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We study the one-dimensional capillary-driven retraction of a finite planar liquid sheet
in the asymptotic regime where both the initial length-to-thickness ratio l0/h0 and a
characteristic Ohnesorge number, Oh, which is inversely related to the Reynolds number
of the flow, are large. In this regime, the fluid domain decomposes into two regions:
a thin-film region governed by one-dimensional mass and momentum equations and a
small tip region near the free edge described by a self-similar Stokes flow. Asymptotic
matching between these regions yields an effective boundary condition for the thin-film
region, representing a balance between viscous and capillary forces at the free edge. We
find that surface tension drives the thin-film flow only through this boundary condition,
while the local momentum balance is dominated by viscous and inertial stresses. We show
that the thin-film flow possesses a conserved quantity, reducing the governing equations to
a one-dimensional free-boundary problem in which the sheet thickness satisfies the heat
equation with time-dependent boundary conditions. The reduced problem depends on
a single dimensionless parameter L = l0/(4h0Oh). Numerical solutions of the reduced
model agree well with previous studies based on different formulations, including full
Navier-Stokes simulations, and reveal that the sheet undergoes distinct retraction regimes
depending on L and a dimensionless time after rupture T . We derive asymptotic approxi-
mations for the thickness profile, velocity profile, and retraction speed during the early and
late stages of retraction. At early times, the retraction speed grows as T 1/2, characteristic
of diffusive processes, while at late times it decays as 1/T 2 due to the finiteness of the
sheet. Both results are consistent with previous findings. We also analyze an intermediate
regime, not previously studied in detail, which arises for very long sheets (L � 1). During
this phase, the retraction speed approaches the classical Taylor-Culick value, despite the
sheet not exhibiting a large circular rim as in classical studies of film rupture. When T ≈ L,
the speed undergoes a sudden deceleration, which we characterize numerically, going from
the Taylor-Culick speed to that predicted by the late-time asymptotics.
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I. INTRODUCTION

After a liquid sheet ruptures, its free edge retracts under the action of capillary forces. This
phenomenon is commonly seen in bursting bubbles and is central to many natural and industrial
processes, such as fluid atomization [1,2], spread of pathogens in water [3], and curtain coating
applications [4].

The retraction speed of a ruptured liquid sheet was independently derived by Taylor [5] and
Culick [6]. They considered an idealized scenario of an infinitely extended, two-dimensional planar
sheet composed of an inviscid liquid. By assuming that the liquid accumulates in a circular rim at
the free edge and applying conservation of mass and momentum at the rim, they found a constant
retraction speed given by

uTC =
√

γ

ρh0
, (1.1)

where γ is the surface tension, ρ is the liquid density, and 2h0 is the uniform film thickness prior
to rupture. The predicted speed—now often referred to as the “Taylor-Culick speed”—shows good
agreement with experiments with low-viscosity liquids such as water [7,8].

In contrast, later experiments by Debrégeas and coworkers [9,10] on the growth of circular
holes in highly viscous sheets revealed a markedly different dynamics [9,10]. Notably, the liquid
did not accumulate at the rim; instead, the film thickness remained spatially uniform during
retraction. Furthermore, the retraction speed was not constant as in (1.1) but increased over time
on a characteristic viscous timescale proportional to μh0/γ , where μ is the liquid viscosity.

Motivated by these experiments, several theoretical works examined the retraction dynamics
of highly viscous sheets [11–15]. An influential numerical study was reported by Brenner and
Gueyffier [11], who employed a thin-film model to analyze the retraction of a two-dimensional
planar sheet. In their model, the flow was governed by two coupled partial differential equations for
the mass and momentum balances in the liquid, with the latter including inertial, viscous, and
capillary stresses. The dynamics depended on two dimensionless groups,

l0
h0

, Oh = μ√
ρh0γ

, (1.2)

where l0 is the initial length of the sheet. The first parameter is the initial aspect ratio of the sheet,
assumed large, while the second is the Ohnesorge number, which is inversely related to the Reynolds
number of the flow.

We note that since the simulations in Ref. [11] considered planar sheets, they could not capture
the precise dynamics seen in expanding holes. Specifically, at large Oh, corresponding to highly
viscous sheets, the dynamics does not exhibit the exponential retraction speed that was observed in
experiments [9]; instead, it depends on the relative magnitude of Oh and l0/h0. When Oh � l0/h0,
the sheet thickness remains spatially uniform throughout the retraction, in a manner resembling the
experiments in Refs. [9,10], but with a qualitatively different speed. As Oh decreases relative to
l0/h0, liquid accumulation in the rim becomes more pronounced, and, for 1 � Oh � l0/h0, they
observed the formation of a circular rim moving at the Taylor-Culick speed, as in the nearly inviscid
case.

Building on the work of Brenner and Gueyffier [11], later studies adopted similar thin-film
models to investigate the retraction of viscous sheets in various settings [13–16]. In particular, Savva
and Bush [14] simulated the retraction of flat sheets with both planar and circular geometries in
the limit of infinitely long films (l0/h0 = ∞). Consistent with Ref. [11], they found that in both
geometries and for all values of Oh, the free edge eventually reached the Taylor-Culick speed,
although the approach was slower for larger Oh. Their numerical results were complemented by
an early-time analysis of the velocity profile. To this end, they assumed that the sheet initially
consisted of a small semicircular cap at the tip patched to a flat film. For the circular geometry—i.e.,
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a circular hole expanding in a film—they found that the hole radius initially increased exponentially,
in agreement with the theory and experiments in Ref. [9].

More recently, Deka and Pierson [15] examined the regime where the sheet is long but finite
and highly viscous. Starting from the thin-film equations in Ref. [11], and making a series of
approximations in the regime 1 � l0/h0 � Oh, they derived a similarity solution valid far from the
tip and at late times after rupture. Their solution predicts that the sheet remains spatially uniform,
with its thickness growing linearly in time. By enforcing mass conservation and making a few
assumptions on the sheet geometry near the tip, they also derived an analytic approximation for the
retraction speed. To support their analysis, the authors conducted full Navier-Stokes simulations for
a range of large l0/h0 and Oh, finding good agreement with their similarity solution as well as earlier
simulations and theories.

Although these studies show that thin-film models offer a powerful framework for understanding
liquid-sheet retraction, all of the above-mentioned models share an undesirable feature. As Brenner
and Gueyffier [11] and others have noted, the core assumption of thin-film theory, namely that
interface slopes are small, inevitably breaks down near the highly curved free edge. Furthermore, to
avoid singularities at the edge, the capillary stresses in the momentum equation must be regularized
by including the full nonlinear curvature.

This regularization not only raises concerns about the validity of thin-film models near the tip
but also increases the complexity of the governing equations, thereby hindering both numerical and
asymptotic analyses. For example, to avoid directly addressing the highly curved tip region, both
Savva and Bush [14] and Deka and Pierson [15] made simplifying assumptions in their respective
early-time and self-similar analyses, some of which were not fully justified.

In this paper, we revisit the problem of the retraction of a two-dimensional planar liquid sheet,
focusing on the limit of highly viscous (Oh � 1) and long (l0/h0 � 1) sheets. We demonstrate
that the fluid domain decomposes into two distinct asymptotic regions: a large sheet-scale region,
governed by the thin-film approximation, and a small region near the free edge, governed by the
two-dimensional Stokes equations.

Within the thin-film region, we show that capillary stresses are negligible relative to viscous
and inertial forces and enter the problem solely through a boundary condition at the free edge.
This greatly simplifies the equations, which now depend only on a single dimensionless parameter
proportional to the ratio of l0/h0 and Oh, and removes the need for any regularization. We note that
our asymptotic description is closely related to that of Munro et al. [17] in their study of bubble
coalescence, although the geometry of the liquid film in their work differs from that considered
here.

We identify a conserved quantity within the thin-film equations, which leads to a linear re-
lationship between the liquid velocity and the interface slope. This reduces the original coupled
equations for mass and momentum balances to a single equation, which may be written solely in
terms of either the thickness or velocity. In terms of thickness, the reduced problem takes the form of
a one-dimensional heat equation with time-dependent boundary conditions. Alternatively, in terms
of velocity, it reduces to Burgers’ equation, also with time-dependent boundary conditions.

