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Impact of the history force on the motion of droplets in shaken liquids
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Droplets, solid particles, and gas bubbles in unsteady flows experience the Basset–
Boussinesq history force (BBH) in addition to steady viscous drag, added mass, and
buoyancy. Although physically relevant, the BBH term is often neglected because its
inclusion is analytically and numerically demanding. To assess when this approximation
fails, we revisit unsteady Stokes flows around spherical droplets of finite viscosity and
derive, from first principles, the velocity fields and hydrodynamic forces, including both
the classical rigid-particle limit and the free-slip (zero-viscosity) bubble limit. The resulting
expressions also encompass cases with time-dependent bubble radii. We further illustrate
how the BBH force arises from transient, diffusion-driven vortex structures around ac-
celerating particles. Applying these results to droplets or particles in horizontally shaken
liquids (periodically accelerated flows), we find that in the transition regime between the
quasisteady Stokes limit and the inertia-dominated regime, BBH can lead to a reduction of
the droplet deflection amplitude by more than 60% compared to predictions that neglect
memory effects. We also derive a characteristic scaling of the displacement amplitude in
the low-frequency limit, providing an unambiguous, experimentally verifiable signature
of the BBH. For light particles and gas bubbles, the BBH contribution becomes more
significant (relative to the other hydrodynamic forces) compared to that of heavy particles,
such as droplets in air.

DOI: 10.1103/y1zd-lpyw

I. INTRODUCTION

Particle-laden flows occur in a wide range of natural and industrial contexts [1–12]. Although the
dynamics of suspended particles in steady viscous flows are well established, many open questions
remain regarding unsteady flows, including turbulence. Time-dependent relative motion between
particles and the surrounding fluid generates not only the familiar Stokes drag and added-mass
forces, but also a viscous memory contribution arising from the unsteady diffusion of vorticity. This
contribution is known as the classical Basset-Boussinesq history force (BBH) [13–15], which we
consider here in the low-Reynolds number regime.

Despite its physical relevance, for example, in cloud microphysics (droplets in air), chemical
processing (bubbles in liquids), microplastics, or sediment transport (solid particles in motion), the
BBH term is notoriously difficult to include because it involves a convolution integral with a singular
kernel, complicating both analytical treatment and numerical implementation. This difficulty has led
to its frequent omission, even in simulations of turbulent flows laden with particles [8,15,16]. How-
ever, experimental studies, for example those involving acoustically driven microbubbles [17,18],
translating droplets [19], or sedimenting particles in vertically shaken containers [20,21] show

Published by the American Physical Society under the terms of the Creative Commons Attribution 4.0
International license. Further distribution of this work must maintain attribution to the author(s) and the
published article’s title, journal citation, and DOI.

2469-990X/2026/11(4)/043604(40) 043604-1 Published by the American Physical Society

https://orcid.org/0009-0000-4579-501X
https://orcid.org/0000-0001-7826-4629
https://ror.org/0234wmv40
https://crossmark.crossref.org/dialog/?doi=10.1103/y1zd-lpyw&domain=pdf&date_stamp=2026-04-22
https://doi.org/10.1103/y1zd-lpyw
https://creativecommons.org/licenses/by/4.0/


FREDERIK R. GAREIS AND WALTER ZIMMERMANN

significantly better agreement with theoretical predictions when the BBH is included. Similarly,
simulations have revealed BBH-related effects on chaotic dynamics and particle dispersion in wake
flows such as Kármán vortex streets [22,23], clustering in turbulence [24], and sedimentation rates
in turbulent flows [25,26]. BBH is often neglected when the particles are much heavier than the
fluid, as with droplets in air [25–27]. However, this practice has lacked quantitative validation. This
raises two pressing questions:

(1) Under what conditions does the BBH become dynamically significant and therefore must be
retained in models or simulations [5,7,8,28]?

(2) Can its contribution be isolated and quantified directly from experiments, without requiring
detailed calculations or numerical simulations?

In this work, we address these questions by examining the motion of solid particles and droplets
in a periodically accelerated liquid, in the low Reynolds number regime. Motivated by earlier studies
of the relative oscillatory motion of particles and fluids [20,21,29–38], we focus on configurations
where the relative velocity is harmonic in time. In such cases, the BBH acts continuously and in a
quasisteady fashion, enabling its influence to be probed cleanly and directly, yet with results that
can be generalized to more complex flows.

The basic equation for oscillatory particle or droplet dynamics is presented in Sec. II, and in
Sec. III, we illustrate how the diffusion of vortices around droplets in time-dependent flows causes
BBH. In Sec. IV, we propose an experiment with particles in a horizontally shaken liquid, which
can be used to clearly identify the effects of BBH and characterize the parameter dependencies of
particle deflection relative to the shaken liquid. Practical considerations regarding the implementa-
tion of the proposed shaking experiment are discussed in Sec. V. Conclusions and remarks can be
found in Sec. VI.

In Appendix A, we review the basic hydrodynamic description of unsteady flows around a
spherical droplet or particle [39–42] as used in the main text. In Appendix B, we solve these
equations and determine the flow around an arbitrarily moving spherical droplet. In addition, the
forces acting on the spherical particles are determined, including the BBH force. This Appendix also
revisits early treatments [42–44], identifies and corrects known inconsistencies [45], and extends the
analysis to compressible gas bubbles with a time-dependent radius via a coordinate transformation
proposed in Ref. [46], as detailed in Appendix C.

Together, these sections provide a comprehensive analytical overview of the forces acting on
spherical droplets at small Reynolds numbers, including time-dependent and history effects relevant
to the BBH formulation.

II. EQUATIONS OF MOTION FOR SMALL SPHERICAL DROPLETS
IN A SHAKEN CONTAINER

Here we present the equations of motion for a liquid drop of mass density ρd and kinematic
viscosity νd , which is suspended in an immiscible carrier fluid (density ρ f and viscosity ν f )
contained in a shaken vessel. The dynamics of the drop are described in two coordinate systems: the
laboratory system with coordinates (xl , yl , zl ), in which the container performs oscillatory motion
described by the trajectory of the center of the container bottom s(t ), as shown in Fig. 1. A second
coordinate system (xs, ys, zs) is used, whose origin coincides with the position of the center at the
bottom of the container. The axes of both systems are parallel. In the coordinate system moving
with the container, the position of the center of the droplet is given by rd = (xd , yd , zd ); see Fig. 1.
The position of the drop in the laboratory system, rl , can be described by rd as follows:

rl (t ) = s(t ) + rd (t ). (1)

In this study, we assume small droplets so that, due to surface tension, they maintain a spherical
shape of constant radius R0, and we also assume large containers so that interactions between the
droplets and the container walls can be neglected. The equations of motion for the center of the
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FIG. 1. Sketch of the system. A container filled with a liquid of mass density ρ f and kinematic viscosity
ν f (gray) performs oscillatory motion described by the position s(t ) of the center of its bottom. Studied is the
dynamics of a small droplet of density ρd , kinematic viscosity νd and radius R0 (white) immersed in the much
larger and liquid-filled container. The droplet position is given by rd in the container-fixed coordinate system,
or is given in the laboratory frame by rl = s + rd .

droplet, either in the laboratory frame or in the moving container-fixed frame, are given by

md
d2rl

dt2
= F − gmd ez ⇐⇒ md

d2rd

dt2
= F − md [s̈ + gez], (2)

where md = 4πR3
0ρd/3 is the mass of the droplet and g is the gravitational acceleration. Central

to particle dynamics are the hydrodynamic forces F acting on it, which also include the Basset-
Boussinesq history force.

The theoretical understanding of the hydrodynamic forces F acting on particles in unsteady
viscous flows is well established, but the relevant results are widely scattered in the literature
[13,14,42–47]. In Appendixes A and B, we derive explicit and comprehensive analytical expressions
for the flow around particles and droplets and the resulting hydrodynamic forces acting on them,
from first principles. These include a summary of the analytical results for spherical droplets at
low Reynolds numbers and, in preparation for future work, Appendix C also covers the case of
variable particle radii such as bubbles. Consequently, in the main part of this article we focus on
analyzing the dynamical equations in Eq. (2), which encompass the essence of the aforementioned
fundamental hydrodynamic theory via the forces F.

The latter, F = Fb + Fa + Fd , consists of the buoyancy Fb, the added mass Fa and the drag
contribution Fd . The buoyancy and added mass forces are given by

Fb = m f [s̈ + gez] and Fa = −m f

2

d2rd

dt2
, (3)

where m f = 4πR3
0ρ f /3 is the mass of the displaced carrier fluid. The drag force acting on a spherical

droplet in an unsteady viscous flow is given by (see Refs. [44,45], Appendixes A and B),

Fd = −6πR0μ f
2 + 3κ

3 + 3κ

drd

dt
+ 3R0μ f

ˆ
ds

d2rd (s)

ds2
G(t − s, κ ), (4)

where the first term represents the instantaneous Hadamard–Rybczynski drag on droplets, while
the second term captures the unsteady contribution due to BBH. Here, μ f = ρ f ν f is the dynamic
viscosity of the surrounding fluid and

κ = μd/μ f (5)

denotes the viscosity ratio between the liquid in the droplet and the carrier fluid. The function G(t, κ )
is a memory kernel that accounts for the unsteady diffusion of vortical structures around a particle
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(see Sec. III) and is defined as

G(t, κ ) = 2 Im

( ˆ ∞

0
dω

Ḡ(ω, κ )

ω
e−iωt

)
. (6)

The Fourier transform Ḡ is given by

Ḡ(ω, κ ) = 4ik f h(ikd ) + κ[3(1 + ik f )h(ikd ) + χ − 3ik f (1 + κ )χ ]

3i(3i + k f )h(ikd ) + 3κ[i(3i + k f )h(ikd ) + χ + κχ ]
, (7)

with

h(x) = (x2 + 3) tanh(x) − 3x, χ = 2h(ikd ) + ik2
d (kd − tan kd ), (8)

and

kd =
√

iω
R2

0

νd
, k f =

√
iω

R2
0

ν f
. (9)

An analytical expression for G(t, κ ) can be obtained in the limiting cases κ → 0 and κ � 1,
corresponding to the free- and nonslip boundary conditions on the droplet surface. For κ � 1, one
recovers the classical Basset–Boussinesq history kernel for a solid sphere (see Refs. [13,14,39] and
the Appendixes of the present work)

Gs(t ) = G(t, κ → ∞) = −2
√

τ f

{√
π/t t > 0

0 t < 0
, (10)

while in the limit κ → 0, the corresponding expression for a ‘bubble’ with free-slip boundary
conditions is ([44], Appendix B 5)

Gb(t ) = G(t, κ → 0) = −8π

3

{
exp

(
9t
τ f

)
Erfc

(√
9t
τ f

)
t > 0

0 t < 0
, (11)

where in both cases

τ f = R2
0

ν f
(12)

defines the viscous relaxation time of the carrier fluid, representing the characteristic timescale over
which the flow field adjusts to a sudden change in the droplet velocity.

Combining Eqs. (2) and (3), we can write down the equation for the droplet motion,(
md + m f

2

)
d2rd

dt2
= Fd + g(m f − md )ez + s̈(m f − md ). (13)

With the coordinate transformation rl = rd + s, the corresponding expression in the laboratory
frame becomes

md
d2rl

dt2
= −6πR0μ f

2 + 3κ

3 + 3κ

d

dt
(rl − s) + 3R0μ f

ˆ
dτ

d2(rl − s)(τ )

dτ 2
G(t − τ, κ )

− m f

2

d2(rl − s)

dt2
+ g(m f − md )ez + m f s̈.

If a particle is so small that spatial variations of the flow velocity on the scale of a particle can
be neglected, then spatial fluctuations in the fluid velocity are irrelevant to the force balance, and
this equation reduces, for κ → ∞, to the equation for a solid particle introduced by Maxey and
Riley [47].

For general finite values of κ , the complex frequency dependence of the memory kernel Ḡ(ω, κ )
prevents a closed analytical representation of G(t, κ ) or a simple formula for Fd . Nevertheless, the
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FIG. 2. Drag force acting on a solid particle executing oscillations of the form rd = −X0 sin(ωt )ez with
respect to a quiescent liquid. The solid red line represents the drag force including the BBH force as calculated
using Eq. (15). The dashed line shows the instantaneous Hadamard-Rybczynski viscous drag alone. The
black dots at (1)–(5) indicate the times at which the flow profiles around a particle are shown in Fig. 3.
Other parameters include: ω = 4 rad/s, R0 = 1 mm, X0 = 0.4 m, μ f = 0.001 Pa s, μd = 0.01 Pa s, ρ f =
ρd = 1000 kg m−3.

kernel G(t, κ ) can still be numerically evaluated for any given κ . If the droplet undergoes a periodic
harmonic motion relative to the carrier fluid at a single frequency ω, then the response Ḡ(ω, κ ) also
depends solely on that frequency, allowing both G(t, κ ) and Fd to be determined analytically, as
detailed in Sec. III. This single-frequency simplification not only facilitates the theoretical analysis
of viscous memory effects, but also provides a direct route for experimental validation through the
controlled application of oscillatory forces to droplets and particles in the proposed shaken-container
experiment, as described in Sec. IV.

