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Turbulent flows can exhibit extreme events, which are characterized by sudden bursts in
the system observables. These events pose significant challenges for prediction and control
owing to their intermittent, high-dimensional, and strongly nonlinear nature. In this work
we present a predominantly data-driven control framework for the suppression of extreme
events in turbulent flows, leveraging reduced-order modeling for nonlinear compression of
high-dimensional flow fields and a data-driven clustering algorithm for the identification
of precursors to extreme events. A control law is defined in the low-dimensional latent
space and is optimized to efficiently mitigate extreme events through actuation values
associated with the preidentified clusters. To address issues in the latent space structure
that arise from invariance transformations present in many nonlinear systems, leading to
an inflated latent space, we employ symmetry-aware autoencoders to establish a more
structured and compact latent space. By analyzing high-fidelity simulations of a canonical
chaotic flow (Kolmogorov flow), we demonstrate how the resulting closed-loop dynamics
exhibit a substantial reduction (up to ca. 99.4%) in the frequency and intensity of extreme
events. The framework exhibits scalability to a more chaotic flow regime characterized
by higher Reynolds number without encountering numerical instabilities, achieving a
96.9% reduction in the occurrence of extreme events. The ability to incorporate controller
limitations, including actuator latency relevant to practical applications of the framework,
has also been demonstrated. This study highlights the efficacy of data-driven methods that
require little to no prior knowledge of the underlying system dynamics to achieve effective
flow control, thereby providing a pathway for general real-time suppression of extreme
events in turbulent flows.

DOI: 10.1103/jbgr-wsnn

I. INTRODUCTION

Turbulent flows, fundamental to understanding atmospheric dynamics, ocean circulation, and
engineering applications, exhibit complex dynamics where small perturbations result in significant
deviations over time [1,2]. Due to their sensitivity to initial conditions and inherently nonlinear
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dynamics, long-term prediction of fluid systems is fundamentally intractable [3]. These flows
typically evolve on background attractors but can occasionally visit unstable regions of the phase
space. Such excursions may trigger extreme events, manifesting as rare, high-amplitude deviations
with potentially catastrophic consequences, such as rogue waves [4,5], sudden climate shifts [6–8],
dissipation events in turbulent flows [9,10], and flashback in turbulent reacting flows [11–13].

The identification of precursors, which indicate the onset of extreme events, is key to facilitate
timely interventions. Therefore, recent research has increasingly focused on identifying precursors.
In fluid dynamics, various approaches have been devised to tackle this topic. Autoencoder-based
approaches provide an effective framework for extracting dynamically relevant structures from
high-dimensional turbulent flows by mapping the data into a low-dimensional space [14–21]. Within
this low-dimensional space, temporal evolution can be modeled efficiently using either learned
discrete- or continuous-time operators, after which the states are mapped back to the full physical
space. This formulation is particularly appealing due to its efficient nonlinear dimensionality
reduction and unsupervised feature extraction, which enable the discovery of precursors in complex,
multiscale dynamics. Moreover, extreme events in turbulence have been reported to be preceded
by characteristic spatiotemporal patterns that may serve as predictive signatures, identified by
solving a PDE-constrained optimization problem [9,10]. However, the reliability of such precursors
remains strongly system-dependent and thus, might not generalize to other systems and domains.
Furthermore, this approach may not scale well with Reynolds number due to numerical instability
issues as the adjoint grows exponentially in time at a rate close to the largest Lyapunov exponent
of the flow [10]. Other approaches have leveraged data-driven techniques, including surrogate
modeling through deep learning models [22,23] and clustering algorithms [24], to identify precursor
states leading to extreme events, generalizing to wide flow regimes and with potential for application
to other chaotic systems.

Beyond precursor identification, the control of extreme events in turbulence and, generally,
chaotic systems represents a significant challenge due to the inherent sensitivity of these systems
to tiny perturbations. Few control strategies for mitigating extreme events have been explored. One
approach, primarily introduced for systems outside the domain of turbulent flows, involves using
reservoir computing to predict extreme events and apply minimal perturbations for their suppression
[25]. This method has been demonstrated in systems like coupled FitzHugh-Nagumo neurons [26],
where early detection allows for timely feedback control. For turbulent flows, Racca and Magri
[23,27] integrate an echo state network, a type of reservoir computing, to suppress extreme events in
a model of chaotic shear flows, leveraging data-driven methods that does not rely on the knowledge
of the governing equations. Farazmand and Sapsis [28] utilize the probability of upcoming extreme
events in the Kolmogorov flow, introduced by earlier work [9], as a precursor for extreme events,
and define a control law to act on the Fourier mode that contributes to imminent extreme events.
These predictive and control methodologies are vital for controlling complex systems prone to
extreme events. However, they are either computationally expensive at runtime (e.g., [27]) or remain
system-dependent with scalability issues for high Reynolds number flows (e.g., [28]).

To address the above issues, we propose a three-stage framework for suppressing extreme
events in turbulent chaotic flows, involving dimensionality reduction, precursor identification via a
clustering-based algorithm, and real-time control in low-dimensional space. The proposed workflow
is predominantly data-driven, with minimal requirements of physical priors for constructing a
structured latent space, in contrast to system-dependent approaches such as [28]. Further, during
runtime/evaluation, only an additional forward pass through a lightweight autoencoder network (i.e.,
few thousand parameters) per control step is required to estimate the control signal. We examine the
stability of our approach on a case of forced turbulence, i.e., the Kolmogorov flow, to demonstrate
its ability in mitigating extreme events in real time with minimal knowledge about the system
dynamics. In addition, the framework is validated for scalability to a more chaotic flow regime
with higher Reynolds number without incurring numerical issues reported for other approaches
(e.g., [9,10]).
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The rest of the paper is structured as follows. Section II introduces the physical system under
consideration and the data generation process. It also defines our criteria for extreme events for this
particular system. In Sec. III we introduce the three stages of our methodology in detail, while in
Sec. IV we present and discuss our results for the different stages and how they affect the overall
framework. Concluding remarks are then provided in Sec. V.

II. PROBLEM DEFINITION

A. Kolmogorov flow setup

The flow considered for this study is the Kolmogorov flow, i.e., 2D forced turbulence case
[29,30]. Using a pseudospectral solver [31], the incompressible Navier-Stokes equations with
spatially varying sinusoidal forcing are simulated on a 2D square domain � = [0, 2π ] × [0, 2π ]
with spatial variables (x, y), subject to doubly periodic boundary conditions on a Cartesian grid.
The governing momentum and continuity equations are given by

∂u
∂t

+ (u · ∇)u = −∇p + 1

Re
�u + f , (1a)

∇ · u = 0, (1b)

with body force f = [sin(k f y) 0]T and wave number k f = 4. As a first test case, we chose the
Reynolds number Re = 40 to ensure that the resulting flow exhibits intermittent bursts in energy
dissipation rate [30], which is defined as

ε(t ) = 1

Re · |�|
∫

�

|∇u|2d�. (2)

Using a Fourier-Galerkin discretization approach [32], the solver is initialized with 128 colloca-
tion points in each spatial direction and integrated in time using a fourth-order Runge-Kutta (RK4)
scheme with a constant time step �t = 0.0025, similar to the setup in [9,28]. This configuration
yields high-fidelity spectral data by well-resolved spatial and temporal dissipative scales. Simu-
lations are initialized from a random initial condition, followed by a sufficiently long transient
period of 200 time units before data collection begins. A total of N velocity field samples are
recorded at a time interval of �t ′ = 0.1 for 10 000 time units from a single trajectory and used
as the training dataset. This results in a set of velocity states, U = {u(i)}N

i=1, ordered in time along
with their corresponding energy dissipation rate values, ε = {ε (i)}N

i=1. A test or evaluation dataset
of the same size is obtained from a trajectory with a different initial condition. The velocity
fields are projected onto a Cartesian grid with resolution Nx × Ny, such that the final shape of a
single state is R2×Nx×Ny . To balance accuracy with computational effort, we chose Nx = Ny = 32 to
downsample the spatial information of the Kolmogorov flow, as it was shown that the mechanisms
underlying extreme events in this flow are dominated by low-frequency modes [9]. While further
downsampling may still be feasible, it could discard dynamically relevant structures for the extreme
events of the Kolmogorov flow. Consequently, this may degrade the quality of the learned latent
representation, clustering, and ultimately the control performance. We discuss the significance of
this downsampling step by comparing directly against a full resolution case (i.e., Nx = Ny = 128)
in terms of accuracy in flow reconstruction and state identification using the clustering algorithm in
Appendix C.

B. Extreme events in the Kolmogorov flow

Extreme events are here defined as states whose observables deviate from the mean value by
a certain number of standard deviations nσ . These sudden, large-amplitude changes in the flow
statistics arise when a trajectory reaches an instability region on the background attractor, steering
the system toward extreme event regions. In the Kolmogorov flow, prior to an extreme event, energy
is transferred from the Fourier mode a(1, 0) to the mean flow [i.e., the mode a(0, k f )] through triad

093902-3



SHEHATA, SCHUURMAN, ESTÉVEZ, AND DOAN

FIG. 1. (a) Energy dissipation time series of a sample trajectory highlighting mean and extreme events
threshold. (b) Corresponding heavy-tailed distribution (probability density function) of the observable ε with
intermittent bursts.

interactions of the modes a(0, k f ), a(1, 0), and a(1, k f ) [9], where a(kx, ky) denotes the Fourier
coefficient corresponding to the wave number vector k = (kx, ky). The increase in the mean-flow
energy consequently leads to an increase in the energy input rate followed by a burst in the energy
dissipation rate. These findings are not only key to understanding the mechanisms underlying the
emergence of extreme events but also provide insight into possible control strategies to avoid such
undesirable phenomena.

