopin, T. Satoor, A. Evrard, V. Makhalov, J. Dalibard,

R. Lopes, and S. Nascimbene, Nat. Phys. 16, 1017 (2020).
[55] M. Saffman and K. Mølmer, Phys. Rev. A 78, 012336

(2008).
[56] N. R. Cooper, Y. Yang, and C. Weitenberg, Supporting Data,

Apollo Repository, 10.17863/CAM.133500.

PHYSICAL REVIEW LETTERS 137, 173402 (2026)

173402-6

https://doi.org/10.1103/PhysRevLett.134.183402
https://doi.org/10.1126/science.1209284
https://doi.org/10.1126/science.aam8990
https://doi.org/10.1038/s41586-019-1463-1
https://doi.org/10.1038/s41586-019-1463-1
https://doi.org/10.1103/PhysRevLett.133.063401
https://doi.org/10.1103/PhysRevLett.133.063401
https://doi.org/10.1038/s41567-025-02890-0
https://doi.org/10.1126/science.adt1712
https://doi.org/10.1038/s41586-021-04011-2
https://doi.org/10.1103/wdjr-m2hg
https://arXiv.org/abs/1911.10824
https://arXiv.org/abs/2602.12142
https://doi.org/10.1002/j.1538-7305.1965.tb01684.x
https://doi.org/10.1002/j.1538-7305.1965.tb01684.x
https://doi.org/10.1038/35057215
https://doi.org/10.1038/35057215
https://doi.org/10.1103/PhysRevLett.123.063603
https://doi.org/10.1088/1464-4266/7/12/037
https://doi.org/10.1038/s41567-022-01890-8
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevLett.109.095302
https://doi.org/10.1103/PhysRevX.13.011049
https://doi.org/10.1103/PhysRevX.13.011049
https://doi.org/10.1103/nkwy-23tw
https://doi.org/10.1103/nkwy-23tw
https://doi.org/10.1038/nature20114
https://doi.org/10.1103/RevModPhys.81.647
https://doi.org/10.1103/PhysRevLett.122.163601
https://doi.org/10.1103/PhysRevLett.126.153601
https://doi.org/10.1103/95pq-6r5g
https://doi.org/10.1016/j.aop.2008.03.005
https://doi.org/10.1103/PhysRevLett.104.235301
https://doi.org/10.1103/PhysRevLett.104.235301
https://doi.org/10.1103/PhysRevLett.105.070402
https://doi.org/10.1103/PhysRevLett.105.070402
https://doi.org/10.1038/s41467-020-20647-6
https://doi.org/10.1038/s41467-020-20647-6
https://doi.org/10.1126/sciadv.adv3727
https://doi.org/10.1126/sciadv.adv3727
https://doi.org/10.1103/cn8q-zwdk
https://doi.org/10.1103/cn8q-zwdk
https://doi.org/10.1103/RevModPhys.91.045002
https://doi.org/10.1103/RevModPhys.91.045002
https://doi.org/10.1038/nature15750
https://doi.org/10.1103/PhysRevLett.128.020402
https://doi.org/10.1103/PhysRevLett.128.020402
https://doi.org/10.1103/PhysRevA.102.053311
https://doi.org/10.1103/PhysRevLett.125.010403
https://doi.org/10.1103/PhysRevLett.125.010403
https://doi.org/10.1103/PhysRevA.109.033304
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1038/s41567-020-0942-5
https://doi.org/10.1103/PhysRevA.78.012336
https://doi.org/10.1103/PhysRevA.78.012336
https://doi.org/10.17863/CAM.133500.


End Matter

General analysis for auxiliary spatial coordinate—We
consider a particle in an initial state ψ iðrÞ within the
plane described by r ¼ ðx; yÞ and a state ϕ0ðzÞ along the
perpendicular direction z. We encode the momentum
p ¼ ðpx; pyÞ in the z momentum by applying a gener-
alized kick,

ÛG
kick ¼ eiGðp̂Þẑ; ðA1Þ

where GðpÞ is a scalar function.
We write the initial state of the particle,

jΨii ¼
Z

d2rdzΨiðr; zÞjr; zi; ðA2Þ

with Ψiðr; zÞ ¼ ψ iðrÞϕðzÞ. We retain (weak) confinement
in z and apply a harmonic trap to both x and y for a T=4
pulse. We denote the oscillator length of this trap by a0
such that this pulse transforms the wave function via the
operator,