III. GENERATION OF THE HISTORY FORCE BY VORTEX DYNAMICS

Here we demonstrate that the memory contribution in Eq. (4) enhances the viscous drag on a
droplet or particle. This enhancement arises because the vortex detachment around a droplet moves
unsteadily.

To illustrate this effect, consider a droplet undergoing harmonic motion relative to the surround-
ing liquid in a container at rest:

rd (t ) = rl (t ) = −X0 sin(ωt + ϕ)ez. (14)

During such oscillatory motion, the droplet experiences a time-dependent drag force of the form
[see Eq. (B45)]:

Fd = −6πR0μ f
2 + 3κ

3 + 3κ

drd

dt
+ 6πR0μ f X0ω(Re[Ḡ(ω, κ )] cos(ωt + ϕ)

+ Im[Ḡ(ω, κ )] sin(ωt + ϕ))ez. (15)

The first term corresponds to the instantaneous Hadamard–Rybczynski drag [48], while the second
term captures the unsteady contribution due to the BBH force.

In Fig. 2, we compare the total viscous drag Fd [solid red line, Eq. (15)] with the instantaneous
drag obtained by setting G = 0 (black dashed line). The total drag exhibits a larger amplitude and a
pronounced phase lead, showing that the BBH force enhances the viscous drag and can dominate in
certain parameter ranges.

To understand the physical origin of this frequency-dependent contribution, it is instructive
to examine the flow fields near the droplet at times (1)–(5) marked in Fig. 2. These flow fields
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FIG. 3. Snapshots of the fluid flow in the laboratory system (arrows), and qualitative heat maps of the
stream function, around a solid particle at different phases of the oscillation cycle in Fig. 2 at times (1)–(5). The
upper panels show the velocity field in a radial cross-section, while the lower panels display the unsteady profile
of the vertical velocity component uz(r) in the equatorial plane (solid lines), compared with the corresponding
steady velocity (dashed lines). The quasisteady Stokes profile assumes instantaneous flow relaxation, valid only
for δ � 1. The unsteady profiles illustrate how a finite δ causes vortices, increasing the viscous drag force. The
parameters were chosen as in Fig. 2. Times: t = 0 in (1), t = 0.2T in (2), t = 0.25T in (3), t = 0.3T in (4),
and t = 0.7T in (5).

are given analytically in Appendix B 1 and are illustrated in Fig. 3. For a droplet moving
uniformly through a viscous fluid, the resulting “Stokes flow” is stationary: the vertical fluid
velocity uz(r) in the equatorial plane decreases monotonically with distance r, as indicated by
the dashed profiles in the lower panels of Fig. 3. If the velocity of the droplets changes with
time, then the fluid near the particle responds almost instantaneously, while the fluid farther away
adjusts more gradually. The timescale of this adaptation is determined by the viscous relaxation
time τ f .

For harmonic oscillations, the extent of this velocity adaptation is characterized by the dimen-
sionless frequency

δ = ωτ f = ωR2
0

ν f
. (16)
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FIG. 4. Sketch of an experimental setup to study the effects of the added mass and the BBH force on a
droplet (gray) in a horizontally shaken container filled with an immiscible carrier liquid. Panel (a) shows a
spherical droplet sedimenting along the red arrow in a stationary liquid container of height D. Panel (b) depicts
the container undergoing horizontal harmonic shaking with amplitude A and frequency ω. The periodic
horizontal motion of the liquid induces a corresponding periodic acceleration of the droplet via viscous and
buoyancy forces, deflecting it from its straight sedimentation path. The dependence of the droplet deflection
on shaking amplitude and frequency provides insight into the forces acting on the particle in unsteady flows.
The position of the center of the shaken container in the laboratory frame is indicated by the red arrow at the
bottom of panel (b), sx (t ) = A sin(ωt ).

As δ increases, the particle changes its direction of motion faster than the carrier fluid can relax after
a sudden change in velocity. Consequently, farther from the particle, the vertical velocity component
has not yet adjusted to the new particle motion. This mismatch causes the fluid velocity to exhibit
periodic reversals with distance, giving rise to spatial structures of counterrotating vortices, as
illustrated in Fig. 3. Such vortices have recently been observed experimentally [49] and in numerical
simulations [37].

In panel (3) of Fig. 3, the particle has just reversed its velocity. However, the tangential shear
of the fluid velocity at its surface, and hence the drag force Fd , has already changed sign between
times (1) and (2). By contrast, for the case without memory effects (δ � 1), both the gradient and
the instantaneous drag change sign simultaneously with the velocity of the particles.

As a result, the extrema of Fd (t ) occur earlier than those of instantaneous drag, as seen in Fig. 2.
Hence, the observed phase shift and the increased magnitude of the drag are direct manifestations
of the BBH force, which encapsulates the diffusive vortex dynamics of unsteady Stokes flows. This
effect is further investigated for a particle in a horizontally shaken container in the next section.

IV. EFFECTS OF THE HISTORY FORCE ON THE DROPLET RESPONSE
IN HORIZONTALLY SHAKEN LIQUIDS

In this section, we analyze how the deflection of droplets and solid particles depends on the
parameters of a horizontally shaken liquid. We identify parameter regimes in which BBH effects
are significant and cannot be neglected, and we derive a characteristic power law that uniquely
reflects these effects and can be directly tested experimentally. Figure 4 illustrates an experimental
setup suitable for verifying the predicted behavior.

The center of the bottom of the container in Fig. 4, denoted by s(t ), undergoes a sinusoidal
horizontal motion,

s(t ) = A sin(ωt )ex, (17)
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where A and ω are the shaking amplitude and the angular frequency, respectively. The corresponding
container acceleration is

s̈ = −Aω2 sin(ωt )ex, (18)

such that Eq. (13) takes the form(
1

2
+ ρd

ρ f

)
d2rd

dt2
= Fd

m f
+ g

(
1 − ρd

ρ f

)
ez − Aω2 sin(ωt )

(
1 − ρd

ρ f

)
ex. (19)

During sedimentation or rise, horizontal shaking of the carrier fluid induces a lateral oscillatory
motion of the particle whenever ρd 	= ρ f .

The horizontal particle response depends on the viscosity ratio κ , the density ratio ρd/ρ f , and the
dimensionless frequency parameter δ, which compares the oscillation period 1/ω with the viscous
relaxation time τ f of the surrounding fluid, see Eq. (16). By systematically varying these parameters,
the proposed experiment provides direct access to the frequency-dependent effects of the BBH force.
In particular, this approach enables an experimental determination of the response kernel Ḡ(ω, κ ).

In the following, we derive theoretical predictions for the amplitude and phase of the horizontal
droplet motion, which can be easily tested in experiments.

A. Sedimentation and rise of droplets without container shaking

The vertical motion of a particle, zd (t ), reaches its terminal settling or rising velocity on a
short timescale of order ∼τp. The Basset–Boussinesq history force contributes only during this
initial transient, as recently investigated in Ref. [49], and becomes negligible once steady motion is
established.

Consequently, beyond this transient we approximate the vertical component of the drag force by
retaining only the instantaneous Hadamard–Rybczynski contribution and neglecting both memory
effects and particle acceleration in Eq. (19). This yields the steady-state sedimentation (or rise)
velocity,

1

τp

dzd

dt
= g

(
ρ f

ρd
− 1

)
, (20)

with the abbreviations

τp = 2

9

R2
0

ν f

ρd

ρ f
M, M = 3 + 3κ

2 + 3κ
. (21)

The sedimentation velocity żd vanishes for ρd = ρ f , is directed upward for ρd < ρ f , and downward
for ρd > ρ f . In the limit of very small Reynolds numbers, this stationary vertical motion does not
couple to the horizontal droplet dynamics induced by container shaking. This separation of vertical
and horizontal motion is assumed throughout the remainder of this section.

B. Horizontal droplet dynamics in a shaken container

The horizontal dynamics of a droplet in a horizontally shaken container, described by the
coordinate xd (t ), is governed by Eqs. (4) and (19), which we combine to obtain(

m f

2
+ md

)
d2xd

dt2
= −6πR0μ f

2 + 3κ

3 + 3κ

dxd

dt
+ 3R0μ f

ˆ
ds

d2xd (s)

ds2
G(t − s, κ )

− Aω2 sin(ωt )(m f − md ). (22)

Figure 5 shows exemplary sedimentation trajectories (xd (t ), zd (t )) obtained by numerical in-
tegration of Eqs. (20) and (22) for a rigid particle, i.e., within the limit κ � 1, using the
solid-sphere kernel Gs(t ) from Eq. (10). The results are shown for several dimensionless shaking
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FIG. 5. Shown are the vertical coordinate zd (t ) and the enlarged relative horizontal motion 10 xd (t )/A
of numerically simulated sedimentation trajectories of rigid particles in a horizontally shaken container for
four different dimensionless shaking frequencies: δ = 0.01, δ = 0.05, δ = 0.10, and δ = 0.15, whereby the
Reynolds number is always small, Re � 1. After a short settling time, the trajectories show sinusoidal behavior
of xd (t ) with a constant oscillation amplitude X0 (∝ A) indicated by the dashed line, where the ratio X0/A is
given analytically by Eq. (30) below. Further parameters: ρd/ρ f = 8, ρ f = 1000 kg m−3, ν f = 0.001 m2 s−1,
g = 9.81 ms−2, and R0 = 2.25 mm.

frequencies δ with otherwise identical parameters. After a brief transient, the horizontal motion
of the particle settles into sinusoidal oscillations with the shaking frequency ω and constant
amplitude X0:

xd (t ) = −X0 sin(ωt + ϕ). (23)

The amplitude calculated from this asymptotic behavior is indicated by the dashed lines in Fig. 5.
The oscillation amplitude increases systematically with δ and depends characteristically on viscous
memory effects at higher frequencies.

For harmonic motion, the memory integral in Eq. (22) reduces to a single-frequency contribution
and can be expressed in terms of the response kernel Ḡ(ω, κ ), as in Eq. (15). Substituting the ansatz
(23) into Eq. (22) then yields the following equation for the horizontal droplet motion:(

m f

2
+ md

)
d2xd

dt2
=−(m f − md )Aω2 sin(ωt ) − 6πR0μ f

2 + 3κ

3 + 3κ

dxd

dt

+ 6ωX0πR0μ f (Re[Ḡ(ω, κ )] cos(ωt + ϕ) + Im[Ḡ(ω, κ )] sin(ωt + ϕ)).
(24)

Using standard trigonometric identities to expand sin(ωt + ϕ) and cos(ωt + ϕ), and sub-
stituting the ansatz (23) into Eq. (24), one can collect the linearly independent terms
proportional to sin(ωt ) and cos(ωt ). Requiring each of these contributions to vanish separately
yields the following system of algebraic equations for the oscillation amplitude X0 and phase ϕ:

0 = c1 cos(ϕ) + c2

κ + 1
sin(ϕ) − 2Aω(md − m f )

X0
, (25a)

0 = c1 sin(ϕ) − c2

κ + 1
cos(ϕ), (25b)
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with the abbreviations

c1 = ω(2md + m f ) − 12π Im[Ḡ(ω, κ )]μ f R0, (26a)

c2 = 4πμ f R0(2 + 3κ + 3(κ + 1)Re[Ḡ(ω, κ )]). (26b)

The analytical solution of Eqs. (25) reads

X0 = 2Aω
(md − m f )(1 + κ )√

c2
2 + c2

1(1 + κ )2
, (27a)

cot ϕ = c1(1 + κ )

c2
. (27b)

For equal mass densities, ρd = ρ f , the droplet is advected synchronously with the carrier liquid
and therefore remains in its initial horizontal position in the frame fixed to the container, giving
X0 = 0. For ρd 	= ρ f , the interplay of inertia and hydrodynamic forces gives rise to a characteristic
frequency-dependent response described by the amplitude X0(ω) and the phase ϕ(ω).

The validity of the analytical results is demonstrated in Fig. 5. The dashed lines show the
oscillation amplitudes X0 predicted by Eq. (27a), which are in excellent agreement with the ampli-
tudes obtained from direct numerical integration of Eqs. (20) and (22). This quantitative agreement
confirms the harmonic ansatz (23) as an accurate description of horizontal dynamics.

Beyond validating the theory, the harmonic response also provides a direct route to reconstruct
the frequency-dependent kernel of the history force, Ḡ(ω, κ ), for arbitrary viscosity ratios κ . By
experimental measurement of the response functions X0(ω) and ϕ(ω), the real and imaginary parts
of the kernel, Re[Ḡ(ω, κ )] and Im[Ḡ(ω, κ )], can be determined explicitly. Solving Eqs. (26) and
(27) for Ḡ(ω, κ ) yields

Re[Ḡ(ω, κ )] = −1

6

(
4 + 6κ

1 + κ
− Aω(md − m f )

πR0X0μ f
sin ϕ

)
, (28)

Im[Ḡ(ω, κ )] = ω

12πR0X0μ f
((2md + m f )X0 − 2A(md − m f ) cos ϕ). (29)

In Sec. IV A we focus on the effects of added mass and the BBH force on the deflection amplitude
X0 and phase ϕ as functions of the driving frequency ω for the limiting case κ → ∞ of a rigid
particle, generating experimentally testable predictions. In Sec. IV B, we show that the response of
droplets with finite viscosity ratios κ is qualitatively similar to that of solid particles.

