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Turbulence statistics of homogeneous isotropic supercritical fluid flow
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At supercritical pressures, intermolecular forces and molecular packing effects strongly
influence fluid behavior, leading to thermodynamic and transport properties that differ
significantly from those at subcritical pressures. At these conditions, the resulting high-
pressure thermodynamic state space can be divided into liquidlike and gaslike regimes,
separated by the pseudoboiling region, where thermophysical properties change rapidly. In
this regard, the effects of real-fluid properties and pseudoboiling phenomena on turbulence
at Reλ = 30 and Mat = 0.1 are investigated through direct numerical simulations of
isotropic turbulence in five thermodynamic states of CO2: one liquidlike, one gaslike, and
three pseudoboiling conditions. The thermophysical operating conditions result in Prandtl
numbers greater than one, leading to the generation of sub-Kolmogorov thermal scales.
Turbulence statistics are, thus, assessed through spectra, probability density functions,
and higher-order moments. Temperature-related quantities are particularly sensitive to
supercritical fluid effects, showing increased intermittency in the temperature variance
dissipation rate and reduced production of mean-square temperature gradients, particularly
in strong pseudoboiling conditions. Finally, local flow topology is analyzed using joint
probability density functions of the velocity gradient invariants, conditioned on regions
with intense pseudoboiling activity. These regions are found to suppress strain-dominated
structures while enhancing vortical motions.

DOI: 10.1103/zkxz-5kvg

I. INTRODUCTION

Fluids at pressures above their critical point are referred to as being in a supercritical state.
Understanding the behavior of such fluids is essential due to their widespread relevance in both
natural [1] and engineering systems, including propulsion technologies [2,3] and energy genera-
tion processes [4,5]. Under supercritical conditions, intermolecular forces and molecular packing
effects become significant, resulting in thermodynamic behavior that deviates substantially from
that of low-pressure gases. In this regime, nonideal fluid effects are also important, rendering
the ideal-gas equation of state (EoS) inadequate. The thermophysical properties of supercritical
fluids vary significantly depending on whether the fluid is in a liquidlike or gaslike state. In the
liquidlike regime, the fluid is characterized by high densities ρ, low isothermal compressibilities
βT = (1/ρ)(∂ρ/∂P)T , and transport properties (dynamic viscosity μ and thermal conductivity κ)
that decrease with increasing temperature [6]. Conversely, in the gaslike regime, the fluid exhibits
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lower densities, higher compressibilities, and transport properties that increase with temperature,
similar to a gas. The transition between these regimes, at a given pressure, occurs around the
pseudoboiling temperature, typically identified by a peak in the specific isobaric heat capacity cP.
Connecting these pseudoboiling temperatures across various pressures defines the pseudoboiling
(or Widom) line, which represents a natural extension of the liquid-vapor coexistence line observed
in subcritical fluids [7]. This line marks the region where a continuous, second-order transition
between liquidlike and gaslike states occurs.

In addition to the complex thermophysical behavior, supercritical fluid turbulence poses signifi-
cant challenges due to its inherent multiscale nature. The classical Kolmogorov 1941 (K41) theory
[8] provides a foundational framework for describing the energy cascade in turbulent flows, wherein
energy is transferred from large, problem-dependent scales to progressively smaller, quasi-universal
scales through nonlinear interactions [9]. According to K41, the smallest dynamically relevant
velocity scale is the Kolmogorov scale, given by ηu = (ν3/〈ε〉)1/4, where ν = μ/ρ is the kinematic
viscosity, and 〈ε〉 is the mean rate of energy dissipation per unit of mass. Turbulent motions also
generate a multiscale structure in convected scalar fields, such as temperature. When the Prandtl
number Pr = μcP/κ exceeds unity (i.e., when momentum diffusivity dominates over thermal
diffusivity), temperature fluctuations can persist longer and form thermal structures smaller than
the Kolmogorov scale. Batchelor [10] estimated the smallest temperature scale in incompressible
turbulence as ηT = ηu/

√
Pr. If sufficient scale separation exists (ηu � 
 � ηT ), the temperature

spectrum exhibits three distinct regimes: an inertial-convective range at scales larger than ηu; a
viscous-convective regime between ηu and ηT , characterized by a turbulent kinetic energy scaling
of k−1; and a viscous-diffusive regime at scales smaller than ηT [11,12]. In supercritical fluid flows,
however, temperature cannot be treated as a passive scalar as strong coupling between temperature
and momentum arises from nonlinear thermodynamics and the pronounced dependence of transport
properties on both pressure and temperature [13]. In this regard, whether analogous regimes exist
under these conditions remains to be determined. Understanding these fine-scale dynamics remains
important to clarify their role in the overall turbulence dynamics and to improve modeling strategies
for supercritical fluid flows.

Supercritical fluids have primarily been studied using direct numerical simulation (DNS) ap-
proaches in wall-bounded or mixing-layer configurations, where externally imposed temperature
differences drive the fluid across the pseudoboiling line [14–18]. These configurations naturally
introduce large gradients in thermophysical properties and high density ratios, often on the order
of 10 [16], which strongly influence the flow dynamics. However, such DNS studies typically do
not resolve the Batchelor scale, partly due to its expected limited impact on low-order statistics.
In the present study, thus, Batchelor-resolved DNSs of homogeneous isotropic turbulence (HIT)
are conducted to isolate the effects of high-pressure thermodynamics and pseudoboiling behavior
on turbulence. Previous studies of incompressible HIT have extensively examined the statistical
behavior of pressure [19–23] and temperature, or more generally passive scalars [24]. Under
such conditions, pressure plays a crucial role in accelerating and deforming the fluid in a way
that prevents its dilatation. Its probability density function (PDF) is near Gaussian for positive
fluctuations but develops heavy tails on the negative side, resulting in a strongly skewed distribution.
These negative excursions have been linked to intense vortical structures [21,23]. Notably, despite
being governed by a Poisson equation with velocity gradients as its source term, the pressure
field remains negatively skewed even when the velocity field itself is Gaussian [19,20]. Moreover,
studies of passive scalars have focused on the scalar cascade and its similarities with the energy
cascade [24]. Scalars tend to reach asymptotic isotropic regimes more slowly than velocity fields
[25] and exhibit stronger intermittency [26,27], particularly at high Reynolds and Prandtl numbers.
Furthermore, scalar dissipation is often localized in filamentlike structures, with limited spatial
correlation to regions of intense kinetic energy dissipation [27]. However, the behavior of pressure
and temperature fluctuations in real-fluid turbulence remains less well understood, mainly due to
the active role of temperature and its strong coupling with the velocity field.
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Furthermore, turbulent kinematics have been extensively analyzed using the invariants of the
velocity gradient tensor, following the classification approach introduced by Chong and Perry [28].
The joint probability density function (JPDF) of the second and third invariants of the velocity
gradient tensor has been observed to exhibit a characteristic “teardrop” shape across a wide range
of flow configurations, including incompressible and compressible HIT [28–30], turbulent jets [31],
wall-bounded flows [32], and models such as the restricted Euler equations [33]. The JPDF of
the invariants can be used to differentiate strain-dominated regions, associated with stretching and
mixing, from rotation-dominated ones, which reorient fluid elements with minimal deformation.
In compressible turbulence, Pirozzoli and Grasso [29] observed that focal (rotational) structures
occupy nearly two-thirds of the flow volume, largely independent of the Mach number. In addition,
enstrophy production tends to be enhanced in compressive regions and suppressed in expansive ones
[30]. For real-fluid conditions, Sciacovelli et al. [34] studied the topology of dense gases (viz. real
fluids described by a complex EoS with an inversion zone characterized by a negative fundamental
derivative) and observed a weakening of compressive structures and a corresponding enhancement
of expansive ones, in contrast to the behavior seen in ideal-gas turbulence.