We perform numerical simulations of the reduced problem for the thickness, verifying that it
accurately captures the distinct retraction behaviors observed in prior numerical studies [11,13–15].
Additionally, we systematically analyze various limiting cases of our model, recovering previously
derived asymptotic solutions and obtaining new analytical approximations in regimes that have not
been previously considered.

II. PROBLEM STATEMENT

A. Thin-film model

We describe the geometry of the liquid sheet using the Cartesian coordinate system (x, y, z)
shown in Fig. 1. The sheet is assumed to be symmetric about the xz plane and invariant in the
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FIG. 1. Schematic of a ruptured planar thin sheet. A flat surface across the x-z plane is fixed at x = l0 and
ruptured along the line x = 0. As time t progresses, the free edge moves to x = xc(t ). The half-thickness along
the y axis is given by h(x, t ) and shown as a continuous blue curve.

z direction, thus rendering the problem effectively two dimensional. Accordingly, we henceforth
restrict our attention to the x-y plane. The sheet is initially in equilibrium with length l0 and uniform
thickness 2h0. When it ruptures at one end, say, located at x = 0, capillary forces cause it to retract
towards the opposite end, say, fixed at x = l0. Denoting the time after rupture by t , the liquid domain
is

−h(x, t ) < y < h(x, t ), xc(t ) < x < l0, (2.1)

where h(x, t ) is the thickness profile and xc(t ) is the x coordinate of the free edge, which satisfy the
initial conditions

h(x, 0) = h0, (2.2a)

xc(0) = 0. (2.2b)

Assuming, subject to a posteriori verification, that |∂h/∂x| � 1, the liquid flow can be described
using the standard thin-film approximation [18,19]. Accordingly, following the Trouton approxima-
tion [20], we note that to leading order in h0/l0 the fluid velocity is in the x direction and depends
exclusively on x and t , namely v ≈ v(x, t )êx. As the sheet is initially at equilibrium, we impose the
initial condition

v(x, 0) = 0. (2.3)

The thickness and velocity profiles are governed by the continuity equation

∂h

∂t
+ ∂

∂x
(vh) = 0 (2.4)

and the momentum equation

ρh
Dv

Dt︸ ︷︷ ︸
inertial

= 4μ
∂

∂x

(
h
∂v

∂x

)
︸ ︷︷ ︸

viscous

+ γ h
∂3h

∂x3︸ ︷︷ ︸
capillary

, (2.5)

wherein D/Dt = ∂/∂t + v∂/∂x is the material derivative. Equations (2.4) and (2.5) provide a
description of a thin liquid sheet that includes inertia, surface tension, and viscous stresses. However,
as we shall see in Sec. II B, scaling arguments reveal that capillary stresses can be systematically
neglected in the large-Ohnesorge regime.
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It remains to prescribe boundary conditions for the problem. At the free edge, the velocity v and
retraction speed dxc/dt are related by the kinematic boundary condition,

dxc

dt
= v(xc(t ), t ). (2.6)

One might intuitively anticipate an additional boundary condition prescribing the thickness profile
at the free edge, as done in Ref. [11]. There it was assumed that the sheet has a circular tip where h ∝
(xc − x)1/2 as x → xc. Such a condition, however, is inconsistent with the thin-film approximation,
as it implies that the slope at x = xc behaves as ∂h/∂x ∝ 1/(xc − x)1/2 and thus diverges at x = xc.
To systematically derive a second boundary condition, we instead decompose the liquid domain into
two asymptotically distinct regions. The first is a long “thin-film” region, where |∂h/∂x| � 1 and
Eqs. (2.4) and (2.5) apply. The second is a small tip region near the free edge, with a characteristic
length scale of O(h), where the full two-dimensional Stokes flow must be calculated. With this
distinction, the point x = xc(t ) is interpreted as the approximate position of the free edge on the
thin-film scale. In Appendix A, we use matched asymptotic expansions [21] to derive an effective
boundary condition for the thin-film region, which reads

4μh(xc(t ), t )
∂v

∂x
(xc(t ), t ) = −γ . (2.7)

The above condition can also be rationalized by a force balance argument, as done in Ref. [17].
The left- and right-hand sides of Eq. (2.7) represent, respectively, the viscous and capillary forces
(per unit length) acting on the tip region. These must balance, as inertia is negligible in that region
provided the tip remains sufficiently small relative to the length of the film. This description, in turn,
requires a large Ohnesorge number (Oh � 1) and that the elapsed time is not asymptotically large
relative to a characteristic viscous timescale, as discussed in detail in Appendix A.

At the fixed end, we impose the impermeability condition

v(l0, t ) = 0 (2.8)

and the zero-slope, or symmetry, condition

∂h

∂x
(l0, t ) = 0. (2.9)

According to Refs. [11,15], these conditions mimic those during the bursting of an axisymmetric
bubble, in which case x = l0 lies in the symmetry axis of the bubble.

B. Scaling analysis

We now perform a scaling analysis of the thin-film region to estimate the magnitude of the
stresses in Eq. (2.5). We denote the characteristic scales for the sheet thickness and velocity, and for
their variations in the horizontal direction, and in time by h∗, v∗, l∗, and t∗, respectively.

The flow is driven by the dynamic boundary condition (2.7), which implies

4μh∗v∗

l∗ = γ . (2.10)

From this, the viscous term in Eq. (2.5) scales as 4μh∗v∗
l∗2 = γ

l∗ , while the capillary term scales as

γ h∗2

l∗3 , such that

capillary stresses

viscous stresses
=

(
h∗

l∗

)2

� 1. (2.11)

Thus, viscous stresses dominate over capillary stresses in the thin-film region. The same conclusion
was reached by Munro et al. [17] in their analysis of the thin-sheet flow between coalescing bubbles.
Physically, this means that while the flow is driven by surface tension acting on the highly curved
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tip, capillary stresses associated with thickness variations on the thin-film scale—i.e., far away from
the tip—are negligible compared to viscous stresses. We emphasize that this argument depends on
Eq. (2.7), which requires Oh � 1.

We proceed by discussing the role of inertia in the problem. Despite the sheet being highly
viscous, inertia is dominant in Eq. (2.5) during many stages of the retraction. To see this, note that
in the absence of inertia, Eq. (2.5) can be integrated in conjunction with Eq. (2.7), leading to a
uniform viscous stress across the film, 4μh ∂v

∂x = −γ . However, this result is incompatible with the
initial conditions Eqs. (2.2) and (2.3). For infinitely long sheets (l0 = ∞), as studied by Savva and
Bush [14], the purely viscous solution also fails to satisfy the boundary conditions of a flat film
and vanishing flow at infinity, given by Eqs. (2.8) and (2.9). In both cases, it turns out that inertia
dominates in the dynamics and keeps the problem well posed, as we shall see in Secs. V and VII.
We therefore retain both inertial and viscous terms in Eq. (2.5) [22]. Balancing these contributions
yields the viscoinertial length and timescales, respectively given by

lI = 4μ

√
h0

ργ
(= 4h0Oh), (2.12a)

tI = 4μh0

γ
, (2.12b)

with lI/tI = uTC the Taylor-Culick speed (1.1). Note that lI � h0 since Oh � 1, meaning that
inertial effects take place over distances much larger than the initial sheet thickness, consistently
with the thin-film approximation.

Last, because the film is long but finite, the dynamics also depends on its initial length l0. We
therefore introduce the parameter

L = l0
lI

= l0
4h0Oh

, (2.13)

which, as we shall see, constitutes the single dimensionless group of the problem. Importantly, since
both l0/h0 and Oh are taken to be large, L can attain any value.

