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Slip-flow theory for thermo-osmosis based on a kinetic model
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In this paper, thermal-slip coefficients in slip boundary conditions of the Stokes
equation are derived using the generalized slip-flow theory, with special interest in the
role of near-wall potential in micro- and nanoscale flows. As the model of fluids and
fluid-solid interaction, we employ the model Boltzmann equation for dilute gases and
the diffuse-reflection boundaries with near-wall potential, respectively. It is found that,
when the mean free path of gas molecules and the effective range of potential are of
the same order of magnitude, the thermal-slip boundary condition can be derived in the
near-continuum limit. In the derived slip-flow theory, the thermal-slip coefficient and the
boundary-layer corrections (i.e., Knudsen-layer corrections) are determined by solving
the kinetic boundary-layer problems (i.e., Knudsen-layer problems) that include external-
force terms and inhomogeneous terms both driven by the potential. As an application of
the slip-flow theory, thermo-osmosis between two parallel plates with uniform temperature
gradients is analyzed. The results of the slip-flow theory are validated by comparing them
with those of the direct numerical analysis of the same problem. Furthermore, it is found
that thermo-osmosis and thermal slip on the plates are significantly affected by the features
of the near-wall potential; even the gas-flow direction can be reversed when the near-wall
potential is repulsive. Such a flow reversal is qualitatively similar to thermo-osmosis in
liquids reported in existing molecular dynamics simulation.

DOI: 10.1103/zpzj-ngrh

I. INTRODUCTION

In conventional fluid mechanics based on the incompressible Navier-Stokes equations, the
temperature field of a fluid is decoupled from the flow field. Therefore, the temperature variation
of the fluid cannot induce fluid flows without the help of external forces such as temperature-
dependent buoyancy forces. However, in micro- and nanoscale flows, the temperature variation
of boundaries (i.e., channel walls) can induce fluid flows, which we call thermo-osmosis [1] or
thermo-osmotic flows. Thermo-osmosis is induced mainly by surface effects and thus is practically
significant in micro- and nanoscale confinements [2] where external body forces are negligi-
ble. [However, it should be remarked that, when being coupled with electric effects such as
ionic motion, there may arise a thermally induced body force due to the variation of electric
permittivity (see, e.g., Ref. [3])]. Thermo-osmosis is a conversion from heat to fluid motion
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and can be applied to various technologies. For instance, in the case of gases, where thermo-
osmosis is often called thermal transpiration, thermally driven pumps without mechanically moving
parts (the so-called Knudsen pump [4]) have been developed and prototypes have been put
into practice using microfabrication techniques [5]. In the case of liquids, laser-heating-induced
thermo-osmosis near a liquid-solid interface has been applied to the optothermal manipulation of
nanomaterials [6].

From a macroscopic viewpoint, both for gases and liquids, thermo-osmosis can be regarded as
a thermal-slip boundary condition of fluid-dynamic equations (e.g., the Stokes or Navier—Stokes
equations), that is,

v-t = —Kgst - VT (on boundaries), (D

where v represents the flow velocity, ¢ is a unit tangent on boundaries, Kts is a thermal-slip
coefficient, and VT is the temperature gradient of the fluid on the boundaries. The condition Eq. (1)
is sometimes called thermo-osmotic slip [7-9]. The thermal-slip coefficient Ktg is usually negative
in experiments, i.e., the flow is directed from cold to hot (see, e.g., Ref. [10] for gases and Refs. [2,9]
for liquids). The concern in this paper is the derivation of Eq. (1) together with the determination
of the thermal-slip coefficient Ktg, based on the molecular-scale description of fluids that includes
interaction potential between fluid molecules and solid molecules.

Let us first take an overview of the current situation on the thermal-slip boundary condition
[Eq. (1)] for gases. In the case of a gas, the ratio between the mean free path ¢y of gas molecules
and a reference length scale Ly (e.g., the channel dimension) is defined as the Knudsen number
(Kn = £y/Ly), which represents the degree of gas rarefaction. When a gas is rarefied, i.e., Kn
is not negligibly small, the gas is out of thermal equilibrium and a conventional fluid-mechanics
framework becomes inapplicable; the Boltzmann equation based on the kinetic theory of gases must
be employed [11,12]. However, in the regime of near-local thermal equilibrium where Kn is small,
it is possible to use an asymptotic analysis of the Boltzmann equation (or its simplified models) to
systematically derive fluid-dynamic equations and associated slip and jump boundary conditions
that describe the gas behavior [12,13]. We refer to this framework as the generalized slip-flow
theory in this paper. The thermal-slip boundary condition [Eq. (1)] can be obtained as one
of the outcomes of the generalized slip-flow theory. A key significance of the generalized slip-flow
theory is that, for a given set of intermolecular collision models and molecular scattering laws at
boundaries, the thermal-slip coefficient Ktg can be determined by a systematic procedure. However,
since the Boltzmann equation is formulated for dilute gases, the generalized slip-flow theory is
not directly applicable to dense gases or liquids. Also note that thermally induced gas flows
still occur for moderate or large Knudsen numbers. However, such flows lies outside the scope
of fluid-dynamic equations and require an analysis based on the Boltzmann equation [11,12,14]
(see also experimental results for straight channels [15,16]).

Regarding liquids, the derivation of the thermal-slip boundary condition [Eq. (1)] is more
complicated due to the dense nature of the medium. A theoretical approach was proposed by
Derjaguin et al. [1] using the linear-response theory, and, more recently, a microscopic theory of
thermo-osmosis was presented [8,17,18]. However, to compute the thermal-slip coefficient Krg,
these theories require microscopic information such as excess enthalpy profiles near boundaries,
which are difficult to measure in experiments. In this respect, the prediction of thermo-osmosis for
liquids is more difficult than for gases, since the generalized slip-flow theory for gases uses the
information that is experimentally accessible; for instance, the molecular scattering laws at solid
surfaces can be measured using molecular-beam experiments [19]. Therefore, up to now, molecular
dynamics (MD) simulation has been the primary practical tool for investigating thermo-osmosis in
liquids, and MD simulations have been carried out for various systems such as Lennard-Jones (LJ)
fluids [7,20-24], water [20,25], and aqueous electrolytes [26—28]. A remarkable trend observed
in MD studies is that the direction of thermo-osmosis is reversible depending on hydrophilic
properties at liquid-solid interfaces. To be more precise, the thermal-slip coefficient tends to be
Krs < 0 (or Ktg > 0) for hydrophilic (or hydrophobic) surfaces [20-24]. Since the hydrophilic
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properties are strongly influenced by the interaction potential between fluid and solid molecules,
the near-wall potential is considered to play a crucial role in thermo-osmosis. This paper there-
fore focuses on elucidating the impact of the near-wall interaction potential on the thermal-slip
boundary condition [Eq. (1)]. (We also note that the sign reversal of thermo-osmosis was also
discussed recently for a near-critical binary fluid mixture [29].) Now, the central question addressed
here is how to obtain the thermal-slip coefficient Ktg under the effect of near-wall fluid-solid
interactions.

The influence of the near-wall interaction potential on slip coefficients has been extensively
investigated in the literature, with primary focus on the so-called shear slip. Here the shear slip is
described by the boundary condition v - ¢ ~ Lgy, where Lg is the slip length and y is the shear rate.
For instance, using MD simulations (or in experiments), the effects on the slip length Lg caused by
the shear-rate dependence [30] (or Ref. [31]), the wetting properties at liquid-solid interfaces [32]
(or Refs. [33-36]), and the electrical charge distribution [37] (or Ref. [38]) have been reported.
Various theoretical frameworks and models to predict Lg have also been elaborated: the results
of equilibrium and/or nonequilibrium MD simulations were utilized to obtain Ls [39-42] and the
modeling of molecular motion in a thin layer adjacent to solid surfaces was proposed [43-46] (see
also the recent review article [47]). However, the effect of the near-wall potential on thermal slip has
not yet been investigated using the existing theoretical frameworks mentioned above. In this paper,
given that the generalized slip-flow theory has succeeded in obtaining slip coefficients for gases, we
try to apply the generalized slip-flow theory to account for the effect of the near-wall potential on the
thermal-slip coefficient. This serves as a primary step toward developing the model of thermal-slip
boundary condition for both gases and liquids based on molecular-scale descriptions. (Note that
the generalized slip-flow theory also provides shear-slip and temperature-jump coefficients as we
will discuss later.) As a proof-of-concept study, we adopt a simplified physical setting using the
Bhatnager-Gross-Krook (BGK) model [48,49] of the Boltzmann equation to describe the inter-
molecular interaction, along with diffuse reflection as the molecular scattering law at boundaries.
The equation is supplemented by a force field representing a near-wall interaction potential. In
particular, we focus on the case in which the bulk flow is not directly affected by the near-wall
potential; only the thermal-slip boundary condition and the boundary-layer corrections are modified
by the potential.