In this work, therefore, to study how high-pressure (HP) conditions modify turbulence behavior
relative to low-pressure (LP) conditions, DNSs of HIT are conducted at various thermodynamic
states {P, T } in the supercritical regime, spanning one liquidlike, one gaslike, and three pseudoboil-
ing states at different pressures, as well as two equivalent LP cases. The statistical evolution of the
thermodynamic state under conservation laws describing fluid motion, as well as the emergence
of sub-Kolmogorov temperature scales, is examined. The effects of density and transport-property
variations on small-scale statistics, including skewness, flatness, and intermittency, are analyzed
for both HP and LP cases. The impact of high-pressure thermodynamic effects and pseudoboiling
phenomena on local flow topology is additionally assessed through conditional JPDFs of the
velocity gradient invariants. In this regard, the rest of the paper is organized as follows. Section II
presents the mathematical framework for studying supercritical fluid flows, including equations of
fluid motion, thermodynamic and transport coefficients models, and the forcing scheme employed
to sustain turbulence. Section III describes the computational experiments carried out in this work.
Section IV investigates the thermodynamic behavior of isotropic turbulence at supercritical fluid
conditions. In Sec. V, the statistics of small-scale quantities are studied. Section VI analyzes the
flow topology of the small scales, and the impact of the pseudoboiling effects on them. Finally,
concluding remarks are given in Sec. VII.

II. FLOW PHYSICS MODELING

The mathematical modeling utilized for studying homogeneous isotropic turbulence at super-
critical fluid conditions in terms of (i) equations of fluid motion, (ii) real-fluid thermodynamics,
(iii) high-pressure transport coefficients, (iv) solenoidal linear forcing scheme, and (v) numerical
methods is described below.

A. Equations of fluid motion

The motion of supercritical fluids is described by the conservation of mass, momentum, and total
energy, which in dimensionless form are written as

∂ρ�

∂t�
+ ∂ (ρ�u�

i )

∂x�
i

= 0, (1)

∂ (ρ�u�
i )

∂t�
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where repeated indices imply summation, and superscript � denotes normalized quantities. Here, t
represents time, xi position in the ith direction, ui the ith component of the velocity vector, ρ density,
and P pressure. The i jth component of the viscous stress tensor is given by τi j = μ[∂ui/∂x j +
∂uj/∂xi − (2/3)δi j (∂uk/∂xk )], with μ the dynamic viscosity and δi j the Kronecker delta. The
internal and total energy per unit of mass are given by e and E = e + (uiui )/2, respectively. The
heat conduction flux in the energy equation is modeled by Fourier’s law, qi = −κ (∂T/∂xi ), with
temperature T and thermal conductivity κ . The terms fρui and fρE denote source terms in the
ith direction of momentum and total energy, respectively. The obtention of these dimensionless
equations is based on the following set of inertial-based scalings [35,36]

x�
i = xi

L0
, u�

i = ui

u0
, ρ� = ρ

ρ0
, T � = T

T0
, P� = P

ρ0u2
0

, E � = E

u2
0

, μ� = μ

μ0
, κ� = κ

κ0
,

with subscript 0 denoting reference quantities. The resulting set of scaled equations includes three
dimensionless numbers: (i) Reynolds number based on the integral scale ReL0 = ρ0u0L0/μ0 charac-
terizing the ratio between inertial and viscous forces; (ii) reference Prandtl number Pr0 = μ0cP0/κ0

quantifying the ratio between momentum and thermal diffusivity; and (iii) reference Eckert number
Ec0 = u2

0/(cP0 T0) accounting for the ratio between advective mass transfer and heat dissipation
potential. Alternatively, the product of the reference Prandtl and Eckert numbers can be rewritten
as the reference Brinkman number, Br0 = Pr0Ec0, which quantifies the heat produced by viscous
dissipation relative to molecular heat conduction.

B. Real-fluid thermodynamics

The plausible combinations of thermodynamic state variables P, T, and ρ for monocomponent
fluids are determined by an EoS. In this work, the Peng-Robinson EoS [37], which is suitable for
high-pressure thermodynamic conditions as provided in the work by Jofre and Urzay [3], is utilized
to close the equations of fluid motion above. The EoS can be generally expressed in terms of the
compressibility factor Z = P/(ρR′T ), where R′ = 188.92 J/(kg · K) is the specific gas constant for
CO2. In a general dimensionless form, the EoS becomes

P� = 3Zρ�T �

γ̂0Ma2
t

, (4)

where γ̂ ≈ Z (cP/cV )[(Z + T (∂Z/∂T )ρ )/(Z + T (∂Z/∂T )P )] is an approximated real-fluid heat ca-
pacity ratio [38] with cV the specific isochoric heat capacity. The dimensionless turbulent Mach
number Mat = √

3u0/c0 appears, where c0 is the sound speed of the reference thermodynamic state,
which represents the ratio of flow velocity fluctuations to the reference speed of sound. In addition
to the real-fluid EoS, the formulation must be complemented with the necessary thermodynamic
potentials at high pressure, such as internal energy and heat capacities, which are obtained from
departure functions [39]. These departure functions are employed to transform from ideal-gas
conditions (low pressure, only temperature dependent) to supercritical conditions (pressure and
temperature dependent). The ideal-gas parts are calculated by means of the NASA 7-coefficient
polynomial [40], while the analytical departure expressions to high pressures are derived from the
Peng-Robinson EoS [3,41].

C. High-pressure transport coefficients

The high pressures involved in the analyses conducted in this work prevent the use of simple
relations for the calculation of μ and κ . In this regard, standard methods for computing these
coefficients for Newtonian fluids are based on the correlation expressions proposed by Chung et al.
[42,43]. These correlation expressions are mainly function of critical temperature Tc and density
ρc, molar mass M, acentric factor W , association factor κa, dipole moment M, and the NASA
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7-coefficient polynomial [40]; further details can be found in dedicated works, like for example
Poling et al. [6] and Jofre and Urzay [3].

