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Turbulent heat transfer enhancement by compliant walls
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This study investigates the effect of compliant walls on the turbulent heat transfer in
channel flows over viscous-hyperelastic walls. We perform direct numerical simulations,
fully resolving the mutual fluid-structure interactions between the turbulent flow and the
compliant walls, varying the wall elasticity and the thermal diffusivity in a fully turbulent
condition. We show that the compliant wall leads to an increase not only of the momentum
transfer, but also of the heat transfer. Since the compliant wall can dynamically move, in
the near-wall region heat flux is mostly transferred via turbulent convection rather than
diffusion, as typically found with rigid walls. Thus, the heat flux can be controlled not only
by varying the thermal diffusivity, but also by changing the transverse modulus of elasticity
which governs the wall-normal velocity fluctuations and consequently the temperature
ones. Finally, we show that the physical mechanism controlling these modifications is the
sweep and ejection events.

DOI: 10.1103/bb9p-47jt

I. INTRODUCTION

Compliant surfaces are walls that deform in response to the instantaneous stresses acting onto
them according to an elastic response. Here we focus on elastic layers which interact with a turbulent
flow, with a complex fluid-structure interaction that deforms the boundary between the two phases
in time and space. In spite of the complexity of the problem, the effect of compliant walls on a
turbulent flow has drawn significant attention in both the scientific community and industry as a
possible and cheap way to alter the flow, with no additional energy required [1–7].

The first studies on the topic have been theoretical, mostly focusing on the feasibility of compliant
walls to achieve a delay in transition and an attenuation of turbulence [8]. However, it has been
shown that wall compliance can lead to both flow stabilization and destabilization [9–13]: the wall
compliance stabilizes the Tollmien-Schlichting instability, resulting in transition delay [14–16],
while the wall compliance destabilizes a flow-induced surface instability, which can lead to two
new instabilities, i.e., the traveling-wave flatter and static divergence [17]. More recent works have
extended the theoretical analysis to the interaction with turbulent flows, showing that pressure
instabilities lead to larger amplitudes of the surface wave [18], with the effect of the different
parameters investigated in Ref. [19].

Experimental investigations available in the literature mostly focused on the coupling motion
between compliant walls and turbulent flows when varying the level of wall elasticity. It has
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been shown that when the wall motions are smaller than a few wall units, the system is the
so-called one-way coupled state, exhibiting traveling waves that correlate strongly with turbulent
pressure fluctuations [20,21]. In the two-way coupled regime, when deformations exceed several
wall units, spanwise- and streamwise-aligned waves emerge that alter the near-wall momentum
transport [22,23].

Numerical simulations have lagged behind the theoretical analysis and experiments due to the
high complexity of the problem. While early simulations used simplified mass-spring-damper
models to model the compliant walls [24,25], only recently direct numerical simulations have been
able to fully resolve the fluid-structure interaction in the presence of a turbulent flow. These new
results have shown that the wall modifications lead to significant drag increase due to the enhanced
fluctuations in the fluid driven by the wall motion pumping momentum in the flow [26–29]. The drag
enhancement is accompanied by the modification of the coherent structures present in the turbulent
flow; in particular, the streamwise structures are annihilated and replaced by spanwise-oriented
ones [26], which enhance the momentum transfer. As the wall compliance increases, ejections
prominently contribute to the turbulent production rather than sweep [27], driven by the negative
vorticity lifting up with low-speed fluid from the compliant wall [28]. Finally, it has been shown
that the effects described above cannot be fully ascribed to the roughness of the deformed interface,
with the wall elasticity inducing peculiar alteration to the flow, thus making the simulations of the
coupled wall-fluid motions essential to properly describe the flow at hand [29].

