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Dynamics of small bubbles in turbulence in non-dilute conditions
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Turbulent flows laden with small bubbles are ubiquitous in many natural and industrial
environments. From the point of view of numerical modeling, to be able to handle a
very large number of small bubbles in direct numerical simulations, one traditionally
relies on the one-way coupling paradigm. There, bubbles are passively advected and are
noninteracting, implicitly assuming dilute conditions. Here, we study bubbles that are
four-way coupled, where both the feedback on the fluid and excluded-volume interactions
between bubbles are taken into account. We find that, while the back reaction from the
bubble phase onto the fluid phase remains energetically small under most circumstances,
the excluded-volume interactions between bubbles can have a significant influence on the
Lagrangian statistics of the bubble dynamics. We show that as the volume fraction of
bubbles increases, the preferential concentration of bubbles in filamentary high-vorticity
regions decreases as these strong vortical structures get filled up; this happens at a volume
fraction of around one percent for Reλ = O(102). We furthermore study the influence on
the Lagrangian velocity-structure function as well as pair dispersion, and find that, while
the mean dispersive behavior remains close to that obtained from one-way coupling sim-
ulations, some evident signatures of bubble collisions can be retrieved from the structure
functions and the distribution of the dispersion, even at very small volume fractions. This
work not only teaches us about the circumstances under which four-way coupling becomes
important, but also opens up new directions towards probing and ultimately manipulating
coherent vortical structures in small-scale turbulence using bubbles.

DOI: 10.1103/ny7h-wlxl

I. INTRODUCTION

Bubbles immersed in turbulent flows impart complex, multiscale dynamics that play a central
role across many natural and engineered systems, from mixing [1,2], to boiling processes [3–5], to
specially tailored bubble curtains [6,7] and bubbly drag reduction [8–10]. In this large variety of
bubbly flows, one encounters bubbles across a wide range of different sizes, which can all give rise
to different dynamical effects.
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FIG. 1. A snapshot of bubbles in turbulence for a simulation of one-way-coupled (a) and four-way-coupled
(b) bubbles of size D = 0.81η and volume fraction α = 3.5%. The inset zooms show a small cross section of
the full domain, where the background color indicates the local enstrophy �2 ≡ |∇ × u|2.

This work focuses on the dynamics of bubbles that are small with respect to the Kolmogorov
scale of the turbulent flow (also referred to as microbubbles), are undeformable, and are subject to
strong turbulence so that gravity plays a negligible role. Semantically, this coincides with the high
Froude number, low Weber number limit. In numerical simulations, such bubbles have traditionally
been studied in a one-way coupling paradigm, meaning that only the advection from the fluid phase
exerted onto the bubble phase is taken into account. Such one-way coupling simulations are able
to reproduce phenomena such as preferential concentration, dispersion, and clustering [11–17].
Intuitively, this approximation is justified if the concentration of bubbles is dilute, such that both
the collective effect of the back reaction of the bubbles onto the fluid as well as interactions between
bubbles themselves can be neglected. Once the bubble-volume fraction increases, however, this
approximation is challenged, and more sophisticated methods that take all such interactions into
account are warranted. This can be achieved using methods that fully resolve the geometry of
both phases and their boundary conditions, such as the immersed boundary method [18–22], or
using approximate point-based methods such as Refs. [23,24]. While fully resolving methods offer
increased accuracy, they exacerbate the computational cost, making it intractable to scale up to
simulations of millions of small particles or bubbles. Recently, we have introduced an efficient novel
point-based method for simulating small particles in turbulence in the so-called four-way coupling
regime, taking the two-sided momentum exchange between particle and fluid phase into account,
as well as excluded-volume interactions between the particles, at only a very limited additional
numerical cost with respect to one-way coupling [25].