C. Response of a solid spherical particle

A particularly relevant limit is that of a solid particle subject to a no-slip boundary condition at
its surface. This situation is obtained from the droplet theory in the regime κ � 1. In this limit, the
kernel reduces to Ḡ(ω, κ ) = −i

√
iωτ f , and the relative displacement amplitude X0/A from Eq. (27a)

becomes

X0

A
= 4δ

9

ρd/ρ f − 1√
(2 + H

√
2δ)2 + [

H
√

2δ + 2
9δ

(
α + 2 ρd

ρ f

)]2
, (30)

while the phase from Eq. (27b) reads

cot ϕ = H
√

2δ + 2δ(α + 2ρd/ρ f )/9

2 + H
√

2δ
. (31)

These expressions involve the parameters α and H , which allow one to include distinct physical
contributions selectively. The choice α = 1 accounts for the added mass of the displaced fluid,
while α = 0 suppresses it. Similarly, H = 1 includes the BBH, and H = 0 omits it. This flexibility
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FIG. 6. Heat map of the amplitude ratio X0/A predicted by Eq. (30) as a function of the density ratio
ρd/ρ f and the frequency δ. The horizontal black line separates heavy (sedimenting) particles from light (rising)
ones. The corner sketches qualitatively illustrate the expected laboratory-frame dynamics in the limits δ � 1
(left panels), δ � 1 with ρd/ρ f � 1 (bottom right), and δ � 1 with ρd/ρ f � 1 (top right). These cases are
discussed in the main text.

makes it possible to isolate the dynamical impact of either effect. Note, the relative displacement
X0/A and the phase shift ϕ depend only on the dimensionless frequency δ and the ratio between the
mass densities ρd/ρ f .

1. Discussion of the displacement amplitude of particles

The amplitude of the relative deflection with respect to the shaken liquid, given by Eq. (30),
depends only on the two parameters δ and ρ f /ρd and therefore can also be clearly represented
graphically, as shown in Fig. 6. The black line in Fig. 6 shows that X0/A changes sign with (ρd/ρ f −
1), as indicated by Eq. (30). This reflects the fact that the buoyancy force reverses when the particle
becomes lighter than the displaced fluid, or vise versa. The functional dependence of X0/A on δ

is similar for all density ratios: X0/A disappears for δ � 1 and reaches a plateau value depending
on the density ratio for δ � 1, as can be seen in Eq. (32). These two limiting ranges of X0/A are
discussed in more detail.

(1) Low-frequency limit δ � 1. This corresponds to particles with R0 � √
ν f /ω, for which

the vorticity generated at the surface diffuses away rapidly compared to one oscillation period,
and the surrounding flow relaxes quasisteadily to the Stokes profile. In this limit, the dominant
hydrodynamic contribution in Eq. (24) is the instantaneous Stokes drag, which scales linearly with
R0. For solid particles (κ � 1), the contribution of BBH scales as R2

0 [see Eqs. (4) and (10)] which
is subdominant. This results in X0/A = 0, i.e., the particle does not undergo displacement relative to
the locally oscillating fluid and strictly follows the motion of the container. This regime is central in
a number of physical contexts, including the dynamics of small droplets in turbulent clouds [50,51].
It is common (and often consistent) in this regime to retain only the Stokes drag and neglect the
contribution of the BBH, especially since for heavy particles (ρd/ρ f � 1), additional inertial terms
proportional to s̈ are also subdominant. In clouds, the potential relevance of the BBH force and
added mass in strongly intermittent regions of high acceleration is not fully understood [52].

(2) High-frequency limit δ � 1. In this regime, the relative displacement approaches

X0

A
(δ � 1) → 2

α + 2ρd/ρ f
(ρd/ρ f − 1), (32)
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FIG. 7. Heat map of the ratio between the particle displacement amplitude with and without BBH,
�(δ, ρd/ρ f ), quantifying the reduction of the displacement amplitude due to the BBH contribution. Red regions
indicate strong suppression (� < 0.5), whereas blue regions correspond to weaker BBH effects. The axes
show the dimensionless frequency δ and the density ratio ρd/ρ f . The dashed curve marks � = 0.5 and thus
separates the regime dominated by the history force from the regime in which Stokes drag provides the leading
contribution. The visualization highlights that the BBH force is most relevant for harmonically forced solid
particles with ρd/ρ f < 1 and intermediate δ. For small δ, � ≈ 1 as Stokes drag dominates, while at large δ

or large density ratios the particle dynamics becomes inertia-dominated, again yielding � ≈ 1 because drag
becomes irrelevant.

and the phase lag tends to zero ϕ → 0, i.e., the particle oscillates in the laboratory system in anti-
phase to the container. This plateau is governed by a balance between inertia and buoyancy and
depends only on the density ratio. Consequently, the dependence of the displacement amplitude on
the driving frequency, viscosity, and the contribution of BBH becomes negligible for large δ. The
added mass (α = 1) becomes especially relevant for light particles with ρd/ρ f � 1, for which the
inertial mass is dominated by the displaced fluid. In the limit ρd/ρ f → 0, Eq. (32) gives X0 → −2A.
In this case, the motion of the particle in the laboratory-frame at large δ is given via Eqs. (1) and (23)
by xl (t ) = 3A sin(ωt ) (bottom right panel of Fig. 6).

For heavy particles with ρd/ρ f � 1, such as iron particles in water (ρd/ρ f ∼ 8) or water droplets
in the air, the plateau approaches asymptotically X0/A → 1. The trajectory in the laboratory frame
then tends to xl (t ) = 0 for δ � 1, meaning that the particle is essentially unaffected by the container
oscillation (top right panel of Fig. 6).

2. Relative importance of the history force

Stokes drag represents a quasisteady response and therefore cannot capture the viscous drag
accurately as the forcing frequency increases. As discussed above, the leading-order correction in δ

is provided by BBH, which becomes significant before inertial effects eventually dominate at very
large δ.

To quantify the relevance of the history force at intermediate values of δ, we consider the
reduction of the displacement amplitude X0 when the BBH term is included. This is characterized
by the ratio

�(δ, ρd/ρ f ) = X0(H = 1, δ, ρd/ρ f )

X0(H = 0, δ, ρd/ρ f )
, (33)

where H = 1 corresponds to the case with BBH and H = 0 excludes the contribution of BBH. The
heat map in Fig. 7 shows �(δ, ρd/ρ f ) as a function of the dimensionless frequency and density
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FIG. 8. δ-dependence of X0/(Aδ) with (H = 1, red) and without (H = 0, black) the BBH force. Panel
(a) shows the overall suppression of the amplitude by the BBH force across a wide frequency range. Panel
(b) focuses on the small-δ regime, comparing the asymptotic results in Eqs. (34) and (35) (dashed) with the
full expression in Eq. (30) (solid). Here ρd/ρ f = 2.

ratio. The red regions indicate a strong suppression of the particle displacement amplitude due to
the contribution of BBH (� < 0.5), while the blue regions correspond to weaker effects (� > 0.5).

The heat map demonstrates that the relative influence of the history force decreases as ρd/ρ f

increases. This trend reflects the increasing importance of particle inertia and buoyancy compared to
viscous drag. For small density ratios, by contrast, the history force becomes increasingly dominant:
for example for ρd/ρ f ∼ 0.5, the BBH contribution reduces the displacement amplitude by more
than 60%, corresponding to the red regions in Fig. 7.

Moreover, the effect of the BBH force is most pronounced at intermediate values of δ, consistent
with the behavior seen in Ref. [53]. In this regime, the contribution of BBH substantially decreases
the amplitude X0, indicating that the particle tends to follow the fluid motion more closely. Phys-
ically, this results from the fact that the history force penalizes rapid accelerations of the particle
relative to the surrounding fluid.

3. Unique (measurable) properties of BBH at small δ

Beyond its quantitative impact on amplitude, the BBH force also modifies the characteristic
behavior of the response X0/A, especially in the small-δ regime, where the viscous effects are
strongest. A particularly sensitive diagnostic is the quantity X0/(Aδ). In Fig. 8, this dependence
is shown with (H = 1) and without (H = 0) the history force. Figure 8(a) displays the behavior
throughout the entire range of δ, while Fig. 8(b) magnifies the small-δ region.

Using Eq. (30), we expand X0/(Aδ) for δ � 1 with and without the BBH. When the history force
is included (H = 1), the expansion yields

X0

Aδ
∼ 2

9

(
ρd

ρ f
− 1

)(
1 − H

√
δ

2

)
+ O(δ), (34)

demonstrating that the departure from the leading-order constant scales as δ1/2. In contrast, neglect-
ing the BBH (H = 0) gives

X0

Aδ
∼ 2

9

(
ρd

ρ f
− 1

)(
1 − δ2

2

[
α + 2ρd/ρ f

9

]2)
+ O(δ4), (35)

where the deviation now scales as δ2. These distinct power-law behaviors lead to opposite curvature
signs in Fig. 8(b), and thus constitute a clear experimental signature of the BBH force. Because iner-
tial effects become negligible as δ → 0, the observed scaling X0/(Aδ) ∝ δ1/2 is directly attributable
to the BBH contribution. This provides an experimentally accessible means to identify the history
force without recourse to numerical simulations in an experiment as proposed here or in Ref. [34].
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FIG. 9. δ-dependence of cot(ϕ) from Eq. (31) with (H = 1, solid red line) and without (H = 0, dashed
black line) the BBH force. Here ρd/ρ f = 2.

The structure of these power laws remains unchanged when the mass ratio crosses ρd/ρ f = 1.
However, they cannot be well measured for ρd/ρ f 
 1, where X0 vanishes, nor for ρd � ρ f , where
X0 
 A becomes basically independent of δ.

A complementary diagnostic is the phase quantity cot(ϕ) defined in Eq. (31) and illustrated in
Fig. 9. For H = 0 it varies linearly with δ. For small density ratios and large δ, the phase behavior
is dominated by added-mass effects. However, with the BBH included the dependence becomes
nonlinear and exhibits a δ1/2 scaling at small δ, providing another experimentally accessible
signature of the history force. In all cases, the phase shift vanishes as δ → 0 in the quasistatic
limit.

D. Response of spherical droplets and air bubbles

For droplets or gas bubbles in liquids, the assumption κ � 1 (appropriate for solid particles)
and the associated nonslip boundary condition no longer hold. When a droplet moves relative to
the surrounding fluid, viscous stresses induce internal circulation, as illustrated in Fig. 3, panel (3).
This internal flow reduces the shear stress at the droplet interface, thereby decreasing the effective
viscous drag compared to that experienced by a rigid particle. The relative displacement amplitude
X0/A remains the highest for droplets in the inertia-dominated regime at higher values of δ, which
can be achieved by increasing the shaking frequency ω or decreasing the kinematic viscosity ν f .
For droplets with low internal viscosity, the velocity difference between the droplet interior and
the surrounding fluid becomes smaller, resulting in a reduced drag force and, consequently, a
larger displacement amplitude. Thus, the relative amplitude X0/A increases as the viscosity ratio
κ decreases. This expectation is confirmed by the results shown in Fig. 10(a), where X0/A is plotted
for a rigid particle (κ � 1), a droplet with intermediate viscosity contrast (κ = 1) and a droplet with
very low internal viscosity (κ � 1), all for a fixed density ratio ρd/ρ f = 2.

The effects of BBH are characterized by the ratio �(δ, κ ), defined in Eq. (33), which quantifies
the reduction of the droplet displacement relative to the liquid due to memory effects at the
respective value of κ . In Fig. 10(b), �(δ) is plotted for the same density ratio ρd/ρ f = 2 and three
different viscosity ratios. The displacement reduction becomes more pronounced as κ increases.
This trend is also observed in Fig. 10(c) in the limit of a very small density ratio, ρd/ρ f → 0. Then,
case κ � 1 represents gas bubbles with free-slip boundary conditions, while κ � 1 approximates
bubbles with nonslip boundary conditions, due to surfactants [54]. For the small mass densities of
gas bubbles, the relative importance of the history force becomes more pronounced, as also observed
for solid particles in Fig. 7(b) at similarly low density ratios. In Fig. 11, we compare the function
cot(ϕ(δ)) for particles with three different viscosity ratios: droplets with κ = 1 (solid line), gas
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FIG. 10. Panel (a) shows the relative horizontal displacement X0/A as a function of δ for a rigid particle
(dashed line), a droplet with a viscosity ratio of κ = 1 (solid line), and a droplet with very low viscosity (dotted
line). All cases have the same mass density ratio of ρd/ρ f = 2. In panel (b), the ratio �(δ), as given by Eq. (33),
is plotted to compare the displacement with and without the BBH effect for the same parameters as in panel (a).
Finally, panel (c) presents the ratio �(δ) for the same three viscosity ratios but for a very small mass density
ratio, ρd/ρ f → 0.

bubbles with κ � 1 (dotted line) and solid particles with κ � 1 (dashed line). For rigid particles, we
previously found that cot(ϕ(δ)) ∝ δ1/2 in the limit of small δ, see Eq. (31). The curves for droplets
(κ = 1) and gas bubbles (κ � 1) in Fig. 10(c) show a similar qualitative square-root-like scaling
behavior. These comparisons indicate that the qualitative features of the Basset–Boussinesq history
force described for solid particles in Sec. IV A also apply to incompressible spherical droplets.

