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The collision kernel of droplets in warm clouds is a crucially important quantity for
the parametrization of precipitation in weather and climate models. Nevertheless, its
accurate representation remains a challenge, specifically in the bottleneck range 15 um <
r < 40 um, within which turbulence is believed to substantially contribute to droplet
growth. In this work, we address this problem by performing direct numerical simulations
of polydisperse inertial particles suspended in three-dimensional turbulence at Reynolds
number up to Re; = 418. Collision statistics are compiled for droplet pairs across the
Stokes number range St € [0.02, 2], yielding comprehensive bidisperse maps of collision
kernels, radial relative velocities, and radial distribution functions at contact. Our analysis
reveals that polydispersity enhances collisions between light droplets through differential
sampling, but attenuates collisions at larger Stokes numbers by rapidly reducing the spatial
overlap of droplet clusters. By benchmarking existing models, we show that dominant
bidisperse errors arise from overpredicted cross-species clustering. In light of these results,
we propose an adapted model for the bidisperse radial distribution function, as well as a
novel parametrization for the associated collision kernel, applicable to the smallest droplets
in the bottleneck range with small settling velocities. Finally, we study the broadening
of the droplet size distribution due to collision-coalescence and demonstrate that droplet
growth is markedly accelerated in parcels of large local dissipation rate, supporting the
hypothesis that turbulent intermittency may help overcome the bottleneck barrier.

DOI: 10.1103/kxxm-ghty

I. INTRODUCTION

Cumulus clouds form in the shallow regions of Earth’s atmosphere when moist air ascends
and cools, causing water vapor to condense at nucleation sites into micron-sized droplets that
subsequently grow and, eventually, fall to the ground as rain. Despite this seemingly simple picture,
key aspects of cloud-droplet growth remain poorly understood, contributing to persistent uncertainty
in weather and climate predictions [1]. One long-standing question is how droplets with radii
1Sum < r <40 um in warm (ice-free) clouds can grow rapidly enough to initiate precipitation
within roughly 30 min, since neither condensational growth nor collision-coalescence driven by
gravitational settling is sufficiently effective in this so-called bottleneck range [2]. Increasing
evidence suggests that turbulence, the chaotic motion of fluid flow, plays an important role in
resolving this puzzle. The broad range of turbulent flow scales alters the spatial distribution of
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droplets and amplifies relative velocities, thus increasing collision-coalescence rates compared to
quiescent conditions. These enhanced rates are quantified by collision kernels, which describe how
frequently droplets of given sizes encounter and collide. Accurate models for the collision kernel
are essential for cloud microphysics schemes in weather and climate simulations, as they directly
govern the evolution of the droplet size distribution (DSD). Developing reliable parametrizations
nevertheless remains challenging due to the limited theoretical understanding of droplet-turbulence
interactions, scarce in situ observations, and numerical constraints.

Warm clouds are dilute suspensions of small droplets, whose motion can be approximated by
that of inertial particles in turbulence. Their finite response time
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leads to dynamics that differ from those of passive fluid tracers. Here, v is the kinematic viscosity
of the flow, and p,, and p; denote the density of the particle and the flow, respectively. There exists
a large body of literature on the motion of inertial particles in turbulence (e.g., Refs. [3-6]). In the
context of droplet collisions, turbulence acts primarily through three closely related mechanisms:
preferential concentration, which alters the spatial distribution of droplets; polydispersity, which
enhances relative motion between droplets with different 7, through differential sampling of the
flow; and the sling effect, whereby droplet trajectories cross at large relative velocities in rare
extreme events.

Preferential concentration arises due to the interaction of inertial particles with turbulent vortices,
leading to nonuniform spatial distributions, also referred to as clustering. Particles tend to be
expelled from regions of large vorticity and accumulate in strain-dominated areas, creating a
compressible effective flow of particles [3]. The inertia of a particle is quantified by the Stokes
number St = 1,,/7,, where 7, = \/v/¢ is the Kolmogorov time, characterizing the timescale of the
dissipative scales, and ¢ is the turbulent kinetic energy dissipation rate. A particle with St <« 1
behaves like a fluid tracer, whereas with St >> 1, particles move ballistically and decorrelate from the
carrier flow. In both limits, particles disperse uniformly in space. In between the two extremes and
most notably around St & 1, however, particles cluster (e.g., Refs. [4—6]), which naturally increases
collision rates between inertial by increasing the likelihood of encounters in regions of high number
density.

Polydispersity, the presence of particles with varying sizes, introduces an additional mechanism
affecting collisions. Because particles of different sizes interact differently with turbulent structures,
their trajectories decorrelate, leading to increased relative velocities. At the same time, differently
sized particles tend to cluster in different regions of the domain, thereby reducing interspecies
preferential concentration. From a phenomenological standpoint, polydispersity merits investigation
since cloud droplets are inherently size-distributed in nature. While this mechanism has been studied
numerically in two-dimensional turbulence (e.g., Ref. [7]) and three-dimensional turbulence at low
Reynolds numbers (e.g., Refs. [8,9]), comprehensive three-dimensional analyses at high Reynolds
numbers remain limited due to computational constraints. In the present work, we extend these ef-
forts by conducting a detailed investigation of polydisperse collision dynamics in three-dimensional
turbulence at high Reynolds number.

Finally, the sling effect [10] is the mechanism through which particles experience rare extreme
turbulent events and are “slung” out of vortices. This phenomenon occurs when particles from
different flow regions cross trajectories, creating singularities in phase space, so-called caustics [11].
Caustic formation naturally leads to collisions between particles that travel on different branches
of the phase-space manifold, i.e., exhibit different velocities while occupying the same location
in physical space. The occurrence of caustics implies that inertial particles do not move on a
continuum; thus, there is no well-defined Eulerian field that can describe the motion of the particles.
Caustics in turbulent suspensions have been confirmed both numerically [12,13] and experimentally
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[14]. Yet, whether the sling effect is effective for the collision-coalescence of cloud droplets has been
the subject of debate in recent years [15-17].

A central question is how the effects of turbulence and gravitational settling compete in inducing
droplet collisions. Their relative importance is given by the settling parameter Sv = 7,g/u,, where
g is the gravitational acceleration and u, = (¢v)!/* is the Kolmogorov velocity. Under typical
conditions in cumulus clouds, the mean dissipation rate is moderate, (¢) < 0.05m?/s® [18]. For
droplets with radii » 2 15 um, this corresponds to Sv > 1, so that gravitational settling is more
important relative to turbulence. Importantly, however, this does not imply rapid collisional growth:
in the bottleneck range, both turbulence-induced inertial effects and gravitational settling remain
weak in absolute terms.

This picture changes when one moves away from mean conditions and considers the strong
spatial variability in clouds. Measurements in atmospheric clouds are becoming available at ever-
increasing resolutions, revealing evidence that a fraction of droplets experiences local conditions
conducive to inertial clustering and caustic formation, even when average conditions would suggest
otherwise [18,19]. One natural source of such conditions is intermittency in the local energy dissi-
pation rate. Since St o r2e!/2 and Sv o r2¢~1/4, inertial effects increase with ¢, while reducing the
relative importance of settling. Physically, the settling velocity of a droplet is unchanged, whereas
the characteristic turbulent velocity increases; as a result, turbulence can become dynamically
important in sufficiently intense local turbulence even for droplets that, under mean conditions,
would appear to be governed primarily by gravity. Observations support the prevalence of such
heterogeneous conditions. For example, Thiede er al. [19] report pronounced inertial clustering
within parcels on the order of centimeters, while Allwayin et al. [20] reveal that local DSDs can be
unexpectedly narrow, deviating significantly from integral-scale averages. Accelerated growth of a
small subset of fortuitous droplets experiencing rare intense turbulence may also connect to the lucky
droplet hypothesis [21], according to which warm-rain initiation is controlled not by mean statistics
but by the fat tails of the relevant probability distributions. Understanding collision dynamics in this
intermittent regime is therefore highly relevant to the bottleneck problem.