In this work, we apply this method to simulate undeformable, small spherical bubbles in
turbulence, see Fig. 1. The objective of this work is to study the effect of the interactions included
in this four-way coupling paradigm on the dynamics of bubbles in turbulence, spanning volume
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fractions over five orders of magnitude from a very dilute regime to a very dense regime. We
consider various Eulerian and Lagrangian statistical properties that together paint a clear picture
of the dynamical behavior of small bubbles in turbulence at the different volume fractions and
the influence of four-way coupling thereon. We study under which circumstances, and in which
particular observables, effects of four-way coupling emerge, and trace these findings back to the
different aspects of the interactions that are accounted for in the four-way coupling method.

II. NUMERICAL SETUP

The simulations in this work employ pseudospectral direct numerical simulation (DNS) to solve
the Navier-Stokes equations for the Eulerian flow in the fluid phase, coupled with Lagrangian
interpolation for the bubble phase, solving the Maxey-Riley equations of motion for point particles
in turbulence. On top of that, we include a back reaction of the bubbles onto the fluid phase and
excluded-volume interactions between the bubbles, completing the four-way coupling paradigm.
The method is discussed and validated in detail in Ref. [25], here we give a brief description.

The flow field u(r, t ) in the fluid phase in Eulerian space r and time t is governed by the
conservation of momentum and mass as

Du
Dt

= −∇p + ν�u + f + f p, (1a)

∇ · u = 0, (1b)

where p denotes the pressure and ν is the kinematic viscosity. The flow is driven by an
external force f , acting on forcing wave number k f , defined in Fourier space as f̂ (k) =
εû(k)/

∑
k f �|k|<k f +1 |û(k)|2, ensuring smoothness and a constant energy-injection rate ε [26].

Furthermore, f p denotes the back reaction from the point particles onto the fluid phase, which is
governed by momentum exchange as [14,25,27]

f p ≡
Np∑
i

[
Du
Dt

− ρp

ρ f

dvi

dt

]
Vpδ(r − xi(t )), (2)

summing the individual contributions to the feedback force for all Np particles. Here, vi and xi

denote the velocity and position of particle i, respectively, Vp is the volume of the modeled particle,
and ρp and ρ f represent the density of the particle and the fluid, respectively. For massless bubbles,
ρp = 0, such that only the first term in the square brackets remains, originating from the added mass
of the bubble. Under the point-particle assumption, the back-reaction force is δ distributed in space,
which is approximated in practice by extrapolating to the nearest eight grid points surrounding the
particle, see Ref. [25].

Finally, the particle phase is evolved through Lagrangian interpolation following the Maxey-
Riley equations [28], where we retain only the dominant forces, being the pressure gradient force,
added mass, and Stokes drag, yielding

dv

dt
= β

Du(x, t )

Dt
− 1

τp
(v − u(x, t )), (3a)

dx
dt

= v + (collisions). (3b)

Here, β ≡ 3/(1 + 2ρp/ρ f ) and τp is the reciprocal Stokes drag coefficient or particle-response
time, which is typically compared with the Kolmogorov time τη ≡ √

ν/ε of the turbulence to yield
the Stokes number St ≡ τp/τη.

We resolve collisions between particles by assuming hard spherical particles with collision
diameter D, using the “You Only Collide Once” (YOCO) algorithm. This method performs elastic
collisions on particles that are forecast to collide in the next time step and re-enforces excluded
volume for particles that are overlapping, treating the most severe overlap or collision for each
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FIG. 2. Total kinetic energy (a) and kinetic-energy spectra (b) for four-way-coupled bubbles in turbulence
at various volume fractions α and bubble sizes D. In (a) the kinetic energy Etot is compensated by the kinetic
energy of the single-phase turbulence without bubbles Etot,0, while (b) shows the total energy spectra with
the compensated spectra in the inset. The inset in (a) shows the kinetic energy for runs with heavy particles
(ρp/ρ f = 2 and ρ f /ρp = 25) for comparison. Panel (b) provides the results for bubbles with D = 0.81η. The
figure shows that the back reaction of the bubbles on the fluid flow only has a very small energetic effect, even
at relatively large volume fractions.

particle at every time step, see Ref. [25] for a detailed description. This method presumes that
collisions happen instantaneously. In reality, there will be an elastic time scale involved in the
bubble-collision process. Our method thus represents the limit in which this elastic time scale
of collisions is much smaller than the smallest dynamical time scale of the turbulent flow,
represented by τη.