FIG. 11. The function cot ϕ of the relative phase shift ϕ for the three values of κ as in Fig. 10(a) and the
mass ratio ρd/ρ f = 2.
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Moreover, both X0/A and cot(ϕ) exhibit comparable power-law scaling in the small-δ regime, as
found for solid particles, although the magnitude of the effects is reduced for droplets. In realistic
shaken liquids, gas bubbles typically undergo volume changes as a result of pressure oscillations.
In the asymptotic limits κ � 1 and κ � 1, the hydrodynamic forces acting on the bubbles can still
be calculated analytically, as discussed in Ref. [46] and Appendix C 1. In a shaking experiment,
as described in the present work, this analogy could be tested experimentally for droplets and gas
bubbles, especially to probe the effects of a variable bubble radius.

Note, coupling between bubble compressibility and container acceleration can introduce a
time-averaged buoyancy force [55–59], causing the bubble to migrate slowly in the horizontal
direction toward a container wall. Qualitatively, if a bubble is initially displaced to the left of
the container center, then during rightward (positive) acceleration, the increased fluid pressure
compresses the bubble more strongly than during leftward (negative) acceleration. Since buoyancy
is proportional to the product of bubble volume and acceleration, the force is stronger when the
bubble is less compressed, i.e., during negative acceleration. This asymmetry produces a net buoyant
force directed toward the wall at negative x, leading to horizontal migration from an unstable
equilibrium at the center of the container.

V. CONSIDERATIONS FOR CONDUCTING THE PROPOSED SHAKING EXPERIMENT

In this section, we summarize some estimates and considerations for conducting the experiment
described in the previous section to analyze the effects of BBH on the dynamics of particles in
unsteady fluid flows. Accurate measurements of particle dynamics require several observable cycles
of oscillation of a particle during its sedimentation or ascent before it hits the upper or lower
container wall. This can be achieved by choosing small differences between the mass density of
the particles and the liquid. However, a low density contrast leads to small particle amplitudes X0

that may be challenging experimentally.

A. Amplitude limitations

The oscillation amplitude of a particle X0 with respect to the carrier fluid in response to shaking
of the carrier liquid decreases with decreasing density contrast |ρd/ρ f − 1|. According to Eq. (30), a
small particle displacement X0 can be amplified by a larger container oscillation amplitude A, but A
is limited by the mechanical constraint that the whole container must be accelerated in every cycle.
The following estimate focuses on rigid particles, but also applies to droplets qualitatively. Accord-
ing to Fig. 7, the region of interest corresponds to ρd/ρ f � 2 and δ � 10, where the history force
has its largest relative impact. The main constraints are the minimum detectable particle amplitude
X ∗

0 and the maximum achievable container amplitude A∗. For given X ∗
0 and A∗, Eq. (30) defines

the accessible part of the parameter space in the (δ, ρd/ρ f ) plane, corresponding to the range with
X0/A � X ∗

0 /A∗. As an example, consider silicone oil with kinematic viscosity ν f ∼ 10−4 m2 s−1 and
particles of radius R0 ∼ 1 mm. A shaking frequency in the range 0 < ω/2π � 150 Hz corresponds
for this example to a dimensionless frequency 0 < δ � 10 with δ = ωR2

0/ν f .
In this regime, shaking amplitudes up to A∗ ∼ 2 mm are plausible, while modern equipment

can likely detect particle displacements as small as X ∗
0 ∼ 10 µm. According to this estimate, the

mentioned amplitude limitations lead to a small experimentally inaccessible parameter space, as
indicated by the purple region in Fig. 12. Most of the relevant parameter space for characterizing
the effects of BBH is experimentally accessible, including most of the region where � < 0.5 and
the history force is the dominant part of the viscous drag.

B. Number of observable oscillation cycles during sedimentation

To accurately measure the horizontal deflection amplitude X0 and the phase ϕ of a particle in
the shaken carrier liquid, several measurable oscillation cycles of a particle in the volume of the
container are required before it hits the bottom or top of the container. Using the steady-state
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FIG. 12. Experimental accessibility in the δ − ρd/ρ f parameter space. The purple region corresponds to
X0/A < X ∗

0 /A∗ = 5 · 10−3, where particle displacements are too small to resolve. The gray regions indicate
where particles rise or sediment too quickly to complete at least N = 10 oscillation cycles in a container
of height D = 20 cm. Other parameters are R0 = 1 mm, g = 9.81 m/ s2 , and ν f = 10−4 m2 s−1. Under these
estimates, most of the region where history effects dominate (reddish shading beyond the dashed line, as in
Fig. 7) remains accessible.

sedimentation velocity from Eq. (20), for the above parameters and ρd/ρ f � 2, we estimate

|żd | = 2R2
0

9ν f
g

∣∣∣∣1 − ρd

ρ f

∣∣∣∣ � 0.02 ms−1 and τp = 2

9

R2
0

ν f

ρd

ρ f
� 0.005 s. (36)

For a container of height D = 20 cm, sedimentation or rise occurs over ts = D/|żd | ∼ 10 s � τp,
making transient effects negligible. The number of horizontal oscillation cycles is then

N = ωts
2π

= 9ν2
f D

4πgR4
0

δ∣∣1 − ρd

ρ f

∣∣ ∼ 140
δ∣∣1 − ρd

ρ f

∣∣ . (37)

To accurately measure the amplitude and phase of the horizontal particle oscillation, several
oscillation cycles are necessary, e.g., more than N � 10 cycles. With the parameters mentioned for
silicone oil, this condition represents only a minor limitation, affecting a very small region at small
δ as indicated by the gray areas in Fig. 12.

C. Nonzero Reynolds number

Our analysis focuses on the regime of small values of the Reynolds number Re = R0|ṙd |/ν f .
In the context of the shaking experiment, it is convenient to express Re in terms of the horizontal
peak velocity. In addition, using the estimate for the vertical velocity from Eq. (36), the horizontal
contribution dominates, and we obtain the following:

Re ∼ X0

R0
δ � 1. (38)

For parameters X ∗
0 ∼ 10 µm and R0 ∼ 1 mm, Re thus remains within the Stokes limit up to δ ∼ 100.

In less viscous fluids or with larger particles, this threshold is reached significantly earlier, making
the proposed experiment particularly well-suited for systematically investigating the onset of finite
Reynolds number effects.

Within the Stokes limit (Re = 0), the ratio X0/A is independent of the driving amplitude A. At
finite Re, this breaks down, i.e., increasing A the magnitude of X0/A and the phase may change
because nonlinear contributions to the Navier-Stokes equations become relevant [30,32,60,61].
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FIG. 13. (a) Pressure distribution around a steadily translating droplet with a highly viscous interior. The
radial envelope scales with cos θ , with θ = 0 aligned to the direction of motion, illustrating the upstream
overpressure and downstream reduction. (b) Corresponding shear–stress distribution. The gray halo varies as
| sin θ |, capturing the angular dependence of tangential viscous stresses, which vanish at the poles and reach a
maximum at the equator. Simplified arrows indicate the direction of surface shear, and the large arrow at θ = 0
marks the direction of droplet motion.

Vertical sedimentation or ascent also becomes coupled with horizontal motion. With the proposed
experiment, such coupling can be detected directly through variations in vertical velocity, changes
in amplitude response, or phase shift as A and ω vary. Any measurable deviation from the Stokes
prediction directly indicates nonlinear effects. This would supply valuable information for extending
BBH-type models to finite Reynolds numbers, e.g., along the lines of Refs. [30,32], and help
establish when these linearized models (widely used in particle-laden turbulence) cease to be
reliable [11,15,22].

A related open question concerns the role of particle rotation. Although it is known that a
constantly translating sphere for Re = 0 experiences the same drag whether it rotates or not
[62], at small but finite Re a rotating sphere experiences an enhanced drag [63]. How this
rotational-translational coupling manifests itself in unsteady flows remains unresolved. The shaking
experiment therefore offers an opportunity to probe an aspect of BBH physics that has received little
attention but may be relevant, for example, to run-and-tumble dynamics of microswimmers and to
inertial particle modeling in turbulent environments.

D. Deformability and compressibility

A further limitation concerns particle deformability. For an incompressible droplet with a highly
viscous interior (κ � 1), the changes in shape are governed by the competition between the surface–
tension forces and the viscous and pressure stresses imposed by the exterior flow. According to
common textbooks [42,48] or as described in Appendix B, the disturbance pressure around a steadily
translating sphere scales as pflow ∼ 3μ f U/(2R0) cos θ , while the corresponding tangential viscous
stress scales as σrθ ∼ 3μ f U/(2R0) sin θ , where U = |ṙd | and θ is the polar angle measured from
θ = 0 in the direction of motion. The situation is illustrated in Fig. 13. Marangoni stresses arising
from surface tension gradients are assumed to be absent. Both stresses scale as μ f U/R0, while the
surface tension opposes deformation via the Laplace pressure pL = 2σ/R0. Their ratio defines the
capillary number,

Ca = μ f U

σ
∼ μ f X0ω

σ
, (39)

which quantifies the relevance of deformation [64]. With Ca � 1 the shape remains close to
spherical.

A second source of deformation is the acceleration-induced hydrostatic pressure difference
across the droplet during shaking. Its scale is �pstat ∼ |ρ f − ρd | a R0, where a = Aω2 is the driving
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acceleration. Comparing this with the Laplace pressure yields a Bond number

Bo = |ρ f − ρd | Aω2 R2
0

σ
. (40)

For liquid-liquid systems with small density differences |ρ f − ρd |, and Bo � 1 for the typical
parameter range considered here. Using representative values (σ ∼ 50 · 10−3 Nm−1, X0 ∼ 100 µm,
f 
 150 Hz, μ f ∼ 100 cSt × ρ f , ρ f ∼ 1000 kg m−3) gives Ca � 0.2, so the deformation remains
weak. Although such effects could be investigated systematically, they can be made subdominant
under the conditions explored.

E. Interactions between droplets and boundary effects

Hydrodynamic interactions cause two adjacent particles in a stationary liquid to sediment faster
than a single particle [65]. The proposed experimental setup allows investigations of how the
sedimentation rate of neighboring particles changes in time-dependent fluid motions compared to
stationary fluids by systematically varying the shaking frequency and amplitude. This enables the
study of the influence of hydrodynamic memory effects on the particles. This experimental approach
can therefore serve as a guide for investigating more complex dynamics with multiple interacting
particles or walls.

VI. REMARKS AND CONCLUSIONS

In this work, we have revisited the hydrodynamic forces acting on droplets, solid particles,
and gas bubbles in unsteady Stokes flows, with particular emphasis on the BBH. Starting from
the fundamental hydrodynamic equations, we re-derived the complete velocity field and force
expressions for spherical droplets of arbitrary viscosity ratio κ in Appendix B, recovering as limiting
cases both the classical rigid-particle and the free-slip bubble results. The theoretical framework also
accommodates time-dependent droplet radii, as detailed in Ref. [46] and Appendix C, thus providing
a unified description applicable to a wide class of particle–fluid systems.

It may seem unusual to many, but this project was inspired by the 2019 “International Young
Physicists’ Tournament” (IYPT), an international competition for high school students in which
F.R.G. had participated while still in school. The phenomenon of gas bubbles sinking in vertically
shaken liquids was one of the 17 internationally announced problems for the 2019 IYPT competi-
tion. During this competition, the authors noted that existing theoretical studies on gas bubbles in
shaken liquids did not account for the classical Basset-Boussinesq history force. This observation
formed the starting point for the present study on solid particles, droplets, and gas bubbles in shaken
liquids, and the work for this publication was subsequently carried out in parallel with F.R.G.’s
physics studies.

Beyond our analytical derivations, we have clarified the physical origin of the BBH force in
terms of transient, diffusion-driven vortex structures that arise when the droplet accelerates and
persists over a range proportional to τ f . These unsteady vortices near the particles generate, both
an enhanced drag amplitude and a characteristic phase lead, effects that become prominent when
the dimensionless frequency δ = ωτ f approaches unity and when the density contrast |1 − ρd/ρ f |
is small. Our analysis shows that incomplete relaxation of the surrounding flow during successive
cycles of particle oscillations relative to the carrier fluid is directly responsible for the viscous history
force, regardless of whether the particle is a solid sphere, a droplet, or a bubble.

Building on these findings, we propose an experimental setup to investigate the dynamics of
sedimenting (rising) droplets in a horizontally shaken and thus accelerated liquid. In this experiment,
the lateral (horizontal) displacement of the droplet results from the interplay of inertia, buoyancy,
added mass, and the contribution of the BBH. We derived closed-form expressions for the particle
displacement amplitude X0 and the phase ϕ as functions of the shaking frequency, viscosity ratio and
density ratio. These results show that in the transition region between quasistationary Stokes flow
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and inertia-dominated particle dynamics, BBH can reduce the lateral particle displacement ampli-
tude by more than 60% compared to predictions that neglect memory effects. In the low-frequency
limit, we identified a characteristic scaling of X0(ω) that provides a clear and experimentally
verifiable signature of the BBH force. Our formulation further enables direct reconstruction of the
history kernel Ḡ(ω, κ ) from the measured amplitude and phase of the droplet displacement relative
to the carrier liquid.