No studies have investigated the effect of compliant walls on the turbulent heat transfer, which is
the topic of the present investigation. However, both momentum and heat transfers have been studied
in the field of rough and porous walls. In particular, it is now well known that these complex walls
not only enhance the turbulent moment transfer but also the heat transfer, and more generally, the
mixing of passive scalar. While specific properties of wall roughness can cause various alterations,
overall roughness enhances drag and induces wall-normal perturbations that modify the intensity
of the turbulent structure populating the flow [30–32]. As a consequence, turbulent heat transfer is
also strengthened through increased ejection and sweep events [33]. Similarly, wall permeability
also affects the near-wall turbulent structures through the reduction of the wall-blocking effect
[34–37]. The typical streamwise turbulent structures are disturbed when increasing the permeability
by Kelvin-Helmholtz rollers appearing above the porous interface [38–41], similarly to what is
observed in canopy flows [42–46]. Turbulent heat transfer is enhanced also above isotropic porous
walls due to the larger vortical structures that are developed [47,48]. The effects of anisotropic
permeability on turbulent heat flux are consistent with those observed in the turbulent-flow fields
[36,49] with the spanwise permeability strongly altering the thermal fields [50,51].

Since it has been shown extensively that surface roughness and permeability are able to enhance
turbulent heat transfer, with effects similar to those on the momentum, here we want to verify if
the same holds for compliant walls, which have not been widely studied. Thus, in this work, we
investigate the potential of compliant walls to promote heat transfer. To do this, we carry out direct
numerical simulations of turbulent channel flows over fully coupled compliant walls, in which we
vary the wall elasticity and thermal diffusivity, comparing the results to those over a rigid wall.
The manuscript is structured as follows: in Sec. II, we introduce the mathematical formulation and
numerical discretizations [52], then in Sec. III, we discuss the results from the simulations, and,
finally, in Sec. IV, we summarize and draw the main conclusions.

II. FORMULATION AND NUMERICAL PROCEDURE

The incompressible flow ∂up
i /∂xi = 0 over compliant walls is governed by the Cauchy equation,

∂up
i

∂t
+ ∂up

i up
j

∂x j
= 1

ρ

∂σ
p

i j

∂x j
, (1)
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where up
i is the velocity field, σ

p
i j the Cauchy stress tensor, and ρ the density (assumed to be the

same for both the solid and fluid phases). Here, we use the Einstein notation of repeated indices to
indicate summation and the suffix p = f or s to represent the fluid and solid phases. The Cauchy
stress tensor is defined as

σ
f

i j = −pδi j + 2μDi j, (2)

σ s
i j = −pδi j + 2μDi j + GBi j, (3)

where p is the pressure field, μ is the dynamic viscosity (assumed to be the same in the two
phases), Di j is the strain rate tensor, and δi j is the Kronecker delta function. The last term in Eq. (3)
represents the hyperelastic contribution of the compliant wall, which we model as a neo-Hookean
solid satisfying the incompressible Mooney-Rivlin law [53]. G indicates the transverse modulus of
elasticity and Bi j is the left Cauchy-Green deformation tensor, found by enforcing that the upper

convected derivative of Bi j is null, i.e.,
�
Bi j = 0. Finally, we couple the previous set of equations with

the following advection-diffusion equation for the temperature T ,

∂T

∂t
+ ui

∂T

∂xi
= α

∂2T

∂xi∂xi
, (4)

where α is the thermal diffusivity.
The governing equations are solved in an Eulerian framework, as described in Refs. [26,54]. In

particular, the multiphase problem is treated by a monolithic formulation based on the solid volume
fraction φs, an indicator function which is equal to 1 in the solid, 0 in the fluid, and 0.5 at the
interface. φs is found by solving an additional transport equation,

∂φs

∂t
+ ∂ukφs

∂xk
= 0. (5)

We advance in time the system of equations using a fractional step method based on the third-order
Runge-Kutta scheme, except for the solid stress term in the Cauchy equation, which is advanced
using the Crank-Nicolson scheme. All spatial derivatives are discretized using the second-order
central finite-difference scheme, except for the advection terms in the transport equation for Bi j and
φs, for which we use a fifth-order weighted essentially non-oscillatory (WENO) scheme [54].