In this study, we perform an extensive direct numerical simulation (DNS) campaign of fully
resolved, three-dimensional particle-laden turbulence at Re; =55, 179, and 418. Our aim is to
elucidate the turbulent mechanisms governing droplet collisions in the bottleneck regime of warm-
cloud microphysics. In particular, we provide what is, to our knowledge, the most extensive map
of the bidisperse collision kernel obtained from high-Reynolds-number DNS to date, covering
droplet pairs within the range St € [0.02, 2]. We compare our results to existing models and propose
modifications for the expression of bidisperse clustering as well as a novel parametrization for the
bidisperse collision kernel. To isolate the turbulent enhancement of droplet collisions, gravity is
neglected throughout much of this work. In Sec. IV B 3, however, it is reintroduced, and we show
that the proposed parametrization remains qualitatively predictive for settling droplets within the
bottleneck range. Finally, we examine the evolution of the DSD and the impact of locally enhanced
dissipation in simulations of coalescing, settling droplets.

Before we begin, a few remarks are warranted regarding the influence of the Reynolds num-
ber and turbulent intermittency. Atmospheric clouds exhibit Taylor-scale Reynolds numbers of
O(Re; ) = 10*, which are unattainable in DNSs with today’s computing capabilities [fully resolving
turbulence at Re; = 10* would require O(10? PB) of memory]. A systematic variational analysis
of the impact of the Reynolds number is beyond the scope of this work. Prior work shows
Re; -insensitivity of clustering for St < 0.2, modest attenuation for 0.4 < St < 1, and enhancement
for St > 2 as turbulent intermittency increases with the Reynolds number [22-24]. Similar trends
appear in the collision statistics [25]. The results suggest that Re; mainly affects cloud microphysics
by reshaping the distribution of the local dissipation (its intermittency), not by altering the small-
scale mechanics at fixed St. In other words, the dominant influence of the Reynolds number is
statistical through the intermittency of ¢ rather than dynamical at the droplet-scale. In this work, we
compute the collision statistics within simulation domains that correspond to physical cloud parcels
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on the scale of decimeters. At fixed volume-averaged dissipation rate, the collision dynamics within
these control volumes are largely insensitive to Re;.

II. TURBULENT COLLISION KERNEL

We consider collisions between droplet pairs (i, j) with radii (r;, r;), separated by the distance
Ax = x; — x; with the relative velocity Av = v; — v;. The number of collisions per unit time is
given by the collision rate N;;, and the dynamic collision kernel

Iij=— 2)
nin;
is thence obtained by normalizing with the respective number densities, n; and n;, with an additional
factor of 2 in the monodisperse case (i = j). The widely used kinematic formulation [26,27]

I =27R*(w,)g(R) 3)
serves as the basis for most modeling approaches. Here,
- |Av - Ax| )
|Ax| | axi=r

is the radial relative velocity (RRV) and g(R) is the radial distribution function (RDF) at contact
distance R = r; + r;. The RDF quantifies the degree of preferential concentration. Its bidisperse
form is symmetric (g;; () = g;i(r)) and is computed as

(N;)i(r)/Vs
N;;V
where (N;);(r) is the mean number of particles of species j at separation r from a particle of
species i within the spherical shell of volume V; = 4T’T[(r +5/2)> — (r — 5/2)*] and thickness s,
N;; is the total number of (i, j) pairs, and V is the total system volume. Essentially, Eq. (3) states
that the combined effects of differential sampling, preferential concentration and the sling effect
can be represented by the product (w,)g(R). A common association is that differential sampling and
the sling effect primarily affect the relative velocity statistics and therefore mainly enter through
(w,), whereas preferential concentration manifests itself in the RDF. However, this separation is not
strictly valid: caustics also contribute to clustering [28], and polydispersity simultaneously increases
relative velocities while modulating preferential concentration, as we will show in the present work.

Due to the massive separations of length scales of atmospheric flows, precipitation must be
parameterized in weather and climate models rather than resolved directly. Large-eddy simulations
(LESs) with grid spacing of O(10m) have become the tool of choice to numerically investigate
cloud droplet growth and to develop parametrizations for coarser-resolution simulations. Within
LES frameworks, the collision kernel is central, because it directly controls the conversion of
small droplets into larger ones. Typically, the kinematic form [Eq. (3)] is adopted, with (w,)
and g(R) modeled separately based on droplet properties and local flow conditions. For example,
two recent studies [29,30] have applied this approach showed that turbulence markedly broadens
the droplet size distribution in convective clouds. Both relied on the celebrated kernel of Ayala
et al. [31]. However, the Ayala kernel was developed for droplets with settling parameters Sv > 1,
where gravitational effects dominate over turbulent interactions. Further developments are therefore
needed to represent turbulence-enhanced collisions across the full range of droplet sizes relevant for
warm-rain formation, and to account for the influence of turbulent intermittency.

gij(r)= , @)

A. Onishi framework for the turbulent collision kernel

We proceed with a discussion of the Onishi framework for the turbulent collision kernel,
which serves as the main reference model in the comparisons that follow. Originally proposed by
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Onishi et al. [23] and later refined by Onishi and Seifert [24], it represents, to the best of our
knowledge, the most comprehensive and advanced model of the turbulent collision kernel currently
available for nonsettling droplets. The framework combines three separate models: an original
formulation for the monodisperse RDF, an expression for the bidisperse RDF following Zhou et al.
[9], and the model for the RRV following Wang et al. [32].

The first ingredient is the monodisperse RDF. Onishi and Seifert [24] propose the empirically
fitted form

gi(R) — 1= (6)

A, St? for St; < St,,
AsRe; St™2  for St, < St;,

where A; = 110, A, = 0.38, and St, = ((A2/A;)Re;)'/* (the full formulation is given in Ap-
pendix A). The explicit dependence on Re; is intended to capture the influence of internal
intermittency on preferential concentration at increasing Reynolds numbers. For St; < St,, the
model predicts that clustering is essentially independent of Re; , recovering the scaling g;;(R) — 1 o
Stiz, which is consistent with the leading-order small-St; result of Wang et al. [32].