In this study, the observable exhibiting intermittent bursts is the energy dissipation rate, and we
consider an extreme event threshold of εe = ε̄ + nσ σ (ε), where ε̄ and σ (ε) denote the temporal
mean and standard deviation, respectively, of ε computed over a sufficiently long time series with
converged statistics. A typical threshold is defined using nσ = 2 [9,28], leading to εe = 0.193.
However, for clustering and control optimization, we employ a more conservative threshold ε̃e using
nσ = 1.5, such that ε̃e = 0.174 to account for accumulating errors arising from both the clustering
and optimization processes. Nonetheless, in evaluation mode, we use εe. Figure 1 shows a sample
time series for energy dissipation and the corresponding distribution, which is characterized by a
heavy tail distribution due to the presence of rare extreme events.

Figure 2(a) presents the time evolution of ε for a sample extreme event, comparing the system
dynamics with and without control for the same initial condition. The corresponding vorticity fields
(ω = ∇ × u) at different time instances for both cases are shown in Fig. 2(b). In the uncontrolled
case, the magnitude of the maximum vorticity increases over time, leading to pronounced gradients

FIG. 2. (a) Time evolution of energy dissipation during an extreme event with and without control.
(b) Snapshots of the vorticity field at select time steps for both cases.
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FIG. 3. Overview of the main stages of our proposed methodology.

that contribute to elevated energy dissipation values (e.g., at t = 30). In contrast, the controlled case
does not exhibit such behavior and, therefore, maintains lower energy dissipation rate. The approach
employed to achieve this control will be discussed in the next few sections.

III. METHODOLOGY

We present a predominantly data-driven approach for suppressing extreme events in turbulent
chaotic flows consisting of three main stages. An overview of these stages is illustrated in Fig. 3.
In the first stage, high-dimensional data in state space are compressed to a low-dimensional
phase space, thereby rendering subsequent steps computationally feasible. The second stage is a
clustering-based algorithm for the identification of precursors to extreme events, enabling real-time
identification of state types. In the final stage, a parametrized control law, directly influencing
the dynamics of the system through an additional body force, is defined and optimized in the
low-dimensional phase space by assigning actuation values to clusters identified in the previous
step. The components pertaining to the different stages are optimized once for the system under
consideration and can then be utilized in evaluation mode without further retraining. Each of these
components is described in detail in the following sections.

A. Dimensionality reduction

Dimensionality reduction methods are widely employed in fluid dynamics to extract low-
dimensional representations of inherently high-dimensional flow fields. Classical linear techniques,
such as Proper Orthogonal Decomposition (POD) [33,34] and Dynamic Mode Decomposition
(DMD) [35], are commonly used to isolate dominant modes from data, thereby facilitating reduced-
order modeling and flow reconstruction. These approaches are particularly effective when flow
dynamics can be captured by a linear superposition of modes representing the most energetic or
dynamically relevant features.

Recent advances have focused on nonlinear and machine learning–based dimensionality reduc-
tion techniques to address the limitations of linear approaches such as POD and DMD. While linear
approaches may fail to represent strongly nonlinear or transient dynamics accurately, nonlinear
methods, including deep learning approaches such as autoencoders (AEs), have demonstrated
the ability to learn compact latent variables that preserve spatial coherence of complex flows
[36]. In this study, we consider both a linear (POD) and a nonlinear model (AE) to compress
high-dimensional input states to a compact latent representation and compare their performance in
terms of information encoding and reconstruction accuracy. We adopt the implementation of POD
as a linear AE (i.e., without nonlinear activation functions or biases), since the latent space spanned
by POD coincides with that of a linear AE, up to the orthonormality properties of the POD basis,
which can be recovered in linear AEs [37].

An AE is an artificial neural network composed of an encoder, EθE , and a decoder, DθD , network,
parameterized by the learnable parameters θE and θD. The encoder network compresses the high-
dimensional flow field u ∈ R2×Nx×Ny to a low-dimensional latent space variable z ∈ RNd , where
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TABLE I. Encoder and decoder architectures of the CAE. The hyperbolic tangent activation function is
used between layers for nCAE, except for the final layer.

Encoder Decoder

Layer Input Size Output Size Layer Input Size Output Size

Conv 3 × 3 2 × 32 × 32 32 × 16 × 16 Linear Nd 2048
Conv 3 × 3 32 × 16 × 16 64 × 8 × 8 Unflatten 2048 128 × 4 × 4
Conv 3 × 3 64 × 8 × 8 128 × 4 × 4 ConvTranspose 3 × 3 128 × 4 × 4 64 × 8 × 8
Flatten 128 × 4 × 4 2048 ConvTranspose 3 × 3 64 × 8 × 8 32 × 16 × 16
Linear 2048 Nd ConvTranspose 3 × 3 32 × 16 × 16 32 × 32 × 32

Conv 3 × 3 32 × 32 × 32 2 × 32 × 32

Nd � 2NxNy. Conversely, the decoder network reconstructs a flow field û ∈ R2×Nx×Ny from an input
latent space variable, z. The forward pass of an AE is then described by

z(t ) = EθE (u(t )), (3a)

û(t ) = DθD (z(t )). (3b)

Training an AE has the objective of optimizing the accuracy of the reconstructed field, û, by
minimizing the reconstruction loss

LAE = Eu∼U
[||û − u||22

] ≈ 1

N

N∑
i=1

||û(i) − u(i)||22. (4)

The same loss function and dataset are used to train both the linear and nonlinear AEs. As previously
outlined, the only difference between the two networks is in the network structure; nonlinear AE
uses nonlinear activation functions (hyperbolic tangent in our case) between the different layers
as well as biases, whereas the linear AE does not. Both networks utilize convolutional layers and
are henceforth referred to as linear convolution AE (lCAE) and nonlinear convolution AE (nCAE).
Details regarding the network structures are provided in Table I. For Nx = Ny = 32, a CAE based
on this architecture has ca. 220 000 parameters for both θE and θD.

Symmetry-aware autoencoders

Several dynamical systems, such as the Kolmogorov flow, that are governed by physical equa-
tions can exhibit equivariance under symmetry transformations. In other words, if u(t ) is a solution
for Eq. (1) and G denotes a symmetry operation (e.g., translation or reflection), equivariance implies
that Gu(t ) is also a solution to the same governing equations. Hence, the set of solutions is invariant
under G. The aforementioned dimensionality reduction methods are inherently unaware of the
invariant solutions present in a dataset, and, therefore, encode them into distinct regions of the
latent space [38,39]. Eventually, this results in an inflated latent space and challenges for subsequent
clustering and control due to the distribution of equivariant states in different regions of the latent
space. To that end, it is crucial to ensure that the latent space is properly structured by incorporating
this information during the training of the AEs.

The Kolmogorov flow under consideration exhibits multiple symmetries, as discussed by Kneer
et al. [38]. It is equivariant under the group of continuous translations [T (s) : u(x, y) → u(x +
s, y)] and discrete symmetry groups [shift-and-reflect, S : u(x, y) → u(−x, y + π

4 ), and rotation,
P : u(x, y) → u(−x,−y)]. A symmetry group, denoted H , derived from unique combinations of
these symmetry groups has a total of 16 distinct symmetries for this dynamical system.

To train an AE that incorporates knowledge of invariant solutions, we leverage the symmetry-
aware autoencoder architecture proposed by Kneer et al. [38]. The network consists of several
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FIG. 4. Sample extreme event (red background) and a corresponding precursor (orange background) with
an arbitrarily long lead time. The plot shows a burst in energy dissipation ε preceded by a burst in input
energy I .

stages designed to map invariant solutions to a single point in the latent space, thereby enhancing
their structural representation and separability. First, we utilize a Siamese architecture comprising
16 branches, each receiving a copy of the input. For each branch j, a discrete symmetry H j is
applied. Second, the transformed states are passed through a spatial transformer network (STN)
[40] to extract a continuous transformation parameter s which is used for the translation function
T (s). The same AE is then applied to each of the branches to reconstruct the transformed states.
The branch j∗, which results in the lowest reconstruction error, is selected for the final step of
recovering the initial input u through the inverse transformation T (s)−1 followed by H−1

j∗ to obtain
the reconstructed solution û. More details regarding this multistage architecture and its application
to various dynamical systems can be found in [38].

To benefit from the desirable properties of the latent space obtained from symmetry-aware AEs,
we also consider symmetry-aware nonlinear CAE (SA-nCAE) in addition to lCAE and nCAE for
dimensionality reduction.

B. Clustering-based identification of precursors

In the latent space obtained from the dimensionality reduction techniques discussed in the
previous section, we then employ a data-driven approach for identifying precursors of extreme
events in arbitrary chaotic systems based on maximizing a modularity parameter [24,41,42]. A
sample “ideal” outcome of this stage, where normal, precursor, and extreme states are identified, is
demonstrated in Fig. 4. This approach operates in a phase space with reduced dimensionality (latent
space with dimension Nd obtained through an AE in our study) to group states of different types
together, enabling the identification of normal, precursors, and extreme states in the reduced phase
space. The continuous phase space is first tessellated into high-dimensional volumes, referred to as
hypercubes. Each state in a trajectory is then assigned to a hypercube. A hypercube is labeled as
extreme if it contains at least a single point that crosses the extreme event threshold (i.e., εt � ε̃e).
Precursor clusters contain states that transition into extreme ones, whereas normal clusters represent
the stable regions of the background attractor.