Setup

We study a fully developed turbulent channel flow of height 2h, confined between two compliant
solid walls of height he = 0.25h on the top and bottom, as shown in Fig. 1. We indicate with x,
y, and z the streamwise, wall-normal, and spanwise directions. The compliant walls are initially
flat and are bounded by two impermeable rigid walls located at y = −0.25h and 2.25h. The size
of the computational domain is 6h × 2.5h × 3h, which is discretized with a uniform cubic grid
with 1920 × 800 × 960 grid points, a domain size and spatial resolution comparable to the previous
studies on the topic to ensure the reliability of the results [26,27,29,55,56]. We impose periodic
boundary conditions in the streamwise and spanwise directions, and the no-slip condition in the
wall-normal direction on the rigid walls. Continuity of the velocity and normal traction is enforced
across the interface between the fluid and elastic solid. A constant flow rate is enforced in the
streamwise direction by updating the pressure gradient at every time step to ensure a fixed bulk
velocity Ub. Finally, we apply a constant temperature difference �T as the thermal boundary
condition on the two compliant walls. Note that we formally solve the equation of the temperature
in the whole domain, i.e., in both the solid and fluid phases, using the mixture temperature
T = Tsφs + Tf (1 − φs), in analogy to what is done for the velocity and pressure fields. To enforce
the desired temperature in each of the compliant walls, we add a forcing term φs(T − Tw )/�t (�t
represents the time increment) to the temperature equation, similarly to what is done to enforce the
constant bulk velocity in the velocity field [where the forcing term (1 − φs)(

∫
v dV − Ub)/�t is
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FIG. 1. (a) Sketch of the computational configuration for the present study. The colored regions are the
two compliant walls, bounded by two rigid walls. (b) Visualizations of the instantaneous temperature on x-y
planes for varying Prandtl numbers: Pr = 1 (top), Pr = 4 (middle), and Pr = 7 (bottom). The white solid lines
represent the interface between fluid and compliant wall regions. The color contours represent the temperature
T , with values ranging from 0 (blue) to 1 (red).

added to the streamwise momentum equation]. With this procedure, the temperature inside the solid
wall is not perfectly stationary, but the variations are sufficiently small.

With the above setup and assumptions, the flow is governed by three nondimensional parameters:
(i) the Reynolds number Reb = Ubh/ν that we fix at 3500; (ii) the nondimensional transverse elastic
modulus G/(ρU 2

b ), for which three values are simulated, i.e., 0.25 (very deformable), 0.5 (almost
rigid), and ∞ (rigid); and (iii) the Prandtl number Pr = ν/α (with ν the kinematic viscosity ν =
μ/ρ), which is set equal to Pr = 1, 4, and 7. Note that we select the values of the wall elasticity to
range conditions in which the timescale of the elastic waves, he

√
ρ/G, is larger, comparable, and

smaller than the timescale of the bulk flow, h/Ub.

III. RESULTS

We simulate the turbulent heat transfer over compliant walls to understand the effects of the wall
motion on the temperature field. In Sec. III A, we start by comparing the results for different Prandtl
numbers for a rigid and compliant wall—the most elastic considered here—and later move to assess
the influence of different wall elasticity in Sec. III B; finally, we investigate the similarity between
heat and momentum transfer in Sec. III C.

A. Rigid vs compliant walls

The effect of a compliant wall on a turbulent channel flow has been recently investigated [26–29],
thus we only briefly report here the main turbulent flow statistics for the sake of completeness.
Note that in the following, (·) indicates the average in time and along the streamwise and spanwise
directions, except otherwise noted, while (·)′ represents the fluctuations.

Figure 2 shows the profiles of the streamwise mean velocity (left panel) and normal and shear
components of the Reynolds stress tensor (right panel). Due to the compliant wall, both the mean
velocity and the Reynolds stress tensor are strongly altered with respect to the case of a rigid
wall, with the flow modification being in close agreement with those previously reported [26–29].
In particular, the mean streamwise velocity exhibits an increase of the maximum velocity at the
centerline, and a reduction of the shear at the wall, leading to a reduction of the viscous shear stress at
the wall. However, total friction increases significantly in the compliant-wall case, as proved by the
corresponding friction Reynolds numbers equal to 323, 264, and 219 for G/(ρU 2

b ) = 0.25, 0.5, and
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FIG. 2. The wall-normal profiles of the flow statistics: mean velocity profiles (left panel) and Reynolds
shear and normal stress components of the fluid (right panel). The line styles differentiate the cases with
different walls: solid line for the compliant wall with G = 0.25ρU 2

b and dashed line for the rigid wall. The
line color in the right panel indicates the different components of the Reynolds stress tensor: u′u′ (black), v′v′

(violet), w′w′ (magenta), and −u′v′ (orange).