The paper is organized as follows. In Sec. II, we describe the physical setting and formulate
the problem in detail. In Sec. III, we develop a slip-flow theory under near-wall interactions based
on the generalized slip-flow theory. In Sec. IV, we apply the slip-flow theory to the problem of
thermo-osmosis, which is a special case of the problem defined in Sec. II, and compare the results
with the direct numerical analysis of the same problem. This allows us to validate the slip-flow
theory and examine the effects of the near-wall potential on thermo-osmosis. In Sec. V, we provide
a brief comparison with previous studies and highlight some key features of the present slip-flow
theory. Finally, Sec. VI summarizes the main findings and provides future perspectives.

II. FORMULATION
A. Description of the problem

Let us consider an ideal monatomic gas contained between two parallel plates. Cartesian coor-
dinates X; (i = 1, 2, 3) are introduced such that the X; direction is perpendicular to the plates, as
shown in Fig. 1(a). The plates are placed at X; = +D/2, where D is the distance between the plates.
The volume average of the gas density is denoted by pg. Then, the mean free path of gas molecules
at a reference equilibrium state with density py and temperature 7 is defined as £y, where Tj is the
reference temperature of the plates. The Knudsen number Kn, which characterizes the degree of gas
rarefaction, is defined by Kn = ¢/D.

The velocity and the temperature of the plates at X; = +D/2 are kept at vii (i=1,2,3)and T,
respectively. The velocities of the plates are tangential to the surfaces, meaning that vil = 0, while
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FIG. 1. Schematic of the problem. (a) General setting of the slip-flow theory (Sec. III). (b) Application
of the slip-flow theory to the thermo-osmosis problem (Sec. IV). [(c) and (d)] Schematic examples of W for
(c) purely attractive and (d) purely repulsive potentials.

v, and v, are constants since the plates are rigid walls. The magnitude of the plate velocity v
is small compared with the thermal speed vy = «/2RTj, where R is the specific gas constant, i.e.,

+ |Ui‘|
=" <KL 2
Vo

The temperatures of the plates may vary with X, and X3, but the magnitude of the temperature
gradient is assumed to be small, i.e.,

. D

+
= w

= —|g
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where #; is a unit tangent on the plates. When the plates are stationary and have infinitesimal
temperature gradients in the X, direction, that is,

4)

X D dT,
vyl =0, T5=Tw(X2)ETO<1+CT32> (cT ),

T Thdx

(cr < 1), the problem is reduced to the fundamental setting of thermo-osmosis, as shown in
Fig. 1(b). We will mainly analyze this thermo-osmosis setting later in Sec. IV, but Secs. II and III
consider a more general case with |v| # 0.

Gas molecules are subject to external forces per unit mass exerted by a potential field W near
the surfaces. The potential W is assumed to depend only on X, i.e., ¥ = W(X)), and is symmetric
with respect to X; = 0. The characteristic value of the potential (e.g., at the plates) is given by
Yy = 2RTyU, where U is a dimensionless parameter of the order of unity. The potential decays
to zero as the distance from the plate increases; the characteristic length of its effective range is
denoted by 6D with 6(> 0) a dimensionless parameter. For instance, two specific cases, the purely
attractive and purely repulsive potentials, are shown in Figs. 1(c) and 1(d), respectively. These cases
will be further discussed in Sec. I'V.

We investigate the steady gas flow under the following assumptions. (i) The gas behavior is
described by the BGK model of the Boltzmann equation [48,49]. (ii) Gas molecules undergo diffuse
reflection [12] at the boundaries, i.e., at the surfaces of the plates. Specifically, molecules impinging
on a boundary are reflected according to the half-range Maxwellian distribution with velocity vii
and temperature 7, together with the condition that there is no net mass flux across the boundary.
(iii) The magnitudes of the velocity and temperature gradient of the plates are small [see Eqgs. (2)
and (3)], allowing for linearization of the system around a local equilibrium state defined by setting
¢t = ¢ = 0. In the absence of interaction potential (that is, when § = 0 or U = 0), the problem
is formally reduced to a classical two-surface problem of a rarefied gas. Therefore, without the
potential, the slip-flow theory developed here becomes identical with the one described in the
literature (e.g., Ref. [12]). In this study, we are interested in the effect of a finite interaction potential
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characterized by §(> 0), representing long-range fluid-solid interaction, in the fluid-dynamic limit
(Kn <« 1).

B. Basic equations

Let f(X;, &) denote the molecular velocity distribution function, where &; is the molecular
velocity vector; let p(X;), v;(X;), and T'(X;) denote the density, flow velocity, and temperature of
the gas. Then the BGK model incorporating the effect of a potential is written as

of dw af ~
Eia_Xi T Acp(fe — 1) (52)
_ P (& — vi)?
Je= ORI Y7 exp <_W>’ (5b)
o 1
o | = f & |rae (5¢)
3pRT alg | (& — v;)?

where A, is a constant such that A, p represents the collision frequency and dé is a short-hand nota-
tion of d&;d&,dé&;. Note that in this model, f is coupled with p, v;, and T through Egs. (5b) and (5¢),
while W and A, are prescribed. The relations between f and v; and T are nonlinear. The reference

density py and the reference equilibrium distribution f; are expressed as py = (1/D) f f)l/iZ p(X1)dX;
and fy = po(2rRTy) "> exp(—&?/(2RTy)), respectively. The potential W(X;) has a characteristic
value of Wy(= 2RTyU ) near the plates and decays to zero as the distance from the plates increases.
The full detail of W will be specified [cf. Eq. (21)] in the analysis in Sec. IV.

The diffuse-reflection boundary condition [12] is given by

a2
f _Twx p<_M> (Xl:ie’ ~§1§0>, (6)

= QaRTEp2 T 2RT: 2
with
(22N erae (6b)
Oyt = p—— .
* RT; 20

Here o, and o,_ are the quantities determined by f via Eq. (6b), which ensures that there
are no net mass fluxes across the boundaries (the impermeability condition), i.e., f & fdE =0 at
X, = £D/2 [12]. It should be remarked that the kinetic boundary condition, Eq. (6), is defined
for reflected molecules, i.e., & < 0 at X; = D/2 or & > 0 at X; = —D/2, and that no condition is
imposed for the molecules arriving at the walls. Other macroscopic quantities, such as the pressure,
stress tensor, and heat flux of the gas, are defined as

p E—w)?
pi | = / & o —v)) |f de. )
s | 3(& —vi)(E —v))°

C. Linearized problem

The smallness assumption [Eqgs. (2) and (3)] allows us to linearize the problem described by

Egs. (5) and (6). First, let us consider the case where ¢ = c? = 0 while the potential remains

v =

nonzero. In this case, the solution to Egs. (5) and (6) is given by the local equilibrium f = f{,
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where
" L AX) g7 2
fo X1, &) = GnRTy" exp( 2RT0>< o o>, (8a)
X)) = exp(— ‘IJ(XI )/RTp) . (8b)
D/2
_ / (_ ‘I’(Xl))dxl. (8¢)
D/Z RTy

In the following, we consider the perturbation from the local Maxwellian distribution f;. To this
end, we first introduce dimensionless quantities as

xi=Xi/D, & =%&/vo, ¢=f/fg—1. ¥s=¥/Q2RTHU),

T:): = Tu:)t/TO -1 uii = Uii/vo’ w = IO/IOS -1, w= vi/v()a (9)
t=T/Ty—1, P=p/po—1, Pj=pij/po—238j, Qi =qi/(Povo),
where pg = poRTy denotes the reference pressure, vy = «/2RTj is taken as the reference speed, and

the subscript § of 5 explicitly indicates that the (dimensionless) potential includes the parameter §.
Substituting Eq. (9) into Egs. (5) and (6) and neglecting the higher-order terms of perturbation, i.e.,
¢, w, u;, T, u-,, and ‘L’i we obtain the following linearized BGK equation:

wi’

