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Measuring the effect of spatial dimension on hydrodynamic turbulence
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We perform direct numerical simulation of the incompressible Navier-Stokes equa-
tion with forcing at different spatial dimensions and measure turbulent and chaotic
properties. Lyapunov exponents, A, decrease with dimension, and A < O for all simu-
lations in six dimensions up to Re; = 21.2. These six-dimensional simulations display
non-Gaussian statistics and other behavior similar to well developed turbulence despite
their lack of chaos. Further, we find that small scale perturbations do not extend to the
largest scales and that this terminal scale between correlation and decorrelation shrinks
with dimension. We theorize that this change is related to the increased rate of vortex
stretching. We find the interplay between turbulent and chaotic properties changes with
increasing dimension.

DOLI: 10.1103/5px6-bh56

I. INTRODUCTION

The Navier-Stokes equations (NSEs) in d dimensions are a set of d nonlinear partial differential
equations which display sensitive dependence on initial conditions, i.e., chaos. Chaotic properties
have emerged as an additional avenue for studying the NSEs, with the advantage of robustness of
results at lower Reynolds numbers, Re;, compared to spectral measures [1]. Using direct numerical
simulation (DNS), the advantage of using chaotic properties has already been shown in analysis of
thin-layer turbulence, where the finite time Lyapunov exponent (FTLE) displays a discontinuous
jump as the dimension is changed, with a transition between different dynamics [2]. Outside DNS,
numerical solutions to an eddy damped quasinormal Markovian (EDQNM) approximation for
the NSEs have found increased forward energy transfer at higher dimensions, with the enstrophy
production term reaching a maximum near five dimensions [3]. Remarkably, a transition was later
found to a nonchaotic regime above d = 5.88 [4], with no positive Lyapunov exponent measured
even at very high Reynolds numbers. These results recaptured some of the same trends seen in 4D
DNS [5]. By definition, turbulence should be chaotic, but we will refer to flow in higher dimensions
at moderate Reynolds numbers with measured behavior similar to turbulence, yet which turn out to
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be nonchaotic, as “turbulent” for lack of better terminology. This matter of definition will be further
discussed in the closing paragraph of the paper.

Analyzing a system’s physical properties whilst changing dimensionality has had a rich history
of striking results. This was perhaps best demonstrated in the field of critical phenomena with
the discovery of the Wilson-Fischer renormalization group fixed point [6]. This success in the
early 1970s naturally prompted the application of similar methods with dimension as an analytic
parameter in fluid turbulence [7,8], though this program has proven to have had limited success.
Difficulty in the theoretical analysis of the NSEs arises due to the turbulent regime being in
the strong coupling limit, analogous to the problems encountered in quantum chromodynamics
[9]. Even so, Liao developed an approach, very similar to the Wilson-Fisher theory for deriving
critical phenomena, for the freely decaying isotropic and homogeneous Navier-Stokes turbulence
[10,11]. Liao derived to the one-loop level the Kolmogorov exponents for the energy spectrum of
freely decaying, fully developed, near-incompressible turbulence, and found to first order an IR
stable fixed line with upper critical dimension of six, which more recently has also been found in
other renormalization group approaches [12]. The results from EDQNM corroborate Liao’s work
suggesting that interesting behavioral changes occur at six dimensions in the NSEs [4].

Prior to Liao, Nelkin proposed, through a similar analogy to critical phenomena, the existence
of a crossover dimension, above which the Kolmogorov scaling relations in K41 [13] become exact
[14,15]. Following Nelkin, Kraichnan derived that temporal fluctuations of a passive scalar field
acting as a tracer for an incompressible d-dimensional turbulent flow were suppressed by increasing
dimension [16]. Around the same time, these ideas led to the use of dynamic renormalization group
methods by Forster et al. [17,18] and DeDomincis and Martin [19]. Further analytical progress
in this direction has proved challenging leaving numerical approaches, in particular DNS, as the
optimal methodology with which to explore fluid turbulence in higher dimensions [20,21]. The
insight we have added to these earlier studies has been to also utilize chaotic measures in studying
the dimensional dependence of fluid turbulence [1]. Very different from spectral measures, chaotic
measures give a local measure of the flow and we have found them to be stable from fairly small box
sizes [22]. DNS results for spectral measures and scaling are prohibitively computationally intensive
at higher dimensions, whereas chaotic measures could provide reliable indicators and trends of
possible changes in system behavior already at modest box sizes.