Ûx ¼ exp ½−iðp̂2
xa20=ℏ

2 þ x̂2=a20Þπ=2�: ðA3Þ

Using the fact that Ûx ¼
P

n jnihnj exp ½−iðnþ 1=2Þπ=2�
and the fact that the oscillator states jni take the same
functional form in both position and momentum space, up
to scaling, one finds that the application of quarter-period

pulses to both x and y produces the “Fourier plane” for the
r ¼ ðx; yÞ coordinates, where jΨFourieri ¼ ÛxÛyjΨii. In
this Fourier plane, the position r encodes the momentum
p of the initial state. Formally, this arises from Û−1

x x̂Ûx ¼
−p̂xa20=ℏ and Û−1

x p̂xÛx ¼ x̂ℏ=a20.
We now apply a kick in the z direction with a strength

that depends on the position r. To match the desired form
(A1), this is

jΨ0
Fourieri ¼ exp½−iGðr̂ℏ=a20Þẑ�ÛxÛyjΨinitiali: ðA4Þ

We transform back from the Fourier plane to real space by
applying the T=4 evolution in x, y again. Then,

jΨfi ¼ ÛxÛy exp½iGðr̂ℏ=a20Þẑ�ÛxÛyjΨinitiali ðA5Þ

¼ −R̂xR̂y exp½iẑGðp̂Þ�jΨinitiali; ðA6Þ

where we have used Û2
x ¼ ð−iÞR̂x, with R̂x being the

reflection operator, taking jxi → j − xi.
Finally, we measure the particle to be at position rf in the

x–y plane and in the momentum state pz;f along z. (The
measurement of momentum in z is conveniently performed
by converting pz to position zf via Ûz, and then measuring
zf .) Introducing a complete set of states in the x–y plane,
the probability of detecting the particle at rf and pz;f is

jhrf ;pz;f jΨfij2 ¼
1

ð2πℏÞ3
����
Z

d2pd2rdze−ip·ðrþrfÞ=ℏei½GðpÞ−pz;f=ℏ�zΨinitialðr; zÞ
����2: ðA7Þ

This general expression (A7) allows one to analyze the consequences of different kicksG in the Fourier plane. The example
used in the main text is the 1D phase space ðx; pÞ with GðpÞ ¼ αp=ℏ. The final coordinates ðxf ; pz;fÞ used in Eq. (A7) are
expressed in terms of xm ≡ −xf and pm ¼ pz;f=α to correct for the spatial inversion and the scaling of momentum with α.
Using the 1D version of Eq. (A7), this leads to the following probability:

Pðxm; pmÞ ¼
α

ð2πℏÞ2
����
Z

dpdxdzeiðzαþxm−xÞp=ℏ−iαpmz=ℏψ iðxÞϕ0ðzÞ
����2

¼
����
Z

dxe−iðx−xmÞpm=ℏ
e−

ðx−xmÞ
2α2σ2

ðπα2σ2Þ1=4
����
2

: ðA8Þ

For 2D systems, one can envisage encoding any scalar
function of p in the transverse momentum, for example,
using GðpÞ ∝ jpj2. The final imaging could be performed
via a spatial tomography consisting of successive images of
different planes [50,51] or other techniques such as helical
point spread function engineering [52].

General analysis for auxiliary spin S—The spin
rotation (i) used in the main text (4) is an approximation
to the stereographic projection of the 2D momentum to
spin-coherent states on the Bloch sphere.
We consider an internal spin S. A stereographic projec-

tion that maps from the 2D momentum ðpx; pyÞ to the
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surface of a sphere ðnx; ny; nzÞ with jn⃗j2 ¼ 1 is described
by

nx þ iny
1 − nz

¼ px þ ipy

p0

; ðB1Þ

where p0 is a characteristic momentum scale such that
jpj ¼ p0 is mapped to the equator, nz ¼ 0. The key step in
the mapping is to perform a unitary transformation that
rotates the initial fully spin-aligned state jS;þSi to the
spin-coherent state that is aligned with this n⃗. This is
achieved by choosing a rotation θ⃗ðpÞ such that

Ûrot ¼ exp½2i ˆS⃗ · ðp̂y;−p̂x; 0Þ=jp̂j arctanðjp̂j=p0Þ�: ðB2Þ

A state of definite momentum ðpx; pyÞ is mapped to the
coherent spin state jχpi ∝ ÛrotðpÞjS; Si. For small momenta
jpj ≪ p0, we have arctanðjp̂j=p0Þ ≃ jp̂j=p0 to get

jχpi ≃ exp½2iŜ · ez × ðp̂y;−p̂x; 0Þ=p0Þ�jS; Si; ðB3Þ

which is the form used in the main text.
The spin-coherent states are [53]

jηi ¼ 1

ð1þ jηj2ÞS exp ðηŜ−ÞjS; Si; ðB4Þ

with η≡ ηx þ iηy being a complex number. Like phase-
space coherent states, spin-coherent states provide an