09 _ 09 _a
Sim— ox dx1 9 k(¢e ®), (10a)
pe = o+ 26u; + (8 - %)r (10b)
w 1
ui | = / &i ¢F de, (10c)
o] ey
B ﬁ N K() N 2 Vo
k= TKH, Kn = B, EO = ﬁAL‘pO’ (10d)

where E = =2 exp(—=¢?), ¢ = |¢] = (¢; 2)1/2 "and d¢ is a short-hand notation of d¢;d¢,d¢s. The
auxiliary functions associated with the potentlal are given by

B 1/2
_ Xp(2U%s) (% _ / exp(—2U ¥5(x1)) dxl)° an
Vs 172

Here o represents the dimensionless reference density corresponding to Eq. (8b). Once the func-
tional form of the potential ¥ is specified, Eq. (10) forms a system of equations for unknown
functions ¢, w, u;, and 7, while U, «, and k are external parameters. In the following, we use k in
place of Kn [see Eq. (10d)] for notational simplicity. The usual BGK model is formally recovered
by setting U = 0 and o = 1. The boundary condition is linearized in the same manner as

¢ = o (x1 =i%, <] §0>, (12a)
with

G = 20ty + (£ =2y £27w | GQE di. (12b)

6120

The ¢= are functions of ¢;, in which uii and T are prescribed. Note that ¢ depends on ¢ through
the integral on the right-hand side (i.e., the last term). The other (dimensionless) macroscopic
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bulk /

(fluid-dynamic part)

// { fluid-dynamic eqs.
no-slip b.c.

\ 7

kinetic boundary layer fluid-dynamic eqs.

7
vad
(Knudsen layer) : i /"/ { slip b.c.

{ fluid-dynamic eqs.

Sl slip b.c.

Knudsen-layer correction

FIG. 2. Schematics of the slip-flow theory. As an illustrative example, a parallel flow near a stationary
boundary is considered. The entire region is described by the fluid-dynamic equations with no-slip boundary
conditions (red). Near the boundary, the Knudsen layer plays two roles: (i) the slip boundary condition modifies
the fluid-dynamic part (blue) and (ii) the Knudsen-layer correction modifies the macroscopic quantities near
the boundary. The Knudsen-layer correction rapidly decays as the distance from the boundary increases.

quantities are defined as

5
P=w+1, Pj= 2/ ok dg, Qi = / GCPOE dE — Zu;. (13)
R3 R3 2

In the following, we analyze Eqs. (10)—(12) based on the generalized slip-flow theory, presented in
Sec. 11, to obtain the slip and jump coefficients in the presence of the near-wall potential ¥ (or ¥5)
of the plates. Then, in Sec. IV, we compare the slip-flow theory with the direct numerical analysis
of Egs. (10)—(12) for the thermo-osmosis problem.

III. SLIP-FLOW THEORY WITH NEAR-WALL POTENTIAL

A. Assumptions

Hereafter, we assume k < 1 and apply the generalized slip-flow theory to investigate the gas
behavior. In this framework, the whole gas domain is decomposed into the bulk region and the
kinetic boundary layer adjacent to the boundary (i.e., the Knudsen layer). The schematics of the bulk
and the Knudsen layer are shown in Fig. 2. In short, using the generalized slip-flow theory, the fluid-
dynamic part in the entire region, i.e., the bulk and the Knudsen layer, will be described by the fluid-
dynamic equations of the macroscopic quantities (e.g., the Stokes equation); the boundary-layer
analysis (i.e., the Knudsen-layer analysis) provides appropriate slip and jump boundary conditions
for the fluid-dynamic equations, along with corrections that are significant only in the boundary
layer.

We further assume that the range of interaction, &, is as small as the Knudsen number k, meaning
we consider the scaling

x=8/k=0(1), k<Il. (14

The validity of this scaling assumption Eq. (14) will be examined later in Sec. IV E 4. Under the
scaling Eq. (14), we perform an asymptotic analysis based on a power-series expansion in k, with
particular attention to the differences between the cases with and without the near-wall potential
¥s. In Eq. (10a), these differences appear in the terms U (dv5/dx;)(0¢/9¢1) and a(# 1). However,
under the assumption Eq. (14), these differences are only significant within the boundary layer,
which has a length scale of k. Consequently, we neglect these terms in the analysis of fluid-dynamic
part, while retaining them as inhomogeneous terms in the Knudsen-layer analysis. In this way, the
fluid-dynamic part remains unchanged from the generalized slip-flow theory without the near-wall
potential. However, the scaling Eq. (14) suggests that the range of the potential (e.g., the molecular
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size) is of the same order as the mean free path, implying that the effect of finite volume fraction
should become relevant. In this study, we neglect finite-volume effects to focus on the influence of
the near-wall potential.

When y is small, say, x = O(k) [or equivalently § = O(k?)], a different situation arises: The
range of the potential is localized within an inner layer that is thinner than the Knudsen layer. In
this case, the kinetic boundary condition can be derived [50] by analyzing the inner layer problem,
where gas molecules interact with solid molecules through attractive-repulsive potential. The inner
layer problem was further mathematically justified [51].

B. Main results

We describe only the main results here, leaving the details and the derivation in Supplemental
Material S1 [52].
The macroscopic quantities # (h = w, u;, T, etc.) are decomposed as

h = hg + h. (15)

Here hg, referred to as the Hilbert part hereafter, describes the overall gas behavior throughout the
gas region, while &g, referred to as the Knudsen-layer correction, corresponds to the corrections
to the Hilbert part required near the plate surfaces. The Hilbert part /s is moderately varying, i.e.,
dhg/0x; = O(hg). On the other hand, hg varies in the scale of the Knudsen number (or the mean
free path) in the direction normal to the boundary and decays fast as the distance from the plates
increases.

The results of the slip-flow theory are summarized as follows. First, neglecting the terms of
O(k?), the Hilbert part is governed by the following fluid-dynamic equations:

8I/tiG

o 0 (the equation of continuity), (16a)
Xi

0P, 3%u;
26 kLZG (the Stokes equation), (16b)
ox; 0x ;
82‘50 .

5 =0 (the heat equation), (16c¢)

ax ;

we = Pg — 16 (the equation of state), (16d)

where the dimensionless viscosity in Eq. (16b) is reduced to k in the case of the BGK model. The
system is supplemented by the slip and jump boundary conditions
ou; 0T,
+ 1y, OUiG M, 9T
ic —u, )i = Fkby 'ti—— + kb3 't;—
(u G uw,) FKD 3X1 + 2 3 :

1
<x1 = i§> (slip boundary condition), (17a)

a 1
G — t,f = :chio)a—: <x| = iz) (jump boundary condition), (17b)

and the impermeability condition

=0 (x ==+3). (17¢)
Here 7; denotes the unit tangent vector on the boundaries and 5", b(zl), and cgo) represent the shear-
slip, thermal-slip, and temperature-jump coefficients, respectively. Notations for these constants
follow those of Ref. [13]. The slip and jump coefficients are predefined constants that depend
on the intermolecular collision model, the molecular scattering law at the boundaries, and the
near-wall potential, and can be obtained by solving the Knudsen-layer problems summarized in
Appendix [Eqgs. (A1), (A2), and (A3)]. These problems are formulated as boundary-value problems
for linearized BGK-type equations with external forces, and the derivation of the problems is fully
described in Supplemental Material S1 B [52]. Because the potential considered here is symmetric
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about the channel center (x; = 0), the coefficients b(ll), b(zl), and c&o) take identical values at
both boundaries x; = £1/2. The expressions for the stress tensor and the heat flux are given in
Supplemental Material S1 A [52].