In this paper, we analyze the properties of the NSEs using DNS from three to six dimensions.
When using N¢ collocation points, computational cost rises faster than d, and high Re, DNS of
homogeneous isotropic turbulence (HIT) are prohibitively expensive. Since chaotic properties of
turbulence have shown promise in analysis of turbulence at lower Re, this makes them the most
suitable measure to identify changing behavior with dimension.

The results in this paper are performed within severe computational constraints. They are
exploratory, rather than definitive, and are focused on the chaotic aspects of turbulence, so that
they can be compared most directly to prior results. However, there are sufficient questions opened
up here that more studies should be performed, and not just on the chaotic aspects of turbulence
with changing dimension.

II. SIMULATIONS

The NSEs are simulated with a pseudospectral method using code modified from the one
described in [5,23,24]. Similar crosschecks and benchmarks were tested on this code as in these
references just stated. The forcing employed is a delta correlated in time stochastic force only
applied to the low-k (large spatial scale) wavenumbers as used in [25]. Specifically, we apply a
force with amplitude f,n, at wavenumbers less than or equal to the forcing wavenumber ky as

2 ik <
famp = \/; itk A kf (l)

0 otherwise.
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TABLE I. Range of simulation parameters.

d Re; N Ao

3 3.96-237 128-1024 —0.19 — 16.73
4 15.1-60.5 32-256 —0.02 - 1.90
5 13.6-39.8 32-96 —0.24 — 0.72
6 13.5-21.2 32-48 —0.39 — —0.16

Here dt is the simulation timestep. We use ky = 2 to force only the largest spatial scales, also
meaning that the number of forced modes increases with dimension. The forcing ensures that the
energy injection is given roughly at some known rate, the dissipation rate €. The forcing is generated
once for both realizations of the velocity field, so that they are both forced using the exact same
forcing.

To measure the chaotic properties of the system, we principally use the difference field uy =
u; — up, which has associated uncorrelated energy En (k, t), representing the error, and the finite
time Lyapunov exponent (FTLE) [26], X, defined by

MAL) = éln('uA;—AI)'),
0

with the difference field allowed to evolve over a time interval At¢, and u; rescaled to its orig-
inal size of §y by u; = uy + (u; — uy)/8p. The FTLE is then found after averaging over many
iterations, i.

The FTLE is normalized by the timescale Tg, = E /¢, being the ratio of total energy to dissipa-
tion. The Taylor-Reynolds number Re;, = Ul /v, where v is the viscosity and

o0
U? = E/ dkE(k), = /MU’
d 0 &

which depend on spatial dimension, d. FTLE were taken after a statistically steady state of E (k) was
reached, which occurred much earlier for higher dimensions. The range of simulation parameters
are summarized in Table I.

Whilst we only measure the FTLE here, analyzing the Lyapunov vectors, covariant Lyapunov
analysis, and Lyapunov spectrum would provide essential information on the turbulent and chaotic
properties and, in general, using dynamical systems theory to understand turbulence has a rich
history [27]. Further work in this direction is warranted.