D. Solenoidal linear forcing scheme

To sustain statistically stationary, homogeneous, isotropic turbulence in variable-density flows,
the solenoidal forcing method of Watanabe et al. [44] is employed. The forcing maintains a pre-
scribed root-mean-square velocity u0, mean dissipation rate per unit of volume ρ0ε0, mean pressure
P0 and mean temperature T0. The mean dissipation rate per unit of mass is defined in terms of the
reference velocity and the integral length scale as ε0 = u3

0/L0. The flow is fully characterized by
the reference thermodynamic state {P0, T0}, the integral-scale Reynolds number ReL0 = ρ0u0L0/μ0,
and the turbulent Mach number Mat = √

3u0/c0, where thermophysical properties with subscript 0
are evaluated at the reference state {P0, T0}.

A source term of the form fρui = Csαk
√

ρw
(S)
i is introduced in the momentum equations, where

wi = √
ρui is the modified velocity and w

(S)
i its solenoidal part, obtained via the Helmholtz

decomposition. The nondimensional parameter αk regulates the instantaneous root-mean-square
velocity and is defined as

αk =
( 〈uiui〉V − 〈ui〉V 〈ui〉V

3u2
0

)−2

, (5)

where 〈ϕ〉V = V −1
∫∫∫

ϕ(x, y, z, t ) dx dy dz denotes the volume average over domain V , with the
explicit time dependence omitted for brevity. Time and volume average is analogously denoted
by 〈ϕ〉 = t−1

ave

∫ 〈ϕ〉V dt . The coefficient Cs is obtained from the volume-averaged kinetic energy
transport equation under the assumption that the mean dissipation rate 〈τi jSi j〉 equals ρ0ε0 in the
statistically steady state [44]. A spatially uniform, time-dependent cooling term, fρE = −〈ui fρui〉V ,
is added to the total energy equation to maintain a constant volume-averaged total energy. Further
implementation details are provided in Martín and Jofre [45].

E. Numerical method

The equations of fluid motion are computationally solved by means of the in-house flow solver
RHEA [46,47]. The high-pressure numerical framework, including real-fluid thermodynamics and
high-pressure transport coefficients, is employed for the high-pressure cases, and validated in
Appendix A. A standard semi-discretization procedure is adopted, in which they are firstly dis-
cretized in space and then integrated in time. In particular, spatial operators are treated using
second-order central-differencing schemes, and time-advancement is explicitly performed by means
of a third-order strong-stability preserving Runge-Kutta approach [48]. The convective terms are
expanded according to the Kennedy-Gruber-Pirozzoli splitting [49,50], which has been recently
extended to supercritical fluid turbulence in previous works [51–53]. The method preserves kinetic
energy by convection, and is locally conservative for mass, momentum, and total energy. This
numerical framework provides stable computations without the need of any form of artificial
dissipation or stabilization procedures.

III. COMPUTATIONAL EXPERIMENTS

Direct numerical simulations of homogeneous isotropic turbulence at high/low-pressure con-
ditions are performed for a Taylor microscale Reynolds number Reλ = 30 and a turbulent Mach
number Mat = 0.1, where Reλ = √

15ReL0 . The working fluid is carbon dioxide (CO2), with critical
pressure Pc = 7.38 MPa, critical temperature Tc = 304.13 K, molar mass M = 0.04401 kg/mol,
and acentric factor W = 0.22394. Five high-pressure cases are considered, with thermodynamic
states and corresponding reference Prandtl number summarized in Table I. The cases span three
reference reduced pressures: P/Pc = 1.5 (case A), P/Pc = 2 (cases B, C, and D), and P/Pc = 5
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TABLE I. Reference thermodynamic conditions and corresponding reference Prandtl numbers using CO2.

Case P0/Pc T0/Tpb T0/Tc Pr0

A 1.5 1.00 1.055 3.50
B 2.0 0.95 1.035 1.94
C 2.0 1.00 1.089 2.18
D 2.0 1.05 1.144 1.85
E 5.0 1.00 1.190 1.13
F 0.013 – 0.980 0.76
G 0.013 – 0.980 0.76

(case E). Figure 1 shows the density, normalized by its critical point value (denoted by subscript c),
and the specific isobaric heat capacity, normalized by its atmospheric-pressure boiling-point value
cPatm,bp = 850.85 J/(kg · K), as functions of the reduced temperature (T/Tc) at these pressures.
The reference temperatures of cases A, C, and E are set to the pseudoboiling temperatures, identified
by the peak in cP at each corresponding pressure. In turn, cases B and D represent liquid- and gaslike
conditions, respectively, at P/Pc = 2. Two additional low-pressure ideal-gas cases are included: one
using Sutherland’s law for transport properties (case F), and another assuming constant transport
properties (case G). Table II presents the dimensional reference parameters for both HP and LP
cases.

Simulations are performed on a triple periodic cubic domain of size L, with L/L0 = 5.5 [44,54],
and are solved using a 2563 computational mesh. This domain, together with the employed mesh,
provides a sufficient grid resolution to capture the Kolmogorov and Batchelor scales [10], as
well as the density gradient scale [55–57]. Validation of the mesh resolution is detailed both in
Appendix B and in Martín and Jofre [45]. The simulations are initialized with a uniform pressure P0

and temperature T0. An initial velocity field with root-mean-square velocity u0 is set following
the Passot-Pouquet spectrum [58]. After an initial transient, 100 snapshots are taken from the
statistically steady state, spaced every t0 over a total duration of 100 t0, where t0 = L0/u0 is the
large-eddy turnover time.

FIG. 1. Normalized density and specific isobaric heat capacity as a function of reduced temperature for the
three reduced pressures considered.
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FIG. 2. JPDFs of the thermodynamic state distribution in (a) P-T and (b) P-1/ρ coordinates, normalized
by the critical point values, for the five high-pressure simulations.

IV. THERMODYNAMIC BEHAVIOR

The distribution of thermodynamic states, defined by the variables {P, T, ρ} and constrained by
a HP EoS, under conditions of homogeneous isotropic turbulence is studied in this section. First,
the thermodynamic states {P, T, ρ} resulting from the natural evolution of the conservation laws are
analyzed for the different HP cases in the post-transient regime. Figure 2 presents the JPDFs of the
thermodynamic states in normalized (a) P-T and (b) P-1/ρ coordinates for the five HP cases. Under
both HP and LP conditions, pressure and temperature exhibit a positive correlation, consistent with
their respective EoS (Peng-Robinson and ideal-gas law). The positive correlation between pressure
and temperature results in JPDFs in the P-T plane that preferentially align with the pseudoboiling
line for the pseudoboiling cases, with fluctuations in the direction perpendicular to the line being
especially constrained.