The tessellated phase space is then used to construct a transition probability matrix P where each
entry, denoted Pi j , is the probability of transitioning from hypercube Bi to Bj and is defined as

Pi j = m(Bi ∩ F−1(Bj ))
m(Bi )

i, j = 1, . . . , NB, (5)

where F−1 is the preimage, m(Bi ) is the number of discretized trajectory points in hypercube Bi, and
NB is the number of hypercubes on the system trajectory. The tessellation resolution depends on the
number of hypercubes per dimension M and results in a total of M̂ = MNd hypercubes. In practice,
however, the dimensionality of the latent space is expanded by an additional dimension, ε, which is
used by the clustering algorithm to define extreme events; thus M̂ = MNd +1. Although this transition
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matrix grows exponentially as Nd increases and therefore requires massive space in memory, it is
usually a sparse matrix that is diagonally dominant, enabling a memory- and compute-efficient
sparse representation. For the following steps, this sparse transition matrix is reinterpreted as a
directed graph, with hypercubes as nodes and transition probabilities as edge weights.

The clustering approach, called modularity-based clustering, aims to partition the network into
communities by maximizing the modularity parameter, which measures deviations from a random
baseline distribution of edges. In other words, it quantifies how well the network is partitioned such
that nodes within the same community are more densely connected to each other than would be
expected from a random distribution. The graph representation of the transition probability matrix
P is iteratively divided into communities until no further modularity improvement is possible or
until user-specified thresholds are exceeded. It should be noted that modularity-based clustering
automatically identifies the final number of clusters and does not require specifying it a priori like
in k-means + +. The resulting clustered graph can then be reinterpreted as a graph and it can then
be reclustered with modularity-based clustering. We repeat this process until either the number of
identified clusters falls below 100 or the number of iterations reaches 4. These values were chosen
as they provide a balance between keeping a large enough number of clusters to accurately describe
the flow transitions while not having too many clusters to keep the dimensionality of the control
optimization problem small. Similarly, the maximum number of iterations is chosen to be four as the
clustering algorithm usually converges to a desirable number of clusters in around three iterations.
For further details regarding this approach, the reader is referred to Refs. [24,41].

The outcome of the algorithm is a set of communities/clusters, which are labeled normal,
precursor, or extreme, that are utilized for real-time state identification. For any latent space point
z ∈ RNd , a labeling function f	 : RNd → {normal, precursor, extreme} assigns the state type based
on these precomputed communities in the latent space of the pretrained AE. Our implementation of
this function is based on the Euclidean distance (i.e., 	2 norm) to the nearest cluster centroid ck such
that f	(z) = 	(k∗), where k∗ = argmink ||ck − z||2 and 	(k) is the type of cluster k.

The main objectives of effective clustering, which subsequently facilitate efficient control, are:
(1) achieving high accuracy in identifying precursors with few false negatives, and (2) maximizing
the time spent in a precursor cluster before a subsequent extreme event, which we refer to as the
lead time. These conditions ensure that we are able to adequately predict extreme events in advance,
thereby providing the control law with sufficient time to smoothly steer the system away from an
extreme event and toward a stable region of the background attractor. Therefore, we consider these
criteria in our selection of the optimum clustering, as will be discussed in Sec. IV.

C. Clustering-based control

1. Control law

We adopt the cluster-based control approach by Nair et al. [43] to define a control law parameter-
ized by actuation values associated with each cluster. After obtaining Ncl clusters from the previous
step, a constant actuation value bk per cluster is defined. The final control law interpolates these
constant actuation values over the phase space through normalized radial basis kernel, resulting in
a scalar parameter β which varies in time according to the evolution of z(t ) in phase space, and is
defined as

β(bk, z(t )) =
∑

k bke−||z(t )−ck ||2/σ 2
I∑

k e−||z(t )−ck ||2/σ 2
I

, ∀k = 1, . . . , Ncl , (6)

with intercluster variance defined as σ 2
I = 1/Ncl

∑
k Nk||ck − c̄||22, where c̄ is the entire trajectory

centroid, and Nk being the number of points in cluster k. The control signal β is used to define the
control force f CT = −[β 0]T sin(k f y), which is an additional term to be added to the momentum
equation [Eq. (1a)]. We chose f CT to be of the same functional form as f [see Eq. (1a)], but
parameterized by β and with a negative sign. Accordingly, f CT directly reduces the energy input
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rate, defined as I (t ) = 1
|�|

∫
�

u · f̃ d�, where f̃ = f + f CT . This enables the control law to avoid
bursts in energy dissipation which are preceded by an increase in the energy input rate; e.g.,
see Fig. 4.

The clustering algorithm provides Ncl clusters, including normal, precursor, and extreme ones.
While it follows naturally that the actuation values for the normal clusters should be disregarded by
setting bk = 0 for all 	(k) = {normal}, we do not impose this constraint. This choice is primarily
motivated by anticipated inaccuracies from the clustering algorithm, resulting in a non-negligible
percentage of false positives and false negatives for the identification of precursors and extreme
events. In the presence of false positives, some of the actuation values for the normal clusters might
generate nonzero control signals to compensate for such inaccuracies. Another advantage of this
choice is the greater flexibility in shaping the optimum control signal within the latent space by
considering all the actuation values for the optimization process. Moreover, there are no constraints
imposed for bk . However, β is limited to the domain [0, βmax] to avoid a positive control force f CT
as well as excessive force magnitudes, which encourages late and abrupt control signals. However,
during evaluation this range can be manipulated without further optimization. In our study we use
βmax = 0.8 during optimization.

The control law in Eq. (6) exhibits smooth transitions for β in the latent space. However, this
smoothness depends on the encoding from the state space to the latent space to yield temporally
smooth trajectories over time in the latter. Since the outcome depends on the method employed
for dimensionality reduction, there is no guarantee that the control signal will remain smooth at all
times. Therefore, in cases where it is necessary to mitigate abrupt changes in the control signal,
which might have adverse effects on the flow dynamics, we employ a smoothing function inspired
by cosine annealing [44], with a response time tR, defined as

β(t, tR, βstart, βend) = βend + 1

2
(βstart − βend)

[
1 + cos

(
πt

tR

)]
, for t ∈ [t0, t0 + tR], (7)

and an arbitrary starting time t0. The use of such a smoothing function not only enhances stability
by reducing the likelihood of introducing numerical artifacts into the system dynamics but also
promotes physically realizable actuation by aligning the control strategy with physical constraints,
such as controller or actuator latency. Consequently, this smoothing function serves as a control
regularization mechanism that balances control effectiveness with practicality. The effect of the
actuator latency, tR, on the efficacy of control will be discussed in a subsequent section.

2. Loss function

We design a loss function for the optimization of the control law to simultaneously focus on
the suppression of extreme events (by penalizing deviations from the background attractor mean
statistics) and the cost reduction of the control signals required to achieve the former. Our loss
function, therefore, is defined as

LCT = 1

T

⎛
⎜⎜⎜⎝γε

∫ T

0
Cε (εt )

∣∣∣∣εt − ε̄

ε̄

∣∣∣∣dt︸ ︷︷ ︸
Deviation from attractor mean

+γβ

∫ T

0
Cβ (zt ) |βt |dt︸ ︷︷ ︸

Cost reduction

⎞
⎟⎟⎟⎠, (8)

where the loss weights are selected to be γε = 1 and γβ = 10, and the time-dependent coefficients
are defined as

Cε (εt ) =

⎧⎪⎨
⎪⎩

20, εt � ε̃e

10, εt � εcrit

1, otherwise

, and Cβ (zt ) =
{

10, f	(zt ) = normal

1, otherwise,
(9)
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which was found to be optimal for the current system and, thus, might differ for other flow
regimes or chaotic systems. In the above, for conciseness, the subscript t is used to indicate
time-dependency.

The first loss term in Eq. (8) penalizes energy dissipation values that deviate from the attractor
mean ε̄. The piecewise constant coefficient Cε (εt ) [Eq. (9)] scales extreme events and highly
unstable precursors (here defined with threshold εcrit = ε̄ + nσ,critσ (ε), where nσ,crit = 0.5) with
higher weights to prioritize them during optimization. These unstable precursors transition to
extreme events in the short term, and thus are given higher priority compared to normal/precursor
states where ε remains relatively closer to ε̄. This essentially helps speed up the convergence of
the optimization process by manipulating the loss field to focus on losses with higher magnitudes.
The second loss term aims to improve the cost efficiency of control by minimizing the magnitude
of nonzero control forces. Similar to the first loss term, it utilizes a piecewise-constant coefficient
Cβ (zt ), assigning higher weight to normal states to discourage control actions for states identified
as normal by the labeling function f	. These time-dependent coefficients are not essential for a
functional optimization and, therefore, can be set to unity. However, convergence rate is likely to be
reduced as a consequence.

3. Gradient-based optimization

Enabled by a differentiable pseudospectral solver for the simulation of the Navier-Stokes equa-
tions, we leverage a gradient-based optimization approach. In contrast to alternative methods, such
as gradient-free methods, this approach allows efficient propagation of information about how the
system dynamics evolve in the long-term under the influence of a time-varying control signal,
leading to better long-term stability and accuracy [45,46]. Thus, the absence of this capability
renders other approaches less effective in capturing system responses over extended time horizons,
which may eventually lead to unstable solutions.