The present analysis applies to small spherical droplets at low Reynolds number and our results
provide quantitative criteria for when the BBH term must be retained in modeling and simulations,
particularly for light particles or bubbles in liquids, where memory effects become comparable to
or exceed added-mass contributions.

Our findings suggest several avenues for future research. The extension of the present framework
to droplets or bubbles with time-dependent radii represents a natural next step, especially in contexts
involving volume oscillations or acoustic forcing. Further work may also explore weakly inertial
regimes with small Reynolds numbers or interactions among several droplets.
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APPENDIX A: BASIC EQUATIONS FOR THE FLOW FIELD AROUND
A MOVING SPHERICAL DROPLET

The fundamental equations that govern the flow field around a spherical droplet that moves
unsteadily without mixing with the surrounding liquid are well known from classical textbooks
[39–42] and are summarized here for completeness. The properties of the incompressible carrier
fluid are given by the mass density ρ f and the kinematic viscosity ν f and those of the incompressible
droplet by ρd and νd , whereby the special case of a rigid particle is described by the limiting case
of high droplet viscosity νd .

The flow field v around a moving droplet is represented in a coordinate system r = (x, y, z)
whose origin is comoving with the center of the droplet, as indicated in Fig. 14(a). In terms of r, the
position of a point rl in the laboratory system is given by

rl = r + s(t ) + rd (t ), (A1)

and the velocity field v in the comoving frame can be expressed by that in the laboratory system
u(rl , t ) as follows:

v(r, t ) = u(r + s(t ) + rd (t ), t ) − ṡ(t ) − ṙd (t ). (A2)

In large containers, far from moving droplets, for ‖r‖ � R0, there is no flow of the carrier liquid
relative to the container. In this case, the velocity field of the liquid in the container is given by
u = ṡ. This leads to the following condition:

u(‖r‖ � R0, t ) → ṡ ⇒ v(‖r‖ � R0, t ) → −ṙd (t ) = v∞(t ). (A3)

In the coordinate system moving with the droplet, the upstream velocity v∞ in Eq. (A3) has the
same magnitude but opposite direction as the droplet velocity ṙd .
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An advantageous property of the described coordinate transformation is that it preserves the
distances between points and that the spatial derivatives remain invariant. This property is utilized
in further calculations and also means that the continuity equation for incompressible fluids has the
same form in both systems:

∇l · u(rl , t ) = 0 ⇐⇒ ∇ · v(r, t ) = 0. (A4)

Here, ∇l with the subscript “l” indicates the divergence in the laboratory frame, while ∇ represents
derivatives with respect to x, y, and z in the comoving frame. In the following, the mass density and
kinematic viscosity are sometimes abbreviated as ρ = ρd and ν = νd within the droplet (‖r‖ < R0),
and as ρ = ρ f and ν = ν f outside the droplet (‖r‖ > R0), respectively. In this study, we have a
length scale R0, an external timescale, given by the inverse of the shaking frequency ω, and we
consider incompressible fluid flows in the range of small Reynolds numbers Re but finite values of
the frequency parameter δ:

Re = ‖v∞‖R0

ν
� 1, δ = ωR2

0

ν
. (A5)

The velocity field is determined by the Navier-Stokes equations,

∂u(rl , t )

∂t
+ (u(rl , t ) · ∇l )u(rl , t ) = −∇l pl (rl , t )

ρ
+ ν∇2

l u(rl , t ) − ∇l�l (rl , t ) , (A6)

which includes a general, but conservative, body force f (rl , t ) = −∇l�l (rl , t ). �l describes, for
example, the gravitational potential along the zl direction. Using Eq. (A2) with v∞(t ) = −ṙd (t ),
we transform Eq. (A6) into a reference frame moving with the droplet. In the creeping flow
approximation at small values of the Reynolds number, we can then neglect the convection term
v · ∇v. This results in the time-dependent Stokes equation:

∂v(r, t )

∂t
= −∇

(
p(r, t )

ρ
+ �(r, t ) − r ·

[
dv∞
dt

− dṡ
dt

])
+ ν∇2v(r, t ), (A7)

where the definitions are

p(r, t ) = pl (r + s(t ) + rd (t ), t ), �(r, t ) = �l (r + s(t ) + rd (t ), t ), (A8)

ensure that the scalar fields p and � are evaluated at the correct points in the space.
The solutions of these equations inside and outside the droplet must be matched at the droplet

surface using the boundary conditions. Changing to spherical coordinates as shown in Fig. 2(b), we

FIG. 14. Panel (a) shows how rl in the laboratory system is represented by s at the center of the container
bottom, the droplet coordinates rd in the frame moving with the container and the relative position r to the
droplet. Panel (b) shows a spherical particle moving with ṙd relative to the carrier liquid (gray) of viscosity ν f

and mass density ρ f . The particle is a liquid droplet of kinematic viscosity νd , mass density ρd (light blue), and
constant radius R0. In the coordinate system attached to the droplet, each r is expressed by the angle θ to the
velocity axis, the radial distance ‖r‖ = r from the center of the droplet and an azimuthal angle ϕ.
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can describe the velocity field v in terms of the radial distance r from the center of the droplet, the
polar angle θ relative to the direction of motion, and the azimuthal angle ϕ. For motion along a
fixed direction without rotation, the problem exhibits rotational symmetry around the velocity axis
ṙd , and the velocity field becomes independent of ϕ. This allows us to write the velocity field as

v(r, t ) = v(r, θ, t ) = vr (r, θ, t ) er + vθ (r, θ, t ) eθ . (A9)

The general case of arbitrarily directed unsteady motion can be constructed by decomposing the
velocity into three orthogonal components, each aligned with a Cartesian axis. Due to the linearity
of the Stokes equations, the corresponding flow and force contributions can be calculated separately
and superimposed.

This argument implicitly assumes that the droplet’s orientation does not vary over time. In
fact, even if the droplet undergoes a finite angular velocity or reorientation, the translational
hydrodynamic force should remain unaffected in the Stokes regime [62,63].

Due to the rotational symmetry around the direction of the droplet velocity ṙd , the velocity field
remains independent of ϕ. In the absence of rotational motion, vϕ = 0. It should be noted that the
droplet is assumed to be undeformable and that no liquid exchange takes place across the boundary,
which leads to the following condition for the radial velocity component vr :

vr (r = R0, θ, t ) = 0. (A10)

The constant radius R0 also implies that normal stresses on the surface (including the Young-Laplace
pressure induced by surface tension) are not relevant to flow dynamics. For a time-dependent radius,
e.g., in bubble studies, these stresses must be considered as they couple to the radius dynamics. The
resulting compressible dynamics are interesting and will be addressed in future work.

Regarding the tangential velocities inside and outside the spherical droplet, they are identical on
its surface at r = R0, and the tangential stresses must also be similar at this interface. Regarding
stresses, the force dF exerted by the flow v on a surface element dS of the droplet with a normal
vector n = er is usually expressed as a contraction with the hydrodynamic stress tensor σi j . Using
the summation convention, its components take the form

dFj = σi jnidS = σr jdS, (A11)

and are a function of the spatial derivatives of the flow velocity field v at ‖r‖ = R0 in the comoving
reference system of the droplet. The spatial derivatives remain unchanged during the transformation
to the laboratory system according to Eq. (A2) and therefore do not cause an additional shear force.
Consequently, the total surface force dF expressed by v is identical to that calculated in terms of u
at the time-dependent position of the boundary in the laboratory system. The tangential force dt f

exerted by the flow from outside on the droplet per surface element dS is then given by the ϕ- and
θ -components of dF, i.e., it is with ε > 0 given by

dt f = lim
ε→0

[σϕr (r = R0 + ε)eϕ + σθr (r = R0 + ε)eθ ]dS. (A12)

The counterpart of the circulation inside the droplet is given by

dtd = lim
ε→0

[σϕr (r = R0 − ε)eϕ + σθr (r = R0 − ε)eθ ]dS. (A13)

The tangential stress changes continuously and is therefore identical on both sides of the droplet
surface:

dtd = dt f . (A14)

With the velocity defined in Eq. (A9), the tensor component σϕr vanishes. Since we have ∂θvr = 0
on the surface of the spherical drop, we can deduce from the definition of σθr and Eq. (A14) the
following boundary condition for the tangential velocity component vθ ,

∂

∂r

(μ f vθ

r

)
r=R0

= ∂

∂r

(μdvθ

r

)
r=R0

, (A15)
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with dynamic viscosities μ f = ρ f ν f and μd = ρdνd . The limits with respect to ε have been removed
in this formula for simplicity. Equations (A3), (A4), (A7), (A10), and (A15) combined with the
continuity of the velocity field across the droplet interface form a comprehensive set of equations for
the velocity field v and pressure p.

If the droplet is at rest in the shaken coordinate system, with v∞ = 0, then we can immediately
see that the solution corresponds to the hydrostatic equilibrium of the fluid where the velocity
vanishes (v = 0) and the pressure in the fluid reads

pstatic(r, t ) = p0(t ) − ρ f

[
�(r, t ) + r · dṡ

dt

]
. (A16)

The function p0(t ) depends on the boundary conditions along the surface of the carrier liquid
and disappears when integrating all the stresses on the spherical surface of a droplet. Therefore,
Eq. (A16) is sufficient to calculate the force acting on a droplet. The fluid inside the droplet is
also in hydrostatic equilibrium. However, the pressure jumps across the boundary as result of the
surface-tension-induced Laplace pressure. This difference is spatially uniform within the droplet and
does not affect the velocity profile. The form of pstatic also illustrates that the droplet experiences
a buoyancy force independent of its relative motion through the container, caused by an external
potential � or vibration s̈ of the container.

We can then consider the general case of a droplet with v∞(t ) 	= 0 as a perturbation to this
hydrostatic equilibrium. Therefore, we split the total pressure into its static contribution and a yet-
to-be-determined part due to flow pflow(r, t ):

p(r, t ) = pstatic(r, t ) + pflow(r, t ). (A17)

Since the static part does not cause fluid flow, v is caused by the relative motion of the droplet
alone. In addition to the continuity of the velocity at r = R0, the complete set of equations that
govern this velocity perturbation v and the pressure induced by the flow can be expressed as follows:

∂v
∂t

+ ∇
(

pflow

ρd
− r · dv∞

dt

)
− νd∇2v = 0 (for r < R0), (A18a)

∂v
∂t

+ ∇
(

pflow

ρ f
− r · dv∞

dt

)
− ν f ∇2v = 0 (for r > R0), (A18b)

∂

∂r

(μ f vθ

r

)
r=R0

− ∂

∂r

(μdvθ

r

)
r=R0

= 0, (A18c)

vr (r = R0, θ, t ) = 0, (A18d)

v(r � R0, θ, t ) = v∞(t ), (A18e)

∇ · v = 0. (A18f)

In the next Appendix, we will solve these equations for the velocity field v and for pflow, and from
this we will calculate the force acting on the droplet. When r → 0 we demand regular, symmetric
solutions.

APPENDIX B: VELOCITY FIELD AROUND A MOVING SPHERICAL DROPLET
AND THE FORCE ACTING ON IT

Equations (A18) form a complete set to determine the flow field v(r, t ) and the pressure pflow

around a moving droplet. For their solution, we were inspired by Sec. 24 of Ref. [39] and structured
our calculations as follows. In Appendix B 1, we first calculate the flow field v(r, t ) in the vicinity of
a spherical droplet undergoing harmonic oscillations through the carrier fluid. The resulting viscous
drag forces acting on the droplet due to its relative motion through the carrier fluid are calculated in
Appendix B 2.
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In Appendix B 3, the forces are formulated for a general time-dependent relative velocity v∞(t ).
Therefore, after a Fourier decomposition of v∞(t ), the resulting viscous drag acting on a droplet
in the range of low Reynolds numbers is calculated by a linear superposition of the solutions from
Appendixes B 1 and B 2. The results depend on the following ratio:

κ = μd

μ f
. (B1)

In Appendix B 4 the Fourier transform is inverted and the general drag force is explicitly
calculated in the limit κ � 1, which corresponds to solid beads, and in Appendix B 5 in the limit
κ � 1, as for fixed radius spherical gas bubbles.

In Appendix B 6, we discuss the typical timescales over which the memory kernel decays in the
limiting cases of κ � 1 and κ � 1. Illustrations of the flow field around a harmonically oscillating
droplet are found in the main text.

1. Determination of v(r, t ) for a harmonic v∞(t )

Here, we determine the flow field v(r, t ) around a spherical droplet with a constant radius R0,
where the carrier fluid at large distances from the droplet moves with a velocity in the z direction:

v∞(t ) = v∞(t )ez. (B2)

The choice of v∞ directed along the z axis is somewhat arbitrary and will be generalized later
by decomposing an arbitrary v∞ into its components along the x, y, and z axes. In the linear
regime of small Reynolds numbers, the dynamics in orthogonal directions decouple, allowing us
to superimpose the solutions.