Among the three pseudoboiling cases, those closer to the critical point exhibit a more confined
distribution of thermodynamic states in the P-T plane. The limited thermodynamic departures
from the reference pseudoboiling state near the critical point are attributed to the elevated cP in
the pseudoboiling region, where a substantial portion of the energy input is consumed by intense
molecular rearrangement rather than producing large temperature variations [59]. By contrast,
case E displays a broader exploration of thermodynamic states in the P-T plane due to weaker
pseudoboiling effects at higher pressures, where cP is lower and more uniform (see Fig. 1). At
a given pressure, the liquid- and gaslike regimes also influence the amplitude of thermodynamic
fluctuations under isotropic turbulence. The liquidlike case (case B) exhibits wider variations of
pressure and temperature, whereas the gaslike case (case C) shows a more compact distribution.
In the P-1/ρ plane, the cases at moderately high pressures exhibit reasonable variations in specific
volume (v = 1/ρ) despite the low Mach number, driven by the strong density gradients near the
critical point. In contrast, the higher-pressure case E exhibits only limited variations along the
specific-volume axis, while simultaneously showing stronger departures in the P-T plane under
the action of the conservation laws.

The marginal PDFs of normalized pressure and temperature are also examined for both HP and
LP cases. Figure 3 presents the marginal PDFs of (a) pressure and (b) temperature fluctuations
(denoted by primed variables), normalized by their respective root-mean-square (rms) values, σP′

and σT ′ . The pressure distributions are notably skewed, with a strong agreement between LP and
HP cases. As observed in incompressible turbulence, positive pressure fluctuations closely follow
a Gaussian distribution, whereas negative fluctuations display a pronounced tail [19–23]. The close

014609-8



TURBULENCE STATISTICS OF HOMOGENEOUS …

FIG. 3. PDFs of (a) P′ and (b) T ′, normalized by their rms values.

collapse between the HP and LP pressure PDFs with the incompressible behavior is attributed to
the low-Mach-number conditions of the simulations. The liquidlike and gaslike cases, which exhibit
a wider and narrower spread of pressure fluctuations, respectively, in Fig. 2(a), show an excellent
agreement once normalized by their rms values. This suggests that the larger pressure fluctuations
observed in the liquidlike regime arise from the higher densities and reference velocities (associated
with higher speed of sound), as well as from the inertial pressure scaling P� = P/(ρ0u2

0), rather
than from a greater degree of intermittency. While case E shows a reasonable agreement with
the other cases, large deviations of P′/σP′ � −10 are found to be more likely than in the LP and
other HP cases. These intense negative pressure fluctuations are rare and may not strongly influence
the overall flow behavior, although they can have a disproportionate local impact relative to their
frequency. Within the range −10 � P′/σP′ � −1, the PDFs exhibit a stretched exponential behavior
of the form

PDF(P′/σP′ ) ∝ exp[−β(P′/σP′ )α], (6)

where β is a nondimensional Reynolds dependent constant. For both HP and LP cases, the exponent
is found to be α ≈ 0.89.

The temperature fluctuation PDFs exhibit a similar behavior to that of pressure. The distributions
show an overall negative skewness, with the positive side roughly following a Gaussian profile
and the negative side developing a pronounced heavy tail. In HP cases, the temperature fluctuation
distributions more closely resemble those of pressure, exhibiting greater skewness and intermittency
than in the LP cases, which in turn display a more symmetric (though still negatively skewed)
distribution. Compared to the pressure fluctuation PDFs, the collapse of the heavy tails across HP
cases is somewhat weaker, which can be linked to the different Prandtl numbers among HP cases.

The pressure dynamics are further examined through the general pressure transport equation [60],
which in dimensionless form is given by

∂P�

∂t�
= − u�

j

∂P�

∂x�
j

− ρ�c�
s

2 ∂u�
j

∂x�
j

+ γ0

ReL0

1

ρ�

α�
P

c�
V β�

T

(
Ec0 τ �

i jS
�
i j − 1

Pr0

∂q�
j

∂x�
j

)
. (7)

Figure 4 shows the PDFs of the individual terms contributing to ∂P�/∂t� for the HP and LP cases.
Both the convective and dilatation terms show a good agreement within the core of the PDFs, with
some minor deviations observed in the tails. Among all terms, the normalized viscous dissipation
term shows the strongest intermittency, characterized by a heavy positive tail for the different HP
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FIG. 4. PDFs of the terms in the pressure transport equation: (a) convective, (b) dilatation, (c) viscous
diffusion, and (d) heat flux divergence contributions.

and LP cases. This intermittency is more pronounced in cases where thermodynamic fluctuations
are more confined in the thermodynamic planes shown in Fig. 2. While the heat flux contribution is
not dominant, it is notably enhanced in HP cases compared to LP ones.

V. SMALL-SCALE PHENOMENOLOGY

The thermodynamic and transport properties of supercritical fluids near the pseudoboiling region,
particularly at moderately high pressures, result in Prandtl numbers higher than unity. Under these
conditions, smaller-than-Kolmogorov temperature scales are present in the flow. This section, thus,
investigates the small-scale behavior of supercritical fluid turbulence using turbulent spectra, PDFs
of velocity and temperature gradients, higher-order moments, and statistics of small-scale quantities.

Figure 5 shows the shell-averaged spectra for (a) turbulent kinetic energy and (b) temperature
variance across the different cases. Each turbulent kinetic energy and temperature variance spec-
trum is normalized by ε

2/3
0 η5/3

u and 〈χ〉ε−1/3
0 η5/3

u , respectively, where χ = 2κ (∂T/∂xi )2/(ρ0cV0 )
represents the dissipation rate of temperature variance. The vertical dashed line in each plot marks
the wave number associated with the reference Kolmogorov scale ηu. The turbulent kinetic energy
spectrum of an incompressible case at a similar Reynolds number (Reλ = 36.4) from the work
of Jiménez et al. [61] is also included. A good collapse is observed at large scales between the
HP, LP, and the reference incompressible cases. Due to the low-Reynolds-number regimes in these
simulations, a clear inertial range is not apparent in the turbulent kinetic energy spectra.

014609-10



TURBULENCE STATISTICS OF HOMOGENEOUS …

(a) (b)

FIG. 5. (a) Turbulent kinetic energy and (b) temperature variance spectra. The vertical line indicates the
wave number associated with the Kolmogorov scale, with a normalized value of kηu = 2π .