C. Dimensionless formulation

We henceforth adopt a dimensionless formulation and introduce the variables

X = x

lI
, (2.14a)

T = t

tI
, (2.14b)

Xc = xc

lI
, (2.14c)

H = h

h0
, (2.14d)

V = v

uTC
. (2.14e)

The dimensionless thickness and velocity profiles are governed by the continuity equa-
tion [cf. Eq. (2.4)]

∂H

∂T
+ ∂

∂X
(HV ) = 0, (2.15)
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and the momentum equation [cf. Eq. (2.5)]

H
DV

DT
= ∂

∂X

(
H

∂V

∂X

)
, (2.16)

which are to be solved for T > 0 in the domain Xc(T ) < X < L, subject to the initial conditions
[cf. Eqs. (2.2) and (2.3)]

H (X, 0) = 1, (2.17a)

V (X, 0) = 0, (2.17b)

Xc(0) = 0; (2.17c)

the free-end boundary conditions [cf. Eqs. (2.6) and (2.7)]

H (Xc(T ), T )
∂V

∂X
(Xc(T ), T ) = −1, (2.18a)

V (Xc(T ), T ) = dXc

dT
; (2.18b)

and the fixed-end boundary conditions [cf. Eqs. (2.8) and (2.9)],

V (L, T ) = 0, (2.19a)

∂H

∂X
(L, T ) = 0. (2.19b)

Note that, in accordance with Eq. (2.11), capillary terms have been neglected in Eq. (2.16).
Furthermore, we observe that the problem depends on a single parameter L, defined in Eq. (2.13),
which appears in (2.19).

III. PROBLEM TRANSFORMATION

In this section, we show that Eqs. (2.15)–(2.17) can be recast into a much simpler form. In
particular, we demonstrate that the problem possesses a conserved quantity, which enables us to
transform Eqs. (2.15) and (2.16) into a single equation that depends exclusively on H . Alternatively,
in Appendix B, we derive a single equation for the problem that depends exclusively on V .

A. Conserved quantity

We begin by showing that the quantity V + 1
H

∂H
∂X is conserved by the flow. Moreover, the initial

conditions Eq. (2.17) imply that

V = − 1

H

∂H

∂X
, (3.1)

which relates the fluid velocity to the geometry of the sheet.
To begin, we rewrite Eq. (2.15) as

H
∂V

∂X
= −DH

DT
. (3.2)

Substituting the above into Eq. (2.16) yields

H
DV

DT
= − ∂

∂X

(
DH

DT

)
, (3.3)

which, after switching the order of derivatives on the right-hand side, becomes

H
DV

DT
= − D

DT

(
∂H

∂X

)
− ∂V

∂X

∂H

∂X
. (3.4)

014001-7



AHSAN, BRANDÃO, DAVIDOVITCH, AND STONE

The second term on the right-hand side arises from the convective term V ∂
∂X appearing in the

material derivative. We proceed by dividing both sides of Eq. (3.4) by H and employing the identity

1

H

D

DT

(
∂H

∂X

)
= D

DT

(
1

H

∂H

∂X

)
+ 1

H2

∂H

∂X

DH

DT
, (3.5)

which allows us to rewrite Eq. (3.4) as

DV

DT
= − D

DT

(
1

H

∂H

∂X

)
− 1

H2

∂H

∂X

(
H

∂V

∂X
+ DH

DT

)
. (3.6)

Since the term (H ∂V
∂X + DH

DT ) vanishes by the continuity equation Eq. (3.2), we arrive at the conser-
vation law

D

DT

(
V + 1

H

∂H

∂X

)
= 0. (3.7)

Integrating it once using the initial conditions Eq. (2.17) proves Eq. (3.1).
To physically interpret this result, it is helpful to adopt a Lagrangian description, as done in

Appendix C. We note that Eq. (3.2) shows that time variations in film thickness following a fluid
element arise from local stretching. From this, the net viscous force per unit mass acting on the
element is − D

DT ( 1
H

∂H
∂X ), as derived in the Appendix. Equating this expression to the Lagrangian

acceleration DV
DT yields Eq. (3.7).

B. Reduced problem

Substituting Eq. (3.1) into Eq. (2.15), we arrive at the one-dimensional heat equation for H ,

∂H

∂T
= ∂2H

∂X 2
. (3.8)

The thickness profile is subject to the initial conditions (2.17a) and (2.17c), and the zero-slope
boundary condition (2.19b). To close the problem, it remains to rewrite the free-end boundary
conditions Eq. (2.18) in terms of H . To this end, we first substitute Eq. (3.2) into (2.18a) to obtain

DH

DT
(Xc(T ), T ) = 1; (3.9)

integrating it once using Eq. (2.17) furnishes the time-dependent boundary conditions

H (Xc(T ), T ) = 1 + T, (3.10a)

∂H

∂X
(L, T ) = 0. (3.10b)

A boundary condition for Xc(T ) is obtained by substituting Eqs. (3.1) and (3.10) into Eq. (2.18b):

dXc

dT
= − 1

1 + T

∂H

∂X
(Xc(T ), T ). (3.11)

The reduced problem is now closed. Nonetheless, for the analysis in the following sections, it
will be convenient to derive an integral mass balance for the problem. To this end, we integrate
Eq. (3.8) from X = Xc to X = L using Eqs. (3.11) and (2.19b), which gives∫ L

Xc

∂H

∂T
dX = (1 + T )

dXc

dT
. (3.12)

Exchanging the order of the integral and the derivative on the left-hand side, we find

d

dT

∫ L

Xc

H (X, T ) dX + H (Xc, T )
dXc

dT
= (1 + T )

dXc

dT
. (3.13)
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Then, substituting Eq. (3.10) into the second term on the left-hand side shows that
∫ L

Xc
H dX is

conserved. Accordingly, initial conditions (2.17a) and (2.17c) imply the integral relation∫ L

Xc

H (X, T ) dX = L, (3.14)

which represents the global mass conservation of the liquid.
We note that our reduced problem is mathematically equivalent to a Stefan problem with

time-dependent boundary conditions [23]. This class of problems—first studied in the context of
ice formation [24]—is characterized by a moving boundary whose position [Xc(T ) here] must be
determined as part of the solution. While we have been unable to find an exact solution to this
problem, we show in Secs. V–VIII that several asymptotic formulas, valid for different stages of
retraction, can be derived starting from the reduced problem.

Similar heatlike equations describing the evolution of the thickness profile have been derived
previously in the context of gravitationally driven thin-film stretching [25–28]. In those studies,
the authors also identified a conserved quantity of the flow analogous to Eq. (3.1). However, their
analyses considered a different physical setting and employed boundary conditions distinct from
those used in the present problem.

IV. NUMERICAL SIMULATIONS

We now present numerical solutions of the reduced problem derived in Sec. III B. To facilitate
our simulations, we rescale H and X so that the spatial domain and boundary conditions remain
time independent. Details of our numerical scheme are given in Appendix D.

We begin by showing the thickness and velocity profiles, H (X, T ) and V (X, T ), for various
times in Fig. 2. The velocity V is obtained from H via Eq. (3.1). To illustrate the impact of L on
the dynamics, each row of Fig. 2 corresponds to a different value of the dimensionless length L,
specifically L = 0.1, 1, and 20.

For the shortest sheet with L = 0.1 [Figs. 2(a) and 2(b)], the sheet thickness remains nearly
uniform across the domain, gradually increasing over time. The velocity profile varies approxi-
mately linearly with X , vanishing at the fixed end X = L and attaining its maximum at the free
edge X = Xc, in accordance with the boundary condition Eq. (2.19a). However, the film is not
exactly flat; otherwise, Eq. (3.1) would imply V = 0 everywhere.

For L = 1 [Figs. 2(c) and 2(d)], the thickness profile exhibits more noticeable spatial variation,
with the film thickest at X = Xc and gradually thinning toward the opposite end. These variations
are most pronounced at intermediate times (T = 0.6 and T ≈ 0.8) and diminish over time as the
film becomes more spatially uniform, approaching the behavior observed for L = 0.1. The velocity
profile shows a nonlinear dependence on X at intermediate times, which gradually transitions to a
linear variation at later stages.