The second ingredient is the extension to droplets of unequal inertia, since droplets with different
Stokes numbers need not cluster in the same regions of space. Onishi et al. use the formulation of
Zhou et al. [9] to express the bidisperse RDF in terms of the monodisperse value of each species as

gij(R) = 1+ pij[(gi(R) — 1)(g;;(R) — D]'/2. (7)

Here, p;; is a correlation coefficient quantifying the spatial overlap between the droplet clus-
ters of species i and j. By construction, 0 < p;; < 1: values near unity correspond to strong
overlap, whereas p;; — 0 indicates that the two clustering patterns are effectively decorrelated.
The key assumption of Zhou et al. is that, to leading order, this overlap is determined solely
by the Stokes-number ratio and is symmetric under exchange of the two species. Defining ¢ =
max(St;/St;, St;/St;), they therefore represent the correlation coefficient by a single function p(¢).
Fitting separately in the ranges 1 < ¢ < 2.5 and ¢ > 2.5 to DNS data at Re, = 45, and combining
the resulting expressions with a tanh-based smoothing function, they obtain

pij = 2.6exp(—¢) + 0.205 exp(—0.02064)1[1 + tanh(¢p — 3)]. (8)

Finally, Onishi and coauthors adopt the model of Wang et al. [32] to evaluate the RRV. In
this framework, (w,) is composed of a shear-induced and an acceleration-induced contribution,
(wy)2 =2 (wghear + wgml), a separation also adopted in more recent models (see Ref. [31] for a
review), where differential sampling in polydisperse suspensions contributes primarily through the
acceleration term. The model was formulated and validated at Re; < 75. Explicit expressions for
Wshear aNd Waccel fOllowing Wang et al. [32] are given in Appendix B.

III. METHODS

We consider inertial particles suspended in three-dimensional homogeneous isotropic turbulence.
The flow velocity field u(x, t) is the solution of the incompressible Navier-Stokes equations. We
assume that particles are small (r < 7, where n = (v3/¢)!/* is the Kolmogorov length scale) and
heavy compared to the carrier gas (p,/py = 800). Under these conditions, particles neither disturb
the flow nor experience significant hydrodynamic interactions, so their motion can be described by
the point-particle approximation

f=v, potEDTV L ©)

Tp
Here, x(¢) and v(x(¢), t) are the Lagrangian particle position and velocity, respectively, and g =
—ge, is the gravitational acceleration. The point—particle approach is justified for atmospheric

clouds, where typical droplet volume fractions &, = Zl 2 gnr are on the order of O(®,) =

1076 [2]. Throughout this work, we will use the terms “particle” and “droplet” interchangeably.
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TABLE I. Summary of flow characteristics and computational parameters.

Case M Re; v n T,

In-house-256 256 55 0.0075 0.039 0.2006
In-house-512 512 179 0.008 0.007 0.0613
JHTDB [33] 1024 418 0.000185 0.0028 0.0424

We utilize isotropic homogeneous turbulent flow fields obtained from an in-house solver (Re; =
55 and 179) as well as from the Johns Hopkins Turbulence Database [33] (JHTDB, Re; = 418). The
fields are generated by solving the incompressible Navier-Stokes equations using a pseudospectral
method with low-wave-number forcing. In all cases, the computational domain consists of a periodic
cube of side length L = 2, discretized into M grid points. The flow characteristics and simulation
parameters are given in Table 1.

Equation (9) is solved for large ensembles of particles by trilinearly interpolating the flow
velocity to the particle positions and using an integration scheme adapted from Jenny et al. [34].
We use an in-house parallel solver designed to run on massively parallel compute architectures.
The computational domain is decomposed into pencils, and particles are distributed across mpi [35]
ranks. Despite the point-particle approximation, a mass m is assigned to every particle, thereby
defining the radius r = (3m/(4m ,0,,))1/ 3 and, through Eq. (1), the relaxation time t,,. Gravitational
settling is neglected (g = 0) in most of our simulations, except for those discussed in Secs. IV B 3
and IVC.

Collision statistics are computed using the ghost-collision approach, where particles pass through
each other without interaction. We determine the (dynamic) collision rate by counting the number of
pairs per unit time satisfying the contact condition |Ax| < R. To count efficiently, a binary tree data
structure is constructed on each rank during every time step, and particles close to boundaries are
exchanged with the neighboring ranks to check for interrank collisions. Spherical shells of thickness
s = 0.1R are used to obtain consistent results for the RRV and RDF (see Ref. [32]), and the results
are averaged over ensembles of N > 10% particles. It was verified that the dynamic matches the
kinematic collision kernel within statistical uncertainty.

To obtain the statistics presented in Secs. IV A and IV B, we initialize N, = 5 x 10® particles per
Stokes number uniformly at random in the domain. Precursor simulations are performed for a time
to = 1657, to reach statistical stationarity of the collision rate. The simulations are then restarted
from 7y and the ghost collision algorithm is used to detect collisions. When clustering is strong,
colliding particles tend to stay together for multiple time steps or come into contact again later
in time. To avoid overestimation of the collision rate in these cases (specifically for monodisperse
suspensions), the results collected during the first ten time steps are discarded to exclude repeated
contacts between particles that had already collided at times ¢ < . Each pair is only allowed to
collide once. Particle trajectories are linearly extrapolated to detect in-between-time step collisions.

For the simulations with coalescence, we assume a collision efficiency of one. This means that
each colliding particle pair (i, j) is replaced by a new particle introduced at the position Xpey =
(mix; +m;x;)/(m; +m;) with mass mpey = m; +m; and velocity vyew = (mv; +m;v;)/(m; +
m;). The number of initialized particles varies across runs (as documented in Table II) to keep the
volume fraction ®, = 8.5 x 107 constant. Particles that initially overlap with others are removed
from the simulation.

IV. RESULTS
A. Monodisperse suspensions

Figure 1(a) shows the collision kernels obtained from the DNS (blue) and from the model
expressions (green) are plotted as a function of the Stokes number. Following Refs. [25,36], we
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TABLE II. Computational parameters for the simulations with coalescing droplets: Scaling factor «,
corresponding increase in the dissipation rate, Froude number, mean Stokes number, mean settling parameter,
and initial droplet count.

o e/eo Fr (St) (Sv) N, =0)
1 1 0.173 0.15 0.87 9.3 x 108
1.23 2.28 0.322 0.23 0.71 5x 108

1.63 7.06 0.749 0.40 0.53 2.1 x 108
2.15 214 1.719 0.69 0.38 9.3 x 107

normalize the collision kernel by R?u,. Gravitational settling is neglected. The collision kernel
increases rapidly with the Stokes number, most notably in the range 0.3 < St < 1. At larger St,
the collision kernel scales as I' ~ St!/2, as shown by the dashed black line. The dependence of the
collision kernel on the Stokes number can be understood by examining the two terms appearing in
Eq. (3): the RRV and the RDF at contact, shown in Figs. 1(b) and 1(c), respectively. The growth
of (w,) is gentle and approximately linear at first, but increases more rapidly at larger St. This
behavior is attributed to the sling effect, which becomes increasingly biases the relative velocity
statistics between same-sized particles at contact. The RDF, however, is notably nonmonotonic.
Particles disperse homogeneously in space with St — 0 and St — oo, respectively, resulting in
g(R) = 1 in both limits. In between, the RDF peaks at St ~ 1, commonly identified as the Stokes
number with maximum clustering. The dependence of I" on the St can thence be interpreted as the
combined effect of (w,) and g(R). It is tempting to attribute the steep increase of the collision kernel
between St ~ 0.3 and St ~ 1 solely to preferential concentration, since the RDF grows at a slope
far greater than that of the RRV. However, separating preferential concentration and the sling effect
in this manner is not possible, since caustics are also involved in facilitating clustering [28]. A study
by Vosskuhle er al. [36] showed that the sling effect already significantly contributes to the collision
dynamics at St 2 0.75, yet the ensemble-averaged RRV only weakly affects the product (w,)g(R)
in this range.