Next, we describe the Knudsen-layer corrections hg. We introduce a stretched coordinate in the

Knudsen layer near the plate at x; = 1/2 as

12-x

T (18)

Then, the potential near the plate in the stretched coordinate is denoted by 1/7)((77), where the
subscript x indicates explicitly that the potential includes the parameter x [Eq. (14)]. The overall
potential V5 is divided as 5 = ¥;7 + ¥, , where %i (x1) represents the potential by the plate at
x1 = x1/2. We define Jx (n) = I/J;r(xl ), that is, the contribution from 5 is discarded in 1/7X(77)
since the potentials are assumed to be localized near the plates at x; = £1/2. The description of the
region x; > 0 is sufficient due to the symmetry with respect to x; = 0, and the effect of the potential
Y, is negligible in this region. Then, the Knudsen-layer corrections near the plate x; = 1/2 are
given as

ou; 0T,
wikt; = —kY V) t;—2 + kYDt —= : (192)
X1 lxy=1/2 Xi |y =172
wg =0, (19b)
3
x = —k0 () ¢ , (19¢)
axy x1=1/2
~ 0T
wg = 20T, (M) T6la=1/n — kO () =2 : (19d)
0x1 [y, 12
Px = wg + 1%, (19¢)

where hx = hg(n, xo, x3) with hg = u;g, T, wg, and Px. The functions Yl(l)(n), Yz(l)(n), Qﬁo)(n),

and @ﬁo)(n) represent the so-called Knudsen-layer functions. These Knudsen-layer functions are

predefined functions determined alongside the slip and jump coefficients b(ll), b(zl), and C§0) by

solving the Knudsen-layer problems. Note that Y](l)(n), Yz(l)(n), Qﬁo)(n), and 8(10)(7]) all decays

as n — 00, as we will see later in Sec. IV E 3 for Yz(l)(n).

The strategy of the flow-behavior analysis is as follows. (i) First, we solve the Knudsen-layer
problems [Eqs. (A1), (A2), and (A3)]. This process is done numerically in principle, but the recipe
has been presented in the literature [53]. Note that the Knudsen-layer problems does not include
k as the physical parameter. (ii) Second, under the specific setting of boundary values uii and 75,
we solve the fluid-dynamic equations Eq. (16) with the slip and jump boundary conditions Eq. (17)
to obtain the Hilbert part. This process can be done either analytically or numerically, depending
on the situations. In any case, the cost for solving the fluid-dynamics equations is expected to be
much smaller than that for solving the original system Eqs. (10)—(12). (iii) Finally, we add the
Knudsen-layer corrections Eq. (19) to the Hilbert part. If the flow behavior in the bulk is only
interested, then the process (iii) may be omitted. In this paper, we will discuss the flow field near
the boundary and include the Knudsen-layer corrections as we will see in Sec. I'V.

We leave a couple of remarks as follows. (i) We consider the expansion up to the first-order
in k and neglect the contributions of O(k?) in this paper. However, it is possible to extend the
generalized slip-flow theory to incorporate higher-order effects, including the effects of curved
surfaces [12]. (ii) The analysis presented so far is also applicable to the Boltzmann equation [12].
In this study, we have adopted the BGK model for simplicity, as it enables us to understand the
framework of the generalized slip-flow theory more easily. A known limitation of the BGK model,
however, is that it fixes the Prandtl number of the gas to unity. This drawback can be amended by
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employing more sophisticated (but complex) models, such as the ellipsoidal-statistical model [54] or
the Shakhov model [55]. The framework developed in the present paper is expected to be extendable
to these models in a straightforward manner.

IV. ANALYSIS OF THERMO-OSMOSIS PROBLEM

In this section, we investigate the thermo-osmosis problem as defined by Eq. (4) and illustrated
in Fig. 1(b). To analyze this problem, we employ two approaches: (i) the slip-flow theory developed
in Sec. III and (ii) direct numerical analysis. We then compare both results for small Kn (or k) to
validate the slip-flow theory. Note that the approach (i) provides an explicit analytical solution, al-
though the numerical value of the thermal-slip coefficient [i.e., b(zl)], which is problem-independent,
must be determined numerically.

A. Detailed setting

First, we set the boundary parameters as

vE =0, tT=1,=crx (20)

[see Eq. (4)]. To obtain the flow field, the potential W(X;) must be specified. We use the following
pseudo-Sutherland-type potential [see Figs. 1(c) and 1(d)]:

W =Uut 4y,

UEX)) = —%( oD )6 (21)
+(1/2+8)D—-X, )’

where W and W™ represent the potentials near the plates located at X; = D/2 and —D/2, re-
spectively, and Wy = 2RToU. When U is positive (or negative), the potential is purely attractive
(or repulsive). Physically, an attractive potential with the power r;’ 6, where ry is the distance from
the wall, corresponds to the van der Waals interaction potential [56]. The interaction parameter
& determines the effective range of the potential and is assumed to be small. The corresponding
dimensionless potential shape, v/5(x1), and its corresponding form in the Knudsen-layer analysis,

¥y (1), are given by

+ § o
— + - _
wé—l//g +1/f,57 % (x1) = (—:I:(l/2+5)—x1> s

dvs _ 6 N 6 .
dx; 1/2+<S—)c11//‘s +_(1/2+5)_xll/f8’ (22a)
o~
7 X dy, 6 -~
~\y+n = Vr 22b
T <X+n>, e 0y, o)

Note that IZX depends on x rather than § [see Eq. (22b)].

The profiles of Urs(x;) for § = 0.01 and U = +£1 are presented in Fig. 3(a). As shown in
the figure, the effective range of the potential is restricted in the region x; € [1/2 — 6, 1/2]. The
reference density o [Eq. (11)] for these cases are shown in Fig. 3(b). For the attractive (or repulsive)
potential, the reference density increases (or decreases) near the plate at x; = 1/2. The bulk density

is obtained as o & W;l, with Y5 &~ 1.014 and 0.995 for U = 1 and U = —1, respectively.

B. Similarity solution

Since the unknown function ¢ depends on (x1, x», {1, &2, £3), the analysis of the problem requires
substantial computational resources due to the high dimensionality. A useful approach to simplify-
ing the problem is to introduce a similarity solution [12]. Based on the similarity solution for the
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FIG. 3. (a) Dimensionless potential U y5(x;) [Eq. (22a)] for § = 0.01 near the plate at x; = 1/2. The cases
of U = 1 and U = —1 are shown by red solid and blue dashed curves, respectively. (b) Corresponding reference
density profile o [Eq. (11)], where the inset shows the magnification near o = 1.

thermal transpiration [53], the following form of the similarity solution can be applied:

¢ =cr[(¢% = D)2+ 2Uys(x)xs + L7 (31, 81, 80)]. 6o = (45 + §32)1/2~ (23)

Without any approximation, this form is compatible with Egs. (10)—(12) in the presence of the
potential, where ¢r is an alternative unknown function that depends only on (xi, 1, ,). The
macroscopic quantities are then expressed as

B @), w =z =0, (24a)
cr

w T P

D e -2, — =xa, — = 2U s, (24b)
cr cr cr

The functions ¢7(x;, ¢1, ¢,) and ur(x;) remain unknowns. Therefore, we are mainly interested in
obtaining the flow field uy in the following. Here, it should be noted that temperature perturbation,
7, is uniform in x; and linearly depends on x,, being identical to the temperature variation of the
wall (r = 7). Physically, this means that the effect of flow on the temperature profile is negligible
and pure thermal conduction is dominant.

C. Approach (i): The slip-flow theory

Under the condition (20), the heat equation with Eq. (17b) yields g = c7x;. Then the thermal-
slip boundary condition turns out to be

UG = bg”i%‘: =crb’, g =ue =0, (xl = i%) (25)
The Stokes equation with the thermal-slip boundary condition [Eq. (17a)] then gives the solution
Urg = ch(Z]), ug = uzg = 0, P = const, indicating that thermo-osmosis is a plug flow. The addi-
tive constant in P should be zero because of Eq. (24b). The equation of states leads to wg = —crx3.
All of these are for the Hilbert part. Because of the symmetry at x; = 0, we consider only the
region 0 < x; < 1/2 hereafter. Then, using the results of Hilbert part, we can immediately com-
pute the Knudsen-layer corrections Eq. (19) for 0 < x; < 1/2: 1x = 0, wg = Px = 2U ¥, (n)crxa,
ik =z = 0, upx = kYy" () with n = (1/2 — x1)/k.
Summarizing these results, the nontrivial flow fields are given by

w Ly, yof1(1 2
- _uT_k|:b2 +v! <k(2 xl))]+0(k ). (26)
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Since b(zl) and Yz(l) have been numerically obtained by solving Eq. (A1) (see Supplemental Material
S3 A [52] for the detail of numerical analysis), Eq. (26) provides an explicit form of the approximate
solution to the thermo-osmosis problem [Egs. (10)—(12), (20), and (22a)] for small k. Note that
Eq. (26) is uniform (i.e., pluglike) if the Knudsen-layer correction Y. ), describing spatial variations
near the walls, is neglected.