We observe similar trends for L = 20 [Figs. 2(e) and 2(f)], where the nonlinear dependence of
both H and V on X becomes even more pronounced. A distinctive feature, not seen for smaller L, is
that the velocity profile remains nearly unchanged from T = 4 to T = 20, starting at approximately
unity at X = Xc and decreasing to zero at X = L. As in the previous cases, the film thickness
gradually becomes more uniform over time. This is evident in the inset of Fig. 2(e), which shows
that by T = 28, the relative difference between the maximum and minimum thickness (H ≈ 29
and 28.8, respectively) is less than 1%. Similarly, the inset of Fig. 2(f) shows that for large T , the
velocity profile becomes nearly linear in X .

To further explore the retraction dynamics, Fig. 3 shows the time evolution of the retraction
speed, U (T ) = dXc/dT , for L = 0.1, 1, and 20. In all cases, the speed starts at zero, rises to a
peak at a time T = Tmax, and then decreases monotonically, eventually tending to zero as T → ∞.
Log-log plots reveal consistent power-law behavior for all L: at early times, the retraction speed
scales as T 1/2, while at late times it decays as 1/T 2.
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FIG. 2. Numerically computed profiles of the thickness H (X, T ) and velocity V (X, T ) are shown for L =
0.1, L = 1, and L = 20 at various times. In panels (a)–(d), the circles indicate the asymptotic predictions for
H and V given by Eqs. (6.3) and (6.7). In panels (e) and (f), the circles correspond to the asymptotic formulas
in Eqs. (7.13) and (7.14), while the squares in the insets show the results from Eqs. (6.3) and (6.7).
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FIG. 3. Time evolution (blue line) of the retraction speed dXc/dT for (a) L = 0.1, (b) L = 1, and (c)
L = 20. The dashed red line is the early-time asymptotic Eq. (5.10). The yellow dotted-dashed line is the
late-time asymptotics Eq. (6.10). The purple dotted line in (c) is the infinite-sheet asymptotics Eq. (7.11).

Notably, the maximum retraction speed is always below the Taylor-Culick speed, given by
Eq. (1.1), which equals unity in dimensionless form. For L = 0.1 and L = 1 in Figs. 3(a) and
3(b), the maximum speed is substantially below unity. In contrast, for the longest sheet [L = 20,
Fig. 3(c)], the retraction speed approaches the Taylor-Culick value, remaining close to it for a finite
interval before undergoing a sharp deceleration near T ≈ L. In addition, Fig. 4 further shows how
the peak retraction speed varies with L (blue circles) and confirms that the Taylor-Culick speed
acts as an upper bound, with the actual maximum speed asymptotically approaching this limit as L
increases.

In summary, our numerics show that for all L the retraction dynamics follow similar trends at
early and late times. At early times, the retraction speed grows as T 1/2; at late times, it decreases
as 1/T 2, accompanied by a nearly uniform thickness profile and a linearly varying velocity profile.
However, at intermediate times, the dynamics depend on L, with the maximum speed increasing as
L grows. For large L, a distinct intermediate regime emerges, where the speed remains close to the
Taylor-Culick value over a finite time interval.

We also note that numerical solutions are in good agreement with the full Navier-Stokes simu-
lations in Ref. [15], which examined the influence of Oh and l0/h0 on the retraction of a viscous
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FIG. 4. The maximum value of dXc/dT reached by the thin film during its retraction for different L. The
dashed red line is the maximum of Eq. (6.10), which is simply given by L, and the dotted yellow line is the
Taylor-Culick velocity (1.1).

sheet. In particular, the retraction speed U (T ) reported for Oh = 20 and l0/h0 = 80 (L = 1), shown
in Fig. 7 of that paper, closely matches our result in Fig. 3(b), with both exhibiting a peak speed of
approximately U (T ) ≈ 0.55 at T ≈ 0.6.

To gain further insight into our numerical findings, in the following sections we derive asymptotic
formulas for the retraction speed, as well as the thickness and velocity profiles, during different
stages of retraction and for both small and large values of L.

V. EARLY TIMES (T � 1)

We first derive asymptotic approximations valid during the early stages of retraction, corre-
sponding to the limit T � 1 with L fixed. The thickness profile H is governed by the heat
equation Eq. (3.8), which suggests that variations in H initially occur over the characteristic
diffusive length scale of order

√
T . Furthermore, Eq. (3.10) suggests that the thickness variation

H − 1 = O(T ). With this in mind, we introduce the self-similar variable ω = X/
√

T and pose the
two-term expansion

H ∼ 1 + T H̃ (ω) as T → 0. (5.1)

In terms of ω, the fixed end is located at ω = L/T 1/2, such that ω → ∞ as T → 0. The free edge
is located at ωc = Xc(T )/T 1/2. To calculate ωc as T → 0, we must first estimate Xc(T ). Expanding
Eq. (3.10), we find

dXc

dT
∼ −T 1/2 dH̃

dω
, (5.2)

which can be integrated in time to show that Xc(T ) = O(T 3/2). Hence, ωc = Xc(T )/
√

T → 0 as
T → 0. Hence, in the ω-coordinate, the horizontal domain becomes the semi-infinite interval

0 < ω < ∞. (5.3)
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We proceed by expanding Eq. (3.8) using Eq. (5.1). To leading order, we arrive at a second-order
ordinary differential equation

H̃ − 1

2
ω

dH̃

dω
= d2H̃

dω2
. (5.4)

Similarly, expanding the boundary conditions at the free edge, Eq. (3.10), and fixed end, Eq. (2.17a),
we find, to leading order,

H̃ (ω = 0) = 1 (5.5)

and

H̃ (ω) = o(ω2) as ω → ∞. (5.6)

The solution of Eq. (5.4) subject to Eqs. (5.5) and (5.6) is

H̃ (ω) = 1

2
(2 + ω2)erfc

(
ω

2

)
− ω√

π
exp

(
−ω2

4

)
, (5.7)

where erfc(.) is the complementary error function [29]. In terms of the original variables, the early-
time behavior Eq. (5.1) becomes

H ∼ 1 + 1

2
(2T + X 2)erfc

(
X

2
√

T

)
− X√

πT
exp

(
− X 2

4T

)
. (5.8)

From Eq. (3.1), the early-time behavior of the velocity profile is

V ∼ 2

√
T

π
exp

(
− X 2

4T

)
− X√

T
erfc

(
X

2
√

T

)
, (5.9)

and, from Eq. (3.10), the early-time behavior of the retraction speed is

dXc

dT
∼ 2

√
T

π
. (5.10)

Expressions identical to Eqs. (5.9) and (5.10) were previously derived in Ref. [14] using different
arguments. The early-time approximation for the retraction speed Eq. (5.10) is depicted by the
dashed red curves in Fig. 3.

VI. LATE TIMES: FINITE FILMS (L − Xc � 1)

The simulations show that the sheet shortens as it retracts, with Xc → L as T → ∞. This
motivates an asymptotic analysis in the limit L − Xc � 1, which describes the late-time dynamics
of the sheet. Importantly, the limit L − Xc � 1 is more general than T � 1. For instance, if L � 1,
then L − Xc � 1 holds even for T � 1. Accordingly, here we analyze the regime L − Xc � 1 while
keeping T fixed. In dimensional terms, this corresponds to l0 − xc � lI , where lI is the viscoinertial
length scale defined in Eq. (2.12a), representing a regime in which the sheet is sufficiently short for
viscous forces to dominate over inertia.