While preferential concentration decreases with Stokes numbers exceeding St = 1, the RRV
continues to grow. Beyond St 2 2, our data suggest a scaling of the collision kernel propor-
tional to St'/%. This scaling is consistent with theoretical predictions [37,38] of the RRV in the
sling-dominated regime at high Reynolds numbers, where particle velocities become increasingly
uncorrelated with both the instantaneous flow field and with those of nearby particles. In this regime,
particle velocities are randomly distributed, making a gas-kinetic approach following Abrahamson
[39] more appropriate. It has been suggested that the collision kernel should be expressed as the
sum I' = T'yqy + [giing, explicitly differentiating between the collision of particles that experience
caustics and those that do not [36,37].

% T(a) 25 (o)

m— DNS

=== Onishi

== DNS, Re, = 418
=== Onishi
- D~ St

0 1 2 3 1 5 0 1 2 3 1 5 0 1 2 3 1 5
St St St
FIG. 1. Comparison of monodisperse statistics at Re; = 418: (a) collision kernel, (b) radial relative velocity
(RRV), and (c) radial distribution function (RDF) at contact as a function of the Stokes number. DNS results
(blue), are compared against model expressions (green). Note that the Wang model [32] was originally validated
against Re; < 75 DNS data.
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FIG. 2. Bidisperse collision statistics for droplet pairs (St;, St;): (a)-(c) DNS results at Re, = 418 (top
row) compared with (d)—(f) predictions from Onishi/Wang model [24,32] (bottom row). Columns represent the
(a), (d) collision kernel, (b), (¢) RRV, and (c), (f) RDF at contact, respectively.

The Onishi model provides a remarkably good estimate for the monodisperse RDF, especially
considering that the model was used “out-of-the-box,” without re-fitting the parameters to our DNS
data. The Wang model, however, underestimates (w,) for St 2> 1.5, i.e., it does not accurately
capture the enhanced relative motion of heavier particles due to the sling effect. As a result, the
combined expression for the monodisperse collision kernel agrees well with the DNS data for
St < 1.5, but fails to reproduce the I' ~ St'/? scaling at larger St.

B. Bidisperse suspensions

Now, how does polydispersity, naturally occurring in cloud droplet populations, affect the
collision dynamics? To address this question, we compute the collision kernel, RRV and RDF at
contact for nonsettling droplet pairs (i, j) with Stokes numbers ranging from St = 0.02 to St = 2.
The results are shown in the top row of Fig. 2 as pseudocolor matrices mapped across Stokes number
pairs, while the bottom row shows the corresponding model predictions. The complete map of the
collision kernel is provided in Table III in Appendix C for future reference.

In agreement with the monodisperse results, the collision rate generally increases with the Stokes
number, resulting from the combined effects of (w,) and g(R). We observe that the RRV increases
with the Stokes number separation within the colliding pair, and that (w,);; = max((w, ), (w,);;).
The enhancement of the RRV due to differential sampling largely outweighs its increase along the
diagonal. Conversely, the RDF peaks along the diagonal and quickly drops as the Stokes numbers
separate. This is indicative of the rapid decorrelation of the particle clusters due to differential
sampling.

We observe that the behavior of the bidisperse kernel falls into two regimes. At small Stokes
numbers (i.e., when both St;, St; < 0.4), polydispersity enhances collisions even when it reduces the
Stokes number of one of the colliding droplets. This behavior is evident in Fig. 2(a): starting from a
point on the diagonal (St;, St; < 0.4), moving horizontally to the left or vertically downward—thus
decreasing one Stokes number while keeping the other fixed—results in an increase in I". To explain
this behavior, consider the competing effects of polydispersity to decrease particle clustering yet
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increase relative motion. At small Stokes numbers, particles tend not to detach from the flow, and
preferential concentration is weak. As a result, the enhancement of the relative velocities due to
differential sampling is more significant, and the net effect of polydispersity on the collision kernel
is positive. Conversely, at larger Stokes numbers, St 2 0.4, preferential concentration significantly
contributes to the collision rate, and the loss of clustering due to polydispersity outweighs the
increase in relative velocities, leading to an attenuation of collisions. In this regime, the collision
kernel increases only when one of the Stokes numbers—and thus the overall inertia of the droplet
pair—becomes larger.

James and Ray [7] have reported bidisperse collision kernels obtained from DNS of two-
dimensional particle-laden turbulence. Their data show a pronounced increase in the collision rate
along the diagonal, indicating that collisions between same-sized particles are strongly enhanced.
Our results do not exhibit this behavior; instead, the collision kernel varies smoothly with the Stokes
number separation. In preparing this paper, we identified that this discrepancy may arise from the
algorithm used to detect collisions. In monodisperse suspensions, colliding droplet pairs can remain
in contact over prolonged periods of time or re-enter contact later, leading to an overestimation of
the collision rate, particularly under conditions of strong clustering. To mitigate this effect, the first
ten time steps of the detection procedure are discarded, and each droplet pair is allowed to collide
only once, as described in Sec. III. More fundamentally, the use of two-dimensional turbulence
limits the applicability of their results to atmospheric conditions. The distinct characteristics of 2D
turbulence, such as the inverse energy cascade, may not accurately capture the collision dynamics
relevant to cloud droplets. Two-dimensional turbulence lacks the flow structures and intermittency
associated with three-dimensional turbulence, which are possibly crucial for the collision dynamics
of cloud droplets. For example, it has been demonstrated [12,13] that caustic formation occurs
through specific flow topologies specific to three-dimensional turbulence. Moreover, Onishi and
Vassilicos [22] compared the collision statistics in 2D and 3D DNS and found that inertial clustering
is reduced with increasing Re; due to internal intermittency, absent in 2D turbulence.

Figure 2(d) shows the collision kernel obtained from the Onishi model, with the corresponding
expressions for (w,) (Wang model, see Appendix B) and g;;(R) [Eqgs. (6)—(8)] shown in Figs. 2(e)
and 2(f), respectively. We find that the Wang model captures the qualitative trends of the bidisperse
RRV. For St < 1.0, (w,) agrees with the DNS results to within 10%. Larger errors are observed
mainly for differently sized particles at larger Stokes numbers, for which the Wang model under-
estimates the relative velocities due to differential sampling. The bidisperse RDF, however, is not
estimated accurately by the Zhou model. The DNS data display a more rapid decorrelation of the
droplet clusters compared to the predictions provided by Eq. (8). As a result, the Onishi model
strongly overestimates the bidisperse collision kernel, specifically for droplet pairs with Stokes
numbers St;, St; > 1. The relative error with respect to the DNS data of the Onishi model is shown
in Fig. 4(d).