∞, respectively. This increase is due to the overall increase of the Reynolds shear stress component
shown in Fig. 2 (right panel), which is not null at the wall in the elastic case due to the wall
oscillations. In general, the compliant wall enhances all the components of the Reynolds stress
tensor throughout the channel, ultimately vanishing only inside the elastic layer. This is especially
true for the wall-normal and spanwise components, while the change of streamwise component
remains rather limited. Note, also, the presence of secondary peaks in the wall-normal component
located close to the mean interface location, which is due to the oscillation of the elastic wall [26].
As discussed in Ref. [29], the flow modifications are not simply due to the wall shape acting as
roughness, but mostly arise from the continuous wall movement.

Similarly to the flow field, compliant walls strongly affect the thermal field. Figure 3 (left panel)
shows the mean temperature profiles for the compliant and rigid walls at different Prandtl numbers.
For both cases, as the Prandtl number increases, the gradient of the temperature at the wall is
enhanced, consistent with the results from the literature for rigid walls reported in the figure with
symbols [56,57,59]. When the wall is compliant, however, the gradient at the wall is reduced
compared to the rigid-wall case at the same Pr, suggesting a reduction in the diffusive thermal
transfer. The decrease in the temperature gradient near the wall can be linked to the diminished
velocity variation in the same region, previously shown in Fig. 2 (left panel), and is qualitative
similar to what is observed over porous walls [49]. Figure 3 (right panel) reports the variance of
the temperature field. In the rigid-wall case, the temperature fluctuations have a peak close to the
wall, followed by an almost constant value in the bulk with a small secondary peak at the center
of the channel. Increasing the Prandtl number does not alter the qualitative behavior [57], with
only an enhancement of the near-wall peak which displaces closer to the wall. Note, also, that the
effect of the Prandtl number seems to saturate beyond Pr = 4. The observed behavior for the rigid
wall is in good agreement with the results from the literature [57,58], as shown in the inset of
Fig. 3 (right panel). In the compliant-wall case, we observe a substantial enhancement of the peak,
which broadens and becomes more intense; note that enhanced temperature fluctuations occupy
more than half of the channel height. The Prandtl number alters the picture similarly to what is done
with the rigid wall, with a stronger peak located closer to the wall as Pr increases. While strong
temperature fluctuations are located within a region of large temperature gradients in the rigid case,
the intense temperature fluctuations in the compliant case are concentrated further away from the
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FIG. 3. The wall-normal profiles of the thermal statistics: mean temperature profiles (left panel) and
variance of the temperature fluctuations (right panel). The line styles differentiate the cases with different walls:
solid line for the compliant wall with G = 0.25ρU 2

b and dashed line for the rigid wall. The line color indicates
the different Prandtl number: Pr = 1 (orange), Pr = 4 (magenta), and Pr = 7 (black). Symbols represent the
reference results from the literature: �: Pr = 1 at Reτ = 150 [57], and ©: Pr = 7 at Reb = 2800 [56] (left
panel); �: Pr = 1 at Reτ = 180 [58], and ∇: Pr = 10 at Reτ = 150 [57] (right panel).

wall, suggesting that the heat transfer may be driven by a different mechanism when the wall is
compliant.

To understand and quantify how the above observations affect the heat transfer, we look at the
heat transfer budget. The total heat flux qtot is composed of two contributions: the viscous diffusion
qD and the convection heat flux qC resulting from the correlation of velocity and temperature
fluctuations. In our case, each contribution can also be divided into the fluid and solid phases,
distinguished with the subscripts f for the fluid and s for the solid. The total heat flux is thus
determined by

qtot = qD + qC, (6)

with each term expressed as

qD = qD f + qDs = (1 − φs)α
dT

dy
+ φsα

dT

dy
, (7)

qC = qCf + qCs = −(1 − φs)T ′v′ − φsT ′v′. (8)

Note that the temperature is kept fixed in the solid phase through a forcing term, as explained in Sec.
II A, and thus the fluxes basically vanish inside the bulk of the solid phase. At the interface where
the temperature is a mixture, the solid-diffusive term still remains essentially null, due to the small
variation of the temperature mean field, while the solid-convection term cannot be ignored, due the
compliant-wall movement and the temperature fluctuations. We can thus consider this latter term as
a proxy measure of the wall movement.