This work shall focus on massless bubbles (ρp/ρ f = 0, β = 3), with a resonant Stokes number
St = 1, yielding the strongest effect of the characteristic preferential concentration of bubbles
in high-vorticity regions [15]. The main simulations are carried out with a resolution of 5123

Eulerian grid points and Taylor-scale Reynolds number Reλ ≈ 95, while we also perform smaller
simulations at 2563 and 1283 resolution and smaller Reλ to assess Re dependence. We ensure
that the largest wave number resolves kmaxη ≈ 3, such that the grid spacing coincides with the
Kolmogorov length η ≡ ν3/4ε−1/4, yielding a well-resolved dissipative range. Bubbles with various
collision diameters are considered in the range D = (0.41 − 1.63)η, which is sufficiently small to
justify the point-particle approximation [29,30]. While, formally, the ratio D/η would impose the
St if one assumes pure spherical Stokesian drag, we numerically fix St = 1 for all bubble sizes.
This not only maximizes the effect of preferential concentration, but also isolates the effect of
bubble-bubble interactions from inertial effects, while ensuring that bubbles can be modeled to
be sufficiently small. To assess the influence of bubble-volume fraction, the number of particles
is varied over a large dynamic range from Np = 256 to Np = 4 × 107, yielding a bubble-volume
fraction α ≡ πNpD3/(6V ) (with V the total simulation volume) that varies all the way from a
very dilute regime with α = O(10−5) to a very dense regime with α = O(10−1). This allows us
to systematically explore the effect of four-way coupling on bubbly turbulence.

III. BUBBLE-FLUID INTERACTION

To understand the effect of the four-way-coupled bubbles on the underlying turbulent flow, we
start by studying how they affect the kinetic energy. Changes in the energetic properties of the flow
will be a consequence of the back reaction that the bubbles exert on the fluid phase. In Fig. 2, we
show the total kinetic energy Etot [panel (a)] in the fluid phase for the four-way-coupled system
at varying bubble volume fraction, compared with its one-way-coupled counterpart (with the same
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β = 3 and St = 1), as well as the corresponding spectral distribution of energy E (k) as a function
of wave number k [panel (b)].

It shows that only when one goes to extremely high volume fraction of α � 10%, an appreciable
effect on the total kinetic energy is obtained. However, even at these very high volume fractions, the
quantitative effect on total kinetic energy remains very small, at the sub-5% level. We furthermore
point out that the effect on the kinetic energy collapses for different D, which is a consequence of
the proportionality of the feedback force of each bubble with the bubble volume Vp, making the
total feedback force effectively proportional to the local volume fraction, see Eq. (2). Considering
the different spectral scales, we also find just small effects, which only become clear at the
highest volume fractions. We notice an increase of energy at the very smallest scales (highest k),
corresponding to the scale of the bubbles, followed by a slight attenuation of spectral energy in the
dissipative range and an even slighter increase of energy in the forcing and inertial scales. This is
in agreement with earlier results for two-way-coupled bubbles [31], and can be understood from
basic arguments [25]: if one approximates the feedback force as f p ≈ α Du

Dt , see Eq. (2), then a
substitution into the Navier-Stokes Eq. (1a), reveals that both the energy injection rate ε as well as
the viscosity ν are effectively enhanced by a factor 1/(1 − α), which slightly increases the energy
in the inertial range and moves the Kolmogorov scale to lower k, thereby decreasing the energetic
content in the dissipative range. In this sense, the modulation of the fluid flow due to the presence
of bubbles effectively boils down to a decrease of the local fluid density by a factor (1 − α).