The temperature variance spectra shown in Fig. 5(b) follow the same trend at large scales, but
HP and LP cases begin to depart at scales slightly larger than the Kolmogorov length. In particular,
LP cases exhibit a more rapid energy decay as thermal diffusion becomes more effective at small
scales, progressively reducing energy transfer to higher wave numbers. The temperature variance
spectra of the HP cases show a similar decay in the inertial-convective regime (
 > ηu) but maintain
a significantly higher energy content at scales below the Kolmogorov scale, denoted by the vertical
dashed line. This behavior, analogous to passive scalar variance spectra in flows with a Prandtl
number greater than one [12], reveals the presence of thermal fluctuations at smaller scales in HP
cases compared to the LP ones. The Prandtl number effect on the temperature variance spectrum
decay is moderate, with higher Pr values (cases closer to the critical point) showing a slightly weaker
decay in the inertial-convective regime. Following the increase in small-scale energy content in
the temperature spectra, all cases exhibit a rapid decay, with no evidence of a turbulent kinetic
energy k−1 scaling regime. The absence of a viscous-convective regime analogous to that observed
in passive scalars [12] is attributed to the relatively low Prandtl numbers, although such a scaling is
not necessarily expected given the active role of temperature in supercritical fluid flows. A higher
effective Prandtl number (i.e., thermodynamic states closer to the critical point) would be required
to investigate the existence of this regime, at the expense of a significantly higher computational cost
for a Batchelor-resolved DNS. In addition, thermodynamic fluctuations around states closer to the
liquid-vapor equilibrium curve could potentially drive the system into the vapor-liquid equilibrium
(two-phase) region.

A similar increase energetic increase at high wave numbers is also observed in the turbu-
lent kinetic energy spectra [Fig. 5(a)]. This increase originates from small-scale thermophysical
fluctuations induced by the strong temperature (and pressure) dependence of fluid properties in
high-pressure flows, primarily through density and dynamic viscosity variations. However, the
energetic contributions of these scales remains limited: the fraction of velocity variance (kinetic
energy) contained at wave numbers larger than the reference Kolmogorov scale,∫ ∞

ηu

Eu(k) dk/

∫ ∞

0
Eu(k) dk, (8)

is significantly smaller than the corresponding contribution of small temperature scales to the total
temperature variance, ∫ ∞

ηu

ET (k) dk/

∫ ∞

0
ET (k) dk. (9)
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FIG. 6. PDFs of (a) longitudinal velocity gradient, (b) transverse velocity gradient, and (c) temperature
gradient, normalized by their rms value, for the different cases.

To investigate the influence of density and transport-property variations on small-scale quantities,
the statistical properties of velocity and temperature gradients, including probability density func-
tions and moments, are examined. Figure 6 shows the PDFs of (a) longitudinal velocity gradients
(∂u1/∂x1), (b) transverse velocity gradients (∂u2/∂x1), and (c) temperature gradient (∂T/∂x1),
normalized by their rms value. Despite the higher energetic content observed at high wave numbers
in the HP cases, both longitudinal and transverse velocity gradients exhibit similar PDFs in HP
and LP cases, with only minor differences appearing in the tails. For all cases, the PDFs of
the longitudinal velocity gradients show slight skewness, while the transverse velocity gradients
display greater intermittency. Regarding the temperature gradients, the HP cases exhibit consistently
broader tails, indicating higher intermittency.

The third and fourth normalized moments, skewness and flatness, are computed for the longitu-
dinal and transverse velocity gradients, as well as for the temperature gradient. These moments are
defined as

Sφ = 〈φ3〉
〈φ2〉3/2

and Fφ = 〈φ4〉
〈φ2〉2

, (10)

where φ represents either ∂1u1 ≡ ∂u1/∂x1, ∂1u2 ≡ ∂u2/∂x1, or ∂1T ≡ ∂T/∂x1. Due to symmetry,
the odd moments of the transverse velocity gradient and temperature gradient vanish. In addition,
the mixed derivative third- and fourth-order moments [26] are also computed. These are defined as

Su1T = 〈(∂1u1)(∂1T )2〉
〈(∂1u1)2〉1/2〈(∂1T )2〉 and Fu1T = 〈(∂1u1)2(∂1T )2〉

〈(∂1u1)2〉〈(∂1T )2〉 . (11)

Table III summarizes the computed moments for all cases, together with the standard errors obtained
via bootstrap analysis of the snapshots. The skewness of the longitudinal velocity gradient, S∂1u1 ,
remains nearly constant across all cases, with values close to −0.48. This value is known to remain
approximately constant up to Reλ ≈ 80 in incompressible turbulence studies [26]. Likewise, the
flatness of both longitudinal and transverse velocity gradients, F∂1u1 and F∂1u2 , shows good agreement
among the cases, consistent with the strong similarity observed in their PDFs. Supercritical flows
exhibit similar values of S∂1u1 , F∂1u1 , and F∂1u2 compared with the LP cases, indicating that neither
the supercritical state nor the different regions within the supercritical regime affect these quantities,
at least for the Reynolds and turbulent Mach numbers considered. The previously observed increase
in high-wave-number energy in the turbulent kinetic energy spectra, relative to the LP cases, is
found to have no impact on the third- and fourth-order velocity-gradient moments. This is consistent
with its small contribution to the total kinetic energy and the dominance of viscous dissipation
for kηu � 0.3 [62]. In contrast, the flatness of the temperature gradient, F∂1T , shows pronounced
differences between the HP and LP cases. Higher flatness values are observed in the HP cases,
indicating a greater occurrence of extreme temperature gradients and, as confirmed later, extreme
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TABLE III. Normalized nonzero third- and fourth-order moments of the velocity gradients, temperature
gradient, and mixed-gradient moments across the different cases. The corresponding standard error (ES) values,
estimated via bootstrap analysis, are also reported.

Case A Case B Case C Case D Case E Case F Case G

S∂1u1 −0.475 −0.478 −0.478 −0.471 −0.471 −0.473 −0.475
ESS∂1u1

0.002 0.003 0.002 0.003 0.003 0.002 0.003
F∂1u1 4.020 4.035 4.040 4.038 4.042 4.041 4.056
ESF∂1u1

0.017 0.015 0.013 0.015 0.017 0.014 0.014
F∂1u2 5.198 5.254 5.237 5.243 5.272 5.258 5.234
ESF∂1u2

0.021 0.024 0.022 0.025 0.028 0.026 0.025
F∂1T 6.731 6.311 6.206 6.270 5.642 5.432 5.399
ESF∂1T 0.136 0.143 0.122 0.129 0.098 0.049 0.045
Su1T −0.140 −0.188 −0.165 −0.158 −0.252 −0.333 −0.328
ESSu1T 0.002 0.002 0.002 0.002 0.003 0.003 0.003
Fu1T 1.711 1.787 1.745 1.758 1.850 1.888 1.879
ESFu1T 0.013 0.013 0.012 0.014 0.013 0.010 0.011

temperature variance dissipation in the HP regime. The flatness in HP cases increases with Prandtl
value, suggesting that these extreme events are more frequent in the pseudoboiling region near the
critical point. Case E, which does not exhibit strong high-pressure pseudoboiling phenomena, shows
a temperature-gradient flatness factor similar to that of the LP cases. This behavior is attributed to
its nearly constant cP and the smoother variations of density and transport properties at higher
pressures.