Since L − Xc is small, the spatial derivative dominates in Eq. (3.8), and, at leading order, we
obtain

∂2H

∂X 2
≈ 0. (6.1)

Integrating twice using Eqs. (3.10) and (3.11), we find

H ∼ 1 + T . (6.2)
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Since the leading-order thickness is uniform, we cannot determine V from Eq. (3.1). To resolve
this, we proceed to the next order and pose the expansion

H ∼ 1 + T + δ(X, T ), (6.3)

as Xc → L, where the correction δ → 0 in the indicated limit. Substituting into Eqs. (3.8), (3.10),
and (2.19), we find that δ satisfies

∂2δ

∂X 2
= 1, (6.4)

subject to the boundary conditions

δ = 0 at X = Xc, (6.5a)

∂δ

∂X
= 0 at X = L. (6.5b)

The solution is

δ = 1
2 (X + Xc − 2L)(X − Xc). (6.6)

Since Xc � X � L, we have |δ| = 1
2 (2L − X − Xc)(X − Xc) � (L − Xc)2. Thus δ � 1 for L −

Xc � 1, and δ is asymptotically smaller than the leading-order term (6.2). Substituting into Eq. (3.1),
we obtain the velocity profile

V (X, T ) ∼ L − X

1 + T
. (6.7)

To determine the retraction speed, we substitute Eqs. (6.3) and (6.6) into Eq. (3.10), which at
leading order gives

dXc

dT
∼ L − Xc

1 + T
. (6.8)

Solving Eq. (6.8) yields

Xc(T ) = LT + c

1 + T
, (6.9)

where c is a constant of integration. Using mass conservation Eq. (3.14), we find c = 0. Substituting
Eq. (6.9) into Eq. (6.6) furnishes the retraction speed in terms of L and T ,

dXc

dT
∼ L

(1 + T )2 . (6.10)

The late-time approximation for the retraction speed is depicted by the dash-dotted yellow curves
in Fig. 3.

VII. LATE TIMES: INFINITELY LONG SHEETS (L = ∞, T � 1)

For sufficiently long sheets (L � 1) our simulations reveal an intermediate stage during which
the retraction speed saturates near the Taylor-Culick value, dXc

dT ∼ 1. This regime arises only if the
sheet remains sufficiently long, L − Xc � 1, after a sufficiently long time has passed since rupture.
To better understand it, here we examine the dynamics of an infinitely long sheet L = ∞ in the limit
T � 1. The regime of validity of this limit for large but finite L is discussed in Sec. VIII.

We begin by taking L = ∞. Since the film is now infinitely long, it is convenient to introduce a
shifted coordinate system centered at the free edge,

X̂ = X − Xc. (7.1)

In this new frame, the fluid occupies the semi-infinite domain 0 < X̂ < ∞.
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A. Thickness profile

Rewriting Eq. (3.8) in terms of X̂ , we obtain

∂H

∂T
− dXc

dT

∂H

∂X̂
= ∂2H

∂X̂ 2
, (7.2)

where the advection term accounts for the velocity of the moving frame.
Far from the moving edge, as X̂ → ∞, the boundary condition Eq. (3.11) implies

∂H

∂X̂
→ 0 as X̂ → ∞. (7.3)

Integrating once, we find that H tends to a constant at large distances. By causality, this limiting
value must match the initial sheet thickness. Thus, Eq. (7.3) is equivalent to

H → 1 as X̂ → ∞. (7.4)

We now take the limit T � 1 and expand both H and dXc
dT in powers of 1/T . The boundary

conditions in Eq. (3.10) suggest that H scales as T , while dXc
dT remains of order unity. This motivates

the expansions

H (X, T ) = T H1(X̂ ) + H0(X̂ ) + 1

T
H−1(X̂ ) + O

(
1

T

)
, (7.5a)

dXc

dT
= U0 + U−1

T
+ U−2

T 2
+ O

(
1

T 2

)
. (7.5b)

By expanding Eq. (7.2) up to 1/T , we obtain the system of equations:

d2H1

dX̂ 2
+ U0

dH1

dX̂
= 0, (7.6a)

d2H0

dX̂ 2
+ U0

dH0

dX̂
= H1 − U−1

dH1

dX̂
, (7.6b)

d2H−1

dX̂ 2
+ U0

dH−1

dX̂
= −U−1

dH0

dX̂
− U−2

dH1

dX̂
. (7.6c)

Doing the same for the boundary conditions in Eqs. (3.10) and (7.4), we obtain the boundary and
far-field conditions

H1 = 1 at X̂ = 0, H1 → 0 as X̂ → ∞, (7.7a)

H0 = 1 at X̂ = 0, H0 → 1 as X̂ → ∞, (7.7b)

H−1 = 0 at X̂ = 0, H−1 → 0 as X̂ → ∞. (7.7c)

Solving the equations for H1, H0, and H−1 order by order yields

H1 = exp(−U0X̂ ), (7.8a)

H0 = 1 − 1 + U0U−1

U0
X̂ exp(−U0X̂ ), (7.8b)

H−1 = −U−2X̂ exp(−U0X̂ ) + U−1

U0
(U−1U0 − 1)X̂ 2 exp(−U0X̂ ). (7.8c)
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To determine the coefficient U0, U−1, U−2, we now apply Eq. (3.11). Expanding that equation up
to O(1/T ), we arrive at the relations

U0 = −dH1

dX̂
, (7.9a)

U−1 = −dH0

dX̂
+ dH1

dX̂
, (7.9b)

U−2 = −dH−1

dX̂
+ dH0

dX̂
− dH1

dX̂
at X̂ = 0. (7.9c)

Substituting (7.8) into these relations, we find

U0 = 1, U−1 = 0. (7.10)

Rewritten in dimensional form, our results show that the retraction speed approaches the Taylor-
Culick speed (1.1) for T � 1, provided the sheet is initially sufficiently long. Interestingly, this
derivation is fundamentally different from the classical analyses by Taylor and Culick [5,6], which
addressed the opposite limit, Oh � 1; it shows that when Oh, the free edge reaches this speed even
before a circular rim can form.

At this stage, the coefficient U−2 remains undetermined. We have confirmed that corrections of
O(1/T 2) and beyond cannot be obtained by extending our analysis to higher orders in 1/T . We
believe these corrections depend on the full history of the retraction, and hence we do not attempt
to compute them explicitly. Instead, we compare our asymptotic predictions with the numerics in
Fig. 3(c). This comparison confirms that dXc

dT − 1 = O(1/T 2). Moreover, a particularly good fit to
the numerical data is provided by

dXc

dT
∼ 1 − 1

(1 + T )2
, (7.11)

which suggests that for the initial conditions in our numerical solution, U−2 = −1.
We now briefly comment on the uniformity of the asymptotic expansion in Eqs. (7.5) and (7.10).

Retaining all terms up to order unity in H , we have

H = T exp(−X̂ )︸ ︷︷ ︸
O(T )

+ 1 − X̂ exp(−X̂ )︸ ︷︷ ︸
O(1)

+O
(

1

T

)
. (7.12)

We observe that the asymptotic ordering changes as X̂ increases. For X̂ = ln T , the leading-order
term becomes T exp(−X̂ ) = 1, and is thus comparable to the second term in Eq. (7.12). Further-
more, for X̂ = O(T ), the two exponential terms, T exp(−X̂ ) and X̂ exp(−X̂ ), are of the same order.
This nonuniformity in Eq. (7.12) is undesirable and can be resolved using multiple-scale methods. In
Appendix E, we employ the Wentzel-Kramers-Brillouin (WKB) method [21] to derive the two-term
approximation

H ∼ 1 + T exp

(
−1 + T

T
X̂

)
, (7.13)

which recovers the first two terms in the expansion for H and is uniformly valid for X̂ = O(T ).

B. Velocity profile

As before, approximations for the velocity profile can be obtained using (3.1). In particular,
substituting (7.13) yields

V ∼ (T + 1) exp
( − 1+T

T X̂
)

1 + T exp
( − 1+T

T X̂
) . (7.14)
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FIG. 5. For large L, the sheet undergoes a rapid deceleration during retraction, crossing over from the
Taylor-Culick speed to the regime described by Eq. (6.10). (a) Crossover time Tc when this deceleration occurs
and (b) duration �Tc of this transition, shown for various values of L. The dashed red line represents Tc = L.