It should be remarked that the forms of u;, us, w, T, and P described above are consistent with
those in Eq. (24), up to the first order in k.

D. Approach (ii): The numerical analysis

We solve the thermo-osmosis problem [Eqs. (10)—(12), (20), and (22a)] numerically by ap-
plying the similarity solution ¢y [Eq. (23)]. By substituting Eq. (23) into the BGK equations
[Egs. (10)—(12)], it turns out that the similarity solution ¢7 solves the following boundary-value
problem:

r _ s ddr @y (22 )
& ™ de1 T k(2ur or) (C, +¢, 2) 2U s, (272)
1
ur = §/Rg g'pz(]ﬁTE d;, (27b)

where Eq. (27) includes the Knudsen number k as a physical parameter. The detail of the numerical
analysis is given in Supplemental Material S3 B [52].

Let us denote by bl

5 num the thermal-slip coefficient b(zl) estimated from the result of numerical

(1)

analysis. Recalling Eq. (26), we can set b, ;. as
D o= _”2k|*‘=° +0(k) as k—0. (28)
cr

Note that u, in Eq. (28) is evaluated at x; = O (i.e., the channel center) at which the Knudsen-layer
function Yz(l) vanishes. By comparing b(zl) obtained from the Knudsen-layer problem [Eq. (Al)]

and b(Zl,r)lum obtained from Eq. (28), we can assess the validity of the slip-flow theory developed in
Sec. III.

E. Results of thermo-osmosis problem

Numerical method used in the subsequent results is summarized in Supplemental Material S3
[52]. In particular, numerical parameters, including the number of lattice points, are presented
in Supplemental Material S3 C [52]. Although the velocity distribution functions in the present
problem are known to exhibit discontinuities in the (x;, ¢;) space (see, e.g., the similar case for
convex boundaries [57]), the present scheme naively neglects the discontinuity. To compensate, we
use a relatively large number of lattice points and assess the accuracy in Supplemental Material
S3 D [52]. For highly accurate numerical analysis, however, the discontinuities should be treated
properly, e.g., using a hybrid scheme [58] or the method of characteristics [59].

1. Comparison of the thermal-slip coefficients between the slip-flow theory and the numerical analysis

In this section, we compare the thermal-slip coefficient 5} and b(zl,l)mm for representative cases
of attractive (U = 1) and repulsive (U = —1) potentials with various values of x(= §/k) that
characterizes the effective range of the potential. Recall that we are interested in developing a
slip-flow theory for small k& and thus we choose k < 0.05 below. Recall also that the value of x

is assumed to be O(1) quantity by the assumption Eq. (14).
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FIG. 4. Thermal-slip coefficients for attractive potential U = 1. (a) The ratio bg;um /bS" between the
thermal-slip coefficient obtained by the numerical analysis b(21,x)1um and that by the slip-flow theory b(zl). (b) The

thermal-slip coefficient b(z') as a function of the range of the potential x.

First, let us consider the case of U = 1 (attractive potential). For a fixed x > 0, Fig. 4(a) shows
that the ratio b(zl,fmm /bgl) varies linearly with k, that is, b(zl])mm /b(zl) ~ 1+ A, k, where A, is a slope

depending on y. These trends are consistent with Egs. (26) and (28), although it is seen that the
higher-order analysis is necessary to obtain the information of slope A, . To further check the trends

of Fig. 4(a), the numerical values of b(zl Zlum and b(zl) for some k and x are provided in Table 1. Without
the potentials (i.e., U = 0), the present thermo-osmosis problem is reduced to a classical thermal

transpiration problem (see, e.g., Refs. [14,60]). The thermal-slip coefficient b(zl) in Table I for this

case, b(zl) = 0.38316, is the same as that reported in Ref. [12] up to five decimal points, ensuring
the accuracy of the present numerical analysis. As the range of the potential x increases, Fig. 4(b)
shows that b(zl) also increases except for x = 0.25 at which a slight decrease is observed.

Next, we consider the case with U = —1 (repulsive potential). Figure 5(a), corresponding to
Fig. 4(a), shows that pD b(zl) as k — 0 for various values of x (see also Table I). As the

2,num
range of the potential x increases, Fig. 5(b) shows that b(zl) decreases for x > 0 (the case of
x — 0 will be discussed below) and eventually changes the sign at x =~ 0.6. Thus, the effect of
the potential on the thermal-slip coefficient is more pronounced in the repulsive case than in the
attractive one, as increasing x ultimately reverses the flow direction. Moreover, the rate of increase

TABLE I. Thermal-slip coefficients bggum and b} for U = 0 (no potential), U = 1 (attractive potential),
and U = —1 (repulsive potential) for various sets of k and x. See also Figs. 4(a) and 5(a) for corresponding
plots. More complete dataset, including the values for other parameter values, is found in Supplemental

Material S4 [52].

B um by
U X k = 0.05 k = 0.01 k = 0.005 k = 0.001 —
U=0 — 0.38213 0.38316 0.38316 0.38317 0.38316
U=1 x =05 0.40254 0.39498 0.39388 0.39301 0.39275
U=1 x=1 0.53745 0.52933 0.52822 0.52733 0.52706
U=1 X =2 1.0389 1.0733 1.0784 1.0826 1.0836
U=-1 X =05 0.18523 0.20032 0.20197 0.20343 0.20388
U=-1 x=1 —0.90738 —0.87713 —0.87369 —0.87074 —0.86994
U=-1 X =2 —3.1643 —3.0084 ~3.0907 —3.0842 —3.0825
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and that by the slip-flow theory b(zl) for U = —1. [(b) and
(c)] The thermal-slip coefficient b(zl) as a function of the range of the potential x for (b) U = —land (c) U < 0
with |U| = .

FIG. 5. Thermal-slip coefficients for repulsive potential. (a) The ratio b
b(l)

coefficient obtained by the numerical analysis b, ;.

in the magnitude |b(2l )| with respect to yx is steeper than that observed for U = 1 (attractive potential).
A more quantitative discussion of this behavior will be provided later in Sec. IV E 3.

It is worth noting that, for U = —1 [Fig. 5(b)], the thermal-slip coefficient b(zl) does not converge
to the value corresponding to the case without potential (x = 0) as x — 0. This singular behavior is
not observed in the attractive case (U = 1) [Fig. 4(b)]. To clarify this singular behavior, we show in
Fig. 5(c) the values of b(zl) versus x for |U|/x = 1 (U < 0)instead of U = —1. Then b(zl) fory — 0
smoothly approaches that for the case without potential. The singularity comes from the fact that, in
the Knudsen-layer problem [Eq. (A1)], we can estimate U (dv/, /dn)|,—0 ~ U/x . Hence, the limit
x — 0 leads to the blow up of the term U (dg;x /dn) when U is finite, although its support vanishes.
In the case of U = —1, it is expected that the blow up of U (dl;x /dn) with the vanishing support
results in a nonvanishing effect on b(zl) . The behavior of b(zl) observed in Fig. 5(c) supports the above
discussion.

2. Comparison of the thermo-osmotic flow profiles between the slip-flow theory and the numerical analysis

In this section, we discuss the spatial profiles of the thermo-osmosis flow, i.e., u, [see Fig. 1(b)].
As in the previous section, we compare the results obtained from the slip-flow theory [Eq. (26)]
with those from the numerical analysis [Egs. (24a) and (27)].
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FIG. 6. Profiles of thermo-osmosis under the near-wall attractive potential: u, = u,(x;) obtained from the
slip-flow theory [black solid curve; Eq. (26)] and from the numerical analysis [blue dashed curve; Eq. (24a)].
The profiles are normalized by kcr, where k &~ Knudsen number and ¢y is the magnitude of (dimensionless)
temperature gradient. (a) k = 0.02 and (b) k = 0.002 with x = 1 and U = 1. The insets show the magnification
near the plate x; = 1/2.