As for the mixed-gradient moments, the third-order moment is negative in all cases, with its
magnitude decreasing as the Prandtl number increases. The numerator of this moment, with its
sign reversed and without the ensemble-average operator [i.e., −(∂u1/∂x1)(∂T/∂x1)2], is connected
to the production term of mean-square temperature gradient [9,63]. Therefore, HP cases exhibit a
reduced production of thermal variance, with the suppression being particularly strong in cases with
high pseudoboiling effects. The fourth-order mixed moment, Fu1T , follows a similar trend. HP cases
generally show slightly lower values of Fu1T compared to LP cases, indicating a weaker positive
correlation between the squared longitudinal velocity gradient and the squared temperature gradient.
Case E, where pseudoboiling effects are significantly weaker, exhibits again mixed moments
more comparable to the LP cases. The differences observed in both the temperature-gradient and
mixed-gradient moments between the LP and HP cases are found to be meaningful, considering
that the Reynolds number is fixed at a relatively low value and that “only” third- and fourth order
moments are considered. While higher-order moments would naturally exhibit larger differences,
their uncertainty would also increase due to the longer integration times required. In this regard,
Table III shows that the observed differences between HP and LP cases exceed the uncertainty of
the moments estimated through bootstrap analysis, and are therefore statistically significant. The
reported standard errors also provide a measure of the convergence of the moments, particularly for
the highest-order (fourth-order) moment considered.

Additionally, the statistics of kinetic energy dissipation rate (ε), enstrophy (�), and tempera-
ture variance dissipation rate (χ ) are examined. The local values of these quantities are defined
as ε = τi jSi j/〈ρ〉, � = ωiωi (with ωi = εi jk∂uk/∂x j and εi jk the Levi-Civita symbol), and χ =
2κ (∂T/∂xi )2/(ρ0cV0 ). These quantities are closely tied to small-scale structures and are known to
exhibit strong intermittency. Extreme values of ε are associated with intense straining, which can
trigger, for example, flame extinction [64,65], while high � indicates strong vortical motions that
can, for instance, enhance particle clustering [66]. At moderate Reynolds numbers, � has been
shown to be more intermittent than ε [26]; however, at high Reynolds numbers, both tend to scale
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FIG. 7. PDF of (a) turbulent kinetic energy dissipation rate, (b) enstrophy, and (c) temperature variance
dissipation rate. (d)–(f) Corresponding PDFs in standardized logarithmic scale.

similarly, and intense events are more likely to occur simultaneously [67]. In contrast, the scalar
variance dissipation rates of temperature and mixture fraction are particularly important in turbulent
combustion, with accurate modeling of regions with high scalar variance dissipation being essential
for reliable large-eddy simulation predictions [68].

Figure 7 presents the PDFs of ε, �, and χ for the cases considered. The top row shows the PDFs
of the variables, normalized by their mean and standard deviation, while the bottom row shows the
PDFs of their logarithms, also standardized. In the linear-scale plots, χ exhibits the highest degree
of intermittency, followed by � and then ε. The velocity-dependent fields (ε and �) show excellent
collapse across HP and LP cases, with only minor deviations in the likelihood of very intense events,
partly due to the inherent limited convergence of these very rare-event statistics. In the PDFs of χ ,
the HP cases are found to exhibit statistically significantly heavier tails, indicating that extreme
temperature variance dissipation events (relative to the standard deviation) are more likely than in
LP cases.

In the standardized logarithmic scale, all three quantities deviate from the log-normal distribution
originally proposed by Kolmogorov [69] in 1962. Specifically, the log-normal model overestimates
the probability of the highest-intensity events for all three variables, while underestimating the
probability of extremely small values. However, the PDFs of χ of the HP cases, which were
previously identified as the more intermittent, appear closer to log-normal behavior in the right-half
of the distribution. The negative tails of the PDFs decay more slowly for log χ and log � than
for log ε, with the tails following a stretched exponential form with estimated decay exponents of
αlog ε ≈ 1.23, αlog � ≈ 1.16, and αlog χ ≈ 1.14.

The impact of pseudoboiling effects on temperature-related quantities (∂1T , χ , and log χ ) is
analyzed using conditioned PDFs. Figure 8 presents the unconditioned PDFs of these quantities,
along with the PDFs conditioned on regions of pseudoboiling activity, identified by large cP values,
for the intermediate case C. Specifically, the conditioned PDFs are obtained from data surpassing
the 75th, 90th, and 95th percentiles of cP (i.e., the top 25%, 10%, and 5% of the data). Each
quantity is normalized using the mean and standard deviation of the unconditioned distribution,
and the PDFs are scaled such that the total area under each curve equals one in the normalized
coordinates. HP cases not only exhibit heavier tails in the temperature-gradient PFDs, but regions

014609-14



TURBULENCE STATISTICS OF HOMOGENEOUS …

FIG. 8. Conditioned PDFs of (a) temperature gradients, (b) temperature variance dissipation rate, and (c)
logarithm of temperature variance dissipation rate for case C, conditioned on regions of high cP. Solid lines
represent the unconditioned PDF, while dashed, dot-dashed, and dotted lines correspond to conditioning on
values surpassing the 75th, 90th, and 95th percentile of cP, respectively.

with strong pseudoboiling activity also contribute disproportionately to the most intense gradients
compared with regions of moderate cP. Similarly, these regions are responsible for a larger fraction
of extreme temperature variance dissipation events. The PDFs of logarithm of the temperature
variance dissipation rate [Fig. 8(c)] also show that extremely low values of temperature variance
dissipation rate become increasingly unlikely as the conditioning increases, indicating an overall
enhancement of temperature variance dissipation in regions with high cP. Conditioned PDFs of
the other pseudoboiling cases (cases A and E) show qualitative similar behavior, and are therefore
omitted.

VI. SMALL-SCALE FLOW TOPOLOGY

The topology of small-scale structures under HP HIT conditions is examined in this section. To
this end, the second-order velocity gradient tensor, with elements Ai j ≡ ∂ui/∂x j , is considered. The
characteristic equation of the velocity gradient tensor is given by λ3

i + Pλ2
i + Qλi + R = 0, where

λi are the eigenvalues of the velocity gradient tensor, and P, Q, and R represent the first, second,
and third invariants of the tensor, respectively. The invariants are related to the eigenvalues through

P = −Aii = −(λ1 + λ2 + λ3), (12)

Q = 1
2 (P2 − Ai jA ji ) = λ1λ2 + λ1λ3 + λ2λ3, (13)

R = 1
3 (−P3 + 3PQ − Ai jA jkAki ) = −λ1λ2λ3. (14)

The velocity gradient tensor can be decomposed into a symmetric rate-of-strain tensor [Si j = (Ai j +
Aji )/2] and a skew-symmetric rate-of-rotation tensor [�i j = (Ai j − Aji )/2]. Their corresponding
invariants can be defined analogously and are denoted with subscripts S and �, respectively. In
particular, P = PS by definition, and P� = R� = 0 due to the skew-symmetry of the rate-of-rotation
tensor.