C. Displacement

Our results can also be used to derive a two-term asymptotic expansion for the total displacement
of the free end. We begin by rewriting the exact mass balance Eq. (3.14) as

Xc =
∫ L−Xc

0
(H − 1) dX̂ . (7.15)

Since our results (7.8) indicate that H − 1 decays exponentially fast, we expect the integral to remain
bounded as we take L → ∞. Accordingly, for L = ∞, we have

Xc =
∫ ∞

0
(H − 1) dX̂ . (7.16)

Finally, evaluating the integrals using (7.8a), (7.8b), and (7.10), we derive the two-term approxi-
mation

Xc ∼ T + 1. (7.17)

VIII. LONG FINITE SHEETS (L � 1, T � 1)

The late-time analysis in the previous section is based on assuming a film that is semi-infinite for
all T , i.e., L = ∞. For large but finite L, the length of the sheet is L − Xc, which decreases over
time. Accordingly, the analysis in Sec. VII is valid for L − Xc � 1. Moreover, since Xc ∼ T for
T � 1 [see Eq. (7.17)], this condition is equivalent to L � T � 1.

When T becomes comparable to L, the finite size of the sheet begins to influence the dynamics.
Indeed, our numerical results for L = 20 in Fig. 3(c) show that when T ≈ 20, the retraction speed
decreases abruptly from unity to the value predicted by Eq. (6.10). This marks the crossover from
the semi-infinite sheet regime in Sec. VII to the finite-sheet late-time regime in Sec. VI.

We numerically quantify this transitory regime by identifying the time Tc at which the retraction
speed U (T ) falls most sharply. In our simulations, this is given by the minimum of the derivative
dU/dT . The duration of the transition, �Tc, is estimated as the full width at half maximum of this
minimum. The resulting values of Tc and �Tc as functions of L are plotted in Fig. 5.

A simple estimate for the crossover time Tc can be found by equating the leading-order approx-
imation of Xc in Eq. (7.17) to L, giving T = L. This approximation is depicted by the dashed red
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line in Fig. 5(a). To further analyze the crossover regime, one could introduce a stretched timescale
T = L + τ (L)T ′, where τ (L) is the characteristic timescale of the crossover. While we shall not
pursue this direction further, we note that our numerics for �Tc in Fig. 5(b) suggest that τ (L)
depends only weakly on L.

IX. CONCLUDING REMARKS

We have analyzed the capillary-driven retraction of a finite, planar liquid sheet of initial length
l0 and thickness h0, focusing on the regime where the sheet is initially thin l0/h0 � 1 and highly
viscous Oh � 1. In this asymptotic regime, the fluid domain decomposes into two distinct regions:
a small tip region at the free edge and a thin-film region that is assumed to be much longer than the
tip. In the tip region, inertia is negligible, and the flow satisfies a similarity solution of the Stokes
equations, which has been previously derived by Billingham [30] and Munro and Lister [31]. In the
thin-film region, the flow satisfies the standard one-dimensional mass and momentum equations for
thin viscous films [18,19] and is characterized by a single dimensionless parameter L = l0/4h0Oh.

Asymptotic matching between the tip and thin-film regions yields an effective boundary condi-
tion at the free edge of the sheet, which physically represents a force balance between viscous stress
and surface tension. We find that, although surface tension drives the flow, it enters the thin-film
problem only via this boundary condition, with capillary stresses arising from thickness variations
in the thin-film region being subdominant relative to viscous stresses. Consequently, only viscous
and inertial terms appear at leading order in the thin-film momentum equation.

The thin-film problem was further simplified by identifying a locally conserved quantity that
relates the horizontal velocity to the sheet thickness. This allowed us to reduce the coupled mass
and momentum equations to a single equation governing either the film thickness or the velocity.
In terms of thickness, the problem became mathematically equivalent to a Stefan-type problem,
with the thickness satisfying the heat equation with a moving boundary at the free edge and
time-dependent boundary conditions. Alternatively, in terms of velocity, the problem reduced to
the Burgers’ equation, again with a moving boundary and time-dependent boundary conditions.

We numerically solved the reduced problem for the sheet thickness, revealing distinct dynamics
that depend on the dimensionless parameter L and the rescaled time T , The results show a good
agreement with previous studies of highly viscous liquid sheets [11,14], including full Navier-Stokes
simulations by Deka and Pierson [15].

To further illuminate our numerical results, we analyzed the reduced thin-film model in different
asymptotic regimes, obtaining analytical approximations for the thickness and velocity profiles, as
well as the retraction speed. For finite L, the retraction speed scales as 2

√
T/π at early times and as

L/(1 + T )2 at late times. These early- and late-time results agree with those of Savva and Bush [14]
and Deka and Pierson [15], respectively, though their derivations were based on different governing
equations.

We have also derived closed-form asymptotic formulas in the intermediate regime L � T � 1,
which arises in our simulations for sufficiently long sheets. Interestingly, the retraction speed
approaches the Taylor-Culick value given in Eq. (1.1), despite the sheet geometry being very
different from that considered by Taylor [5] and Culick [6]. In those classical studies, the sheet
was assumed to develop a large circular rim, and the retraction speed was obtained by applying
mass conservation together with a force balance between inertia and surface tension at the rim. In
the present case, however, there are no assumptions on the vicinity of the free edge and the retraction
speed instead emerges from the dynamics in the thin-film region far from the tip.

Our asymptotic results also allow us to estimate the regime of validity of our model. As
time increases, the sheet simultaneously thickens and shortens, eventually invalidating the scale
separation between the tip and thin-film regions that underpins our analysis. In detail, the simi-
larity solution in Appendix A shows that the characteristic length scale of the tip region grows
linearly with time, scaling as γ t/4μ in dimensional variables. In contrast, the late-time analysis in
Sec. VI reveals that the horizontal extent of the thin-film region decreases as L/T for T � 1 or,
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equivalently, as 4μh0l0/γ t in dimensional variables. These two length scales become comparable
when t = O(μ

√
h0l0/γ ) or T = O(

√
l0/h0). At this point, the tip and thin-film regions effectively

merge into a single region. A scaling argument shows that inertia remains negligible in this regime,
and the flow is governed by the full two-dimensional Stokes equations in a finite domain.

If the sheet is sufficiently long for the regime described in Sec. VII to apply, then a different
transition may occur at later times. For very long sheets, we found that the appropriate length scale
of the thin-film flow is lI = 4h0Oh [see Eq. (2.12a)]. It becomes comparable to the tip length scale
when t = O(μOh/γ ) or equivalently T = O(Oh). As shown in Appendix A, this timescale also
marks the onset of inertial effects in the tip region. When this regime is reached, the tip and thin-film
regions again merge into a single region, but the flow is now governed by the full two-dimensional
Navier-Stokes equations in an effectively infinite sheet—we refer to this as the two-dimensional
inertial regime. For sufficiently long sheets, we expect the dynamics to eventually be described by
the classical Taylor-Culick picture [5,6], with most of the fluid accumulating in a large circular rim.

In summary, the asymptotic model based on the thin-film approximation breaks down and the
flow transitions into one of two regimes, depending on the relative magnitudes of

√
l0/h0 and Oh.

If the sheet is not too long (or alternatively, sufficiently viscous), such that
√

l0/h0 � Oh, then
the transition occurs at T = O(

√
l0/h0), leading to the Stokes regime. If the sheet is sufficiently

long (or, alternatively, not sufficiently viscous), such that
√

l0/h0 � Oh, then the breakdown occurs
instead at T = O(Oh), leading to the inertial regime. Extending the present theory to either regime
is challenging, as the dominant features of the flow are no longer captured by thin-film equations and
require solving the full two-dimensional flow.

A more direct extension of our work would be to consider ruptured films with different ge-
ometries, where we anticipate that the fluid domain can be decomposed into tip and thin-film
regions, provided the film is sufficiently slender and viscous. Examples include the expansion of
a hole in a film and the retraction of axisymmetric liquid filaments, both of which have attracted
significant experimental and theoretical interest [9,10,14,32,33]. Another generalization would be
to study films with initially nonuniform thickness profiles, such as linear or parabolic [34]. The
latter case was previously investigated by Munro et al. [17], who also employed an asymptotic
decomposition of the fluid domain—analogously to the one adopted here—in their analysis. In
these generalized settings, an interesting open question is whether the thin-film flow still possesses
a conserved quantity, as in the present case.