In gradient-based optimization, the primary goal is to compute the loss sensitivity to the input
parameters, ∇bkLCT , which iteratively updates the inputs to minimize the loss. This gradient can be
expressed through the chain rule by calculating the intermediate gradients for the entire trajectory
as follows:

∇bkLCT = ∂LCT

∂u(T )

T∏
t=1

∂u(t )

∂u(t − 1)
, (10)

where T is the simulation horizon. The per-step Jacobian ∂u(t )
∂u(t−1) is the product of Jacobians

corresponding to intermediate stages, including dimensionality reduction z(t ) [Eq. (3a)], control
signal estimation β(bk, z(t )) [Eq. (6)], and time integration via the RK4 scheme. This decomposition
explicitly captures how perturbations in the system state propagate through the encoder network,
control policy, and numerical integration at each time step. The final gradient, ∇bkLCT , is used to
obtain an updated set of parameters b(i+1)

k from b(i)
k using a gradient-based optimization algorithm,

such as gradient descent or Adam [47]. In this study the latter is employed for the optimization
process with a constant learning rate of 0.01.

The temporal horizon T for optimization is ideally chosen such that it covers the entire duration
of at least a single extreme event, along with a sufficiently long transition period to ensure a smooth
control signal. Accordingly, the initial condition u(t = 0) is selected such that, for the base case
without control, the system exhibits an extreme event within the interval t ∈ [0, T ]. For a time step
size of �t = 0.0025 and T = 61.6 time units (fitting an extreme event within the memory limits
of the utilized GPU), this corresponds to 24 640 RK4 integration steps. Unrolling over such long
temporal horizons poses significant challenges for gradient-based optimization, primarily due to the
repeated multiplication of per-step Jacobians. When the dominant eigenvalues of these Jacobians
are less than one, gradients tend to vanish exponentially, while eigenvalues greater than one can
lead to exploding gradients, significantly impacting training stability and convergence, analogous
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to training recurrent neural networks [48,49]. Such instabilities can lead to modeling errors and
degraded policy performance over extended horizons.

To address these issues, we consider an optimization over only half the temporal horizon (i.e.,
t ∈ [0, 0.5T ]) and with a bigger time step �t = 0.01, resulting in a total of 3,080 time steps for
each iteration—a reduction of 87.5% of the computational effort. Using a larger time step size
for this short trajectory length was found to lead to negligible divergence relative to the trajectory
with the finer time step, while the speed and efficiency of the optimization process are significantly
improved.

4. Progressive optimization

Obtaining a set of optimized actuation values based on a single extreme event can often lead
to few extreme events remaining during runtime, especially when unrolling for long temporal
horizons. This implies that the control law may not generalize to different extreme event dynamics.
Addressing this limitation, we optimize the control law by considering multiple extreme events
obtained from the same or different trajectories. Nevertheless, optimizing with a set of extreme
events P at once can be slow and inefficient, as observed during early experiments.

A better alternative is to incorporate these multiple extreme events in a progressive fashion.
Therefore, we propose a progressive optimization algorithm (Algorithm 1) designed to improve con-
trol performance by gradually incorporating multiple extreme events during optimization. Instead
of optimizing over all extreme events simultaneously, the method introduces them incrementally,
which stabilizes convergence and enhances optimization efficiency. We also define a set of extreme
events Pv to evaluate the efficiency and generalization capability of the optimized actuation values.
This validation step is performed every few iterations in evaluation mode, i.e., using εe instead of ε̃e

as an extreme event threshold.

ALGORITHM 1. Progressive optimization algorithm using multiple extreme events.

Require: Solver S, Set of initial conditions for extreme events P , Unrolling time Tf

1: Initialize: bk , P̃ ← {}, NEE ← 0
2: repeat
3: if NEE = 0 and |P| > 0 then
4: P̃ ← P̃ ∪ {P .pop()} � Add initial condition to the active set from the main set
5: end if
6: NEE ← 0 � Reset the cumulative number of extreme events
7: for Each batch ũ0 inP̃ do
8: LCT , nEE ← S(ũ0, bk, Tf )

� Unroll ũ0 using bk . nEE : total number of extreme events
9: NEE ← NEE + nEE

10: Take Adam step on ∇bkLCT � Update bk

11: end for
12: until converged

The algorithm begins by initializing the control parameters bk and maintaining two sets of initial
conditions: a pool P of preselected extreme events and an active set P̃ . At each iteration, if no
new extreme events are detected (NEE = 0) and unused conditions remain (|P| > 0), one is added
to the active set. Within each iteration, initial conditions are sampled from the active set P̃ and
are unrolled for the chosen temporal horizon (0.5T time units in this study), during which the loss
LCT and the number of extreme events nEE per trajectory are computed. The cumulative count NEE

is updated accordingly, and an Adam optimization step is performed on ∇bkLCT . Optimization is
perpetuated until convergence is achieved. This ensures that the control law progressively adapts to
various scenarios only after previous ones have converged without any extreme events, ultimately
leading to a more stable optimization.
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FIG. 5. Comparison of the reconstruction accuracy of the various AE types with different latent space
dimension Nd (a) and the loss distribution over ε for the highest accuracy model, SA-nCAE, with Nd = 8 (b).
Standard deviation per bin is displayed in (b).

Convergence assessment begins once the conditions in the set P are exhausted, i.e., no unused
initial conditions remain. After every validation step, the optimization is considered converged when
the relative change in the loss function remains below 1% for at least 10 consecutive iterations,
indicating that the solution has reached a steady regime. In addition, the validation step must not
produce any extreme events. The optimization is therefore terminated if this condition is violated
for two consecutive validation steps, thereby preventing overfitting to the extreme events within the
active set P̃ .

While it can be observed that our proposed multistep framework inherits hyperparameters from
each stage involved, many of these hyperparameters are interdependent. They are typically selected
based on considerations arising from downstream stages (e.g., Nd for CAEs should remain moderate
to avoid imposing excessive computational costs on the subsequent clustering algorithm) or based on
the performance of the respective stage (e.g., the clustering should be selected to maximize accuracy
in state-type identification). Further, the values provided in this work can serve as a baseline, to be
tuned for different flow regimes and configurations. For instance, when extending the framework
to Re = 200, as will be shown in Sec. IV D, only a few parameters were adjusted to attain better
convergence during the optimization of the control law.

IV. RESULTS

In this section, we present and discuss the results obtained using the methodology detailed in
the previous section. We first compare the reconstruction accuracy achieved by each autoencoder
(lCAE, nCAE, and SA-nCAE) in Sec. IV A followed by an analysis in Sec. IV B of how the
clusters formed in the latent space of each AE influence the accuracy of precursor and extreme
event identification. Finally, Sec. IV C presents the resulting control for the top-performing AE and
demonstrates the overall effectiveness and practicality of the proposed approach.

A. Reconstruction accuracy of CAEs

The reconstruction accuracy, assessed by the reconstruction loss LAE on the test dataset, for the
models under consideration is summarized in Fig. 5(a). As expected, for small latent space dimen-
sions, nonlinear CAEs outperform the lCAE across all Nd [36]. Among these, the most accurate
model is the SA-nCAE due to its symmetry-aware architecture that enables it to identify invariant
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solutions that minimize the reconstruction loss more effectively compared to a vanilla nCAE. The
distribution of the loss across different ε ranges for this model [see Fig. 5(b)] demonstrates how the
training accuracy correlates with the data distribution [cf. Fig. 1(b)]. The heavy-tailed distribution
in Fig. 1(b), which is a result of rare extreme events, means that there is a significant imbalance in
the sampling of states for model training. As a consequence, states with ε values near the tail of
the distribution suffer the lowest reconstruction accuracy due to their rare presence in the training
dataset.

Furthermore, note that we restricted our experiments to Nd � 16, albeit higher values of Nd

would lead to a substantially higher reconstruction accuracy [38], as the growth of the latent space
size will lead to prohibitively expensive computational and memory requirements for clustering, as
outlined in Sec. III B. To balance between computational cost and accuracy, we select Nd = 8 for
further investigation in later stages of our framework. However, despite having an outperforming
SA-CAE model for this latent space size, we still need to examine its embedding space structure.
This is because our primary objective is not only to maximize reconstruction accuracy but also
to obtain a latent space where there is discernible separation between the different state types,
facilitating effective clustering and efficient control.

B. State identification and latent space structure

We employ the standard true positive and false positive ratios to evaluate the accuracy in
identifying extreme events and their associated precursors using clusters produced by the clustering
algorithm. For extreme events, this is straightforward, as an extreme event is explicitly defined by
the threshold εe (or ε̃e) and can therefore be directly assessed using these metrics. In contrast, no
labels are available for precursors, since identifying them is the primary objective of the clustering
algorithm. That said, we first introduce a formal definition of these evaluation metrics, which will
be used consistently throughout the analysis.

Let N̂EwP denote the number of identified extreme events preceded by a precursor, N̂EnP the
number of identified extreme events not preceded by a precursor, and N̂PnE the number of identified
precursors not followed by an extreme event. Using this notation, the true positives TPP and false
positives FPP for precursors are defined as

TPP = N̂EwP

N̂EwP + N̂EnP
and FPP = N̂PnE

N̂PnE + N̂EwP
, (11)

representing the proportion of precursors correctly associated with subsequent extreme events and
the proportion of normal states erroneously classified as precursors, respectively. Similarly, let N̂T E

denote the number of correctly identified extreme events, NE the total number of actual extreme
events, and N̂FE the number of falsely identified extreme events. The corresponding true positive
TPE and false positive FPE rates for extreme events are then given by

TPE = N̂T E

NE
and FPE = N̂FE

N̂T E + N̂FE
, (12)

which quantify the fraction of extreme events correctly detected and the fraction of false alarms
among all identified extreme events, respectively. With these evaluation metrics established, we
proceed with presenting the results of applying the clustering algorithm to multiple test cases.