Figure 4 (left panel) shows the integral contribution of each term across the wall-normal
direction, normalized by the integral heat flux of the corresponding case with rigid walls. The
figure clearly shows that the total heat flux increases significantly in the presence of compliant
walls, with the major difference coming from the convection term which doubles for Pr = 1 and
triples for Pr = 7, while the integral contribution of the viscous diffusion does not demonstrate
significant differences compared to the rigid case, being only slightly reduced and decreasing with
Pr for both the rigid and compliant cases. To understand the origin of these modifications, Fig. 4
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FIG. 4. Left: The integral contribution of the total diffusive qD (magenta) and convective qC (green) heat
flux components introduced in Eq. (6) for different Prandtl numbers. The rigid case is shown with thinner bars
and a black hatched fill. Right: The wall-normal profiles of all the heat flux contributions for Pr = 7, with each
term normalized by the local total heat flux. The line color represents the different terms in Eqs. (7) and (8):
qD f (dark magenta), qDs (light magenta), qCf (dark green), and qCs (light green). The rigid case is shown with
dashed lines for comparison.

(right panel) shows the vertical profiles of the different heat transfer mechanisms across the channel,
further separated into the contribution of the fluid and solid phases. In the rigid-wall case, heat
transfer is driven by both diffusion and turbulent convection heat flux: diffusion is dominant in the
near-wall region, whereas convection overtakes and dominates in the bulk of the channel away from
the wall (see, e.g., Fig. 7(a) in Ref. [56]). On the other hand, in the compliant case, the contributions
from both diffusion (of the fluid) and convection of the solid are dominant in the near-wall region,
with the solid convection term being much larger than the viscous diffusion. Note that the viscous
diffusion in the solid is null. Away from the wall, the fluid convection rises, replacing the reduction
of the solid-phase contributions. These results prove that the compliant walls significantly affect
the whole near-wall heat transfer process, by replacing the diffusive contribution at the wall with
the combination of fluid and solid convection, that arise from the movement of the wall pumping
momentum in the bulk of the channel, transporting the temperature at the same time.

We next investigate the correlation between the velocity and temperature fluctuations. We do this
by using the quadrant analysis and decomposing the u′v′ (T ′v′) correlation into four quadrants [60]:
Q1, positive u′ (T ′) and v′; Q2, negative u′ (T ′) and positive v′; Q3, negative u′ (T ′) and v′; Q4,
positive u′ (T ′) and negative v′. Note that a positive momentum convective flux corresponds to Q2
and Q4, while a positive heat flux corresponds to Q1 and Q3.

Figure 5 shows the instantaneous distribution of the events of u′v′ and T ′v′ on x − z planes at
different wall-normal heights (y/h ≈ 0.05 and 0.2). For the momentum flux, the event distributions
highlight the coherent turbulent structures populating the velocity field, which are organized along
the streamwise direction above the rigid wall, whereas they tend to be fragmented and shorter in
length above the compliant-wall case, with an enhanced spanwise coherency, as reported before
[26,29]. The above trend is clear especially in the near-wall region (at y/h ≈ 0.05) and the resulting
structures well correlate with the wall deformation: downward motions of the compliant wall
(dashed line) correspond to sweep events (orange region), while upward motions (solid line)
correspond to ejections (blue region), as also reported by Ref. [27]. Farther from the wall (y/h ≈
0.2), the structures merge and grow in size in both cases. These modifications for the compliant
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FIG. 5. Instantaneous visualization on x − z planes at y ≈ 0.05h and 0.2h of the quadrant events for (a),(c)
u′v′ and (b),(d) T ′v′ at Pr = 7. The top and bottom panels are for the (a),(b) rigid and (c),(d) compliant cases.
Thin black lines represent the instantaneous isocontour lines of wall deformation δ/h: −0.15 (dashed) and 0.15
(solid).

wall, thus, can be linked to the wall oscillations generating intense wall-normal fluctuations that
break down the streamwise coherence of the flow. For both walls, the majority of the events are in
Q2 and Q4 (positive convective flux of momentum).