The relatively small magnitude of the effect of the four-way-coupled bubbles on the fluid kinetic
energy can be understood from the nature of the back-reaction force itself. For fluids laden with
heavy particles, strong turbulence attenuation is obtained even at only moderate volume fractions
[32–35], see also the inset in panel (a). The massless bubbles, on the contrary, do not carry any
momentum themselves. As a consequence, the only back reaction in the case of bubbles is due to
their added mass, i.e., the first term in the square brackets in Eq. (2), while the second term vanishes,
yielding only a relatively small force on the underlying flow.

IV. PREFERENTIAL SAMPLING AND CLUSTERING

Although the back reaction on the fluid may be small, we can expect a significant difference
between four-way-coupled and one-way-coupled bubbles in the Lagrangian statistics due to the
interactions between bubbles themselves. Because of the preferential concentration inside high-
vorticity regions, local densities can be much larger than the mean density, which raises the
importance of bubble-bubble interactions even further. To investigate the effect of these interactions
on the preferential concentration of bubbles inside the high-vorticity regions, we study the enstrophy
�2 ≡ |∇ × u|2 that is sampled at the position of the bubble.

The results are shown in Fig. 3 for varying volume fraction α and for different bubble sizes D and
turbulence Taylor-scale Reynolds number Reλ. The figure shows a clear transition between a dilute
regime at low α and a denser regime at higher α. In the dilute regime, the preferential sampling
of the four-way-coupled bubbles is indistinguishable from that of the one-way-coupled bubbles.
In the denser regime, preferential sampling decreases as bubbles start to interact through their
excluded volume and eventually approaches the Eulerian average expected for uniformly distributed
bubbles at the highest volume fractions. The transition between the two regimes occurs at around
a critical volume fraction α = αc ≈ 1%, independent of the bubble size D in the considered range,
as indicated by the collapse in panel (a). We recall that this collapse is with respect to the volume
fraction α, which for each bubble size corresponds to a different number of bubbles. The largest
bubbles (D = 1.63η) show a small excess oversampling of enstrophy beyond the one-way-coupled
bubbles at low α. This is attributed to the self-induced vorticity sensed by the bubbles that results
from the perturbations produced by the localized back reaction f p on the fluid.

The high-enstrophy regions that the bubbles preferentially sample are associated with vortex
filaments in the turbulent flow [15,16,36–40]. These coherent structures are long-lived small-
scale structures that extend in a linelike filamentary fashion. They have been an active topic in
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FIG. 3. The effect of four-way coupling on the preferential sampling of enstrophy as a function of the
volume fraction α. The sampled enstrophy �2 at the bubble position is compensated by the Eulerian domain
average �2

0, shown for varying bubble sizes D (with Reλ = 95) (a) and for varying Taylor-scale Reynolds
numbers Reλ (with D = 0.81η) (b). The inset in (b) shows the preferential sampling of enstrophy rescaled with
respect to the one-way-coupled sampled enstrophy as (�2 − �2

0)/(�2
one-way − �2

0). Panel (c) shows the same

data, where the volume fraction is rescaled by a factor Re−1/2
λ . Horizontal dashed lines indicate the results for

one-way-coupled bubbles. The figure shows that the vortex filaments with the highest enstrophy become filled
up at around a critical volume fraction of α = αc ≈ 1%, beyond which preferential sampling is inhibited.

fundamental turbulence research and are presumed to be intricately connected to turbulence in-
termittency [41–43]. The findings in this work shed some light on the space occupied by these
high-vorticity regions. Since we find that preferential sampling decreases from around αc ≈ 1%
for the considered Reλ = O(102), we can regard this as the point at which the vortex filaments
become essentially “filled-up,” such that less-preferential locations need to be sampled, making this
transition point a proxy for the volume fraction occupied by vortex filaments.