By taking the curl of Eqs. (A18a) and (A18b) the pressure and the liquid velocity v∞ far from
the droplet, both drop out for incompressible liquids inside and outside of the droplet, and we find

∂ (∇×v)

∂t
= ν∇2(∇×v), (B3)

with kinematic viscosities ν = νd for r < R0 and ν = ν f for r > R0. Since rotational symmetry
around the direction of ṙd ∝ ez, the flow field v(r, t ) can be represented by a stream function [40,41]
ψ (r, θ, t ), where the spherical coordinates (r, θ, ϕ) correspond to those introduced in Fig. 14(b).
This leads to the following representation of the velocity field:

v = ∇×
(

ψ

r sin θ
eϕ

)
= 1

r2 sin θ

∂ψ

∂θ
er − 1

r sin θ

∂ψ

∂r
eθ . (B4)

The form of Eq. (B4) ensures that the liquid described by ψ is incompressible. Taking the curl of v
gives in terms of the stream function ψ :

∇×v = ∇×
(

1

r2 sin θ

∂ψ

∂θ
er − 1

r sin θ

∂ψ

∂r
eθ

)
= − 1

r sin θ

[
∂2ψ

∂r2
+ sin θ

r2

∂

∂θ

(
1

sin θ

∂ψ

∂θ

)]

eϕ = − Êψ

r sin θ
eϕ. (B5)

With the operator Ê defined in this way, we can reformulate Eq. (B3) as follows:

∂ (Êψ )

∂t
= −νr sin θ∇2

(
− Êψ

r sin θ
eϕ

)
· eϕ = νÊ (Êψ ). (B6)

Accordingly, the linear Navier-Stokes equations for the stream function inside and outside the
droplet take the following forms:(

Ê − 1

νd

∂

∂t

)
Êψ = 0 for r < R0, (B7a)
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(
Ê − 1

ν f

∂

∂t

)
Êψ = 0 for r > R0. (B7b)

The solution ψ (r, θ, t ) to these equations has to satisfy the boundary conditions given by
Eqs. (A18c) and (A18d), as well as the far-field condition in Eq. (A18e). Using Eq. (B2), v∞ can be
expressed in the following form:

v∞(t ) = v∞(t )ez = v∞(t )[cos θer − sin θeθ ]. (B8)

Hence, by comparison to Eq. (B4), the stream function ψ must match the following expression at
large distances:

ψ (r � R0, θ, t ) = v∞(t )
r2

2
sin2 θ + F (t, θ ). (B9)

Note that the arbitrary function F (t, θ ) is only relevant for particles with a time-dependent radius
R(t ), as is the case for compressible bubbles. In this scenario, F describes a radially time-dependent
flow that decays with the distance r from the particle as r−2. However, for droplets with a constant
R0, one can set F = 0. The boundary condition, which ensures zero normal flux, as stated in
Eq. (A18d), can be given in terms of the stream function by

∂ψ

∂θ

∣∣∣
r=R0

= 0. (B10)

Similarly, the continuity of the stress gives according to Eq. (A18c):

∂

∂r

(
μ f

r2

∂ψ

∂r

)∣∣∣∣
r=R0

= ∂

∂r

(
μd

r2

∂ψ

∂r

)∣∣∣∣
r=R0

. (B11)

Following the strategy outlined at the beginning of the section, we first consider a single-harmonic
oscillation with

v∞(t ) = vω cos(ωt + φ) = vωeiφ

2
eiωt + c.c., (B12)

where vω is a real constant and v∞ is represented as a linear combination of two complex Fourier
modes eiωt and e−iωt . Due to the linearity of the equations, we also expect ψ to be a linear
combination of the form,

ψ (r, θ, t ) = vωe−iφ

2
ψω(r, θ, t ) + vωeiφ

2
ψ−ω(r, θ, t ), (B13)

where the complex function ψω satisfies Eqs. (B7) and describes the flow profile for a single Fourier
mode in v∞. Using Eq. (B9) (and F = 0) we obtain the stream function in the far field:

ψω(r � R0, θ, t ) = e−iωt sin2 θ
r2

2
. (B14)

At smaller radii, we can use the ansatz,

ψω(r, θ, t ) = e−iωt sin2 θR2
0

{
gd (r) r < R0

g f (r) r > R0
, (B15)

to which we can apply the operator Ê , as defined in Eq. (B5). Then we find the following:

Êψω =
(

∂2

∂r2
− 2

r2

)
ψω = L̂ψω. (B16)

In the case of one frequency of v∞(t ) in Eq. (B12), with these relations we obtain from the partial
differential equations (B7a) and (B7b) for ψ (t ) two ordinary differential equations for gd (r) and
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g f (r):

L̂L̂gd + k2
d

R2
0

L̂gd = 0 (r < R0), (B17a)

L̂L̂g f + k2
f

R2
0

L̂g f = 0 (r > R0). (B17b)

Here, we have introduced the parameters kd and k f ,

kd = √
iωτd , k f = √

iωτ f , (B18)

including the two viscous diffusion times,

τ f = R2
0

ν f
, τd = R2

0

νd
. (B19)

The boundary condition for ψ (t ) for a vanishing normal flow on the drop surface in Eq. (B10) is
transformed into the boundary condition for ψω:

∂ψω

∂θ

∣∣∣∣
r=R0

= 0. (B20)

According to Eq. (B20), the solution gd (r) of Eq. (B17a) must meet the boundary con-
dition gd (R0) = 0. In addition, gd is also symmetrical and nonsingular at r = 0 and this
results in

gd (r) = αd

(
ξ 2 − cos(kdξ ) − sin(kdξ )/(kdξ )

cos(kd ) − sin(kd )/kd

)
, (B21)

with dimensionless length ξ = r/R0. The parameter αd is yet unknown. The general solution g f (r)
of Eq. (B17b) reads

g f (r) = α
f
1

ξ
+ α

f
2 ξ 2 + α

f
3 eik f ξ

(
i − 1

k f ξ

)
+ α

f
4 e−ik f ξ

(
i + 1

k f ξ

)
. (B22)

Equation (B14) requires that this expression approaches ξ 2/2 for large values of ξ . The term
proportional to α

f
1 vanishes for large ξ , while the contribution of α

f
4 diverges as long as ω > 0 (the

case with ω < 0 gives the complex conjugate quantity ψ−ω = ψ∗
ω). We can therefore implement the

correct far-field behavior by setting α
f
2 = 1/2 and α

f
4 = 0. For Eq. (B20) to be fulfilled, g f must

satisfy the condition

g f (R0) = 0, (B23)

while the continuity of the flow velocity tangential to the droplet surface yields the following
constraint:

g′
d (R0) = g′

f (R0). (B24)

In addition, Eq. (B11) provides

κ[2g′
d (R0) − R0g′′

d (R0)] = 2g′
f (R0) − R0g′′

f (R0). (B25)

Equations (B23)–(B25) form a closed set of equations that determine the remaining unknowns αd ,
α

f
1 , and α

f
3 . With the abbreviations

h(x) = (x2 + 3) tanh(x) − 3x and χ = 2h(ikd ) + ik2
d (kd − tan kd ), (B26)
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FIG. 15. This figure schematically presents snapshots of the stream function, ψ (r, θ, t ), at t = π/(2ω) for
different viscosity ratios κ between the interior and exterior of the droplet, assuming a density ratio of ρd/ρ f =
1. For a small viscosity ratio, κ � 1 (here: κ = 10−3), even a slight stress at the surface induces significant
circulation within the droplet. When κ = 1, the strength of the internal circulation is notably reduced. For a
large viscosity ratio, such as κ = 1000, the system approaches the behavior of rigid particles, with circulation
virtually vanishing. The increments of the stream function are the same across all three images, meaning that
the reduction in circulation strength is directly due to the varying viscosity ratio. A small frequency ω is used,
with the streamlines closely following the steady-state Stokes velocity profile.

one obtains

αd = −3

2

(i + k f )(kd − tan kd )

(3 − ik f )h(ikd ) − χκ
, (B27a)

α
f
1 = 1

2
− 3

2ik2
f

(
i + k f − 2

3 ik2
f

)
χκ − 2

(
i + k f − ik2

f − 1
3 k3

f

)
h(ikd )

(3 − ik f )h(ikd ) − χκ
, (B27b)

α
f
3 = − 3

2k f

χκ − 2h(ikd )

(3 − ik f )h(ikd ) − χκ
e−ik f . (B27c)

With these coefficients, ψω is fully determined and the resulting analytic expression for the stream
function ψ (r, θ, t ) can be found using Eq. (B13). The resulting long expressions for ψ (r, θ, t ) are
not explicitly given but can be easily obtained using computer algebra. In Fig. 15, ψ (r, θ, t ) is
visualized in the comoving frame for three different scenarios characterized by different viscosity
ratios κ . The contour plots provide a visual representation of the stream function within and around
the droplet.

For relatively small values of κ , there is a pronounced circulation flow inside the droplet. This
behavior can be explained by Eq. (A18c), as small values of κ effectively result in stress-free
boundary conditions. This limiting case is applicable, for example, to gas bubbles in water, where
the viscosity ratio μair/μwater ≈ 0.01 is significantly smaller than unity.

For κ = 1, the strength of the circulation inside a droplet decreases noticeably, but remains finite.
This scenario arises for liquid droplets surrounded by another immiscible liquid. Mathematically,
this is the most complex case, as the analytical expressions do not allow for further simplifications.

In the regime of high viscosity ratios κ , the circulation within the droplet practically disappears.
Considering Eq. (A18c) for this scenario reveals that due to the high viscosity, even small circula-
tions in the droplet are associated with enormous stresses that cannot be balanced unless the outer
tangential flows vanish at the surface. This case corresponds to the nonslip boundary conditions
found on the surface of solid particles.
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2. Drag force in terms of the stream function

During the movement of a droplet relative to the surrounding liquid, pressure and viscous
frictional forces act on it, which are determined here using the stream function calculated in the
previous section.

The force dF acting on a surface element dS of a droplet with a normal vector n = er has,
according to Eq. (A11), the following form in spherical coordinates:

dF = [σrrer + σrθeθ + σrϕeϕ]r=R0 dS = [(τrr − p)er + σrθeθ ]r=R0 dS. (B28)

Herein, σrϕ vanishes due to symmetry reasons, as mentioned above, and the two other coefficients
are [39,40]

τrr = σrr + p = 2μ f
∂vr

∂r
= 2μ f

∂

∂r

(
1

r2 sin θ

∂ψ

∂θ

)
, (B29)

σrθ = μ f

(
1

r

∂vr

∂θ
+ ∂vθ

∂r
− vθ

r

)
= − μ f

r sin θ

(
∂2ψ

∂r2
− 2

r

∂ψ

∂r
− sin θ

r2

∂

∂θ

(
1

sin θ

∂ψ

∂θ

))
. (B30)

If the pressure p outside the drop is decomposed as in Eq. (A17), then we can use Eq. (A16) and
integrate the contribution of pstatic, which gives the buoyancy force:

Fb = −
‹

r=R0

pstatic er dS = −
˚

r�R0

(∇pstatic )d3r = ρ f

˚
r�R0

∇
(

�(r, t ) + r · dṡ
dt

)
d3r

= m f s̈ + ρ f

˚
r�R0

∇�(r, t ) d3r. (B31)

Here, we have used the divergence theorem and

m f = 4
3πR3

0ρ f (B32)

is the mass of the liquid displaced by the drop. Equation (B31) illustrates that when the container
is shaken, the buoyancy force, arising from the external potential, is modified by an effective
gravitational acceleration induced by the shaking.

The flow resulting from the movement of the droplet causes a dynamic force contribution:

Fd =
‹

r=R0

[(τrr − pflow)er + σrθ eθ ] dS. (B33)

Together, the total hydrodynamic force F on the droplet is given by

F = Fb + Fd . (B34)

To calculate the force in Eq. (B33), the pressure pflow caused by the flow is required. It is determined
as a function of v by Eq. (A18b) as follows:

∇
(

pflow

ρ f
− r · dv∞

dt

)
= ν f ∇2v − ∂v

∂t
. (B35)

Applying the Grassmann identity and the incompressibility condition (with some intermediate steps
omitted), the Laplacian becomes

∇2v = ∇(÷v) − ∇×(∇×v) = −∇×
(

∇×∇×
(

ψ

r sin θ
eϕ

))
= − eϕ

r sin θ
× ∇(Êψ ). (B36)

Consequently, Eq. (B35) can be reformulated, and the following equation can be reformulated for
the determination of the flow contribution to the pressure:

∇
(

pflow

ρ f
− r · dv∞

dt

)
= −ν f

eϕ

r sin θ
× ∇(Êψ ) − ∇×

(
1

r sin θ

∂ψ

∂t
eϕ

)
. (B37)
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With the decomposition of the stream function ψ in Eq. (B13), the previous equation can be further
rewritten using the expressions in Eq. (B15) for ψω and in Eq. (B22) for g f :

∇
(

pflow

ρ f
− z

dv∞
dt

)
= ∇

(
vωe−iφ−iωt

2
iω

[
1 − R3

0

r3
α

f
1

]
r cos θ

)
+ c.c. (B38)

The first contribution on the right-hand side is caused by ψω, while the second and complex
conjugate contribution arises due to ψ−ω = ψ∗

ω. To find this equation, we have also used the
relationship between ω and k f given in Eq. (B18). Equation (B38) determines the pressure outside
a droplet and we obtain with z = r cos θ the flow-induced pressure

pflow = −ρ f iω
vωe−iφ

2
e−iωt R3

0

r3
α

f
1 r cos θ + c.c., (B39)

whereby the integration constant is absorbed in p0. Again, the first term on the right is caused by
ψω, as introduced in Eq. (B13).