Similar observations hold for the thermal flux, with Q1 and Q3 being the most probable events
(positive convective flux of heat), and with the structures becoming shorter and less elongated in the
streamwise direction over the compliant wall. Furthermore, in the compliant-wall case, we observe
that downward wall deformations drag low-temperature fluid close to the wall (dashed line and green
region), while upward wall deformations bring the heated fluid back into the bulk region (solid line
and white region). We can observe very strong similarity in the shape and patterns of the events
of momentum and heat convective fluxes; this is easily ascribed to the fact that the temperature
field is carried by the turbulent flow, and indeed it has been previously reported for rigid [61–63],
permeable [49], and rough [64] walls. The same also holds here for the flow over compliant walls,
where we have shown that turbulent convection is the dominant process.

To quantify these observations, we look in Fig. 6 at the joint probability density function (or
jpdf) of u′v′ and T ′v′ at one of the wall-normal positions considered in Fig. 5. The jpdf of u′v′
for the rigid-wall case has the classical distributions, with significant Q2 (ejection) and Q4 (sweep)
events compared to Q1 and Q3, with a peak located in Q4. This distribution relates well to what
is qualitatively observed in Fig. 5. A similar shape is found for the case with compliant walls,
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FIG. 6. Joint probability density function of the (a),(c) velocity fluctuations u′ and v′ and of the (b),(d)
temperature T ′ and wall-normal velocity v′ fluctuations at Pr = 7, extracted on a x − y plane at y ≈ 0.2h. The
top and bottom panels are for the (a),(b) rigid and (c),(d) compliant cases. The contour levels range from 0.15
to 0.95, with 0.1 increments.

however, with much wider distributions, indicating stronger fluctuations. Also, the location of the
peak is shifted towards the center of the diagram, which agrees with the report that increasing
wall compliance leads to more important ejections [27]. The jpdf of T ′v′ shows a rather uniform
distribution for the case with a rigid wall, slightly tilted in favor of Q1 and Q3, and with a peak
in Q3. The distribution is mostly elongated in the vertical direction, indicating that the temperature
fluctuations are relatively smaller than the velocity ones. This is consistent with what was previously
observed in Fig. 3 (right panel), which demonstrates limited temperature fluctuations at the selected
wall-normal distance (y ≈ 0.2h). In the compliant-wall case, the jpdf of T ′v′ becomes significantly
wider than in the rigid-wall case, consistent with the enhanced heat transfer over the compliant
walls. Note that the distribution significantly expands along the horizontal axis compared to the
rigid-wall case, indicating stronger temperature fluctuations in agreement with Fig. 4. For both the
rigid and compliant cases, the predominance of Q2 and Q4 for u′v′ and of Q1 and Q3 for T ′v′
confirms the importance of sweep and ejection events for transferring both momentum and heat in
the wall-normal direction, with the most common transfers coming from the sweep events and the
most intense ones from the ejections.

To investigate the scale-dependent variation of the convective flux, Fig. 7 shows the streamwise
one-dimensional premultiplied spectra of the turbulent heat transfer kxEx

T ′v′ for the rigid- and
compliant-wall cases at Pr = 7. The spectra of the compliant-wall case has a significantly larger
magnitude of −T ′v′ compared to the rigid-wall case (almost double), consistent with the enhanced
activity of the convective heat flux, as shown in Fig. 4 (left panel). Furthermore, the energy peak
for the compliant wall is observed at a relatively smaller scale compared to that for the rigid wall
at low y/h, quantifying the previously observed fragmentation of the structures in the streamwise
direction (shown in Fig. 5) and providing a measure of the wavelength of the wall undulations along
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FIG. 7. The streamwise energy spectra of the turbulent heat transfer kxEx
T ′v′/�TUbh for the compliant-wall

(left panel) and rigid-wall (right panel) cases at Pr = 7. The line color indicates the different wall-normal
distances from the bottom hot-wall (bright) to the channel center (dark).

the streamwise direction. Note that the peak wavelength and energy distributions of kxEx
T ′v′ for both

cases show qualitatively similar trends to those of kxEx
u′v′ (not shown here).