For U =1 (attractive potential) and x = 1, we show the profiles of u,(x;) in Fig. 6 for (a)
k = 0.02 and (b) k = 0.002. In Fig. 6(b), the x| range is restricted to x; € [0.45, 0.5], since u, re-
mains nearly constant for x; € [0, 0.45]. Recall that c¢; denotes the magnitude of the dimensionless
temperature gradient of the plates [see Eq. (3)], and the velocity profiles are normalized by kcr. Note
that u, — 0 as k — 0. For both values of k presented in the figure, the slip-flow theory accurately
reproduces the results of the numerical analysis, including regions near the plate surface (see the
insets). The discrepancy between the two approaches is smaller for smaller k, which is consistent
with the fact that the slip-flow theory is an asymptotic approximation valid in the limit k — O.

For U = —1 (repulsive potential) and x = 1, the corresponding velocity profiles are shown in
Fig. 7 for (a) k = 0.02 and (b) kK = 0.002. The main differences from the attractive case (U = 1;
see Fig. 6) are found in the sign of u,, which is now negative when U = —1 (see Fig. 7), and in
the behavior of u, near x; = 1/2. As discussed in Sec. IV E I, thermo-osmosis can be directed
from hot to cold, i.e., u, < 0, in the presence of a repulsive potential. The profiles of u, near
the plate x; = 1/2 exhibit singular behavior, where |du,/0x;| appears to diverge at the boundary
x1 = 1/2. This singularity is not observed in the attractive case (U = 1; see Fig. 6). Such singular
(or regular) behavior of macroscopic quantities under a repulsive (or attractive) near-wall potential
can be attributed to the fact that the velocity distribution function on the plate is discontinuous
(or continuous) in the velocity variables. This observation is reminiscent of the singular or regular
behavior of the macroscopic quantities near convex or concave boundaries [57,61], although we do
not explore this connection in detail here.

3. Effect of near-wall potential on thermo-osmosis, thermal slip, and Knudsen-layer correction

So far we have fixed |U| = 1. In this section, we investigate the effect of U. Figure 8(a) shows the
profiles of thermo-osmosis u,(x;) for various values of U = —0.8, —0.6, 0, 0.6, and 0.8 in the case
of x =1 and k = 0.02. For attractive potential (U = 0.6, 0.8), u, is larger than that of the case
without potential (U = 0), indicating that the flow is enhanced due to the potential. In contrast,
for repulsive potential (U = —0.6, —0.8), the overall flow in the bulk is reduced (U = —0.6)
and eventually reversed (U = —0.8). Near the plate, a more complex behavior is observed for
U = —0.6, as shown in the inset. That is, u, is positive away from the plate but is negative
near the plate. These observations suggest a general trend: Attractive potentials tend to enhance
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FIG. 7. Profiles of thermo-osmosis under the near-wall repulsive potential: u#, = u,(x;) obtained from the
slip-flow theory [black solid curve; Eq. (26)] and from the numerical analysis [blue dashed curve; Eq. (24a)].
The profiles are normalized by kcr, where k &~ Knudsen number and ¢y is the magnitude of (dimensionless)
temperature gradient. (a) k = 0.02 and (b) kK = 0.002 with x = 1 and U = —1. The insets show the magnifi-
cation near the plate x; = 1/2.

thermo-osmosis from the cold to the hot region, whereas repulsive potentials tend to suppress or
even reverse it.

However, the situation is more complex. Figure 8(b) shows the thermal-slip coefficient b(zl),
which determines the overall characteristics of the flow, as a function of U for x = 0.5, 1, 2. For
large x (x = 2), the previously discussed trend appears to hold, that is, attractive (or repulsive)
potential increases (or diminishes) thermo-osmosis. However, for smaller x (x = 0.5) and for small
values of |U|, the inset shows a slight but opposite tendency. The case of x = 1 appears to be a
rough threshold between these two behaviors. For all values of x shown in the figure, the rate of
change of the thermal-slip coefficient with respect to U (i.e., |8b(21) /oUY) is larger for repulsive

@ —— _——
0.5 B repulsive attractive
._0-‘i'
0 ]
U2 L
o by = 0.38316
cr I (without potential) |
0.5} ]
-1
L]-1t—
Lspt

FIG. 8. (a) Profiles of thermo-osmosis u, and (b) the thermal-slip coefficient b(zl) for various magnitude of
the potential U obtained by the slip-flow theory. (a) u,(x;) for U = 0.8 (red dashed), U = 0.6 (orange dotted),
U = 0 (black solid), U = —0.6 (cyan dash-dotted), and U = —0.8 (blue dash-dot-dotted), where x = 1 and
k = 0.02. The inset shows the magnification near x; = 1/2. (b) b;l) as a function of U for x = 0.5 (red squares),
x = 1 (black circles), and x = 2 (blue diamonds). The inset shows the magnification near U = 0.
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FIG. 9. Profiles of the Knudsen-layer function Yz(')(n) for x = 1. (a) The cases of repulsive potential
(U = —1; blue dash-dotted), without potential (U = 0; black solid), and attractive potential (U = 1; red
dashed), where the inset shows the semilogarithmic plot. Panels (b) and (c) shows YZ(”(n) for the cases of
attractive potential and repulsive potential, respectively, near n = 0 with various U.

potentials than for attractive potentials. Phenomenologically, the parameter U models the “affinity”
of the interaction between fluid molecules and solid surface. The present model indicates that the
thermal-slip coefficient b(zn is sensitive to the fluid-solid interaction, especially under repulsive
conditions.

Finally, Fig. 9 shows the Knudsen-layer correction Yz(l)(n) for x = 1, which represents the
behavior of the macroscopic quantity inside the Knudsen layer [see Eq. (A1)]. The overall behavior
of Yz(l)(n) is shown in Fig. 9(a) for the cases of repulsive potential (U = —1), no potential (U = 0),
and attractive potential (U = 1). The inset, shown on a logarithmic scale, confirms that Yz(l)
decays exponentially as 1 increases. Figures 9(b) and 9(c) show close-up views near the boundary
(n ~ 0) for the attractive and repulsive potential cases, respectively, for various U. For the attractive
potential, the influence of the potential is rather localized near the plate. In contrast, for the repulsive
potential, the decay of Yz(l) appears to be slower, though it remains exponentially fast. It is worth
noting that while exponential decay is well established in the absence of potential, its persistence in
the present case is nontrivial, as the potential considered in this study follows a power-law function.

4. Adequateness of the scaling assumption

In this section, we demonstrate the adequacy of the scaling relation (14) in the slip-flow theory.
Figure 10 shows the thermo-osmosis velocity at the channel center u; |, —o for various values of k and
3, obtained by direct numerical analysis. For the case without a potential (U = 0; black solid curve),
the flow magnitude is proportional to k, being consistent with the prediction of the generalized
slip-flow theory. Note that the slope of the curve corresponds to the slip coefficient [Eq. (28)].
However, this linear relation breaks down when k is varied while § is fixed (red circles), indicating
that an asymptotic analysis based on an expansion with respect to k is inadequate to describe the
gas behavior for k <« 1. In contrast, when x = §/k is kept constant (blue squares), a clear linear
relationship u, o k is observed. This result validates the appropriateness of the scaling in Eq. (14)
and illustrates the reasoning behind its adoption in the present theory.

V. DISCUSSION

In the dimensional form, the thermal-slip boundary condition [Eq. (17a) or (25)] is written as, up
to the first order of k,

£
vt =—Krst-VT, Kis= —g%bg) (on boundaries), (29)
0
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FIG. 10. Thermo-osmosis at the channel center, us|,,—o/cr, as a function of k for various § = 0.01,
0.02,...,0.09, 0.1, obtained by the direct numerical analysis. The case without the potential (U = 0) is shown
by the black solid curve. The cases with U = 1 are shown in two different manners: red circles (or blue squares)
connect the data point under the condition § = 0.01, 0.02,...,0.09, 0.1 (or§/k=x =1,...,5).

where Krts [the unit m? /(s K)] is the thermal-slip coefficient and bgl) is the corresponding dimen-
sionless thermal-slip coefficient of order unity, as obtained in Secs. III and IV. Here vy = «/2RTj
is the thermal speed at the reference state, £ is the mean free path at the reference state, and T is
the reference temperature. Note that b(zl) can be either positive or negative signs, although positive

values b(zl) > ( (corresponding to flow from cold to hot) have been more commonly observed. In
the following, we discuss the validity of Eq. (29) for gas and liquid phases separately.