To assess the Re dependence of this transition point, we consider the preferential sampling for
different Reλ in panel (b). This yields different levels of preferential sampling due to their different
levels of intermittency, but we can linearly rescale the enstrophy to be between 0 and 1 (inset). In
panel (c) we show that these curves then collapse well upon rescaling the volume fraction by a
factor Re−1/2

λ . This suggests that the transition point, associated with the volume fraction of vortex
filaments, scales as αc ∝ Re−1/2

λ , although it must be noted that the accessible dynamic range of Reλ

is limited. We point out that this scaling relation is an empirical finding here, and how to rationalize
it through scaling arguments remains an interesting open question. This would relate to both the size
as well as the effective number density of vortex filaments, and would possibly also be affected by
the lifetime of vortex filaments. The approach demonstrated in this work using four-way-coupled
bubbles seems to provide a promising pathway to study such questions.

As we approach this transition point at which the most-preferential regions become filled, we
should also expect the morphology of the bubble clusters to change. To investigate this, we compute
the fractal covering dimension d of the total set of bubbles, capturing the spatial dimensionality
of the bubble configuration. Details on this computation are provided in Appendix. The resulting
fractal dimensions are shown in Fig. 4. This indeed shows how the bubble-cluster conformation
changes from one-dimensional (d ≈ 1) linelike structures at low α, following the morphology of
vortex filaments, to a gradually more volumetric conformation at higher α, approaching full three
dimensionality (d → 3). This change can also be appreciated visually from the example snapshot
in Fig. 1. For the fractal-covering dimension, there is an explicit dependence on D, as larger bubbles
remain in a linelike configuration until higher α than smaller bubbles when filling up the vortex
filaments. This is also evident from the apparent empirical collapse when rescaling the abscissa by
the bubble size D (inset). The fractal dimension going slightly below the one-way-coupling line for
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FIG. 4. Fractal-covering dimension d for four-way-coupled bubbles in turbulence at varying volume
fraction α for different bubble sizes D. It shows that, as volume fraction increases, the bubble clusters transition
from the filamentary linelike structures with d ≈ 1 that are retrieved for one-way-coupled bubbles to more
volumetric structures with d → 3. The inset shows a rescaling of the abscissa by the bubble size D.

low α is attributed to the finite number of bubbles, leading to pointlike contributions from individual
bubbles at the lowest α, as motivated in Appendix.

V. LAGRANGIAN VELOCITY-STRUCTURE FUNCTION

Another commonly studied property of Lagrangian turbulence where we may expect signatures
of bubble-bubble interactions is the velocity-structure function

Sp(τ ) ≡ 〈|δτv|p〉 = 〈|v(t + τ ) − v(t )|p〉, (4)

and its scaling behavior Sp(τ ) ∝ τ ζp with scaling exponents ζp. These structure functions can be
used to describe the intermittency properties of Lagrangian turbulence through the deviation from
the Kolmogorov prediction ζp = p/2 [44,45].

To measure the scaling exponents ζp, they are typically obtained using extended self-similarity
(ESS) [46–48] as

ζp(τ ) ≡ d log Sp(τ )

d log S2(τ )
. (5)

The resulting local-scaling exponents ζp(τ ) of the Lagrangian velocity-structure functions are
known to show a notable decrease around the dissipative scale τ = O(τη ), before plateauing into
the inertial range at τ > O(10τη ) [49]. This so-called “viscous dip” is associated with trapping in
vortex filaments [50,51] and is hence amplified for light particles [52].

In Fig. 5, we show the obtained ESS Lagrangian velocity-structure function scaling exponents
of the fourth order for the four-way-coupled bubbles, alongside the one-way-coupled bubbles and
tracer particles for comparison. It shows that at low volume fraction α � 1%, the scaling exponents
closely follow that of the one-way-coupled bubbles, while at larger volume fractions α � 1%
the scaling exponents get closer to that of tracers. At these higher volume fractions, preferential
sampling and thus trapping in vortex filaments decreases, resulting in a less-pronounced viscous dip.
At larger time scales, approaching the inertial range τ � 10τη, all scaling exponents collapse within
error bars. On the other hand, at the shortest time scales τ 	 τη, while one-way-coupled bubbles and
tracers recover the smooth solution limτ→0 ζ4(τ ) ≈ 2, the four-way-coupled bubbles approach the
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FIG. 5. Lagrangian velocity-structure function scaling exponent ζ4(τ ) for four-way-coupled bubbles in
turbulence with D = 0.81η at various volume fractions α. The exponents are obtained via extended self-
similarity (ESS) as ζ4(τ ) ≡ d log S4(τ )/d log S2(τ ). Green dashed lines indicate fits through linear combination
ζ