II1. RESULTS

Figure 1 shows the dependence of the FTLE with Reynolds number at different dimensions.
The results here are similar to the ones seen in EDQNM simulations [4], where there was an
approach to a scaling A ~ Re* with « independent of dimension, but with a divergence at low Re
indicating a crossover from negative to positive Lyapunov exponent. This crossover point increases
with dimension in both these DNS results and the EDQNM results. The inset of Fig. 1 shows that,
as we increase dimension for a fixed Reynolds number, A decreases, which agrees with EDQNM
results. The data from 6D show increasing A with Re;, so it is possible that it would result eventually
in A > O for sufficiently high Re,. However, the dependence on Re; is not linear, so this cannot be
used to conclude that the the 6D data will become chaotic at higher Re;.

There is a significant difference between a function remaining negative and it being nonlinear.
Upward convexivity for a nonlinear function implies that it will necessarily become non-negative,
but if the function is not upwardly convex, then it’s form will determine whether it does so or not.
In 3D, we know that the dependence of Re; has a power law dependence with power less than 1,
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FIG. 1. Reynolds number dependence of ATgg, inset shows the same data but in linear scale. For six
dimensions, the Lyapunov exponent is always negative.

meaning that it is not upwardly convex. If at higher dimensions, chaos is suppressed so that the
Lyapunov exponent is less than it would be in 3D, we would expect that the nonlinearity is also not
upwardly convex. Then, whether the function remains negative or not depends on the exact form of
the nonlinear function, which is not known.

Because there are insufficient data points, it is impossible to compare the results here with the
analytical results found by Liao [10,11] and Verma [12] as the number of dimensions increases
from three to six. As well as an increased number of data points in each dimension, a wider range
of Reynolds numbers would be required (in turn requiring much larger simulations) to sufficiently
calculate simulation values to the analytical ones predicted.

Previous DNS results in 3D have shown that box sizes have little to no effect on measured
Lyapunov exponents in HIT [22], so we expect that the 6D simulations here are nonchaotic due to
the low Re,, independent of box size. The A values found here at relatively low Re; are similar to
those found in EDQNM even at high Re;, where no dependence on Re; was seen. In EDQNM,
A < 0 was found in 6D even for very high Re, and we anticipate that the same may be found in
larger DNS simulations, since all trends between the two compare well. EDQNM is a mean-field,
quasi-Gaussian closure that is intrinsically unable to capture intermittency, coherent structures, and
non-Gaussian fluctuations. As such, the results should be interpreted with caution, however, they are
the only other numerical results that are comparable to the ones presented in this paper. Wherever
we find similar features in both of these methods, it suggests that these features are representative
of full Navier-Stokes dynamics.

The results above suggest two possibilities, either there is a change at six dimensions where
there is no chaos, or that chaos does occur but at much larger Re;. The rest of this article will
further analyze these simulations to find out to what extent do our low Re; 6D simulations indicate
turbulent features.

One well known aspect of turbulence is its non-Gaussianity. From dimension three to five, non-
Gaussian velocity derivative skewness has been seen in simulations for decaying turbulence [21].
For fully developed turbulence, even at moderate Re;, the statistics of the Lyapunov exponents has
been shown to be non-Gaussian as well in 3D [22].

One tool to measure the deviation of measured data from a target distribution, in this case the
normal distribution, is using quantile-quantile (QQ) plots. All results are sorted in ascending order
for the measured data and sample data from the targeted distribution, with a straight line indicating
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FIG. 2. QQ plot of normalized values. Low Re; is Gaussian (indicated by the straight line dependence),
whereas high Re, are not.

identical distributions. Figure 2 shows the QQ plot for the FTLE for four simulations. The FTLE
are normalized so that they have zero mean and unit variance. Comparisons are made for low and
high Reynolds number in three and six dimensions. As can be seen, the values for the Lyapunov
exponents low Re,, once normalized, in both dimensions show good agreement with a normal
distribution. However, for the higher Re,, the curvature of the 6D distribution is similar to that
of the 3D. This suggests that these simulations both display similar turbulent features, but with the
crucial difference that the 6D simulation is nonchaotic. If we interpret fully developed turbulence
as being a prerequisite for non-Gaussian distributions of A, then the very lowest Re; simulations
presented here in 6D may not be fully developed, whereas the higher Re; simulations are better
developed, though we cannot definitively prove that they are fully developed.