A. Gases

In the case of gases, which we have considered throughout this study based on the BGK model
[Eq. (5)], the viscosity u is related to the mean free path £, as [12]

VT pobo
Mm=-—_-———
2 Vo

(30)

where po is the reference pressure. Consequently, the dimensionless viscosity is given by
w/(poD/vy) = (/7 /2)(£y/D) = k, as shown in the Stokes equation Eq. (16b). Using this relation
of w and py = poRTy, the thermal-slip coefficient K1g can be rewritten as

M (1)
Krg = —— =2by"). 31
™ )OOTOUT (or >) v

In the experiment by Yamaguchi et al. [16], oy was measured to be approximately o7y ~ 0.9 — 1
for several monatomic gases, which is of the same order of magnitude as the present results [i.e.,
b(zl) = O(1); see Table I]. This agreement is reasonable, since the experimental estimation of o7 in
Ref. [16] is also based on fitting the thermal-slip boundary condition to measured mass flow rates
to obtain the thermal-slip coefficient. It is worth noting that the Stokes equations for incompressible
viscous fluid, i.e., dp/0X; = ,u(azvi/anz) can be recovered for the Hilbert part when k << 1 [12].
Purely attractive (U > 0) and purely repulsive (U < 0) potentials considered here represent two
limiting cases of typical favorable and unfavorable solid-gas molecular interactions, respectively.
Therefore, if we consider more realistic LJ-type potentials, which may lie between these two
limiting cases, then the values of b(zl) is expected to fall well within the range of b(zl) presented
here in Table I. In Ref. [62], molecular dynamics simulations for an LJ gaseous system were
carried out to investigate thermo-osmosis in a nanochannel. The estimated values of Ktg are in
qualitative agreement between the molecular simulation and Eq. (29). That is, using b =0.52706
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for U =1 and x =1 in Eq. (29), we obtain Kts ~ —4.9x 10710 mz/(s K) (Ref. [62]) and
K1s ~ —1.6x107'9 m2 /(s K) [Eq. (29)] for Kn ~ 0.1 and K15 ~ —7.2x 1071 m?/(s K) (Ref. [62])
and K15 ~ —4.9x107'1° m2/(sK) [Eq. (29)] for Kn &~ 0.3 (see Supplemental Material S5 [52]
for the detail of the estimation). However, it should be remarked that a potential including both
attractive and repulsive parts (such as a LJ-type potential) complicates the numerical analysis of
Knudsen-layer problems, since the external-force term (0W/0X;)(df/0&1) [see Eq. (5)] is locally
positive or negative for such cases, making it difficult to apply an implicit upwind finite-difference
method widely used in the literature as well as in the present paper.

We also make some comparisons with a recent study [18], which applied the framework of
linear response theory to thermo-osmosis of gases and liquids in a closed channel consisting of
two parallel confinements in both X; and X, directions. The major difference between the present
study and Ref. [18] is that here we consider an open channel, i.e., the longitudinal pressure gradient
in the bulk is zero [Eq. (24b)], whereas in Ref. [18] the effect of the backflow caused by a pressure
gradient in the closed channel is present (no net mass flux condition is imposed in the longitudinal
direction). The details of fluid-solid molecular interactions and the range of parameters (Kn and
volume fraction) are also different. Despite these differences, there are some qualitative agreements
as follows. (i) The velocity reversal between attractive-type and repulsive-type fluid-solid inter-
molecular interaction potentials is observed in both studies. In particular, gas flow is driven from
the cold to hot sides (or the hot to cold sides) for attractive (or repulsive) potentials near the wall.
(In Ref. [18], the backflow in the opposite direction occurs away from the wall.) (ii) The velocity
profile is flat (i.e., pluglike) away from the wall in both studies. (iii) For a hard wall, i.e., the specular
reflection boundary condition with no potential, the flow vanishes (no thermo-osmosis occurs). The
point (iii) can be seen in our problem by replacing Eq. (12) with a specular reflection condition and
by neglecting the external-force term. For this case,

¢ =cr(® = 3)xa — crkia(t* = 3), (32)

is a solution that indeed realizes the thermo-osmosis setting T = crx; (linear temperature increase)
and P = 0 (uniform pressure) but results in #; = 0 (no flow), regardless of the value of Kn. To further
comparisons, we will need to find a solution that induces backflows due to a pressure gradient, for
which the shear-slip coefficient b(ll) will be necessary.

B. Liquids

The slip-flow theory can be basically applied to gases, since it is based on the Boltzmann equa-
tion (or its model equations), which describes the evolution of the one-particle velocity distribution
functions. The Boltzmann equation is valid for the entire range of 0 < Kn < oo, provided that
the volume fraction V (o< nd?) is negligibly small, where 7 is the number density of fluid molecules
and d the molecular diameter. Due to the smallness of volume fraction V, long-range intermolecular
potentials, which are important in liquids [i.e., V = O(1)], and finite-size effects of molecules are
not incorporated into the Boltzmann equation, and macroscopic quantities such as pressure are
defined differently from those of liquids. Nevertheless, the present BGK model of the Boltzmann
equation can be interpreted as describing a simplified “fluid” (say, a BGK fluid), in which fluid
molecules interact locally in space to drive the system toward local thermal equilibrium. From this
perspective, the BGK fluid can be viewed as a toy model for studying certain phenomena in liquids.

In the context of liquids, the quantity Kts7y, also denoted by My, or B,i, is often used [7,20]
as a measure of thermal-slip coefficients. Accordingly, we consider the quantity M,; = KysTp =
(/T /2)v0E0b(21) for comparison and provide rough estimates of its magnitude. In Eq. (29), we
may estimate each parameter as follows:

(i) the average molecular speed vy =~ 10>-10° m/s,

(i) the “mean free path” £, = effective range of the potential 6D = 0.1-1 nm,

(iii) the (dimensionless) thermal-slip coefficient |b(21)| ~ 0.1-1.
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In the second estimate, we have used the assumption x = §/k = §/(£yo/D) = O(1), implying that
£y is on the order of §D. Note that the mean free path is not well defined for liquids, and
£y here is interpreted as a characteristic length scale associated with the interaction potential.
With the above estimates, the (dimensional) thermal-slip coefficient M5; can be evaluated as
[My1| = |KrsTy| =~ 107°-107% m?/s. In the literature, using the MD simulations, Ref. [20] reported
|Ms;| =~ 1-400x 10~% m?/s for LJ-potential-based liquid-solid interfaces and |M,;| &~ 250x 1073
m? /s for water-graphene surfaces, Ref. [7] reported |M,;| &~ 0.85-3.8x 10-8 m? /s for less-attractive
LJ potential interaction and |M>;| ~ 4.2-5.6x107% m?/s for purely repulsive potential interaction
at liquid-solid interfaces, and Ref. [24] reported |Mi,| = 1-5x10~7 m?/s for LJ-potential-based
liquid-solid interfaces, while experimental studies [2,9] reported |My;|~ 10719-107% m?/s. It
should be also noted that MD simulations have shown that the sign of M;; (i.e., the direction
of thermo-osmosis) can reverse depending on the degree of hydrophilicity [20-24]. Our present
results qualitatively reproduce this sign-reversal trend, as shown in Fig. 8(b), where the thermal-slip
coefficient b(zl) changes sign with the variation of the potential strength U. It should also be noted
that the “viscosity” in our BGK fluid is given by Eq. (30), which is different from the standard
microscopic definition of liquid viscosity based on the time correlation of the stress tensor [63].
This is the why we regard the BGK fluid as a toy model when applied to liquids.