After obtaining embeddings of the test trajectory using the three CAEs (linear "l ," nonlinear "n,"
and symmetry-aware nonlinear "SA-n") with Nd = 8, clustering is performed on a segment from
the initial portion of the trajectory, and evaluation is carried out on the final 8000 time units. We
compare different clustering parameters, namely trajectory length, tessellation resolution M, tem-
poral stride �t ′, and identification approaches, including cluster- and distance-based approaches.
Here the temporal stride �t ′ refers to the time step size of recording a trajectory to be considered
for clustering, which is usually different from �t , the time step size for unrolling the PDE in time
using the RK4 scheme. In the cluster-based approach, a latent space variable z(t ) is mapped to a
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TABLE II. Clustering statistics obtained from top-performing runs under varying parameters and identifica-
tion methods (cluster- and distance-based). Cluster-based identification results are based on the trajectory used
for clustering, while distance-based identification is applied to the final 8000 time units of the test trajectory.
Normal is abbreviated as N, Precursors as P, and Extreme as E. LD is short for lead time. TP and FP are
expressed in percentages. The column “N-P-E” shows the number of clusters for each cluster type. The top
performance for each metric across the different CAE types is highlighted in bold.

Cluster-based Distance-based

Case CAE M �t ′ Time N-P-E TPP FPP TPP FPP LD TPE FPE

L1 l 20 0.2 1000 84-4-5 80 0 31.58 84.87 4.817 82.86 1.17
L2 l 20 0.2 2000 84-12-15 92.31 0 64.62 73.58 3.169 88.02 5.27
L3 l 10 0.4 2000 56-12-10 92.31 14.29 59.65 82.20 4.576 86.85 2.68

V1 n 20 0.2 1000 66-4-7 80 0 32.88 78.76 4.412 76.40 5.21
V2 n 20 0.2 2000 87-12-12 92.31 0 67.95 74.89 3.245 81.89 6.42
V3 n 10 0.4 2000 56-13-9 92.31 7.70 71.25 75.54 3.980 81.29 6.04

S1 SA-n 50 0.2 1000 86-4-7 100 60 58.65 69.19 3.121 87.78 12.63
S2 SA-n 50 0.2 2000 82-12-14 92.31 0 84.70 64.12 2.763 88.98 24.35
S3 SA-n 30 0.4 2000 59-11-10 92.31 0 91.98 71.51 3.979 80.97 17.35

hypercube from the tessellation used to obtain the clusters in order to identify its type. However,
this is only applicable for states that have been used for obtaining the clusters in the first place.
For unseen states, the distance-based approach is adopted, which utilizes the labeling function f	,
introduced in Sec. III B, to associate the point with the nearest cluster centroid. The top-performing
results for several cases with these different configurations are reported in Table II.

The results reveal several important trends in the accuracy of state identification of the various
AEs. Using the cluster-based approach, precursors can be identified with almost 100% true positive
rate and no false positives for most cases using all CAEs. In other words, the clustering algorithm
can yield significantly similar results using any CAE type and for any latent space representation.
These results are, nonetheless, not attainable in real time, as this approach requires a full trajectory
for a priori analysis. Instead, the distance-based approach underscores the advantage of using SA-
nCAEs over other models in generalizing to unseen states and trajectories in real time. It is also
particularly relevant from a control perspective, as the control signal depends on the actuation values
associated with the nearest cluster centroids. Hence, we focus our analysis on the results obtained
from the distance-based approach for state identification.

First, there exists a strong correlation between the temporal horizon of the utilized trajectory
and the percentage of true positives for precursors. A relatively longer trajectory (e.g., 2000 instead
of 1000 time units) is more representative of the general structure of the latent space and is thus
beneficial in obtaining clusters that can generalize well (compare cases L1, V1, and S1 with others
from Table II). On the other hand, the false positives percentage for extreme events consistently
deteriorates with longer trajectories. Therefore, while there might be a potential to increase the
accuracy in identifying precursors by considering a longer trajectory, we get a much higher false
positives rate for extreme events. In contrast, neither the lead time nor the stride size (�t ′) shows
a clear correlation with accuracy. Although using a larger stride reduces computational cost, owing
to the smaller number of states available for clustering, it does not improve the accuracy of
clustering. These findings suggest that temporal resolution primarily affects efficiency rather than
predictive performance, whereas the length of the considered trajectory plays a more critical role in
characterizing the latent space.

Furthermore, the number of normal clusters dominates across all cases, which is consistent with
their prevalence in the dataset. It is also observed that configurations with longer trajectories yield
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FIG. 6. Accuracy comparison of cluster- and distance-based approaches for the identification of precursors.
(a) Sample time series of the energy dissipation with colored regions for precursors (orange-shaded) and
extreme events (red-shaded) obtained using the cluster-based approach (top panel) and the distance-based
approach (bottom panel). (b) Schematic of a two-dimensional latent space illustrating the difference in state
identification using both approaches. The illustration demonstrates a false positive precursor for the distance-
based approach due to distance minimization [i.e., z(t ) is closer to precursor cluster centroid c3 than normal
centroids c1 and c2] in comparison to the graph-based approach adopted by the clustering algorithm.

a higher number of precursors and extreme clusters, which correlates with better accuracy in state
identification, as previously mentioned. The SA-nCAE model, in particular, demonstrates superior
performance in case S3, where the combination of a proper tessellation resolution and the longest
trajectory length results in the highest percentage of true positives for precursors (≈ 92%). Notably,
clusterings based on the SA-nCAE generally require higher tessellation resolution M to effectively
delineate the distinct regions in the latent space.

On the downside, nearly all cases suffer from a very high false-positives rate for precursors. To
elucidate the reason for the mismatch in the false positives rate between the distance- and cluster-
based approaches, the schematic in Fig. 6(b) highlights why the distance-based approach can lead
to many false positives for precursors. As communities are formed by the clustering algorithm, each
hypercube in the tessellated phase space with at least a single point is assigned to a community
based on the transition probability matrix P and its corresponding graph interpretation. This yields
hypercubes which can be relatively distant from the corresponding cluster centroid but still belong
to the same community. The cluster-based approach makes use of these pre-identified community
assignments for the hypercubes and is, therefore, able to identify precursors and extreme events
with little to no false positives. The distance-based approach, on the other hand, relies solely on
information about the cluster centroids, which can falsely identify normal states as precursors, as
seen in Fig. 6(a).

Moreover, the false-positive rate for precursors is considerably higher than for extreme events
(see Table II). This stems from the fact that precursors are, by definition, normal states whose
energy dissipation rate lies below the extreme-event threshold, yet they reside in the unstable region
of the background attractor and can transition into extreme events. Among all normal states, only
a small subset qualifies as true precursors, namely those that lie within unstable regions of the
background attractor and are followed by extreme states. As a result, the probability of a normal
state being mislabeled as a precursor is much higher than the probability of a normal/precursor state
being labeled as extreme. Consequently, the rate of false positives for precursor identification are
comparatively much higher than for extreme states.

A direct consequence of these high rates of false positives, in principle, would be an overly
conservative control law with reduced efficiency. However, in practice, this does not necessarily
degrade our closed-loop performance, as will be seen in the next section. The control law is
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FIG. 7. Cluster centroids visualized in the latent space for the Case S3 of SA-nCAE. Normal, precursor,
and extreme clusters are colored blue, orange, and red, respectively. Diagonal plots show the kernel density
estimation (KDE) for each dimension zk .

optimized with a control-cost loss term [second term in Eq. (8)], balancing actuation effort against
control benefit. Consequently, even if many precursor detections are spurious, the control law is
optimized to act only when such activations lead to net performance improvements. Thus, the
control-law optimization may eventually compensate for inaccuracies introduced by the clustering
algorithm.

Furthermore, the centroids of the clusters corresponding to the cases with the highest true
positives for precursors are visualized in Figs. 7, 16, and 17 (Appendix A) for SA-nCAE, lCAE, and
nCAE, respectively. These visuals highlight the capability of the SA-nCAE (see Fig. 7) to produce
a clear delineation between the different cluster types compared to lCAE and nCAE. The high
accuracy in state identification for SA-nCAEs can be attributed to this well-structured latent space,
which in turn enhances control performance by ensuring minimal disruptive overlap between the
actuation signals of each peak. To elaborate, the spread of the actuation signal is dictated by the
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intercluster variance, ji, as seen in Eq. (6). Consequently, the separation between the different state
types implies that the actuation values have minimal influence on one another, as they are relatively
distant in the latent space.

Based on these results, we adopt clustering case S3 for the remainder of this study, as it satisfies
the objectives specified in Sec. III B, namely high percentage of true positives for precursors
and mean time from precursors to extreme events, in addition to a well-structured latent space.
Moreover, we compare this case in terms of runtime and performance across various latent sizes in
Appendix B, further supporting the choice of Nd = 8.

C. Control

We initialize the optimization by sampling bk from a normal distribution with zero mean and
a covariance of 0.1, i.e., bk ∼ N (0, 0.1 · I). We also chose |P| = 5 and |Pv| = 15, as we found
during early experiments that once convergence is achieved for P on these five extreme events, the
validation step using Pv usually converges as well. Thus, a larger set for optimization is unnecessary.
During evaluation, we use an RK4 time step size of �t = 0.0025. Unless otherwise stated, β is
updated every 4�t time units, i.e., �tβ = 4�t , representing the controller delay or the time required
for the controller to generate a new control signal for the actuator, with response time tR = 1�t (i.e.,
instantaneous control) that represents actuator latency.