The P−Q−R space can be divided into regions associated with distinct topological behaviors.
The discriminant of the velocity gradient tensor, expressed as

� = 27
4 R2 + (

P3 − 9
2 PQ

)
R + (

Q3 − 1
4 P2Q2

)
, (15)

partitions the space into regions with three distinct real eigenvalues (� < 0) and regions with
one real and two complex conjugate eigenvalues (� > 0). These correspond to strain-dominated
(dissipation-prevalent) and rotation-dominated (enstrophy-prevalent) behaviors, respectively [70].
The surface defined by � = 0 represents the limit where all eigenvalues are real and two are equal.
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FIG. 9. JPDFs of invariant pairs across three planes for case A. Unconditioned distributions are shown in
the (a) (R, Q), (b) (RS, QS ), and (c) (Q�, −QS ) planes. The second, third, and fourth rows show the same JPDFs
as in the first row, but conditioned on the scalar cP, using only the top 25%, 10%, and 5% of points with the
highest cP values, respectively.

Due to the low-Mach-number conditions of the cases considered, the first invariant results in P ≈ 0,
and the analysis is consequently confined to the Q-R plane. When P = 0, further classification of
the local flow topology can be made based on the sign of R. For � > 0, the topology corresponds to
a stable focus/stretching (SF/S) configurations when R < 0, and to an unstable focus/compressing
(UF/C) configuration when R > 0. Conversely, when � < 0, a stable node/saddle/saddle (SN/S/S)
structure arises for R < 0, while an unstable node/saddle/saddle (UN/S/S) topology is associated
with R > 0.

The JPDFs of (R, Q), (RS, QS ), and (Q�,−QS ) are shown in panels (a)–(c) of Figs. 9 and
10 for cases A and E, respectively. All invariants are normalized using the mean of the second
invariant of the rate-of-rotation tensor 〈Q�〉. In the normalized (R, Q) coordinates, the JPDFs exhibit
the characteristic teardrop shape found in incompressible turbulence. In line with the findings of
Sciacovelli et al. [34] for dense gases, the use of complex thermodynamic and transport coefficient
models does not appear to significantly alter the kinematic structure of critical points. However, the
JPDF distribution is slightly affected, with differences observed between the LP and HP cases, as
well as among the HP cases themselves.

Therefore, to examine pseudoboiling effects on the local flow topology, the invariants condi-
tioned on regions of high cP are also shown in Figs. 9 and 10. Specifically, the second, third, and
fourth rows correspond to the same invariants as the first row but computed using only the highest
25%, 10%, and 5% of points based on cP. Table IV presents the mass fraction corresponding to
each topological region previously described, as well as the overall percentages of focal (rotation-
dominated) and nonfocal (strain-dominated) regions for the three pseudoboiling cases. In case A,
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FIG. 10. Unconditioned and conditioned JPDFs of the velocity gradient invariants for case E. Rows and
columns follow the same structure as in Fig. 9, with columns corresponding to different invariant planes. The
top row shows the unconditioned distributions, while the subsequent rows present the JPDFs conditioned on
the scalar cP, using the top 25%, 10%, and 5% of points with the highest cP values.

TABLE IV. Percentage of PDF mass in each topological region and in the focal and nonfocal zones, where
Q�=0 = − 1

3 [(27/2)|R|]2/3.

UF/C UN/S/S SF/S SN/S/S
R > 0, R > 0, R < 0, R < 0, Focal Nonfocal

Case Percentile Q > Q�=0 Q � Q�=0 Q > Q�=0 Q � Q�=0 Q > Q�=0 Q � Q�=0

A Unconditioned 19.86% 13.96% 50.25% 15.94% 70.11% 29.90%
75 26.95% 3.95% 62.15% 6.94% 89.10% 10.89%
90 32.20% 2.14% 62.25% 3.41% 94.45% 5.55%
95 35.19% 1.33% 61.49% 2.00% 96.68% 3.33%

C Unconditioned 34.97% 22.63% 39.08% 3.32% 74.05% 25.95%
75 40.19% 7.17% 50.86% 1.78% 91.05% 8.95%
90 41.46% 3.67% 53.80% 1.07% 95.26% 4.74%
95 42.38% 2.13% 54.79% 0.70% 97.17% 2.83%

E Unconditioned 38.64% 31.09% 28.90% 1.37% 67.54% 32.46%
75 45.61% 11.26% 42.30% 0.84% 87.91% 12.10%
90 46.14% 5.93% 47.36% 0.57% 93.50% 6.50%
95 46.45% 3.36% 49.81% 0.38% 96.26% 3.74%
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the flow topology states are preferentially concentrated in the SF/S region, which accounts for
approximately 50% of the data, while the remaining data is roughly evenly distributed among the
three other topologies. As the conditioning on cP becomes more restrictive, the presence in the
UN/S/S and SN/S/S regions diminishes, while the proportion of UF/C and SF/S regions increases.
This trend is clearly visible in Figs. 9(a), 9(d), 9(g), and 9(j), where the tail of the teardrop gradually
disappears with stronger conditioning. Moreover, conditioning the JPDFs on regions of high cP

reveals an overall enhancement of focal structures, with their volume fraction increasing from
approximately 70% to 97%, as reflected in the last two columns of Table IV. In contrast, case E is
predominantly found in a UF/C state, followed closely by UN/S/S and SF/S regions. Conditioning
the data once again enhances the prevalence of focal structures; however, in this case, the distribution
between UF/C and SF/S becomes more balanced. Despite exhibiting a similar focal to nonfocal
proportion as case A, the characteristic tail of the teardrop shape persists, due to a comparatively
higher percentage of states in the UN/S/S region.

Conditioning effects are also evident in the (RS, QS ) plane. Due to the symmetry of the
rate-of-strain tensor, all eigenvalues are real, and the JPDF is confined to the region where
� = (27/4)R2

S + Q3
S � 0. In the unconditioned plots of Figs. 9 and 10, a clear bias is observed

toward the right-hand branch of the curve Q�=0 = − 1
3 [(27/2)|R|]2/3, corresponding to biaxial ex-

tension/axisymmetric expansion [70,71], characterized by the eigenvalue ratio 1 : 1 : −2. Applying
the cP-based conditioning significantly suppresses the occurrence of strong biaxial extension events.
In contrast, the region associated with uniaxial extension/axisymmetric contraction, represented by
states along the left-hand branch defined by Q�=0 for negative R, remains largely unaffected. With
stronger conditioning, the concentration of the probability mass shifts toward the origin, indicating
suppression of strong strain states. The constraining effect is notably weaker in case E, where
pseudoboiling effects are less pronounced and characterized by a more uniform cP field and milder
gradients in ρ, μ, and κ .

Finally, in the (Q�,−QS ) plane, the impact of conditioning is more subtle. Instances of
large-magnitude QS combined with low Q�, where energy dissipation rate dominates [71], be-
come increasingly rare as the conditioning becomes stricter, accompanied by a strengthening of
enstrophy-dominated motions. However, consistent with earlier observations, this effect weakens
with increasing pressure, reflecting the diminishing influence of pseudoboiling effects.