Further signs that the 6D simulations at Re; ~ 20 act like the turbulent high Re; 3D simulations
and unlike nonturbulent low Re; 3D simulations can be found by analyzing the error spectrum,
E A (k). This measures the energy spectrum associated with the difference field of the two realiza-
tions, ux = u; — us.

In Fig. 3 we show the effect of making a perturbation at high-k (small spatial scale), which
in 3D-5D tends to feed differences at lower k (larger scales) for sufficient Re, i.e., where A >
0. The evolution of EA (k) with time shows this process, which allows a qualitative comparison
between the different dimensions. For A > 0, Ex (k) adopts a characteristic profile which then grows
exponentially keeping the same shape until E, is sufficiently large. The figure shows the time period
whilst Ex (k) is adopting its characteristic profile.

As can be seen, although the 6D (d) and 3D low Re (e) simulations have similar negative A,
(d) does not look like (e) but instead is qualitatively similar to the simulations performed at lower
dimensions with sufficient Re for A > 0 (a)—(c). After a perturbation is made, two processes occur:
there is the transfer of error from high k to low k; and also a generation of more error at high k. These
are balanced by the fact that the forcing of both fields is identical, which has a strong organizing
tendency. As we increase dimension, as shown in the figure, the amount of inverse transfer of error
is reduced. In 6D, the error at low k arises due to the very large initial perturbation spreading from
higher to lower wavenumber at a transfer rate that is larger than the organizing effect can counteract;
the error generated subsequently at high k is self-sustaining but unable to transfer upwards as it is
counteracted by the stronger forward cascade. In low Re; 3D simulations, the dissipation is high
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FIG. 3. Evolution of difference between two realizations with time, from early (light blue) to later (darker
blue) times, showing different behavior with higher dimension: (a) 3D Re; = 48, (b) 4D Re; = 20.1, (¢) 5D
Re; = 39.8, (d) 6D Re; = 21.2, and (e) 3D Re; = 4.66.

enough to simply destroy the error at high &, which is not the case for 6D. Thus we see, in regimes
where neither are chaotic, 3D behaves fundamentally differently than 6D.

EDQNM models showed a transition to a nonchaotic regime as we approach d = 6 [4], and our
DNS results confirm many of the findings using those models; this includes that an initial small
scale error does not saturate at the lowest wavenumber, as shown in Fig. 4, which plots the ratio of
EA(k) to E(k) when EA(2) is statistically stationary in time. The exact time taken to reach this late
time is dependent on the size of the perturbation and exact details of the original velocity field. We
see that the error ceases to grow at sizes slightly smaller than the largest in the system, well below
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FIG. 4. Steady state of difference at late times when E(¢) is statistically stationary, showing reduced
steady state of low wavenumber with higher dimension.

the largest theoretical value [being E (k)]. From the figure, it can be seen that the effect is dependent
on dimension and not on the Reynolds number. These results are different to those found previously
using DNS in 4D [5], but can be explained by the different forcing functions, as discussed in [28,29].
Previous simulations used negative damping, which amplifies error right to the forcing scale. The
use of an identical forcing function reveals that there is significant suppression of error growth at
larger scales with increasing dimension regardless of Reynolds number.