1. Influence of latent space structure on control

We first investigate the control performance using the SA-nCAE and nCAE. The lCAE is
not considered in our comparison, as it exhibited a similar (unstructured) latent space and lower
accuracy in state identification compared to nCAE, as discussed in the previous sections. Its result
is, therefore, anticipated to be redundant.

Using the SA-nCAE for encoding and the clustering of case S3, the optimization converged after
140 iterations with a validation step performed every five iterations. In contrast, using nCAE and
case V3 for clustering, the optimization failed to cover all extreme events in the main set P for
γβ = 10 and 5, as the loss contribution from the control signal substantially exceeded that from
the dissipation loss. For γβ = 1, although the set P was exhausted, convergence was not achieved
after more than 1000 iterations. Nevertheless, the control exhibited improved generalization by
effectively suppressing all extreme events in the validation set except one. While convergence might
have been attainable with a different selection of extreme events for optimization and validation, for
the sake of a fair comparison, we evaluate the results obtained at 1000 iterations, which yielded the
lowest validation loss.

For the SA-nCAE-based control, Fig. 8 shows the time series evolution of the dissipation rate
and the control signal β. In the top panel of Fig. 8(a), we observe how the controlled time series of
the energy dissipation does not exhibit high peaks compared to the uncontrolled case and remains
close to the mean value. The implementation of the control strategy led to a substantial reduction
in the occurrence and intensity of extreme events. Without control, extreme events constituted
4.74% of the time of the entire trajectory, whereas with control, their frequency decreased to only
0.028%, corresponding to an overall reduction of approximately 99.4%. The few extreme events
that persisted under control exhibited significantly lower magnitudes of energy dissipation rate
(slightly above εe), indicating that the control mechanism not only suppresses their frequency but
also effectively mitigates the severity of those that occur with much less frequency, as depicted in
Fig. 8(b). A closer look of the first extreme event encountered in this evaluation trajectory, along
with the corresponding vorticity fields at different time steps, is shown in Fig. 2.

Moreover, in the bottom panel of Fig. 8(a), the β control signal can be seen to exhibit multiple
peaks, with a maximum value ranging between 0.2 and 0.6, corresponding to potential extreme
events that were successfully suppressed without overshooting, i.e., without leading to relatively
low energy dissipation rates. Furthermore, although the time series plot of β shows false positive
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FIG. 8. Evaluation results of control obtained using SA-nCAE (a), (b) and nCAE (c), (d) encoding. The top
panels in (a) and (c) show the time series for energy dissipation with and without control overlaid. The bottom
panels show the corresponding control signal β for the controlled trajectory. The probability density function
for the energy dissipation rate is shown before and after control for SA-nCAE (b) and nCAE (d).

control signals which might seemingly indicate perpetual control, the percentage of time where
β = 0 is found to be ≈ 83%, implying that the vast majority of time is spent without control.

Under the nCAE-based control, the frequency and intensity of extreme events for the same
trajectory was reduced to 0.0445%, as shown in Fig. 8(d), representing a reduction of approximately
99.1%. While this is comparable to the performance achieved by the SA-nCAE, the control signal
for the nCAE remained active (β > 0) for 58.15% of the time [see Fig. 8(c), bottom panel],
whereas it was active for only 17% of the time in the SA-nCAE case. This observation further
supports the conclusion drawn from the clustering accuracy analysis based on the distance-based
method, underscoring that a symmetry-unaware latent space can result in control signals that are
unnecessarily active due to the spatial overlap among different state types within the latent space.
Based on these results, the remainder of this section focuses on analyzing the results obtained using
the SA-nCAE.

Moreover, we discuss our framework’s performance in suppressing extreme events against
existing literature. Farazmand and Sapsis [28] achieved complete suppression of extreme events
without reporting the associated control cost required to obtain this result, while Racca and Magri
report reductions in the occurrence of extreme events by up to one order of magnitude [23] and
two orders of magnitude [27] in studies involving a different turbulent flow, described by ordinary
differential equations. On the other hands, our framework achieves a reduction to 0.028% (≈two
orders of magnitude) on an arguably more complex flow system, surpassing [23] and [27], and
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FIG. 9. Optimized actuation values bk and control signal β (before and after clipping to the domain β ∈
[0, βmax]) at each cluster centroid. Normal, precursor, and extreme clusters are highlighted with blue, orange,
and red backgrounds, respectively.

matching [28]. A more detailed presentation of the computational cost of our framework, along
with a comparative discussion with these other approaches, is provided in Appendix D.

2. Analysis of optimized actuation and control signals

We visualize the set of optimized actuation values, bk , along with the corresponding control
signal, β, at each cluster centroid in Fig. 9. Several insights can be drawn from this visualization.
First, the control law based on radial basis functions exhibits a high correlation between bk and β

but almost always leads to different quantities for both variables due to the inherent nonlinearity of
the control law. Second, for normal clusters, while bk assumes both negative and positive values, the
clipped β remains zero. This is an anticipated outcome of the optimization process, as the second
loss term in Eq. (6) heavily penalizes any nonzero values of β for normal states. Conversely, the
actuation values for the extreme clusters are substantially greater than zero, yet remain below the
upper limit βmax, which is also an anticipated result of the optimization procedure.

Nevertheless, for precursor clusters, most clusters have β = 0, which is unexpected. Figure 10(a)
explains why this outcome should not be taken at face value. By analyzing the set P of extreme
events utilized for optimization, Fig. 10(a) shows the mean control signal β associated with each
cluster based on the distance-based method. This analysis confirms that most control signals
corresponding to precursor clusters are greater than zero, except for clusters k ∈ {59, 62, 64} where
β ≈ 0. The reason for this behavior is outlined in Table III, which makes use of the following

TABLE III. Insights into transitions from precursor clusters to normal and extreme ones, obtained after
convergence on the set P used for the optimization. Clusters with β ≈ 0 and correspondingly high proba-
bilities of transiting to normal clusters are underlined, whereas those with β > 0 and correspondingly high
probabilities of transitioning to extreme clusters are highlighted in bold.

k Prfinal(N | k) Prdirect(N | k) Prdirect(E | k) β

59 0.91 0.39 0.00 0.01 ± 0.03
60 0.14 0.00 0.00 0.03 ± 0.03
61 0.04 1.00 0.59 0.18 ± 0.12
62 0.98 1.00 0.00 0.00 ± 0.00
64 0.53 1.00 0.00 0.00 ± 0.00
66 0.00 — 0.00 0.19 ± 0.07
67 0.27 1.00 0.88 0.23 ± 0.14
68 0.03 1.00 0.67 0.08 ± 0.09
69 0.00 — 0.90 0.21 ± 0.08
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FIG. 10. Mean control signal β associated with each cluster along with the standard deviation for (a) opti-
mized bk and (b) modified bk , where values associated with normal clusters are set to zero after optimization.
Only clusters with nonzero states count and nonzero β are shown. Numbers are based on the extreme events
from the set P after optimization.

conditional probabilities. The probability that a state associated with cluster k either transitions
directly to a normal cluster or passes through one or more other precursor clusters before eventually
transitioning to a normal one is denoted Prfinal(N | k). The probabilities that a state associated
with cluster k transitions directly to a normal or an extreme cluster are denoted Prdirect(N | k) and
Prdirect(E | k), respectively. These conditional probabilities are defined as follows:

Prfinal(N | k) = C(k → N) + C(k → · · · → N)

C(k)
, (13a)

Prdirect(N | k) = C(k → N)

C(k → N) + C(k → · · · → N)
, (13b)

Prdirect(E | k) = C(k → E)

C(k → E) + C(k → · · · → E)
, (13c)

where C(·) is the number of states satisfying a given condition. For example, C(k) is the number of
states associated with cluster k, C(k → · · · → N) denotes the number of states that are associated
with cluster k and transition to one (or more) other precursor cluster(s) before eventually transition-
ing to a normal one, and C(k → N) is the number of states that directly transition from cluster k to
a normal cluster.

For the clusters 59 and 62, the conditional probability Prfinal(N | k) is close to unity (see
Table III), indicating that these clusters are usually associated with false positives, which explains
why β ≈ 0. For cluster 64, this probability is not negligible (0.53), although significantly lower. All
of these states, however, were found to transition directly to a normal cluster, as Prdirect(N | k) = 1.
Even with Prfinal(E | k) = 1 − Prfinal(N | k) = 0.47 being a non-negligible probability of a state
eventually transitioning to an extreme cluster, the states were consistently found to transition first
to other precursor clusters (clusters 60 and 61), as Prdirect(E | k) = 0. These intermediate precursor
clusters exhibit nonzero control signals, thereby compensating for the inactive control (β ≈ 0) of
cluster 64.
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FIG. 11. Control signal β evolution over time for suppressing an extreme event, demonstrating jumps that
correlate with jumps in the distances between two time-consecutive latent space variables.

Further, since β for all normal clusters is zero [see Figs. 9 and 10(a)], when a state transitions
from the proximity of these precursor clusters to a normal one, it enters a region of the latent space
where β is predominantly zero, which can be interpreted as a false positive. In other words, their
trajectories in the latent space reveal a low probability of leading to extreme events. Therefore, no
control signal should be applied to avoid perpetual control without imminent bursts in the energy
dissipation rate. It is important to emphasize that these findings are specific to the set of extreme
events, P , used for optimization.