Using the definitions of the components τrr and σrθ from Eqs. (B29) and (B30), these take the
following form at the drop surface with r = R0:

τrr (r = R0) = −12μ f

R0

(
α

f
1 − α

f
3

[
1 − ik f − 1

3 k2
f

k f

]
eik f

)
vωe−iφ

2
e−iωt cos θ + c.c., (B40)

σrθ (r = R0) = −6μ f

R0

(
α

f
1 − α

f
3

[
1 − ik f − 1

2 k2
f + 1

6 ik3
f

k f

]
eik f

)
vωe−iφ

2
e−iωt sin θ + c.c. (B41)

With the expressions in Eqs. (B39)–(B41) the drag force onto the droplet follows by evaluating the
integral in Eq. (B33). Since τrr, σrθ and pflow are independent of ϕ, the components x and y of Fd

vanish and the drag force in the z direction is given by

Fd = 2πR2
0ez

ˆ π

0
[(τrr − pflow) cos θ − σrθ sin θ ] sin θ dθ

= 3πR0μ f

[
2

9
α

f
1 k2

f + 4

9
α

f
3 (1 − ik f )k f eik f

]
vωe−iωt−iφez + c.c. (B42)

Inserting the expressions for α
f
1 and α

f
3 from Eqs. (B27), we obtain after some algebra the compact

expression for the drag force:

Fd = 6πR0μ f

[
2 + 3κ

3 + 3κ
− k2

f

9
+ Ḡ(ω)

]
vω

2
e−iωt−iφez + c.c., (B43)

with frequency dependent Ḡ(ω) given by

Ḡ(ω) = 4ik f h(ikd ) + κ[3(1 + ik f )h(ikd ) + χ − 3ik f (1 + κ )χ ]

3i(3i + k f )h(ikd ) + 3κ[i(3i + k f )h(ikd ) + χ + κχ ]
. (B44)

It should be noted that v∞ in x or in y direction results in the same magnitude of the force in the
x or y direction, i.e., the drag force for relative velocities in x and y direction is also determined.
Furthermore, Eq. (B34) takes, by using Eq. (B43), the following form:

F =Fb + m f

2

dv∞
dt

+6πR0μ f vω

[
Im[Ḡ(ω)] sin(ωt + φ) +

(
2 + 3κ

3 + 3κ
+ Re[Ḡ(ω)]

)
cos(ωt +φ)

]
ez.

(B45)

Although the explicit expressions for the real and imaginary parts of Ḡ(ω) can be quite long, they
can be easily evaluated numerically.
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If ω approaches zero, then the two expressions kd and k f disappear. By successive application
of the L’Hospitals rule, the limit ω → 0 can be evaluated and it gives the Hadamard-Rybczynski
formula [40,48,66,67] for steady droplet motion through viscous liquids with constant velocity
v∞ = v̂∞:

F = Fb + 6πR0μ f
2 + 3κ

3 + 3κ
v̂∞. (B46)

In an inviscid carrier fluid (μ f = 0), apart from buoyancy, only the second term in Eq. (B45)
contributes to the total force F, representing the added mass effect, which affects the droplet’s
inertia.

3. Drag forces for a general time-dependence of v∞(t )

In general, the velocity v∞(t ) is neither harmonic in time nor aligned along ez but may be
represented by the following Fourier decomposition,

v∞(t ) =
∑

j=x,y,z

v j (t )e j =
∑

j=x,y,z

(ˆ
dω√
2π

v̄ j (ω)e−iωt

)
e j, (B47)

with

v̄ j (ω) =
ˆ

dt√
2π

v j (t )eiωt . (B48)

In the low Reynolds number range, the flow velocity v is described by the linear Navier-Stokes
equation, Eq. (A7). With a general excitation v∞ as in Eq. (B47), the resulting flow velocity and
also the total viscous frictional force Fd are linear superpositions of the contributions from Eq. (B43)
induced by the different excitation frequencies and all orientations. Hence, the total drag force acting
on the droplet is given by

Fd = 6πR0μ f

∑
j=x,y,z

ˆ
dω√
2π

[
2 + 3κ

3 + 3κ
− k2

f

9
+ Ḡ(ω)

]
v̄ je

−iωt e j

= 6πR0μ f
2 + 3κ

3 + 3κ
v∞(t ) + m f

2

dv∞(t )

dt
− 3R0μ f

ˆ
dt ′ dv∞(t ′)

dt ′ G(t − t ′), (B49)

with the kernel

G(t ) =
ˆ ∞

−∞
dω

Ḡ(ω)

iω
e−iωt . (B50)

However, Ḡ in Eq. (B44) is only valid for ω > 0 due to the choice of α
f
4 = 0 in Eq. (B22). For ω < 0

we receive the complex conjugated expression, i.e., we have the relationship Ḡ(−ω) = Ḡ∗(ω) and
therefore

G(t ) = −
ˆ ∞

0
dω

(
i
Ḡ(ω)

ω
e−iωt − i

Ḡ(ω)∗

ω
eiωt

)
= 2 Im

(ˆ ∞

0
dω

Ḡ(ω)

ω
e−iωt

)
. (B51)

The complicated frequency dependence through k f and kd still allows a numerical evaluation of Fd

but analytical representations of Fd for general v∞(t ) are only tractable in the regimes of κ � 1 and
κ � 1, as described in the following two subsections.

4. Forces on a particle for κ � 1

We first examine the limiting case κ → ∞, which enforces rigid boundary conditions on the
droplet surface, analogous to those for solid particles in practical applications. In this scenario, the
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kernel in Eq. (B44) simplifies to the following form:

Ḡ(ω) = −ik f = −i
√

iωτ f . (B52)

Then, the integral in Eq. (B51) can be evaluated using contour integration. Generally speaking,
we make the following two substitutions: for t > 0, we choose ξ = √

iω, and for t < 0, we use
ξ = √−iω. These substitutions transform the integral into a standard Gaussian integral for easier
computation and we obtain the following:

G(t ) = 2
√

τ f Im

( ˆ ∞

0
dω

e−iωt

√
iω

)
= 2

√
τ f

{
Im

(−2i
´∞

0 dξe−tξ 2)
t > 0

Im
(
2
´∞

0 dξe−|t |ξ 2)
t < 0

= −2
√

τ f

{√
π/t t > 0

0 t < 0
. (B53)

As expected, due to causality, the kernel vanishes for t < 0.
The force acting on such a solid, spherical particle has the following form according to Eqs. (B34)

and (B49):

F = Fb + 6πR0μ f v∞ + m f

2

dv∞
dt

+ 6R2
0
√

πμ f ρ f

ˆ t

−∞
dt ′

(
1√

t − t ′
dv∞(t ′)

dt ′

)
. (B54)

This force includes the buoyancy force, the added mass effect, the instantaneous Stokes drag on the
particle, and the classical contribution of the history force [13,14].

5. Forces on a particle for κ � 1

As a further limiting case, we consider spherical air bubbles of constant radius moving through
fluids with constant ambient pressure. In this scenario, the ratio κ � 1 is much smaller than one, and
the Fourier transform of the kernel in Eq. (B51) simplifies for positive angular frequencies ω > 0
as follows:

Ḡ(ω) = −4

3

ik f /3

1 − ik f /3
= −4

3

i
√

iωτ f /9

1 − i
√

iωτ f /9
. (B55)

Thus, we need to compute according to Eq. (B51), the following integral:

G(t ) = 8

3
Im

( ˆ ∞

0
dω

√
iωτ f /9

iω[1 − i
√

iωτ f /9]
e−iωt

)
= 8

3

⎧⎨
⎩

Im
(
2
´∞

0
exp(−9ξ 2t/τ f )

i+ξ
dξ

)
t > 0,

Im
(
2
´∞

0
exp(−9ξ 2|t |/τ f )

1+ξ
dξ

)
t < 0,

(B56)

where we have introduced the substitutions ξ = √
iωτ f /9 for t > 0 and ξ = −i

√
iωτ f /9 for t < 0.

The integral for t < 0, again, results in a real value, thus making its imaginary component vanish.
For t > 0 we bring the integral back into a Gaussian form and make the denominator real, obtaining
the imaginary part of the integral that is essential for further calculation:

Im

( ˆ ∞

0

exp(−9ξ 2t/τ f )

i + ξ
dξ

)
= − exp

(
9t

τ f

) ˆ ∞

0

exp(−9(1 + ξ 2)t/τ f )

1 + ξ 2
dξ . (B57)

The resulting integral can be solved using the following identity for a positive real number ζ :

d

dζ

ˆ ∞

0

exp(−ζ [1 + ξ 2])

1 + ξ 2
dξ = −

ˆ ∞

0
exp(−ζ [1 + ξ 2])dξ = −

√
π

2

e−ζ

√
ζ

= π

2

d

dζ
[1 − Erf(

√
ζ )]. (B58)
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The integration constant with respect to the ζ integration in our particular scenario is determined
by the fact that the kernel G(t ) tends to zero at large t , i.e., G(t → ∞) = 0. Finally, we obtain the
following:

G(t ) = −8π

3

{
exp

(
9t
τ f

)
Erfc

(√
9t
τ f

)
t > 0

0 t < 0
. (B59)

Therefore, the force on a very low viscous incompressible liquid droplet is given by

F = Fb + m f

2

dv∞
dt

+ 4πR0μ f v∞(t )

+ 8πR0μ f

ˆ t

−∞
dt ′

[
dv∞(t ′)

dt ′ exp

(
9(t − t ′)

τ f

)
Erfc

(√
9(t − t ′)

τ f

)]
. (B60)

Similarly to small rigid spheres, this formula includes the buoyancy forces, the added mass effect,
and the stationary Stokes drag with a factor “4” instead of “6.” However, the form of the contribution
of the history force in the case of incompressible droplets with very small viscosity, more precisely
for vanishing viscosity, differs significantly from the contribution in Eq. (B54) for solid particles
with no-slip boundary conditions. The formulas so far apply to droplets of fixed radius R0, and their
extension to a time-dependent R(t ) radius for gas bubbles is discussed in Appendix C and in further
work.

It is instructive to consider the general expressions for the drag force on a solid particle in
Eq. (B54) and a bubble of constant radius in Eq. (B60) in two simple special cases: In Appendix
B 6 we study how the flow around the bubble relaxes to the Stokes profile after a sudden onset
of a relative velocity. This illustrates the diffusion timescale by Eq. (B19), which is required until
the flow can be considered in steady state. The second example is the harmonic time dependence
of v∞(t ) in Eq. (B12), used to construct the more general expressions for the velocity profile and
the drag force. Here, the ratio between the oscillation period and the diffusion timescale is a key
parameter for the relevance of the history force. Since this type of periodic motion also occurs in
the quantitative description of the horizontal shaking experiment, it is presented in the main text.

6. Relaxation of the force for a rapid acceleration to constant velocity

The simplest nontrivial situation considers the force on a particle after the sudden acceleration
to a stationary relative velocity. An example of a fast continuous start of fluid motion at t = 0
is v∞(t ) = − 1

2 v0[1 + tanh(t/τon)], where the onset time τon should be chosen to be significantly
smaller than the viscous diffusion time τ f . In this case, we approximate this switch-on process by
the Heaveside function,

v∞(t ) =
{

0 t < 0
−v0 t � 0 , (B61)

and we ignore the range 0 < t < τon in the following. With this choice, we have dv∞/dt = −v0δ(t )
and the force acting on a nonmoving droplet with κ � 1 (limit of a solid particle) for t > τon is
obtained via Eq. (B54) as follows:

F = Fb − 6πR0μ f v0

[
1 +

√
τ f

πt

]
. (B62)

For droplets with very low viscosity, that is, κ � 1 as for gas bubbles with a constant radius, the
relative velocity of Eq. (B60) gives the following time-dependent viscous drag force:

F = Fb − 4πR0μ f v0

[
1 + 2 exp

(
9t

τ f

)
Erfc

(
9t

τ f

)]
. (B63)
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Equations (B62) and (B63) show that after a sudden onset of relative velocity in both cases with
κ � 1 and κ � 1, the effective viscous friction force on a droplet greatly exceeds the Stokes friction
value due to the BBH. The duration of this aftereffect is determined by the viscous diffusion time τ f .
If t � τ f , then the force converges to the classical Stokes friction value at constant relative velocity
v0. Hence, a change in the velocity of the liquid that occurs over a short period of time τon influences
the viscous frictional force on a particle even then, when the relative velocity of the particle does
not change anymore. A qualitative interpretation of these results is as follows: A stationary droplet
in a flow causes a perturbation of the fluid-velocity field, which decreases with the inverse of the
distance according to Stokes’ law. If the relative velocity between a droplet and the carrier fluid
is suddenly switched on as in Eq. (B61), then the stationary Stokes velocity profile around the
droplet is established only on a timescale t > τ f . During the transition phase, the fluid parts farther
away from the droplet have not yet reached their stationary velocity. This temporarily increases the
shear gradients close to the surface of the particle. Consequently, a higher viscous friction force is
observed, as described by the formulas in Eqs. (B62) and (B63) until a stationary Stokes profile is
obtained.