(fit)
4 = γ ζ

(tracer)
4 + (1 − γ )ζ (one-way)

4 . The horizontal dashed line indicates the Kolmogorov nonintermittent
smooth solution ζ4 = 2. It shows that the viscous dip around τ = O(τη ), that is amplified for bubbles due
to preferential sampling, is reduced as the volume fraction increases.

rough, shocklike solution limτ→0 ζ4(τ ) ≈ 1 due to the effect of the instantaneous collisions, akin to
Burgers turbulence [53,54]. Since, in this short time limit, no other dynamical processes are active,
these collisions quickly dominate the statistics of velocity differences at the shortest time scales
even for the smallest volume fractions when collisions are increasingly rare. However, crucially, as
can be seen from the figure, the effect of collisions quickly vanishes as τ approaches τη and beyond.
This indicates that results obtained for one-way-coupled bubbles are correctly approaching those
for four-way-coupled bubbles in the dilute limit α � 1% at all relevant dynamical time scales when
it comes to the Lagrangian velocity-structure function. In the nondilute regime α � 1%, the scaling
exponents are well described by a simple linear combination of the scaling exponents of tracers and
one-way-coupled bubbles ζ

(fit)
4 = γ ζ

(tracer)
4 + (1 − γ )ζ (one-way)

4 , with fit parameter γ , as indicated by
the green dashed lines in Fig. 5.

VI. PAIR DISPERSION

Finally, we study how the four-way coupling affects the dispersion of pairs of bubbles in the
turbulent flow. To that extent, we consider the evolution of the separation between pairs of bubbles
xi and x j as

xi j (τ ) ≡ |xi(t + τ ) − x j (t + τ )|, (6)

which initially are close together 0.9D < xi j (0) < 3.5η. To eliminate the effect of the initial
condition, we study the quantity

�xi j (τ ) ≡ xi j (τ ) − xi j (0). (7)

In Fig. 6, we plot the mean-squared displacement 〈�x2
i j (τ )〉 and its scaling behavior for four-

way-coupled bubbles at different volume fractions as well as for tracers and one-way-coupled
bubbles for comparison. The pair dispersion shows an initial ballistic growth, followed by the
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FIG. 6. Pair dispersion for four-way-coupled bubbles in turbulence with D = 0.81η at various volume
fractions α. The figure shows the mean-squared displacement 〈�x2

i j (τ )〉 (a) and its logarithmic derivative (b) of
bubble pairs with initial separation 0.9D < �xi j (0) < 3.5η retrieving the Richardson-dispersion results with
an exponent that reaches ≈3 in the inertial range, before dropping to ≈1 in the diffusive range. It shows that
the mean-pair dispersion remains largely unaffected by the four-way coupling.

famous Richardson superdiffusive growth as ∝τ 3 in the inertial range, and a diffusive regime
∝τ at long time beyond the integral scale (≈102τη) [17,55,56]. Note that the tracers, one-way-,
and four-way-coupled bubbles exhibit similar mean dispersion. Apart from small differences at
short time scales ∼O(τη ) the one-way- and four-way-coupled bubbles largely collapse within the
statistical accuracy. This indicates that the collisions between bubbles do not strongly alter their
mean dispersive behavior.