1. Bidisperse correlation coefficient

Comparing Figs. 2(c) and 2(f) shows that the Zhou model [9] overestimates bidisperse clustering,
indicating that the correlation coefficient p(¢) prescribed by Eq. (8) decays too slowly with
increasing ¢ = max(St;/St;, St;/St;). Indeed, we find that the droplet clusters decorrelate faster
than the model suggests. This is apparent in Fig. 3(a), which shows the correlation coefficient
pij = (g:j(R) — 1)/[(gii(R) — 1)(g;;(R) — 1)]'/? obtained from the DNS as a function of St;/St;
alongside the prediction from Eq. (8). Here, we show droplet pairs with Stokes numbers in the
range St € [0.2, 2.0], since clustering is very weak for St > 0.2, even in the monodisperse case.
We find that our data collapse quite well, for all simulated Reynolds numbers. The Zhou model,
however, exhibits systematic discrepancies relative to the DNS data. In addition, we find that the
correlation coefficient is not quite symmetric around St;/St; = 1, suggesting that the assumption
fundamental to the derivation of Zhou et al. [9] is physically unjustified.

We now provide arguments to explain the observed behavior. First, we ask why the Zhou model
systematically overestimates the bidisperse overlap. Ayala et al. [31] observed similar errors but
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FIG. 3. Evaluation of bidisperse clustering: (a) Cross-species correlation coefficient versus Stokes number
ratio obtained from the DNS at Re; = 55, 179, and 418 (St € [0.2, 2.0]) and with the Zhou model [Eq. (8),
originally validated at Re; = 45, black dashed line]. (b) The same data plotted against the dispersion parameter,
0;;, together with the prediction from Eq. (11) (black solid line).
concluded they were a consequence of neglecting gravity in the model’s derivation. In contrast,
the present work demonstrates that the model remains inaccurate even for nonsettling droplets.
Since the Zhou model was derived at a relatively low Re; = 45, it is tempting to assume that
the observed discrepancies stem from the larger Reynolds numbers used in this work. Somewhat
unexpectedly, however, our data for all three simulated Re;, = 55, 179, and 418 collapse quite
well, suggesting that Re; is not the primary driver of the error. While the lowest Reynolds number
case (Re; = 55) deviates slightly from the trend—potentially because a narrow inertial subrange
may cause clustering length scales to overlap with energy-containing scales—this remains a minor
effect. Instead, we propose that the discrepancy may be an artifact of the “frozen” flow field (i.e.,
advecting particles through a static velocity field) used in the original derivation. A previous study
[40] indicated that this approach can lead to an overestimation of particle clustering. While we do
not verify this directly here, it stands as the most plausible explanation for the model’s systematic
failure to reproduce the current DNS results.

Note that the cross-species correlation coefficient is symmetric, i.e., p(St;, St;) = p(St;, St;).
The apparent asymmetry around St;/St; = 1 in Fig. 3(a) arises because p is plotted as a function
of St;/St; while St; is held fixed. For St; < 1, decreasing St; approaches the tracer limit, leading
to a faster decay of the cross-correlation. The asymmetry p(St;/St;) # p(St;/St;) motivates the
use of an alternative parameter to replace ¢ = max(St;/St;, St;/St;) in modeling the correlation
coefficient. The dispersion parameter

St; — St;
=t (10)
St; + St;
provides a suitable alternative, as the collision statistics are naturally symmetric with 6;; = —6;,

so that the modeling task reduces to finding an expression for p(6), where 6 = |0;;|. Moreover,
the dispersion parameter offers a quantification of the St-separation relative to the overall inertia
of the droplet pair. Based on this reasoning, we expect p(6) to exhibit a more universal behavior
compared to p(¢), which Fig. 3(b) confirms in the affirmative. The majority of data points collapse
on an exponential curve, so that

p(@) =0.77 exp(—27.90) + 1.96 exp(—4.679)%[1 + tanh(6 — 1)] (11)

provides an excellent fit to the DNS data. To obtain this expression, we used the composite
formulation from the Zhou model and performed a least-squares fit on the Re, = 179 and 418
DNS data. In general, we conclude that our formulation improves the predictions of the bidisperse
correlation coefficient in the absence of gravity, while exhibiting negligible sensitivity to Re; .
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FIG. 4. Validation of the proposed parametrization [Eq. (12)]: (a) Predicted kernel matrix using DNS-
derived I';; and T'y; (Sty = 0.02) at Re; = 418. Relative error of the parametrization with respect to the DNS at
(b) Re; =418 and (c) Re; = 179, compared to (d) the error obtained from the Onishi/Zhou model. A common
color scale is used for panels (b)—(d).

2. Novel parametrization for the bidisperse collision kernel

In the previous section, we showed that although the Onishi model accurately predicts monodis-
perse clustering, it produces large errors in the bidisperse case, as evident from Fig. 4(d). This
limitation arises from its reliance on the Zhou model, which fails to capture the rapid decorrelation
of particle clusters as St; and St; diverge. Having introduced an improved version of this model
[Eq. (11)], we now move on to present a compact parametrization for the bidisperse collision
kernel as a function of the dispersion parameter, 6. This is motivated by the observation that
the kernel varies smoothly as the Stokes numbers separate, whereas both the RDF and RRV do
not. Letting T = St; + St; and § = St; — St;, we consider the first-order approximation I'(t, §) =
I'zt,0)+E (r)g + O(8?). Here, the sign and magnitude of the polydisperse “enhancement factor”
E(t) depend on the overall inertia t, but not on the separation §. As established earlier, the effect
of polydispersity arises from the competition between increased relative velocities and reduced
preferential concentration as St; and St; diverge. To quantify this balance, we seek a reference
quantity that isolates the velocity enhancement from spatial correlations. On the basis of empir-
ical observations, we find that the kernel I'y;, describing interactions between tracerlike droplets
(Stg <« 1) and droplets with St;, provides a suitable measure, as it primarily captures the contribution
from differential sampling. Hence, the net enhancement due to polydispersity is approximated by
the difference E(t) = I'y; — ;.

Following this approach, we find that the bidisperse collision kernel for a droplet pair (i, j) with
St; > St; can be effectively parameterized as

Tij = 6;;Toi + (1 — 6;)i. (12)

Here, I';; is the monodisperse collision kernel and I'y; is the collision kernel between particles of St;
and very light, close-to-tracer particles (shown in Fig. 5 with Sty = 0.02). Note that I';; corresponds
to the diagonal and I'y; to the bottom row (or first column) of Fig. 2(a). The parametrization is
given for St; > St; so that 6;; > 0, but extension to arbitrary pairs follows directly from sym-
metry. The heuristic behind expression (12) is the separation of the collision kernel into inertial
effects (preferential concentration and the sling effect, represented by the monodisperse kernel)
and differential sampling (represented by I'p;). The resulting bidisperse kernel blends the two
contributions, weighted by the dispersion parameter 6;;. One easily verifies that as St; — 0, the
correct asymptotic behavior ['; ; = Do; is recovered. Similarly, for i = j, Eq. (12) simplifies to the
monodisperse collision kernel.

Figure 4(a) displays the predictions of Eq. (12), allowing direct comparison to the DNS ref-
erence [Fig. 2(a)]. The compact linear formulation captures the effect of differential sampling
on the collision kernel with remarkable qualitative accuracy. It reproduces the enhancement due
to polydispersity at small Stokes numbers, even when the mean Stokes number of the colliding
pair is reduced. This behavior arises because initially, I'g; increases more rapidly with St; through
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FIG. 5. T'y; obtained from the DNS at Re; = 418 with Sty = 0.02 (blue dots). The green and red lines depict
the empirical fits I'o; = aSt; with @ = 5.3 and I'y; = by + by exp(—b,/St;) with by = 4.3, by =19.6, b, =
3.05, respectively.

differential sampling than I';; increases through inertial effects, leading to I'g; > I';; for small St;
and I';; > T'y; for St; 2 0.4.