DATA AVAILABILITY

The data that support the findings of this article are openly available [35].

APPENDIX A: THE TIP REGION

Here we analyze the tip region of the retracting sheet. In this region, the slope of the fluid
interface is of order unity, so its longitudinal extent is comparable to the sheet thickness h0. Hence

the velocity scales as h0/t∗ and the Reynolds number is of order ρh2
0

μt∗ = 1
4Oh � 1, so that inertia can

be neglected. However, as we shall see, the tip region grows over time, so for inertial effects to
remain negligible, we must also impose a condition on time. This is discussed further at the end of
this Appendix section.

To analyze the flow, we adopt the same notation as in Sec. II. We employ a reference frame
moving with the tip and introduce the dimensionless coordinates

(X ,Y ) =
(

x − xc(t )

h0
,

y

h0

)
, (A1)

and the unit vectors êx and êy in the X and Y directions, respectively. Note that, in the asymptotic
limit L � 1, the geometry of the tip region is semi-infinite, with 0 � X < ∞ and |Y | � H . We
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normalize time, thickness profile, and velocity field as in Eq. (2.14), and the stress tensor is
normalized by γ /h0. The dimensionless thickness profile, velocity field and stress tensors in the
tip region are, respectively, denoted by H , V, and �. The flow satisfies the Stokes equations

∇ · V = 0, ∇ · � = 0, (A2)

subject to the kinematic boundary condition

V · n̂ =
⎡
⎣1 +

(
∂H

∂X

)2
⎤
⎦−1/2

∂H

∂T
at |Y | = H , (A3)

and the dynamic boundary condition

n̂ · � = Kn̂ at |Y | = H , (A4)

wherein K and n̂ are, respectively, the curvature and the outward normal of the fluid interface.
Leading-order matching of the thickness profile in the tip and thin-film regions requires

lim
X→∞

H (X , T )︸ ︷︷ ︸
tip

= lim
X→Xc

H (X ) = H (Xc)︸ ︷︷ ︸
thin film

, (A5)

which is equivalent to applying Prandtl’s matching rule between the two regions [21]. Similarly,
leading-order matching of the velocity field gives

lim
X→∞

V(X ,Y , T )︸ ︷︷ ︸
tip

= V (Xc, T )êx︸ ︷︷ ︸
thin film

, (A6)

and leading-order matching of the stress field gives

lim
X→∞

�(X ,Y , T )︸ ︷︷ ︸
tip

= ∂V

∂X
(Xc, T )êx êx︸ ︷︷ ︸
thin film

, (A7)

The evaluation of the velocity and stress fields in the thin-film region follows the standard approach
outlined in Sec. II, with further details given in Refs. [18,19].

1. Force balance and effective boundary condition

We now examine the global force balance in the tip region. To this end, we integrate Eq. (A2)
over the fluid domain with 0 � X � 
, and |Y | � H (
), where the constant 
 > 0 is arbitrary.
Then applying the divergence theorem yields∫ H (
)

−H (
)
êx · � dY +

∫
|Y |=H̄ (X̄ )
0�X̄�


n̂ · � dS = 0, (A8)

where dS and n̂ are, respectively, the line element and outward normal of the fluid interface.
Substituting Eq. (1.1) into the second integral above and using the Frenet-Serret equations, we find∫ H (
)

−H (
)
êx · � dY + 2t̂ = 0, (A9)

where t̂ is the unit tangent vector of the interface at position X = 
.
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We now take the limit 
 → ∞ in Eq. (A9). Using the matching conditions in Eqs. (A5) and
(A7), the boundary integral simplifies to∫ H (
)

−H (
)
êx · � dY −→ 2H (Xc, T )

∂V

∂X
(Xc, T )êx as 
 → ∞, (A10)

thereby expressing the force balance in the tip region in terms of the thickness and stress in
the thin-film region. Since the thickness approaches a uniform value in this limit, the interfacial
tangent vector satisfies t̂→êx. Taking the projection the resulting equation onto the ex direction and
simplifying furnishes the relation

H
∂V

∂X
= −1 at X = Xc, (A11)

which corresponds to the effective boundary condition given in Eq. (2.18) [or, in dimensional form,
Eq. (2.7)].

2. Self-similar solution

The Stokes flow problem in the tip region admits a self-similar solution, which has been
numerically calculated by Billingham [30] and Munro and Lister [31] (a three-dimensional, ax-
isymmetric version of the problem, which also admits a self-similar solution, has been studied
by Eggers [36]). To write the problem in self-similar form, we first note that Eq. (3.10) implies
that the value of the far-field thickness is H (Xc, T ) = 1 + T . With that motivation, we introduce
the self-similar coordinates (χ, η) = (X ,Y )/(1 + T ) and thickness profile H(χ, η) = H/(1 + T ).
The Stokes equations Eq. (A2) and dynamic boundary condition Eq. (A4) remain unaltered by this
transformation, and the dynamic condition Eq. (A3) transforms to

V · n̂ =
[

1 +
(

∂H
∂χ

)2
]−1/2(

H − χ
∂H
∂χ

)
at η = H. (A12)

The details of the self-similar solution can be found in Refs. [30] and [31].

3. Inertial effects

The self-similar solution reveals that, as T increases, the characteristic length scale of the
tip region grows as h0T = h0t/t∗ while the characteristic velocity remains h0/t∗. The effective

Reynolds number therefore is ρh2
0t

μt∗2 = T
4Oh . Hence, inertial effects remain negligible in the tip region

as long as T � Oh.

APPENDIX B: REDUCED PROBLEM FOR THE VELOCITY PROFILE V

For completeness, we derive a reduced problem involving only the velocity profile V . To this
end, we rewrite Eq. (2.16) as

∂V

∂T
+ V

∂V

∂X
= ∂2V

∂X 2
+ 1

H

∂H

∂X

∂V

∂X
. (B1)

Substituting Eq. (3.1) into the second term on the right-hand side and rearranging the terms, we
arrive at

∂V

∂T
+ 2V

∂V

∂X
= ∂2V

∂X 2
, (B2)
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which is the Burgers’s equation [23]. The velocity profile is subject to the initial conditions (2.17b)
and (2.17c), the impermeability condition (2.19b), and the free-end boundary conditions Eq. (2.18),
which, upon substitution of Eq. (3.1), become

∂V

∂X
(Xc(T ), T ) = − 1

1 + T
, (B3a)

V (L, T ) = 0. (B3b)

Here the location of the free edge, Xc(T ), evolves according to
dXc

dT
= V (Xc(T ), T ). (B4)

Note that it is not necessary to solve both reduced problems for the thickness and velocity
profiles, as the two fields are trivially related by Eq. (3.1). In the main text, we have opted to
solve only the problem for H , since the governing equations are linear and thus more amenable
to analysis.

APPENDIX C: CONSERVED QUANTITY IN LAGRANGIAN VARIABLES

We derive here the conservation law, Eq. (3.7), using a Lagrangian formulation of the flow.
Consider an infinitesimal fluid element that initially has thickness h0 and length dξ in dimensional
form. At time t , the element deforms, changing its thickness to h and its length to dx. Mass
conservation then requires h dx = h0 dξ .

Using ξ as the Lagrangian coordinate, Eqs. (2.4) and (2.5) transform into
∂h

∂ξ
= −h2

h0

∂v

∂ξ
, (C1a)

ρh
∂v

∂t
= 4μ

h

h0

∂

∂ξ

(
h2

h0

∂v

∂ξ

)
, (C1b)

where capillary stresses have been neglected, as discussed in Sec. II B. Note that in the Lagrangian
description, material derivatives reduce to partial derivatives.

From Eq. (C1a), the viscous stress is related to the rate of thinning by 4μ h2

h0

∂v
∂ξ

= −4μ∂h
∂t .