Although the mean dispersive behavior is not affected by bubble collisions, we may expect
differences in the distribution of the pair dispersion, particularly at short distances when collisions
should be more prevalent. To study this in more detail, we consider the distribution of first-exit time
τFET, defined as the first time when a pair of bubbles reaches a certain separation �xi j [57,58]. The
resulting distributions for various separations are shown in Fig. 7.

This shows that, although the mean dispersive behavior is not strongly affected by the four-
way coupling, the tails of the distribution of the first-exit times are becoming strongly reduced.
These exponential tails correspond to the rare events of pairs of bubbles that remain together for an
exponentially long time, before separating and crossing the first-exit threshold. The occurrence of
such long-lived pairs is strongly reduced due to the excluded-volume interactions as bubbles push
each other away, even at the smallest volume fractions, explaining the large differences in the tails
of the distributions. These differences gradually diminish at larger separation distances as collisions
play a smaller role, as shown in the figure.

Although the contributions of these rare events of long-lived pairs to the mean dispersive behavior
is negligibly small, as shown above, the presence or absence of such long-lived pairs may still
have practical implications, e.g., for reactive flows and four-way coupling can thus be an important
consideration in the modeling for such applications at all volume fractions.

VII. CONCLUSIONS AND OUTLOOK

We have studied how the dynamics of small bubbles in turbulence changes when one goes from
the commonly used one-way-coupling paradigm to a four-way-coupled method, where both the
back reaction from the bubbles onto the underlying fluid is considered, as well as excluded-volume
interactions between the bubbles themselves. We have found that the energetic properties of the
underlying turbulent flow remain largely unaffected by the presence of small passive bubbles. This
can be understood from the fact that massless bubbles carry no momentum, and the back reaction
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FIG. 7. Distribution of first-exit times τFET for pair dispersion of four-way-coupled bubbles in turbulence
with D = 0.81η at various volume fractions α for different separation distances �xi j , respectively, 20η

(a), 40η (b), 80η (c), and 160η (d). It shows that, although mean-pair dispersion is largely unaffected by
four-way coupling, there is a strong effect on the exponential tails of the first-exit times, that capture the
rare events of pairs that remain close together for an exponentially long time. Excluded-volume interactions
in four-way coupling break up such long-lived pairs much more quickly than in the one-way-coupling
paradigm.

thus consists only of the added mass effect, in contrast with dispersed heavy particles. Considering
the Lagrangian dynamics of the bubbles themselves, the picture becomes more subtle, as some
Lagrangian statistics are found to be sensitive to the collisions between bubbles. We find a crossover
between a dilute regime at low volume fractions α � 1%, where collisions generally play only a
small role, and a denser regime at α � 1%, where the preferential concentration in filamentary
high-vorticity regions reduces and more volumetric bubble clusters are retrieved. This also teaches
us something about the turbulent properties of the underlying flow, suggesting that at this transition
point of α = αc ≈ 1% for the considered Reλ = O(102), the preferential vortex filament regions
start to fill up, making it a proxy for the volume fraction occupied by such coherent vortex structures.
This holds potential for applications in probing turbulence in experimental settings where one would
like to measure this volume fraction in different types of turbulent flows. We find that this critical
volume fraction has a weak Re dependence, observing a scaling of αc ∝ Re−1/2

λ .
Furthermore, we show that the excluded-volume interactions can alter the Lagrangian velocity-

structure function. Firstly, collisions introduce roughness at the shortest sub-Kolmogorov time
scales, which eventually dominates the statistics even at the smallest volume fractions as there is
no other dynamics at play at such small time scales. In the dissipative and inertial range, for the
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dilute regime, the statistics largely follow that of the one-way-coupled simulations, reassuring us
of the validity of previously obtained results under the one-way-coupling paradigm. As the volume
fraction increases, however, the statistics gradually get closer to that of tracer particles as preferential
concentration decreases, reducing the well-known “viscous dip” of the scaling exponent. Finally,
considering the pair dispersion of bubbles in turbulence, we find that the mean dispersion is largely
unaltered by the introduction of four-way coupling, again supporting the validity of one-way-
coupling simulations when studying the dispersive properties of bubbly turbulence. However, a clear
signature of bubble collisions can still be observed from the tails of the distribution of first-exit
times, showing that the prevalence of rare events of exponentially long-lived pairs is reduced by
bubble collisions, even at the smallest volume fractions. This can have consequences for certain
applications that are sensitive to such long-lived pairs, making four-way coupling an important
consideration for such applications at all volume fractions.