Moreover, this observation regarding the β being almost always zero for normal clusters could
falsely indicate that the presence of these actuation values can be omitted (i.e., forced to be zero
during runtime). However, due to the nonlinearity of the control law and the proximity of normal
clusters to (some) precursor and extreme ones, enforcing this modification of bk results in a nonzero
control signal for many normal states, as shown in Fig. 10(b), and even increases the overall
magnitude of β corresponding to both precursor and extreme clusters. Thus, this demonstrates the
interactions of the actuation values that influence the resulting control distribution.

3. Enforcing a smooth control signal

Examining the control signal for a single extreme event reveals abrupt changes in β, which is
one of the drawbacks of using SA-nCAEs. The core idea of the SA-nCAE is to transform an input
state such that its latent-space representation achieves the highest possible reconstruction accuracy
among all invariant transformations. This process introduces jumps in the latent space between two
consecutive points in the state space, yielding jumps in the control signal. As seen in Fig. 11, the
discontinuities observed in the control parameter β arise precisely at instances where the Euclidean
distance between consecutive latent states, ||z(ti+1) − z(ti )||2, exhibits abrupt changes. Otherwise,
β evolves as a smooth control signal over time. This relationship provides a clear explanation for
the observed jumps in the β control signal. Although these discontinuities did not induce any short-
or long-term detrimental effects on the numerical stability of the solution, they may pose practical
challenges for real-world implementations, where smooth control dynamics are often required due
to the finite response time of actuators.

To prevent such abrupt variations in the control signal, we apply the smoothing function de-
fined in Eq. (7), parameterized by the response time tR. The optimization was initially performed
assuming �tβ = 4�t and tR = 1�t , corresponding to an instantaneous control response. To assess
the influence of actuator latency, we evaluate the performance for a range of controller latencies
(�tβ = {4�t, 16�t}) and response times (tR = {1�t, 12�t, 28�t}), each representing a controller-
actuator setup with distinct latency characteristics. As shown in Fig. 12, all cases exhibit suppression
of extreme events. Even for large response times (e.g., tR = 28), the controller remains effective
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FIG. 12. Evaluating the effect of different response times tR = {1�t, 12�t, 28�t} on the control effective-
ness for various extreme events. All cases are evaluated using �tβ = 16�t .

in suppressing extreme events, which is also true for long time horizons (10 000 time units), as
shown in Fig. 13. These results indicate that �tβ and tR may be chosen to match the intrinsic
latency of a given controller-actuator setup, enabling robust performance across a range of practical
implementations.

D. Scaling to higher Reynolds numbers

This section investigates the generalizability and scalability of our framework. We first evaluate
its generalizability by applying the framework directly to higher Reynolds numbers without retrain-
ing. We then examine its scalability by retraining the framework for a higher Reynolds number case
where the model trained at Re = 40 fails to generalize. For Re > 40, the data generation follows
the same procedure discussed in Sec. II A, but uses 256 collocation points in each spatial direction
(similar to [28]) and constant �t = 0.001.

1. Zero-shot control

The framework is here applied to higher Re cases to demonstrate its ability to generalize to
more chaotic flow regimes in Kolmogorov flow. We reuse the SA-nCAE model, clustering, and bk

parameters obtained for the Re = 40 case and apply them, without retraining or fine-tuning (also
known as zero-shot control), for a range of more chaotic flow regimes.

FIG. 13. The probability density function for the energy dissipation rate obtained for trajectories of 10 000
time units and different combinations of controller (�tβ ) and actuator (tR) latency values.

093902-22



DATA-DRIVEN CONTROL OF EXTREME EVENTS IN …

FIG. 14. Probability density function of energy dissipation rate for zero-shot control over a range of
Reynolds numbers. Note the nearly flat segment at the upper end of the tail of the uncontrolled case for Re = 80
and 100 is caused by a single extreme event whose maximum value is notably larger than others.

As seen in Fig. 14 and Table IV, zero-shot control reduced the occurrence of extreme events for
Re = {60, 80, 100} by 100%, 99.97%, and 99.21%, respectively, albeit with a slightly longer control
activation duration (i.e., smaller β = 0 percentage). These results demonstrate that the framework
generalizes effectively across this range of Reynolds numbers. Nonetheless, retraining is necessary
only for the substantially more chaotic Re = 200 case, which exhibits ≈2% of extreme events after
control. To recover optimal performance in terms of the percentage reduction in extreme events, we
focus on retraining for the Re = 200 case in the following subsection.

2. Retraining for a higher Reynolds number

For Re = 200, we consider an SA-nCAE with Nd = 8 and train it for the same number of
iterations with the same dataset size, resulting in a relatively higher reconstruction loss of 0.10497.
At higher Re, the system exhibits more chaotic behavior and finer flow scales, leading to a more
intricate structure of the turbulent attractor in state space. Consequently, a simple CAE architecture
with a very low-dimensional latent space is insufficient to capture these high-dimensional structure
of the flow manifold [50]. Nevertheless, for a direct comparison with the Re = 40 case and to assess
scalability at higher Re with minimal adjustments, this configuration is adopted for the downstream
tasks.

A summary of the corresponding clustering accuracy for state identification is presented in
Table V. In comparison to the results shown in Table II for the lower Re case, we observe a
slight reduction in performance, particularly for TPP and FPE for the distance-based method. This is
attributed to the increased difficulty of distinguishing between the different state types at higher Re,
where σ (ε) is smaller. Moreover, notice that the LD is approximately one-third of the lower Re case.
Due to the different dynamics of the current flow regime with lower Lyapunov time, extreme events

TABLE IV. Zero-shot control performance for different Reynolds numbers. EE denotes extreme events.

Re

60 80 100 200

EE (%) controlled 0.00 0.01 0.18 1.98
EE (%) no control 6.14 5.91 5.92 4.51
EE reduction (%) 100.00 99.97 99.21 89.02
β = 0 (%) 71.20 70.40 72.80 81.50
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TABLE V. Clustering statistics obtained from top-performing SA-nCAE runs under varying parameters
and identification methods (Cluster- and distance-based) for the Re = 200 case. Same details as in Table II.

Cluster-based Distance-based

Case M �t ′ Time N-P-E TPP FPP TPP FPP LD TPE FPE

S1′ 40 0.2 1000 46-27-27 100 0 72.02 76.70 0.851 83.61 58.35
S2′ 50 0.2 2000 61-47-47 100 0 77.23 74.64 0.9234 88.86 60.02
S3′ 30 0.4 2000 36-46-46 100 0 87.37 67.92 1.175 89.68 62.86

are found to occur 2.35 times more frequently and have an average duration that is 2.47 times shorter
over a trajectory of 10 000 time units. LD is then observed to be proportionately lower. Case S3′
(Table V) is selected as it yields the highest TPP and lowest FPP among all considered cases using
the distance-based method. It can be seen for this case that the number of precursor and extreme
event clusters is significantly higher than normal clusters as opposed to case S3 (cf. Table II). This
difference is associated with the increased frequency of extreme events in the higher Re regime.

For optimization of the control law, we adopt the same settings as outlined previously, unless
otherwise stated. The temporal horizon is chosen to be T = 10, since the LD and average duration
of an extreme event are found to be shorter than the lower Re case. To account for the change in the
statistics of the energy dissipation rate between Re = 40 and 200, we set the loss scaling coefficients
to γε = 1 and γβ = 3 [Eq. (9)]. We also use nσ,crit = 1 such that Pr(ε � εcrit|Re=40 | Re = 40) ≈
Pr(ε � εcrit|Re=200 | Re = 200). In other words, nσ,crit, which is used to define the threshold εcrit =
ε̄ + nσ,critσ (ε) for highly unstable precursors, is adjusted to almost match the probability of the
previous case. This ensures that control is activated only when necessary to mitigate true extreme
events by acting on the highly unstable precursors, which now have shorter LD as well for higher Re.

After 77 iterations using a learning rate of 0.03, the optimization converged with a validation step
performed every two iterations. The control law with the optimized actuation values was evaluated
using the threshold εe = 0.085 and achieved a reduction in the probability of extreme events by
96.9% (from 4.51% in the uncontrolled case to 0.138%), as shown in Fig. 15(b). Note that the
occurrence of extreme events dropped from ≈2% in the zero-shot control case (see Table IV) to
0.138% after retraining, highlighting the benefit of adapting the controller to this more complex flow

FIG. 15. Evaluation results of control obtained using SA-nCAE encoding for Re = 200. The top panel in
(a) shows the time series for energy dissipation with and without control overlaid. The bottom panel shows
the corresponding control signal β for the controlled trajectory. The probability density function for the energy
dissipation rate is shown before and after control for the zero-shot and retrained cases in (b).
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regime. Further, the control law is found to be active for about 14.5% of the time, which represents
efficient control that is primarily active prior to extreme events. It is also active for a shorter duration
than in the zero-shot case (18.5%), while more effectively suppressing extreme events.

Finally, the time series of the control signal and the energy dissipation rate before and after
control is shown in Fig. 15(a). In comparison with the lower Re case [in Fig. 8(a)], it can be seen that
the frequency of the observed β peaks (bottom panels) is higher for the higher Re case, although the
control is active for a relatively smaller fraction of time. This increase is consistent with the higher
frequency of extreme events observed in the uncontrolled trajectory (top panels).