Substituting this into Eq. (C1b) gives

ρh
∂v

∂t
= −4μ

h

h0

∂

∂ξ

(
∂h

∂t

)
⇒ ∂v

∂t
= − 4μ

ρh0

∂

∂ξ

(
∂h

∂t

)
. (C2)

The left-hand side is precisely the Lagrangian acceleration, and the right-hand side corresponds
to the viscous force per unit mass of the fluid element. Exchanging the order of time and spatial
derivatives and combining terms, we obtain the conservation law

∂

∂t

(
v + 4μ

ρh0

∂h

∂ξ

)
= 0, (C3)

which is precisely Eq. (3.7) when written in terms of the original dimensionless variables.

APPENDIX D: NUMERICAL METHOD

1. Conversion to static frame equations

To handle the time-varying domain and boundary conditions, we transformed the original
problem by introducing the rescaled variables

X ′ = L − X

L − Xc(T )
, (D1a)

H ′(X ′, T ) = H (X, T )

1 + T
, (D1b)

S = (L − Xc(T ))2, (D1c)
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which fixes the horizontal coordinate to 0 < X ′ < 1 and keeps the thickness at X ′ = 0 bounded in
time.

The resulting dimensionless formulation, suitable for numerical implementation, is given by the
partial differential equation,

∂H ′

∂T
= 1

S(T )

∂2H ′

∂X ′2 + X ′

2S(T )

dS(T )

dT

∂H ′

∂X ′ − H ′

T + 1
; (D2)

the boundary conditions

∂H ′

∂X ′ (0, T ) = 0, (D3a)

H ′(1, T ) = 1; (D3b)

and the initial condition

H ′(X ′, 0) = 1. (D4)

The evolution equation for the moving boundary variable S(T ),

dS

dT
= −2

∂H ′

∂X ′ (1, T ), S(0) = L2. (D5)

2. Description of the algorithm

Our simulations typically employed 1000 grid points on the solution domain X ′ ∈ [0, 1], corre-
sponding to a typical grid size of order �X ′ ∼ 10−3. The time step was generally of order �T ∼
10−4. Spatial derivatives of H ′(X ′, T ) were computed using central difference approximations. At
any given time step, the full state of the system is represented by the pair (H ′, S). Time-stepping
this pair from T to T + �T was carried out using a modified Crank-Nicolson scheme, developed to
address the unique features of our problem. We describe these modifications below.

First, updating S(T ) requires evaluating ∂X ′H ′ at the boundary point X ′ = 1. However, since
there are no grid points beyond X ′ = 1, a direct application of a central difference approximation
is not possible, which would otherwise yield second-order accuracy in �X ′. To address this, we
express ∂2H ′/∂X ′2 at X ′ = 1 in terms of S(T ) by combining Eqs. (D3) and (D2). This yields

∂2H ′

∂X ′2 (X ′ = 1, T ) = 1

4

(
dS

dT

)2

+ S

1 + T
. (D6)

Next, we perform a Taylor series expansion for ∂X ′H ′ near X ′ = 1:

dS

dT
= −2

∂H ′

∂X ′

(
1 − �X ′

2
, T

)
− �X ′ ∂2H ′

∂X ′2 (1, T ), (D7)

where both X ′ = 1 and X ′ = 1 − �X ′ are grid points. Thus, the term ∂H ′/∂X ′(1 − �X ′/2, T ) can
be computed to second-order accuracy using a central difference approximation.

For the Crank-Nicolson update of S(T ), we require the value of dS/dT at the midpoint in time,
T + �T/2:

S(T + �T ) = S(T ) + �T
dS

dT

(
T + �T

2

)
+ O(�T 2). (D8)

Substituting Eqs. (D6) and (D7), and performing an order-of-magnitude analysis, we obtain

dS

dT

(
T + �T

2

)
= −2h −

(
h2 + S(T )

1 + T

)
�X ′, (D9)
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where

h := ∂H ′

∂X ′ = 1 − 1
2 H ′(1 − �X ′, T ) − 1

2 H ′(1 − �X ′, T + �T )

�X ′ . (D10)

This formulation is accurate to second order in both �X ′ and �T .
Another complication arises from the Crank-Nicolson scheme itself. The update rules for H ′ and

S can be formally written as

H ′
f = H′_step(H ′

n, Sn, S f ), S f = S_step(Sn, H ′
n, H ′

f ), (D11)

where the subscript n denotes the present state and f denotes the future state. However, during a
time step, neither H ′

f nor S f is initially known, which creates a coupling problem. To resolve this,
we employed the following iterative procedure:

(1) Sn → S f = S_step(Sn, H ′
n, H ′

n)
(2) H ′

n → H ′
f = H′_step(H ′

n, Sn, S f )
(3) Sn → S f = S_step(Sn, H ′

n, H ′
f )

(4) H ′
n → H ′

f = H′_step(H ′
n, Sn, S f ).

In Step 1, the current value H ′
n is temporarily used in place of H ′

f to compute a first-order accurate
estimate of S f . This estimate is then used in Step 2 to obtain a more accurate H ′

f . Next, this updated
H ′

f is used in Step 3 to compute a second-order accurate S f , which is then employed in Step 4 to
obtain a second-order accurate H ′

f . This iterative procedure ensures second-order accuracy for both
H ′ and S in time.

We share our simulation codes on GitHub [35].

APPENDIX E: LATE-TIME WKB APPROXIMATION FOR INFINITELY LONG
SHEETS (L = ∞, T � 1)

In Sec. VII, we employed a regular expansion in powers of 1/T to calculate the thickness profile
for L = ∞ and T � 1. We found that the resulting expansion, Eq. (7.12), is nonuniform in X̂ .
Specifically, the exponential terms in Eq. (7.12) become comparable when X − Xc = X̂ = O(T ),
signaling the breakdown of the asymptotic series in that region.

Here we employ the WKB method [21] to derive an approximation that remains valid for X̂ =
O(T ). To this end, we define the rescaled coordinate

X̆ = (X − Xc)/T, (E1)

and write the thickness profile using the WKB ansatz,

H (X, T ) = 1 + T exp(−T �(X̆ , T )), (E2)

where we have introduced the auxiliary function �(X̆ , T ). Substituting Eqs. (E1) and (E2) into
Eq. (7.2) yields the (exact) equation

1 + ∂2�

∂X̆ 2
+ T

[
−� + X̆

∂�

∂X̆
+ dXc

dT

∂�

∂X̆
−

(
∂�

∂X̆

)2
]

− T 2 ∂�

∂T
= 0. (E3)

In terms of the auxiliary function, the boundary conditions (3.10) and (7.4) become

� = 0 at X̆ = 0, � → ∞ as X̆ → ∞. (E4)

We now expand the retraction speed dXc/dT as in Eq. (7.5a) using Eq. (7.10). To expand �, we
note that (7.5a) shows that for X̆ = X̂/T � 1 we have that T � ∼ X̂ = T X̆ , which shows that �

must be of order unity. Accordingly, we pose the regular expansion

�(X̆ , T ) = �0(X̆ ) + 1

T
�−1(X̆ ) + O

(
1

T 2

)
. (E5)
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Expanding Eqs. (E3) and (E4) to leading-order in 1/T yields

−�0 + X̆
∂�0

∂X̆
+ ∂�0

∂X̆
−

(
∂�0

∂X̆

)2

= 0, (E6)

subject to

�0 = 0 at X̆ = 0, �0 → ∞ as X̆ → ∞. (E7)

We can verify that the appropriate solution is

�0 = X̆ . (E8)

Going to the next order, we find

1 − �−1 + X̆
∂�−1

∂X̆
− ∂�−1

∂X̆
= 0, (E9)

subject to

�−1 = 0 at X̆ = 0, �−1 → ∞ as X̆ → ∞. (E10)

Once again, we can verify that the appropriate solution is

�−1 = X̆ . (E11)

Substituting the expansion into Eq. (E2), we obtain the two-term WKB approximation for the
thickness profile,

H (X, T ) ∼ 1 + T exp(−(1 + T )X̆ ), (E12)

which is equivalent to Eq. (7.13) when written in terms of the shifted coordinate X̂ = T X̆ = X − Xc.
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