Our findings show that the question whether or not four-way coupling is important in bubbly
turbulence is a subtle question to answer and is intrinsically dependent on the type of observable
that one is interested in. While we have shown that some observables are virtually insensitive to
four-way coupling at all volume fractions, other observables show a dilute, unaffected regime and
a denser, affected regime, while still other observables show effects of four-way coupling at all
considered volume fractions. Note, however, that we have here considered massless bubbles with
St = 1, which show the strongest effect of preferential concentration. Moving to different St, higher
or lower, will naturally result in a diminishing effect of preferential concentration and hence also
the importance of the effects of four-way coupling observed here are expected to decrease as local
densities decrease. A rigorous study of how preferential concentration depends on St and density
contrast β is provided in Ref. [15].

We emphasize that this study is focusing on the effect of four-way coupling on passive bubbles
that are small with respect to the Kolmogorov scale of the flow and we are not considering the effects
of deformation, breakup, and coalescence, nor the effect of gravity. Significant two-way interactions
between the fluid and bubble phase that measurably alter the turbulent flow are expected when one
considers larger, fully interacting bubbles that extend into the inertial range of the turbulence and/or
are significantly affected by buoyancy [1,59–61]. However, even in the idealized setting of small
rigid bubbles studied here, a significant, well-targeted alteration of the statistics of the underlying
turbulent flow can be achieved as soon as one considers external forcing on the bubbles, e.g., due to
inertial or acoustic forces, as shown in Ref. [43]. Future work will further explore the possibilities
of this approach of targeted and controlled shaping of turbulence.
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APPENDIX: COMPUTATION OF FRACTAL COVERING DIMENSION

The fractal-covering dimension of a set of points can be computed by tiling the embedding space
with boxes of varying size l and computing the number of nonempty boxes n(l ) that have at least
one point inside. The fractal covering dimension d is then readily obtained from the logarithmic
derivative of n(l ) as

d = −d log n(l )

d log l
. (A1)

This shows that the fractal-covering dimension d is, in principle, a function of l , and we are typically
interested in the limiting behavior of the fractal dimension for l → 0. In practice, however, this poses
problem whenever considering a finite set of sample points, because at low l , zero-dimensional
contributions from individual points can start to dominate the statistics of n(l ) due to the finiteness
of the sample, leading to an underestimation of the true fractal dimension of a hypothetically infinite
sample.

This is illustrated from our data in Fig. 8, showing that at low l , and particularly at lower α

and larger D (fewer bubbles), the fractal dimension goes below unity due to contributions from
individual points. The true fractal dimension is arguably retrieved in the plateau at moderate l/η. To
account for the effect of the finiteness of the number of bubbles, we select the true representative
fractal dimension (used in Fig. 4) at a length l that scales as the average interparticle distance
l ∝ α−1/3, indicated by the black crosses in Fig. 8. We propagate the uncertainty due to this scale
selection into the error bar in Fig. 4.

For the smallest D = 0.41η, the highest α values are not accessible because of computational
limitations due to the extremely high number of particles, while for the largest D = 1.63η, the
lowest α values are not reliably measurable because of the large interparticle distance due to the low
number of particles.

FIG. 8. Fractal-covering dimension d computed at different length scales l for bubbles with D = 0.41η

(a), D = 0.81η (b), and D = 1.63η (c). Fractal dimensions below unity can be attributed to contributions
from pointlike structures resulting from the finite number of particles. The black crosses denote the selected
representative fractal dimension used for the results in Fig. 4.
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