V. CONCLUSION

We have presented a multistage, predominantly data-driven framework for the suppression of
extreme events in turbulent flows. The proposed methodology relies on control signals derived in
the latent space of a reduced-order model, where a clustering algorithm enables the identification of
distinct flow states. By associating an optimal actuation value with each cluster, the resulting control
law efficiently mitigates extreme events through timely interventions during their precursor phases.

The efficacy of the framework was demonstrated on the turbulent Kolmogorov flow, where the
application of the learned control law led to a reduction of nearly all extreme events by up to
99.4%, and a negligible frequency and intensity of the few events that persisted beyond the extreme
events threshold. Furthermore, the use of a symmetry-aware autoencoder proved instrumental in
constructing a “structured” latent space that facilitates state identification and yields control that
is active only when necessary. The framework is applied to a higher Re flow regime and achieves
comparable performance in the reduction of the occurrence of extreme events by up to 96.9%,
demonstrating scalability to more chaotic flow regimes.

Finally, we introduced a practical extension of the framework that accounts for controller and
actuator latencies, demonstrating the robustness of the proposed control strategy for real world
scenarios related to controller-actuator setups. Collectively, these results demonstrate the promise
of data-driven, reduced-order modeling approaches for the real-time suppression of extreme events
in turbulent flows.

For future work, the symmetry-aware autoencoder that utilizes prior knowledge of the consid-
ered system can be replaced with other system-agnostic approaches, e.g., [51], fostering a fully
data-driven approach applicable to real life settings. Additionally, evaluating the performance of
the proposed framework for higher-dimensional flows remains an important direction for future
investigation.
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APPENDIX A: LATENT SPACE STRUCTURE FOR MULTIPLE CAEs

This appendix presents Figs. 16 and 17, specifically corresponding to the latent space structure
visualization for lCAE and nCAE. These supplementary figures provide additional visual details
for comparison with Fig. 7.
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APPENDIX B: CLUSTERING SCALING FOR MULTIPLE LATENT SIZES

We train multiple SA-nCAEs with latent sizes Nd = {4, 6, 8, 10} using the same settings as
Case S3 (see Table II). The clustering accuracy for precursor identification using both cluster-
and distance-based approaches as well as runtime is presented in Fig. 18. M = 20 is used for
Nd = 4 as it provides the highest accuracy for the presented metrics and for Nd = 10 due to
algorithmic limitations for relatively higher dimensional spaces. M = 30 is used for the remaining
cases. These results indicate that accuracy substantially improves as Nd increases, while runtime
also increases correspondingly, until a plateau is reached at Nd = 8 and 10. Nd = 8 represents a
practical balance between clustering accuracy and computational cost for the current flow problem,
providing near-optimal performance without exceeding memory or runtime constraints.

Note that the minor drop in performance for Nd = 10 is due to the inability to explore higher
tessellations with M > 20 where an optimum performance is expected to exist. This is a direct con-
sequence of the current implementation of the clustering algorithm, which relies on a sparse matrix
representation of the dense transition probability matrix, P . This representation imposes a practical

FIG. 16. Cluster centroids visualized in the latent space of the linear CAE (Case L2). See Fig. 7 for details.
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FIG. 17. Cluster centroids visualized in the latent space of the nonlinear CAE (Case V3). See Fig. 7 for
details.

upper bound on the indexable nonzero entries, determined by the maximum value of a 64-bit integer
(int64) used to store matrix indices in the C language. Therefore, while the computational cost
does not scale exponentially with increasing Nd , although the total number of hypercubes is MNd +1,
this growth leads to a practical upper limit on Nd within the current implementation. This is an
algorithmic limitation specific to the current implementation. Consequently, this provides a cap to
the maximum achievable performance from the clustering stage.

APPENDIX C: DIMENSIONALITY REDUCTION OF A FULL RESOLUTION INPUT

To investigate the effect of the downsampling performed prior to an AE on the performance of
the downstream clustering task, we run a case where the AE is being applied to the velocity field
with full resolution without downsampling (i.e., Nx × Ny = 128 × 128). The AE used for the higher
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FIG. 18. Clustering performance metrics for multiple Nd values. The time taken (in seconds) to obtain the
final set of clusters on the same workstation is shown in (a). The true and false positive rates for precursors
(TPP and FPP) of the obtained clusterings are reported when using the cluster-based (b) and distance-based (c)
methods. Runtime values are obtained by averaging five runs per case, with standard deviation below 1 for all
cases (not shown).

resolution input has a slightly different architecture (see Table VI) to enable better feature extraction
and reconstructions free from computational artifacts.

We compare the accuracy using SA-nCAE with Nd = 8 against the case with downsampling,
i.e., case S3 from Table II with Nx = Ny = 32. The reconstruction loss, Eu∼U [||û − u||22], for both
cases is found to be almost the same (0.02088 and 0.02158 for the low and high resolution cases,
respectively) and the clustering accuracy is quite comparable, as shown in Table VII. Nonetheless,
it is worth mentioning that the AE used for the higher resolution input has 5× more trainable
parameters, requires higher memory capacity, and takes about 13.2× longer to train on the same
GPU. We, therefore, conclude that downsampling is a critical step to substantially reduce the
computational cost of running the AE without adversely affecting the performance of downstream
stages.

APPENDIX D: COMPUTATIONAL COST OF OUR FRAMEWORK

To facilitate future comparisons of the computational cost of our proposed framework with
other approaches, we report the runtime for both training and evaluation of the Re = 40 case.
All simulations/runs were conducted on a machine equipped with an NVIDIA RTX A4500 GPU
(20 GB), an Intel Xeon processor (20 cores), and 192 GB of RAM. The training time for the
nCAE and SA-nCAE models was approximately 3.5 minutes and 65 minutes, respectively. This

TABLE VI. Encoder and decoder architectures of the autoencoder applied to a full resolution velocity field
at 128 × 128 resolution. The hyperbolic tangent activation function is used between layers, except for the final
layer.

Encoder Decoder

Layer Input size Output size Layer Input size Output size

Conv 3 × 3 2 × 128 × 128 32 × 64 × 64 Linear Nd 2048
Conv 3 × 3 32 × 64 × 64 64 × 32 × 32 Unflatten 2048 128 × 4 × 4
Conv 3 × 3 64 × 32 × 32 128 × 16 × 16 Upsample + Conv 3 × 3 128 × 4 × 4 128 × 8 × 8
Conv 3 × 3 128 × 16 × 16 128 × 8 × 8 Upsample + Conv 3 × 3 128 × 8 × 8 128 × 16 × 16
Conv 3 × 3 128 × 8 × 8 128 × 4 × 4 Upsample + Conv 3 × 3 128 × 16 × 16 128 × 32 × 32
Flatten 128 × 4 × 4 2048 Upsample + Conv 3 × 3 128 × 32 × 32 64 × 64 × 64
Linear 2048 Nd Upsample + Conv 3 × 3 64 × 64 × 64 32 × 128 × 128

Conv 3 × 3 32 × 128 × 128 2 × 128 × 128
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TABLE VII. Clustering statistics of SA-nCAE obtained from top-performing runs with different input
resolution (Nx × Ny) and identification methods (Cluster- and distance-based). Stride (�t ′) and sequence length
used to obtain the clustering is 0.4 and 2000 time units, respectively. The first case corresponds to case S3 in
Table II. Other details are similar to Table II.

Cluster-based Distance-based

Nx × Ny M N-P-E TPP FPP TPP FPP LD TPE FPE

32 × 32 30 59-11-10 92.31 0 91.98 71.51 3.979 80.97 17.35
128 × 128 40 60-12-10 92.31 0 89.73 74.06 2.423 88.82 31.20

difference arises from the fact that a SA-nCAE, based on a Siamese network, has 16 branches
of a single nCAE. The clustering stage incurred a comparatively negligible computational cost,
requiring approximately 200 seconds for cases V3 and S3 (Table II). The iterative optimization
procedure of bk takes approximately 59 hours and 13 minutes for 1000 iterations of the nCAE-based
encoding, corresponding to an average of 3.55 minutes per iteration. Similarly, the optimization
using SA-nCAE over 140 iterations required approximately 9 hours and 50 minutes, yielding an
average of about 4.25 minutes per iteration. The average cost is indeed lower during the initial
iterations when |P̃| < |P|. During evaluation for the same trajectory length of 10 000 time units,
nCAE and SA-nCAE took about 290 and 323 minutes, respectively, whereas an uncontrolled
trajectory takes approximately 259 minutes.

A direct quantitative comparison of the computational cost with other methods is difficult since
few works focus on the control of extreme events in turbulence and such metrics are rarely reported.
For instance, Farazmand and Sapsis [9,28] employ a control strategy requiring a precursor from
a PDE-constrained optimization problem that maximizes the growth of an observable (i.e., the
energy dissipation rate). They describe their method as having a “relatively low computational cost”
compared to classical adjoint-based techniques, which are generally known to be computationally
demanding, requiring complex implementation and memory-intensive backward-in-time compu-
tations [9]. However, no quantitative analysis is provided. Similarly, in Racca and Magri [23], a
surrogate model based on Echo State Networks (ESNs) is first trained to predict the forward-in-time
dynamics of a flow and is then employed at each time step to predict the current flow state over a
finite horizon to predict imminent extreme events. The computational cost scales with the length of
this temporal horizon. However, the overall cost of the method is not discussed in their work and
it is only validated for an ODE system (the “Moehlis, Faisst, and Eckhardt” model [53]) making
any comparison with our present work difficult. In contrast, our approach requires only a single
forward pass through the AE to locate the fluid state in the latent space and compute the control
signal directly using Eq. (6).
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