Figures 4(b) and 4(c) show the relative errors of our model with respect to the DNS data at Re; =
418 and Re; = 179, respectively. For both Reynolds numbers, the predictions generally agree with
the DNS results to within 10%. Larger errors are seen primarily for small Stokes numbers around
the diagonal, since the collision kernel is near zero in this region, thus amplifying the relative error
signal. Overall, the predictions of our parametrization fit the DNS data significantly better than
the Onishi/Zhou model, whose relative error is shown in Fig. 4(d). The Onishi/Zhou predictions
deviate most strongly for off-diagonal pairs with St > 1, where the overestimation of the bidisperse
correlation coefficient with Eq. (8) is most pronounced.

Recall that T'y; describes the collisions between droplets with Sty <« 1 (tracerlike) and St;. For
Eq. (12) to yield a complete model for the bidisperse collision kernel, an explicit expression for
I'y; is required (whereas I';; can be modeled with the Onishi model). In this regime, preferential
concentration is negligible [g;0(R) ~ 1 for sufficiently small Sty], and the collision dynamics are
dominated by the RRV. James and Ray [7] derived analytical expressions for (w,) under various
limiting assumptions. They demonstrate that with St; < 1, the RRV obeys the linear scaling w, ~
St; if St; < 1 and exponential scaling of the form w, ~ exp(—1/St;) for St; > 1. Since g(R) ~ 1
in this regime, we can translate the scaling of the RRV to the collision kernel. In Fig. 5, we show
the I'y; kernel obtained using Sty = 0.02 and apply the two scaling laws. The DNS data are well
described by these fits.

3. Influence of gravitational settling

Because this work is primarily concerned with the role of turbulence in enhancing collisions
between cloud droplets, gravity has been neglected in the simulations discussed thus far. While
these results have specific relevance to the warm rain context—particularly for small droplets (r =~
10 um) that encounter intermittent high-dissipation events—their direct applicability to the onset
of precipitation is limited. Under mean-field conditions, and as droplets grow beyond r &~ 15 um,
gravitational settling becomes an important factor in the collision-coalescence process [2,41]. To
assess the robustness of our parametrization for settling droplets, we performed additional DNS
including gravity. A uniform gravitational acceleration g is applied along the negative z direction.
The Froude number is set to Fr = ¢¥*/(v!/4g) = 0.173, representative of a cumulus cloud with
& = 0.05m?/s®. With Stokes numbers spanning St € [0.02, 2], the settling parameters range from
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FIG. 6. Influence of gravity on bidisperse collisions: (a) Ratio between settling (Fr = 0.173) and nonset-
tling collision kernels and (b) relative errors incurred by our parametrization [Eq. (12)]. Note that the color
scale of panel (a) is asymmetric. The color scale in panel (b) is identical to that used in Figs. 4(b)—4(d).

Sv = St/Fr ~ 0.12 to 11.6. Note that this corresponds to cloud droplet radii of approximately r €
[5.4, 54] um.

Figure 6(a) displays the ratio between the settling and nonsettling collision kernel, mapped across
Stokes number pairs. In this figure, the droplet radius (and thus Sv) is varied, but we use the
Stokes number to keep the visualizations consistent with the preceding sections. Collisions between
same-sized droplets (along the diagonal) are attenuated by settling. This result is consistent with
earlier monodisperse studies [42]. Physically, gravity advects droplets through the coherent flow
structures on timescales shorter than the local eddy turnover time, thereby reducing the residence
time available for accumulation in strain-dominated regions. This weakened interaction between
the droplets and the flow manifests itself in attenuated preferential concentration and fewer sling
events. As a result, both the RDF and the RRV are reduced for monodisperse droplets compared
to the nonsettling case, and the collision rate is lower. Away from the diagonal, however, the
picture reverses. Droplets of different sizes settle at different terminal velocities, adding a systematic
contribution to the relative velocity that grows with size separation. This mechanism strongly
enhances collisions, so that the off-diagonal entries of the kernel matrix increase substantially
relative to the zero-gravity case.

A key question is whether the parametrization for the bidisperse collision kernel derived in the
absence of gravity [Eq. (12)] remains valid for settling droplets, for which differential settling is
the dominant collision mechanism at large size separations. Our data suggest that it does: Fig. 6(b)
shows the relative error of our model against the DNS at Fr = 0.173. The errors are generally
larger compared to the nonsettling case, yet the parameterization continues to reproduce the full
bidisperse kernel qualitatively across the majority of the parameter space. This confirms that the
underlying structure of the model—a linear blend between the monodisperse and polydisperse
effects weighted by 6—captures the essential physics even when differential settling is the dominant
source of relative motion. In the presence of gravity, we find that I'y; > T'j; for all St;, implying that
the polydisperse contribution consistently exceeds the monodisperse one.

C. Turbulent broadening of the droplet size distribution

We now shift from the ghost collision approach to simulations involving coalescing droplets.
These simulations allow us to study the broadening of the DSD, without relying on the simplifying
assumptions of Smoluchowski-type collision-coalescence models, which underestimate the rapid
formation of lucky droplets through successive correlated collisions [43]. As discussed in the
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FIG. 7. DNS results for coalescing droplets. (a) Probability density functions of the droplet radii at time
t = 3401, for different values of a. The DSD at t = 0 is indicated by the blue dash-dotted line; dashed lines
provide a comparison to reference cases without gravity. (b) Mean collision-coalescence count (number of
collisions normalized by the total number of droplets) versus time for o« = 1.23 and 2.15. Solid lines denote
the standard case with gravity, initialized with polydisperse droplet populations. For comparison, results are
shown for reference simulations without gravity (dashed lines) and for a monodisperse case with gravity (dotted
lines). The data are ensemble-averaged across all droplets and smoothed over intervals of 107,.

Introduction, the inertia and settling of cloud droplets vary along their trajectories because the local
turbulence intensity fluctuates in space and time. Consequently, collision-coalescence is modulated
by the instantaneous local dissipation rate. To study the impact of ¢ on droplet growth without the
computational expense of additional simulations, we exploit the scaling relations St oc r2¢!/? and
Sv o r2¢~!/4 In particular, increasing the dissipation rate by a factor a* affects droplet inertia in a
manner equivalent to scaling the droplet radii by « while keeping the flow field unchanged (whereas
the setting parameter decreases by 1/«). This equivalence enables us to emulate dissipation rate
fluctuations by appropriately scaling the initial DSD.

We emphasize that the simulations are performed at fixed Re; = 418, well below the realistic
values in atmospheric clouds [O(10)]. As noted in the Introduction, clustering shows a weak,
yet nonnegligible Re, -sensitivity, since extrapolation of the DNS to atmospheric conditions spans
at least one order of magnitude. On the basis of the cited reports [23-25], we therefore expect
our simulations to slightly overestimate the growth of droplets with 0.4 < St < 1. At higher Re;,
dissipation rate fluctuations become more intense yet more localized in space and time. While the
aim of our study is to demonstrate accelerated droplet growth in highly dissipative parcels, by no
means do we claim that our simulations reproduce the cloud-realistic statistics of €.