VII. SUMMARY AND CONCLUSIONS

Direct numerical simulations of homogeneous isotropic turbulence under supercritical fluid
conditions have been conducted for five thermodynamic states of CO2: a gaslike, a liquidlike,
and three pseudoboiling states at different pressures, at Reλ = 30 and Mat = 0.1. The influence
of high-pressure thermophysical properties and pseudoboiling phenomena on turbulence statistics
has been examined and compared against two equivalent low-pressure reference cases.

The analysis of thermodynamic behavior of supercritical HIT indicates that natural thermody-
namic fluctuations in the pseudoboiling cases tend to align with the pseudoboiling line in the P-T
plane. At moderate pressures, where pseudoboiling effects are more pronounced, fluctuations in
the P-T directions are strongly suppressed, favoring variability along the specific volume axis. As
pressure increases, larger fluctuations are observed in the P-T plane, accompanied by a correspond-
ing reduction in specific-volume variability. Larger deviations in thermodynamic variables from the
reference state are observed in the liquidlike regime, primarily due to the thermodynamic properties
in the liquidlike region, specifically density and speed of sound, together with the inertial scaling of
pressure. Despite the higher fluctuations, pressure intermittency remains largely unaffected between
low-pressure and the various high-pressure thermodynamic regimes, aside from minor deviations
in the distribution of tails at the highest pressure. In contrast, temperature distributions under
high-pressure conditions exhibit increased skewness and stronger intermittency. This increase in
intermittency is primarily driven by the higher coupling between the thermodynamic quantities in
supercritical fluids.
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Spectral analysis reveals the presence of thermal fluctuations at scales smaller than the Kol-
mogorov length scale for HP cases. This is attributed to Prandtl values greater than one in the
high-pressure cases. Velocity and temperature fields have been examined, showing that density and
transport-property variations do not significantly alter velocity fields, whereas more pronounced
differences with respect the low-pressure cases are observed for temperature-related quantities. with
the latter exhibiting more pronounced differences compared to the low-pressure cases. Specifically,
both temperature gradients and the dissipation rate of temperature variance display more extreme
events in high-pressure cases, with intermittency increasing with Prandtl number. Additionally,
regions with strong pseudoboiling effects contribute more than regions with moderate pseudoboiling
effects to intense temperature gradients and extreme temperature dissipation events. The increase
in intermittency in high-pressure cases results in a PDF distribution of the logarithm of temperature
variance dissipation rate that aligns closer to the right side of a log-normal distribution. Furthermore,
mixed moments indicate a reduction in the production of mean-square temperature gradients under
high-pressure conditions, particularly in cases exhibiting strong pseudoboiling effects. Finally, the
small-scale topology has been examined using JPDFs of the invariants of the velocity gradient
tensor. Conditioning on regions of high specific isobaric heat capacity, indicative of strong pseu-
doboiling effects, reveals an enhancement of vortical structures and a suppression of nonfocal
topologies for all the pseudoboiling cases. This findings, observed in CO2, are expected to extend
to other supercritical fluids through the principle of corresponding states [72,73].

This work has focused on several thermodynamic conditions at a fixed Reλ = 30 and turbulent
Mach number Mat = 0.1. Thus, the effects of higher Reynolds numbers and moderate Mach
numbers on turbulence statistics, intermittency, and scaling remain to be explored. In particular,
higher Reynolds and Mach numbers are expected to develop a wider range of pressure and tem-
perature fluctuations, with a corresponding increase in thermophysical property variations. The full
implications of high-pressure velocity–temperature coupling and supercritical small-scale features
on turbulence at higher Reynolds remain open questions for future investigation.
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APPENDIX A: THERMOPHYSICAL PROPERTIES VALIDATION

The high-pressure framework implemented in RHEA [46,47], comprising the Peng-Robinson
[37] real-fluid EoS and thermodynamic potentials, as well as the transport coefficients model
proposed by Chung et al. [42,43], is validated across a range of temperatures at the three work-
ing pressures of the HP cases. These models have been widely adopted in recent high-fidelity
simulations [2,16,17,75,76], and their ability to accurately capture real-fluid properties in high-
pressure flows crossing the pseudoboiling line has been discussed in works such as Hickey
et al. [77], Congiunti et al. [78] and Guo et al. [16]. Figure 11 compares the normalized (a) density
and (b) dynamic viscosity of CO2 obtained with the models implemented in RHEA against reference
data from the NIST database [79]. The agreement is remarkable, particularly in the vicinity of the
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(a) (b)

FIG. 11. Comparison between the thermodynamic and transport coefficient model and the NIST database
for CO2 of normalized (a) density and (b) dynamic viscosity for three working pressures.

reference thermodynamic states of the five HP cases. Additional information on the accuracy of the
models in the supercritical regime can be found in Martín and Jofre [45].

APPENDIX B: MESH VALIDATION

The standard mesh resolution for HIT in incompressible flows is typically set at kmaxηu = 1.5,
where kmax = πN/L is the highest wave number in each direction. In physical space, this corre-
sponds to �h/ηu = π/1.5 ≈ 2.1, with �h denoting the uniform grid spacing. This resolution is
sufficient to capture low-order statistics [62], although higher resolutions are required to accurately
resolve high-order statistical moments and intermittent high-intensity events [80,81]. For supercrit-
ical fluid flows, however, the mesh requirements for HIT need to be reassessed. In particular, the
higher-than-unity Prandtl numbers in the vicinity of the pseudoboiling region, together with the
enhanced velocity-temperature coupling, result in both smaller velocity and temperature scales than
in low-pressure turbulence. In addition, the large density gradients observed across the pseudoboil-
ing line introduce an additional characteristic limiting scale that must be resolved, which can be
estimated as δ∇ρ = (ρmax − ρmin)/(|∇ρ|max) [55,56,82].

In this work, thus, all simulations are performed on a 2563 computational mesh. For the most
demanding case (case A, with Pr0 = 3.5), this corresponds to a resolution with fully populated
spherical shells [62] up to kmaxηu ≈ 6.78 and kmaxηT ≈ 3.62, relative to the Kolmogorov (ηu =
[(μ0/ρ0)3/ε0]1/4) and the Batchelor (ηT = ηu/

√
Pr0) scales. In physical space, the grid spacing

relative to these scales is �h/ηu ≈ 0.46 and �h/ηT ≈ 0.87, indicating that both are resolved.
This resolution is finer than that employed in previous studies of high-pressure transcritical flows
[15,16,57], including those specifically targeting small-scale dynamics [17], and comparable to
the ones used to capture high-order moments in incompressible turbulence [80,83]. Moreover, the
density-gradient scale is estimated to be approximately 3.7 times the Kolmogorov scale, and is
therefore also well resolved.
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