APPENDIX C: FORCES ON GAS BUBBLES WITH TIME-DEPENDENT RADIUS

In this final Appendix, we extend the theory from Appendixes A and B—which applies to
droplets of constant radius in accelerating fluids—to spherical gas bubbles with a time-dependent
radius R(t ) [46,68,69]. As with the liquid droplets discussed in the main text, the surface tension at
the air-liquid interface determines up to what size the gas bubbles remain spherical. Our calculations
closely follow those of Ref. [46].

To determine the viscous friction force acting on a gas bubble, it is sufficient to know the velocity
and pressure fields outside the bubble. As before, even for spherical gas bubbles with variable
radius R(t ), the carrier liquid does not cross the gas-liquid interface and this leads to the following
boundary condition for the normal component of the carrier liquid velocity:

vr (r = R(t ), θ, t ) = dR(t )

dt
. (C1)

As seen in Appendix A the tangential velocity at the surface of a drop follows from the continuity of
the stresses across the drop interface. Because of the negligibly low viscosity of gases, the movement
of the gas inside the bubble is insignificant for the flow of the surrounding liquid. Therefore, free-slip
boundary conditions apply to the flow of the surrounding fluid on the bubble surface. However, for
gas bubbles in a liquid with a high concentration of surfactant, no-slip boundary conditions are a
good approximation [54], corresponding to case κ � 1 in Appendix B 4. In both special cases, the
equations for the flow around the bubble are closed, and we can calculate the drag force onto the
bubble without resolving its (compressible) interior dynamics.

In the following, we choose a time-dependent bubble radius with the initial condition R(t = 0) =
R0 and we perform a coordinate transformation as suggested in Ref. [46]. Accordingly, the spatial
coordinates are transformed via the relation

x = (x, y, z) = γ (t )(x̃, ỹ, z̃) = γ (t ) x̃, (C2)

with the time-dependent stretching factor γ (t ) = R(t )/R0. This gives the relationship

r̃(r, t ) = γ −1(t )r ⇐⇒ r(r̃, t ) = γ (t )r̃ (C3)

between the radial coordinates. The polar angle θ remains unchanged after rescaling of the coordi-
nate axes. In the new coordinate system, the time t̃ is determined as follows:

t̃ =
ˆ t

0
γ −2(s) ds �⇒ dt̃

dt
= γ −2(t ). (C4)
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Accordingly, the velocity vector ṽ in the new coordinate system is related to the original velocity v
via

v = dx
dt

= d

dt
(γ (t̃ )x̃) = γt x̃ + γ −1 d x̃

dt̃
= γt x̃ + γ −1ṽ, (C5)

where the abbreviation γt = dγ /dt is used. This equation underscores that the rescaling of time and
space coordinates modulates the velocity in the new coordinate system. In particular, it emphasizes
that a point at rest in the old coordinate system has a radial velocity in the new coordinates due to
the stretching by the time-dependent factor γ (t ).

The above transformation also ensures that the boundary of the spherical bubble maintains a
constant radius r̃ = R0, in the transformed system, which results in the following condition for the
normal velocity ṽr at the bubble’s surface [cf. Eq. (C1)]:

ṽr (‖r̃‖ = R0) = 0. (C6)

Next, we formulate the governing equations for the velocity field outside the droplet in terms of
transformed coordinates. To do this, we use the transformation rule for the spatial derivatives:

∇ → γ −1∇̃. (C7)

Furthermore, the (convective) time derivative of the velocity (along a Lagrangian trajectory) be-
comes

dv
dt

= d

dt
(γt x̃ + γ −1ṽ) = γtt x̃ + γtγ

−2ṽ + d

dt
(γ −1ṽ) = γtt x̃ + γ −3 dṽ

dt̃
, (C8)

with γtt = d2γ /dt2. In the coordinate system that moves with the droplet, where stretched coordi-
nates are used and a rescaled time, the Navier-Stokes equation takes the following form:

dṽ
dt̃

+ γ 3γtt x̃ = −γ 2∇̃
(

p

ρ f
+ � − r ·

[
dv∞
dt

− dṡ
dt

])
+ ν f ∇̃2ṽ. (C9)

Here, dṽ/dt̃ stands for the full convective derivative (including the nonlinearity), and the continuity
equation reads

÷̃ṽ = − 3

R(t̃ )

dR

dt̃
. (C10)

It is intuitively clear that the pulsating bubble generates a pulsating radial flow. This idea is further
supported by the solution to Eqs. (C9) and (C10) for v∞ = s = � = 0, which is

ṽpuls =
(

R3
0

r̃3
− 1

)
γtγ x̃, (C11)

ppuls = ρ f R2
0

2

[
2

R0

r̃
γttγ −

(
R4

0

r̃4
− 4R0

r̃

)
γ 2

t

]
. (C12)

This equation also satisfies the desired normal boundary conditions of Eq. (C6). The above solution
can be used to remove the additional inertial term in Eq. (C9), while the potential � and shaking
acceleration s̈ can be absorbed into a hydrostatic solution in the form of Eq. (A16). Overall, we
therefore propose the following ansatz for a solution:

ṽ = w̃ + ṽpuls p = pstatic + ppuls + pflow. (C13)
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By inserting all of this into Eq. (C9), we obtain

∂w̃
∂ t̃

+ (w̃ · ∇̃)w̃ + (ṽpuls · ∇̃)w̃ + (w̃ · ∇̃)ṽpuls = −γ 2∇̃
(

pflow

ρ f
− r · dv∞

dt

)
+ ν f ∇̃2w̃. (C14)

As it is mentioned in Ref. [46], in the limit of small Reynolds number R‖v∞‖/ν f � 1 and when
the bubble expands slowly, i.e., |Ṙ|/‖v∞‖ � 1, we recover the Stokes limit and find

∂w̃
∂ t̃

= −γ 2∇̃
(

pflow

ρ f
− r · dv∞

dt

)
+ ν f ∇̃2w̃. (C15)

Transforming back into the original coordinate system, the velocity is

v = R0

R
w̃ + R2

r2

dR

dt
er, (C16)

and matching of the far-field condition requires

v(‖r‖ � R(t )) → v∞ + R2

r2

dR

dt
er . (C17)

When expressed in terms of ṽ, this gives

ṽ(‖x̃‖ � R0) → γ v∞ + ṽpuls. (C18)

The transformed equations (C6), (C10), (C15), and (C18) can be summarized as follows:

∂w̃
∂ t̃

= −∇̃
(

p̃flow

ρ f
− r̃ · d(γ v∞)

dt̃

)
+ ν f ∇̃2w̃, (C19a)

∇̃ · w̃ = 0, (C19b)

w̃(‖r̃‖ � R0) → γ v∞, (C19c)

w̃r (‖r̃‖ = R0) = 0. (C19d)

Thereby,

pflow = γ −2 p̃flow − ρ f γt r̃ · v∞. (C20)

In this way, the above equations correspond exactly to the flow around a bubble of constant radius,
as discussed earlier, where the free-stream velocity v∞ is modulated by γ .

To obtain the force on the bubble, as derived in Eq. (B33), we then need to re-express the elements
of the stress tensor as

τrr (r = R(t ), θ, t ) = 2μ f
∂vr

∂r

∣∣∣∣
r=R(t )

= 2μ f γ
−1 ∂

∂ r̃
(γt r̃ + γ −1ṽr )r̃=R0

= 2μ f γ
−2 ∂w̃r

∂ r̃

∣∣∣∣
r̃=R0

+ function(t ), (C21)

σrθ (r = R(t ), θ, t ) = μ f r
∂

∂r

(
vθ

r

)
r=R(t )

= μ f γ
−2r̃

∂

∂ r̃

(
w̃θ

r̃

)
r̃=R0

. (C22)

During the above calculation, we employed the no-normal-flux boundary condition to simplify the
expressions. Notably, the isotropic terms (those without dependence on θ ) in the above formula
tend to average out when integrated over the bubble’s spherically symmetric surface. This is
true, especially for ppuls. Furthermore, the factor γ −2dS = γ −2R2 sin θdϕdθ = R2

0 sin θdϕdθ = dS̃
precisely rescales the integral over r = R(t ) to an integral over r̃ = R0. This rescaling turns out to
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be extremely beneficial as it allows us to express the force acting on the bubble as follows:

F(t̃ ) = −
‹

r=R(t̃ )
[pstatic + ppuls + pflow]er dS +

‹
r=R(t̃ )

[τrrer + σrθeθ ] dS

= Fb(t̃ ) + ρ f γtγ
2
‹

r̃=R0

(r̃ · v∞)er dS̃

+ γ −2
‹

r=R(t̃ )

[(
2μ f

∂w̃

∂ r̃
− p̃flow

)
er + μ f r̃

∂

∂ r̃

(
w̃θ

r̃

)
eθ

]
dS

= Fb(t̃ ) + m f (t̃ )γ −1γt v∞ +
‹

r̃=R0

[(
2μ f

∂w̃

∂ r̃
− p̃flow

)
er + μ f r̃

∂

∂ r̃

(
w̃θ

r̃

)
eθ

]
dS̃, (C23)

with

Fb(t̃ ) = m f (t̃ )s̈ + ρ f

˚
r�R(t̃ )

∇�(r, t̃ ) d3r, (C24)

and m f (t̃ ) = 4πR(t̃ )3ρ f /3. Although this expression might seem rather complex at first glance,
it significantly simplifies when the system of equations, as detailed in Eqs. (C19), is closed by
choosing an appropriate tangential boundary condition. In this scenario, the last integral corresponds
exclusively to the hydrodynamic force acting on a droplet with a constant radius but with a modified
free-stream velocity v∞ → γ v∞ and with Fb = 0. The relevant expressions for the force have
already been calculated earlier in this work.

For a solid sphere, we can apply Eq. (B54), replacing v∞ with γ v∞. in contrast, for an inviscid
bubble, we need to refer to the relevant part of Eq. (B60). These calculations will be elaborated upon
in the following two subsections.

1. Forces for free-slip boundary conditions

The first special case in which we can easily supplement the missing boundary condition in
Eq. (C19) is that of an inviscid bubble. We have shown earlier that the relevant expression reads

∂

∂r

(
vθ

flow

r

)
r=R(t )

= 0. (C25)

When expressed in transformed coordinates, in terms of w̃, we find

∂

∂ r̃

(
w̃θ

r̃

)
r̃=R0

= 0. (C26)

Therefore, the set of equations (C19) is now complete. It corresponds to the flow around a bubble
of constant radius R0 and the expression for the last integral may be taken from Eq. (B60). We find

F(t̃ ) = Fb(t̃ ) + m f (t̃ )γ −1γt v∞ + 4πR0μ f γ (t̃ )v∞(t̃ ) + 2

3
πρ f R3

0
d(γ v∞)

dt̃

+ 8πR0μ f

ˆ t̃

−∞
dt̃ ′

[
d(γ v∞)

dt̃ ′ exp

(
9ν f (t̃ − t̃ ′)

R2
0

)
Erfc

(√
9ν f (t̃ − t̃ ′)

R2
0

)]

= Fb(t̃ ) + 4πR(t̃ )μ f v∞(t̃ ) + 1

2

d(m f v∞)

dt

+ 8πR0μ f

ˆ t̃

−∞
dt̃ ′

[
d(γ v∞)

dt̃ ′ exp

(
9ν f (t̃ − t̃ ′)

R2
0

)
Erfc

(√
9ν f (t̃ − t̃ ′)

R2
0

)]
. (C27)
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The time coordinate within the integral can be transformed back, via Eq. (C4), by making the
following substitution:

t̃ ′ =
ˆ t ′

0
γ −2(s)ds ⇐⇒ dt̃ ′ = γ −2(t ′)dt ′. (C28)

This yields

F(t ) = Fb(t ) + 4πR(t )μ f v∞(t ) + 1

2

d(m f v∞)

dt
+ 8πμ f

ˆ t

−∞
dt ′ d(Rv∞)

dt ′ exp

(
9ν f

ˆ t

t ′
R−2(s)ds

)

× Erfc

(√
9ν f

ˆ t

t ′
R−2(s)ds

)
, (C29)

which now explicitly contains an additional inertia term (or buoyancy term) already discussed by
Magnaudet [46]. This additional contribution arises from the acceleration of the fluid far from the
bubble, which is balanced by a uniform pressure gradient, and therefore results in a net force on the
spherical volume of fluid occupied by the bubble.

2. Forces for no-slip boundary conditions

Repeating the procedure for no-slip boundary conditions, we start from Eq. (B54) to obtain

F(t ) = Fb(t ) + 6πR(t )μ f v∞(t ) + 1

2

d(m f v∞)

dt
+ 6

√
πμ f ρ f

ˆ t

−∞
dt ′

(
1√´ t

t ′ R−2(s)ds

d(Rv∞)

dt ′

)
.

(C30)
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