Droplet populations are initialized with radii following a Gaussian distribution, r ~ N(rg, o:2),
with mean ry and standard deviation o, as is expected to result from condensation. Both ry and
o, are scaled by a, so that a shift in the local energy dissipation rate by a factor of &/gy = o*
is emulated. For example, by setting « = 1.23, we adjust the mean Stokes number from (St) =
0.15 to (St) = 0.23, corresponding to a 2.28-fold increase in the local energy dissipation rate. The
parameters of all cases are given in Table II. Since the droplets grow upon collision, gravitational
settling must be accounted for in these simulations, and the Froude number scales with 3. To
keep the droplet volume fraction @, oc nr? unchanged, the initial number of droplets, N,(t = 0),
is reduced as a grows. A cloud-realistic value of ®, = 8.5 x 10° is kept constant throughout the
simulation campaign.

Figure 7(a) shows the DSDs obtained for different values of « after an integration time of t =
3407,. Since we emulate dissipation fluctuations by altering the droplet phase rather than the flow
field, the evaluation time is fixed relative to 7, rather than t,. The dashed-dotted blue line shows
the initial DSD, whereas the dashed lines show the equivalent DSDs obtained from reference runs
without gravity.
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All simulations are carried out in nondimensional units. With &g = 0.05 m?/s3, we can approxi-
mate the Kolmogorov scales in the cumulus cloud as n & 0.5 mm and t,, &~ 0.017 s. In this context,
the mean initial droplet size corresponds to 7y =~ 15 um, and no droplets exceed r = 18 wm initially.
The evaluation time of 3407, corresponds to roughly one second. Despite the small radii and short
timescales, the droplets effectively collide and coalesce in the turbulent flow, even in the base
case (¢ = 1). The DSD broadens rapidly from its initial narrow Gaussian distribution, developing
long tails with visibly “bumpy” profiles, owing to the narrow initial size spread combined with
the discrete, binary nature of coalescence events. The long tails indicate that a few lucky droplets
have grown disproportionately (note the logarithmic scale of the ordinate) from repeated collisions.
Notably, growth significantly accelerates as « increases, indicating that higher local turbulence
intensity (as represented here) effectively enhances collision-coalescence. The most pronounced
changes occur when moving from o = 1.23 to = 1.63 and o = 2.15, which correspond to
increases in the mean Stokes number from (St) = 0.23 to 0.40 and 0.69, respectively. This range
marks the regime of strongest enhancement, consistent with the observations from Sec. IV A.

Gravity affects the DSD evolution primarily at smaller «. For « = 1 and « = 1.23, differential
settling enhances collisions, leading to faster broadening when gravity is included. For larger «,
the DSDs with and without gravity become nearly indistinguishable. This suggests that while
differential settling is vital for typical cloud droplets under mean-field conditions, inertial effects
become the dominant driver of collision-coalescence as the local dissipation rate increases.

Figure 7(b) shows the fraction of droplets that undergo collision and coalescence as it evolves in
time. Collision activity ramps up during the first stage of the simulations, and stabilizes after around
t = 1007,. Alongside the baseline simulations (solid lines), which are initialized with polydisperse
populations and include gravity, we also report reference results from simulations without gravity
(dashed) and from simulations initialized with monodisperse populations (dotted; gravity included).
The suspensions are extremely dilute, and consequently only a minute fraction of droplets, on the
order of 1076 to 1072, undergo collision and coalescence. Nevertheless, the collision rate increases
sharply with «. Relative to the o = 1.23 case, collisions occur about 3.8 times more frequently
with @ = 1.63, supporting the notion that intermittent events of intense turbulence can substantially
accelerate droplet growth. The impact of gravity can be quantified more precisely here: We observe
that differential settling enhances collision-coalescence for « = 1.23 by 34%, whereas its effect is
negligible in the @ = 1.63 case [dashed and solid lines coincide in Fig. 7(b)].

Finally, the data highlight the complex role of polydispersity. At lower dissipation levels
(o = 1.23), polydispersity enhances droplet growth substantially, yielding roughly 2.2 times more
collisions compared to the corresponding monodisperse simulation. This enhancement, however,
weakens as the importance of droplet inertia increases, reflecting our findings from Sec. IV B,
and because gravitational settling becomes relatively less important. For o = 1.63, collision-
coalescence in the polydisperse case exceeds that in the monodisperse reference by only about 3%.

V. CONCLUSION

We have studied polydisperse droplet collisions in homogeneous isotropic turbulence at Reynolds
numbers up to Re;, = 418 by means of DNSs. The bidisperse collision kernel, RRV, and RDF
at contact have been obtained for droplet pairs with Stokes numbers in the range St € [0.02, 2].
These data are important for understanding how turbulence affects the growth of droplets in warm
atmospheric clouds. The statistics were obtained in the absence of gravity, to isolate turbulent
mechanisms and to target the smallest droplets within the bottleneck range. While these results are
particularly relevant in the context of recent theories of warm rain formation that invoke turbulent
intermittency and rapid growth of statistically “lucky” droplets, it is important to bear in mind that
they cannot be used directly in LESs of convective clouds without accounting for gravitational
settling of larger droplets.

Our findings establish that differential sampling is an effective mechanism by which differently
sized droplets collide under turbulence, even in the absence of gravity. This contrasts with the
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conventional view that primarily links polydispersity to collisions induced by gravitational settling.
Droplets with separate relaxation times cluster less, but exhibit larger relative velocities, so that the
influence of polydispersity is highly dependent on the Stokes number. At St < 0.4, polydispersity
enhances collisions because the increased relative velocities from differential sampling compensate
for the reduction in clustering. Conversely, at larger Stokes numbers, preferential concentration and
the sling effect are the dominant collision mechanisms, and polydispersity attenuates collisions in
this regime because it rapidly decorrelates the number density fields. Thus, the role of polydispersity
transitions from enhancing to suppressing collisions as droplet inertia increases.

We have compared our DNS data to the Onishi model [24] and found good agreement for
the monodisperse collision kernel up to St &~ 1.5. In contrast, the Zhou model [9], providing an
expression for the spatial correlation between differently sized droplets, was shown to introduce
systematic errors in the bidisperse RDF, since it overestimates the overlap of the droplet clusters
as the Stokes numbers separate. This mismatch was observed for all simulated Reynolds numbers
(Re; =55, 179, and 418), and may originate from the use of frozen flow fields in the original study.
Furthermore, we found that the dispersion parameter 6 [as defined in Eq. (10)] is a better choice
to model the correlation coefficient, and we provided a modified expression [Eq. (11)] that fits the
DNS data well across all Reynolds numbers.

We have introduced a new compact expression for the bidisperse collision kernel. This
parametrization originates from the observation that, although the underlying bidisperse RRV and
RDF display difficult-to-model variability with respect to St; and St;, the collision kernel in itself
varies smoothly with the Stokes number separation. By exploiting symmetries and identifying the
dispersion parameter 6 as the relevant measure, our model results from a first-order approximation
that reproduces the DNS reference with high accuracy and remains robust across Reynolds numbers.
Although differential settling strongly impacts polydisperse collisions in the presence of gravity, we
show that the proposed parameterization remains qualitatively predictive, reproducing the collision
kernel at Fr = 0.173 within acceptable accuracy. A more systematic exploration spanning a broader
range of, and lower, Froude numbers is deferred to future work.