overcomplete basis. As such, one can imagine performing
POVMs in the jηi basis. To do so would require the spin-S
to be mapped onto another (higher dimensional) Hilbert
space, with a spin with S0 ≫ S, in the spirit of Ref. [25].
Imagine that one were to perform the POVM in spin-

coherent states. The outcome would be to measure the
particle at position rf and spin-coherent state jηfi with
probability Pðrf ; ηfÞ≡ jhrf ; ηf jΨfij2, where

hrf ; ηf jΨfi ∝
Z

d2pd2re−ip·ðrþrf ÞΨiðrÞhηf jχpi: ðB5Þ

Using

hηf jχpi ¼
ð1þ η�f χpÞ2S

ð1þ jηf j2ÞSð1þ jχpj2ÞS
ðB6Þ

and assuming jηf j; jχpj ≪ 1, we obtain

hηf jχpi ≃ exp½−Sðjηf j2 þ jχpj2 − 2η�f χpÞ�; ðB7Þ

with χp ≃ ðpx þ ipyÞ=p0. The integral over momentum in
Eq. (B5) can then be completed to give

Pðrf ; ηfÞ ¼ jhrf ; ηf jΨfij2 ¼
����hψ ðrf ;ηf Þ

coh jψ ii
����2; ðB8Þ

where the position representation of the state jψ ðrf ;ηfÞ
coh i is

hrjψ ðrf ;ηf Þ
coh i ¼ p0ffiffiffiffiffiffiffiffi

2πS
p

ℏ
eiðηf;x;ηf;yÞ·ðr−rf Þp0=ℏe−

1
4Sf½ðx−xf Þp0=ℏþ2Sηf;y�2þðy−yfÞp0=ℏ−2Sηf;x�2g: ðB9Þ

This is a coherent state of the two-dimensional phase
space, centered on the position ðxf − 2Sηf;yℏ=p0; yf þ
2Sηf;xℏ=p0Þ andmomentum ðpx; pyÞ ¼ p0ðηf;x; ηf;yÞ. Thus,
the measurement is a POVM in the full 2D phase space and
would realize a 2D Husimi-Q phase-space microscope. The
positional uncertainty is controlled by σ0c ≡

ffiffiffiffiffiffi
2S

p
ℏ=p0 and

the momentum uncertainty by ℏ=σ0c. For fixed characteristic
momentump0, one achieves increasingly accurate resolution
in momentum by increasing the size of the spin S. A proper
choice of the atomic species would allow large spin
manifolds such as 17 states in dysprosium [54] or 23 states
in holmium [55]. For Dy (S ¼ 8), this gives σ0c ¼ 4ℏ=p0

and, for Ho (S ¼ 11), σ0c ≈ 4.7ℏ=p0.
Even without full POVMs on the spin S, this mapping of

momentum to spin can be readily used to construct an
averaged-mode phase-space microscope using standard
projective measurements of the spin components Ŝx;y;z.
Since jχpi is the spin-coherent state aligned along
n⃗ ≃ ðpx=p0; py=p0; 1 − jpj2=ð2p2

0ÞÞ, one has

hχpj ˆS⃗jχpi ≃ Sðpx=p0; py=p0; 1 − jpj2=ð2p2
0ÞÞ: ðB10Þ

Measurements of the expectation values of Ŝx and Ŝy
provide information on the mean momentum densities,
while the expectation value of Ŝz gives the mean kinetic
energy density as discussed in the main text.

Thermodynamics of the weakly interacting BEC—For
a weakly interacting Bose gas in 2D, the low-temperature
thermodynamics is dominated by Bogoliubov sound
mode with Ep ¼ sjpj. The speed of sound is s ¼ffiffiffiffiffiffi
g̃ ρ̄

p ðℏ=MÞ, with g̃ being the dimensionless coupling
constant, which is g̃ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8πas=lz

p
for atoms of scattering

length as confined to 2D by an oscillator state of size lz.
Applying Bogoliubov theory, one finds

ρ̄KEðTÞ ¼ ρ̄KEð0Þ þ
ζð3Þ

2πℏ2s2
ðkBTÞ3; ðC1Þ
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with ζð3Þ ≃ 1.202. The zero-temperature value ρ̄KEð0Þ has
a divergent contribution ∝ C lnðpmaxÞ, arising from the
contact [40], which sets the large momentum tail of the
momentum distribution, ρp ∼ Cℏ2=p4. The momentum
cutoff pmax is set by nonuniversal physical effects: the
ramping times in the experimental dynamics [42] or, as

discussed in the main text, the characteristic scale p0 up

to which the quadratic expansion of the observable is

valid. This generates a nonuniversal background value for

ρ̄KE. However, the temperature can be extracted from the

change Δρ̄KE ¼ ρ̄KEðTÞ − ρ̄KEð0Þ, with T ∝ ðΔρ̄KEÞ1=3.
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