Despite the oversimplified treatment from a molecular-physics perspective (e.g., long-range
interaction, finite-volume effects, layering near interfaces, and electric forces), the present approach
based on a kinetic model exhibits some qualitative consistency with MD studies for liquids.
Specifically, it captures (i) the correct order of magnitude and (ii) the trend with respect to the surface
hydrophilic properties (i.e., attractive or repulsive potential). A notable strength of the present
approach lies in its ability to systematically compute slip coefficients within the framework of the
generalized slip-flow theory. In this framework, the slip coefficients are obtained by solving the
Knudsen-layer problems [Eq. (A1)], which are spatially one-dimensional boundary-value problems
for integro-differential kinetic equations. These problems are numerically tractable, and the well-
established solution procedure exist (e.g., Ref. [53]). In particular, the computational cost for the
BGK model is relatively low. For example, a standard single CPU is sufficient to compute the
thermal-slip coefficient with decent accuracy within a few minutes, using approximately O(10%)
lattice points in the two-dimensional phase space. The main limitation of the present model is its
omission of intermolecular potential effects and finite-molecular-volume effects. Nevertheless, it
may be possible to extend the model to include such effects by using kinetic models for nonideal
gases, such as those developed for the van der Waals fluids [64].

VI. CONCLUSION

In this paper, we have developed a slip-flow theory to predict slip coefficients in the slip-boundary
condition of the Stokes equation, which describes micro- and nanoscale gas flows between two
parallel plates in the presence of a near-wall potential. The approach is based on the generalized
slip-flow theory in kinetic theory of gases, whereby the determination of slip coefficients is reduced
to solving the Knudsen-layer problems (i.e., kinetic boundary-layer problems), namely, Eq. (A1).
This framework offers a pathway to explore systematically the influence of near-wall potentials on
slip coefficients, while avoiding computationally costly molecular simulations.

Using the developed slip-flow theory, we investigated thermo-osmosis between two parallel
plates with a uniform temperature gradient, assuming the presence of a pseudo-Sutherland-type
near-wall potential. A comparison between the predictions of the slip-flow theory and the results of
numerical analysis showed good agreement, validating the proposed theoretical framework. We also
systematically examined the influence of the near-wall potential on thermo-osmosis, thermal-slip
coefficients, and Knudsen-layer corrections for various parameter sets corresponding to purely
attractive and purely repulsive potentials. The results showed that a reversal in the flow direction of
thermo-osmosis can occur when the near-wall potential becomes sufficiently repulsive. To be more
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specific, under a purely repulsive potential of decent strength, the thermo-osmosis flow is directed
from hot to cold, which is opposite to the direction typically observed in conventional cases.

There are several directions for extending the present slip-flow theory.

(1) The influence of the specific shape of a potential function (i.e., 5) has not been in-
vestigated in this study. Physically realistic potential profiles, such as the LJ type that includes
both attractive and repulsive parts, should be investigated. It is worth noting that the potential
considered in this study [Eq. (21)] is a power-law type. When the potential decays more slowly,
say W* oc |x; F 1/2|7!, a straightforward application of the slip-flow theory may fail (or may be
limited) because of the slow decay of the Knudsen-layer solutions. In such cases, an asymptotic
matching procedure may be required, as in the case of a two-dimensional Knudsen layer (or
Knudsen zone) [65]. Therefore, the applicability of the present slip-flow theory to more general
classes of potentials remains an open question.

(2) The influence of kinetic boundary conditions, which is diffuse reflection here, is considered
important. It is reported that, in the case of dense fluids, the temperature gradient can induce
thermo-osmosis even with a smooth hard wall [18]. This contrasts with a rarefied-gas case, where
the specular reflection (without near-wall potential) does not allow thermo-osmosis [see Eq. (32)
and description below it], and therefore, is worth further investigation.

(3) The analysis of other slip and jump coefficients under near-wall potentials [Eqgs. (A2)
and (A3)] is also important. In particular, the shear-slip coefficient has been the subject of long-
standing interest and deserves a detailed examination in the context of near-wall interactions.

(4) The present analysis is limited to planar geometries and any effects from curved surfaces
were not included. As the Knudsen-layer correction begins at the zeroth order in the Knudsen
number, the curvature effect is expected to manifest in the first-order Knudsen-layer corrections
when a curved surface is considered. Thus, to investigate thermo-osmosis around curved surfaces,
including a spherical particle, an extension of the slip-flow theory to curved geometries is required.
This is particularly relevant for understanding the mechanism of thermophoresis, the motion of
suspended particles driven by temperature gradients in fluids (see, e.g., Ref. [66] for gases and
Ref. [67] for liquids).

(5) The inclusion of long-range intermolecular interactions and finite-molecular-volume effects
is important. Assessing the potential and limitations of the framework of the slip-flow theory in
describing not only rarefied gases but also more complex fluids will be addressed in future work.
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APPENDIX: KNUDSEN-LAYER PROBLEMS

In this Appendix, we explain the details of the Knudsen-layer problems that determine the sli
and jump coefficients b(ll), b(zl), and 050) and the Knudsen-layer corrections Yl(l), Y2(1), Q(IO), and @go .
We note that the potentials are localized near the plates, and thus the boundary layer of the one side
is not affected by the potential of the other side. Therefore, only the boundary layer near the plate at
x1 = 1/2 is described here.
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To obtain b(zl) and Yz(l), which are necessary in the thermo-osmosis problem (Sec. IV), we
consider the following boundary-value problem:

3¢(1) wax 8(p(1)
dn 9g,

|
YD) = E/R.; 2o\E dt. (Alb)

Cn = exp(—2U %) (2Ys" — V) + Ins, (Ala)

5
Z-TS (2wa + 2{11 1/:7)() + [CXP( ZUwX) - 1]<§n + { >

(Alo)
5

0 == =0 (1=0, 5> 0), (Ald)

¢y =0 (n— oo, (Ale)

where the notations follow those in Ref. [13] and explained below one by one. First, the molecular
velocity ¢; is decomposed into ¢, = &;n; with n; the unit normal on the boundary at x; = 1/2 point-
ing to the gas (i.e., {, = —¢1) and £, = V&5 + {3 The unknown function <p(1) = (pél)(n, Cns £p) 1S
the portion of the molecular velocity distribution function for the Knudsen-layer correction and is
related with the temperature gradient of the Hilbert part (see Supplemental Material S1 B [52] for
details). In short, the terms related with v, are the contributions found in this paper. Substituting
1;)( = 0 into Eq. (Al) formally reproduces the known result. This problem corresponds to the
thermal slip under the presence of a near-wall potential field.
The Knudsen-layer problem that determines cgo), QEO), and ®(0) is summarized as

8§0(0) dl/f (0) -
gﬁ — dnx T exp<—2UwX>[sz§°) (g, + - )@“” “”} +Try,  (A2a)
Q" () = / eVEds, 0 () = /R ? %(43 +4; - %)wi‘”E dz, (A2b)
wX 2 2 5 g 2 2 5
Iy =— —< L& —5- 27)91) + [exp(—=2U ¥y ) — 115, <Cn +¢, - §>, (A2¢)

o = 2f tp\"E dg — (52 + &2 —2)c (°>+cn<; +o - 5) (n=0, & > 0),

(A2d)

¢V =0 (n— o0, (A2¢)
where gpfo) = gpfo)(n, Cns £p) is the unknown function. This problem corresponds to the temperature
Jjump under the presence of a near-wall potential field.

The Knudsen-layer problem that determines b(ll) and Ylm is summarized as

9 (1 d 9 (€] -
n ")n -U :lix 504 = exp(—2U ) (2Y," — i) + Iss (A3a)
=3 [ ceE a (A3b)
ISS = -2U fX + [exp( 2U¢/X) - ]]2§n7 (A3C)
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o) =2 +2¢, (=0, & >0), (A3d)
oV -0 (n— o0), (A3e)
where go}l) = go}l)(n, Cn, &p) is the unknown function. This problem corresponds to the shear slip

under the presence of a near-wall potential field.

We expect that solutions to Egs. (A1), (A2), and (A3) can be found only when the unknown
coefficients c(lo), b(]]), and b§2> take particular values. Therefore, if we could find the the solutions,
then cgo), b(ll), and b(lz) are determined simultaneously. It should be noted that the existence and
uniqueness of the solution for the Knudsen-layer problem, formulated for the Boltzmann equation,
is mathematically proved for the cases without the potential [69,70].
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