Overall, these observations highlight the significant changes caused by the compliant walls in the
vertical component of the velocity fluctuations and in the temperature fields, which ultimately result
in an enhanced turbulent heat transfer. Indeed, we can create the following visual picture (Fig. 8):
when the flow moves towards the compliant wall carrying cold fluid, it forces the wall deformation,
pushing the hot wall around the sweep location up towards the bulk of the channel; when the wall
restores back towards its equilibrium position, the fluid which ejected up into the bulk is now hot,
having been heated by the surrounding hot walls.

B. The effect of the wall elasticity

In this section, we study the effect of wall elasticity, i.e., different transversal modulus of
elasticity G, by adding one additional intermediate value of elasticity G = 0.5ρU 2

b to the two
previously considered: G = 0.25ρU 2

b (very deformable wall) and G = ∞ (rigid wall). Note that
while we have simulated all the Prandtl numbers considered in this study, in the following we
show only those at Pr = 7, since no qualitative difference can be found for the other values. As
previously shown, when the wall is elastic, not only the turbulent flow statistics but also the heat

FIG. 8. Conceptual sketch of the turbulent heat transfer alterations due to a compliant wall.
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FIG. 9. The wall-normal profiles of the thermal fields statistics for different transverse modulus at Pr =
7: (a) mean temperature profiles and (b) variance of the temperature fluctuations. The line style represents
the different transverse modulus of elasticity: G = 0.25 (solid line), G = 0.5 (dash-dotted line), and G = ∞
(dashed line). (c) The integral contribution of the total diffusive qD (magenta) and convective qC (green) heat
flux components introduced in Eq. (6) for different transverse modulus of elasticity.

transfer statistics tend to intensify due to the increased wall motion. Here, we want to assess if
this is a continuous increase or if different regimes arise. Note that the two values of the elastic
shear modulus have been selected to be in the two different regimes of wall oscillations identified in
Refs. [22,26], with one dominated by streamwise-aligned ridges and the other with highly coherent
spanwise oscillations.

Figures 9(a) and 9(b) demonstrate that the near-wall temperature gradient becomes progressively
smaller when G reduces, accompanied by an increase of the peak of the fluctuations which shifts
away from the wall. As done before, we quantify the heat flux balance in Fig. 9(c) by showing
the diffusive and convective contributions integrated across the channel height. We confirm once
more that the convective term is dominant over the viscous one, and significantly increases when
the wall is let free to move and adapt to the flow. All three panels of Fig. 9 provide a coherent
picture, in which the temperature and heat flux statistics are quite close for the two different elasticity
considered, strongly departing from that of the rigid wall. This is found notwithstanding the fact
that the two wall oscillations significantly differ, with a root-mean-square value of wall oscillation
equal to 0.025h for G = 0.25ρU 2

b and reducing to 0.015h for G = 0.5ρU 2
b . Thus, while the wall

oscillations and consequent momentum transfer are in two different regimes, the resulting heat
transfer modifications are roughly the same. Thus, the results suggest that even a small level of wall
compliance is able to bring the modifications in the heat transfer.