Simulations of coalescing droplets have shown that cloud DSDs broaden within short time
intervals, even for typical cloud droplets with Stokes numbers around St & 0.15, providing a viable
pathway for growth within the bottleneck range. A small fraction of lucky droplets grow dispropor-
tionately fast. Whether this arises from mere statistical chance or specifically due to the turbulent
flow topology is the subject of future studies. By emulating fluctuations of the local dissipation
rate, we found that droplet growth is markedly accelerated in highly dissipative parcels, indicating
that intermittency may play an important role in the warm rain process. Depending on droplet size
and local turbulence intensity, initially narrow DSDs can broaden as rapidly as wider ones, and
at sufficiently elevated dissipation rates, gravitational effects can become practically negligible,
underscoring the complex and nontrivial coupling between local flow conditions, the initial droplet
population, and its subsequent evolution. Overall, these results support the long-standing hypothesis
that turbulent intermittency may contribute to overcoming the bottleneck problem; however, our
evidence is limited to Reynolds numbers smaller than those in actual clouds. Numerical simulations
are unlikely to reproduce turbulent flows that rival atmospheric conditions in the foreseeable future.
Given these constraints, complementary approaches such as high-resolution holographic imaging in
clouds appear most promising to clarify this issue.
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APPENDIX A: ONISHI MODEL FOR THE MONODISPERSE RADIAL
DISTRIBUTION FUNCTION

The Onishi model [24] for the monodisperse radial distribution function is

A, St (=y1) (forSt; < St,)

AQRe)‘,St_z (E y2) (for Sta < St,’) ’ (Al)

giR)—1= {

with A; = 110, A, = 0.38, and St, = ((A2/A;)Re;)"/*. The two formulations are connected in the
composite expression

gi — 1 = H(St — Sty)yiz + H(Sty — SOy (1 — z4)°, (A2)

where H (-) denotes the Heaviside function and

(A3)

1 log,, St — log;, St
ZL,(St) = 5(1 — tanh 0810 0819 a)’

Cu
with C, = a.Re¥*, @ = log,(a,Re"), a, = 0.046, b, = 0.36, a2 = 0.094, by = 0.25, a, = 0.23,
and b, = 0.5.

APPENDIX B: WANG MODEL FOR THE RADIAL RELATIVE VELOCITY

The Wang model [32] for the radial relative velocity is

’ 12
<wr> = [;(wfhear + wa%cce])] ’ (Bl)
with
) R%¢
Wshear = E’ (B2a)
1
Wieea = 3 Cu(@)fix (B2b)
_ yurzms . N 4Ei§j |: 1+&+ E.f ]]/2
L {(& T G luraare)
== el
X — , (B2c¢)
(IT+&)A+§&) A+y&HAd+yE)

where fxx was adapted from Kruis and Kusters [44], Cy(¢) = 1 + 0.6 exp[—(¢ — 1)32] was
provided later on by Zhou et al. [9], ¢ = max(St;/St;, St;/St;), y = 0.183u2,./(ev)"/?, and & =
T,:/(0.4u2  /€).
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APPENDIX C: COLLISION MAP

The map of collision kernels obtained from the DNS is provided in Table III.

TABLE III. Normalized bidisperse collision kernel I';;/[u,R?] for nonsettling droplets mapped across
Stokes number pairs. Data obtained from the DNS at Re; = 418.

St;
St; 0.02 0.04 0.06 0.08 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80
0.02  0.01277
0.04 0.16505 0.03156
0.06 0.27601  0.18060  0.04540
0.08 0.42849 0.32645 0.19559 0.05710
0.10 0.55848 0.43573  0.38224 0.22440 0.08234
0.20 1.18572 1.15355 1.08286 1.02224 0.97912 0.37916
030 1.75848 1.76843 1.77923 1.77484 1.76012 1.53078 1.12224
0.40 233210 2.33557 237930 2.35424 243812 249352 240884 2.32468
0.50 2.80317 290411 2.94668 298532 3.08258 3.31190 3.47191 3.57487 3.83268
0.60 3.34826 3.37947 3.50426 3.62061 3.67220 4.03588 4.35560 4.67199 4.92353 5.47079
0.70 3.77795 3.89934 4.03519 4.12801 424232 4.68762 5.12753 5.53584 5.94911 6.32796 7.02727
0.80 423107 4.29048 4.47630 4.63539 474826 5.28461 5.80139 6.27735 6.76131  7.24059  7.69620  8.47691
090 4.64595 4.79775 495827 5.08948 523134 5.84230 6.39364 6.94093 7.45838 7.97397 8.47879 8.95773
1.00 5.04391 5.23472  5.40776 5.49184 5.71050 6.37854 6.94472 7.50873 8.07235 8.60634 9.12294  9.62640
1.10 547413 561282 5.78722 5.99485 6.14037 6.84488 7.47552 8.05002 8.60680 9.16491  9.68390 10.19766
1.20 587031 6.07145 6.29976 6.41718 6.56181 7.30054 7.94147 8.55174 9.10734 9.65539 10.17576 10.68197
1.30 6.26329 6.42922 6.65058 6.80364 6.96769 7.73206 8.38670 8.99183  9.55760 10.10592 10.62200 11.11586
140 656997 6.78774 7.01080 7.25122 737456 8.13744 8.81393 9.42241 998184 10.52753 11.03023 11.53312
1.50 6.95576  7.13769  7.35240 7.56837 7.73235 8.53061 9.21013 9.80487 10.36470 10.89951 11.41620 11.89506
1.60 7.24463 7.51275 7.76437 7.93532 8.10387 8.89641 9.58548 10.18556 10.73761 11.27000 11.75116 12.24358
1.70 7.58767 7.83312 8.11416 8.27969 8.43659 9.25581 9.93697 10.52769 11.08823 11.59651 12.08824 12.56969
1.80 7.95646 8.15233 8.41134 8.59501 8.77807 9.58937 10.25929 10.85981 11.42777 11.92092 12.41594 12.86127
1.90 827695 8.47734 8.71739 8.89287 9.10369 9.92090 10.59204 11.20353 11.73089 12.23876 12.71681 13.16148
2.00 8.57909 8.80738 9.04030 9.24321 9.40503 10.23063 10.91301 11.50724 12.04071 12.54522 13.00085 13.45026
St;
St; 0.90 1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80 1.90 2.00
0.90 9.76041
1.00 10.09796 10.90254
1.10 10.67080 11.13321 11.89235
1.20 11.15457 11.60663 12.04728 12.76147
1.30 11.58628 12.03481 12.46798 12.86599 13.49508
1.40 12.00200 12.42059 12.84020 13.22151 13.59128 14.16792
1.50 12.35090 12.77632 13.17037 13.54058 13.88874 14.23512 14.75199
1.60 12.67264 13.10950 13.50208 13.85476 14.20252 14.50091 14.81292 15.30091
1.70  12.99965 13.40392 13.78696 14.13359 14.47433 14.77624 15.05530 15.32526 15.75626
1.80 13.29551 13.69588 14.06014 14.41193 14.73226 15.02399 15.30795 15.55688 15.82958 16.22575
1.90 13.58672 13.97629 14.32550 14.67578 14.98400 15.27341 15.54030 15.80063 16.03085 16.28500 16.62634
2.00 13.84152 14.23137 14.58503 14.90659 15.22223 15.50815 15.76992 16.02545 16.24249 16.46829 16.69572 16.99660
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