C. Heat and momentum transfer dissimilarity

In this last section, we investigate the breakdown of the Reynolds analogy in the compliant-wall
cases, i.e., the similarity between the heat and momentum transfer. The breakdown is estimated
through the ratio of the fractional increase of the Stanton number St and skin friction coefficient Cf

in the compliant-wall case, with respect to the rigid wall, where the Stanton number represents the
nondimensional wall heat flux, and the skin-friction coefficient represents the nondimensional wall
shear stress τw, here defined as

St = qtot

ρUbcp
and Cf = 2τw

ρU 2
b

, (9)

where cp is the specific-heat capacity, assumed as unity. The deviation from the Reynolds analogy
can be categorized into two types, related to the heat transfer efficiency: favorable, when the increase
of St is greater than Cf , and unfavorable, when the increase of St is less than Cf [65]. To this
end, Fig. 10 plots the Stanton number versus the skin-friction coefficient of the compliant-wall
cases, normalized by those for the rigid-smooth wall, and shows the breakdown of the Reynolds
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FIG. 10. Reynolds analogy plot for all considered compliant-wall cases. The symbols represent different
wall elasticity: � for G/ρU 2

b = 0.25 and © for G/ρU 2
b = 0.5. The line colors indicate the different Prandtl

number: Pr = 1 (orange), Pr = 4 (magenta), and Pr = 7 (black). The thin line marks St/Sts = Cf /Cf s.

analogy in the present cases. All symbols are distributed in the St/Sts > Cf /Cf s region, representing
a favorable breakdown and efficient heat transfer. Interestingly, the favorable breakdown of the heat
transfer over compliant walls is distinct from the previously observed unfavorable breakdowns in
the turbulent heat transfer over both rough [65] and porous [66] walls.

IV. CONCLUSION

In this study, we investigate the effects of a compliant wall on turbulent flow mixing, specifically
its passive scalar heat transfer. To do so, we perform direct numerical simulations of turbulent
channel flows bounded by two compliant walls and investigate the effect on the temperature field
described by a passive advection-diffusion equation. We perform a parametric study, where we
vary the wall elasticity and scalar diffusivity, to examine their effects on the turbulent heat transfer.
Overall, the results show that the heat transfer is strongly increased by the wall elasticity, driven by
an enhanced turbulent convection.

We show that when wall flexibility increases leading to enhanced wall motion, not only the
momentum transfer [26–29], but also the heat transfer is strengthened. Consistent with the previous
studies, we find that the momentum transfer is intensified with the compliant wall by the wall
oscillations which cause strong velocity fluctuations, especially those in the wall-normal direction.
In the thermal field, the effects of the compliant wall are clearly observed in the mean and variance
of the temperature fluctuations. Indeed, the cases with compliant walls exhibit a reduced temperature
gradient near the wall and an increased temperature variance across the whole channel. When
examining the heat transfer balance, our results show that while the diffusive heat transfer is reduced
in the presence of a compliant wall, this is more than compensated by a strong enhancement of
the convective term, which dominates even at the wall. Note that in the case of a compliant wall,
this term comes from both the fluid and solid phases, since the wall itself oscillates in the wall-
normal direction. We explain the enhanced convective flux by looking at the temperature-velocity
correlation. The simulations show that the enhanced temperature fluctuations correlate well with
the enhanced wall-normal fluctuations, which are due to the intensified sweep and ejection event in
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the flow. We can interpret this as a consequence of the nonzero wall-normal velocity fluctuations
that bring cold fluid towards the wall and release the hot fluid into the bulk region when the wall
oscillates.

We also investigate the effects of varying Prandtl number and wall elasticity on the turbulent
heat transfer over compliant walls. On the one hand, the variation of the Prandtl number carries
similar modifications for both the rigid and compliant cases. On the other hand, wall elasticity has
significant effects, with even a small level of wall compliance which is able to completely modify
the heat transfer process, when compared to the case over a rigid wall.

The present study has shown that heat transfer, and turbulent mixing more generally, can be
significantly altered in the presence of an compliant wall. A mechanistic explanation for the
modifications is that when the turbulent fluctuations sweep towards the wall carrying cold fluid
from the bulk of the channel, they force the wall to indent and to raise the wall around upwards due
to incompressibility. This has a double effect: first, the hot wall up in the bulk of the channel warms
the colder fluid around, and second, when the wall restores back towards its equilibrium position, it
ejects the hot fluid occupying its position. This heat transfer mechanism due to the wall compliancy
produces a favorable increase of the heat transfer compared to the momentum one, thus promoting
its possible exploitation in applications; indeed these results have various possible implications
and applications, ranging from food processing to chemical reactors, where rapid mixing is highly
desirable.
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