The washing out of correlation at larger length scales may be caused by the interaction of
enstrophy production and self-strain vortex stretching, where enstrophy conservation is found when
removing the vortex stretching term in three dimensions [30]. A deeper discussion on how the two
relate to chaos is found in [28,31]. There is a competition between the generation of error moving
from high & to low k and the sweeping out of error by the energy cascade. In 3D, the balance is
achieved at a low value of kL, but with increasing dimension it is shifted higher as the competition
favors the sweeping. Figure 5 shows the enstrophy spectrum at different dimensions, and it is clearly
seen that the peak goes to higher wavenumbers with increasing dimension. This higher wavenumber
represents an increase in the efficiency of the enstrophy production, and has been seen in EDQNM
models [3,4,32]. The more efficient cascade will sweep out the error before it can spread to larger
scales. Furthermore, whilst the focus of this paper is mainly on the influence of dimension on the
chaotic properties of turbulence, it should also influence the strain self-amplification, which recent
research has shown plays an even more important role in the turbulent dynamics than the vortex
dynamics [33,34]. This influence should certainly be investigated in future work.

One can understand the growth of uncorrelated energy as a sum of three terms: the internal
production of uncertainty, the dissipation of uncertainty, and its external input rate via the difference
between the forcing of the two fields [28], where the last one is kept at zero for these simulations.
It has been shown that local compressions increase the internal production of uncertainty, whereas
local stretching reduces uncertainty [28,31]. The more efficient enstrophy cascade represents an
increased local stretching, and is sufficient to suppress the growth of uncorrelated energy.

IV. DISCUSSION

In 3D at Re; ~20, it is well understood that the system exhibits turbulent features, such as seen in
QQ plots and evolution of difference. In 6D, our simulations find similar features. However, in sharp
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FIG. 5. Enstrophy spectrum, with the peak shifting to higher wavenumber with increasing spatial dimension.

contrast, the 6D simulations at this Re; are nonchaotic whereas in 3D they are chaotic. Much larger
box sizes than those used here in 6D would be needed to examine more conventional measures of
turbulent behavior and K41 features, such as the energy spectrum, as well as for making useful
visualizations. This is a very big computational requirement. The forced simulations done in this
paper have a largest box size in 6D of 48°, which in terms of collocation points is equivalent to a
3D simulation of 23043, and in 3D would be sufficient for usable statistics. Even increasing the box
size to 100, which is still relatively small, would push this to be among the larger DNS simulations
performed. This paper has identified measures that can be utilized at smaller sizes to find the first
telltale hints of changing behavior as dimension increases.

We have found that at least up to Re; =~ 20, 6D turbulence is nonchaotic. Due to the small
box sizes, we cannot say what the implications are for the K41 theory in higher dimensions.
However, we find in DNS that with increasing dimension, A decreases and the largest decorre-
lated size in the system shrinks. This is consistent with work from EDQNM closures, where a
transition to nonchaotic behavior was seen at six dimensions [4]. This effect can be understood
using the framework of an uncertainty cascade in turbulence, which has recently been studied in
three dimensions [31,35], but may change with dimension. Previous analysis has shown that the
production of uncertainty is associated with local compression events, whereas local stretching
reduced the uncertainty [3,28,36]. With increasing dimension, the forward cascade is enhanced
because energetic triads become more dominated by orthogonal wave vectors [8]. All of these
suggest that in higher dimensions the flow of information becomes unidirectional, with flow lines
tending to move without much interaction, with the small scales unable to influence the large.

Hydrodynamics is the quintessential field theory, being described in field theoretic terms in a
similar era to electromagnetism, and certainly before quantum theory. Our collective experience
with (quantum) field theory has taught us the importance for theoretical understanding of studying
higher dimensions beyond the physical regime. This paper is a DNS study of Navier-Stokes
turbulence up to six spatial dimensions. It examined both the turbulent and chaotic properties of
the flow, finding a deviation in the interplay between the two as the system dimension increases, at
least to the extent of our limited simulations.

In turbulence, we have a notion that the smallest scales cannot affect the largest scales. This is
true in a statistical sense. At sufficiently high dimension, this may be true in an absolute sense as
well. HIT is often considered as occurring at scales where the turbulence “forgets” about the larger
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scales at which it is generated. Here we show that, as dimension increases, the larger scales “ignore”
what is happening at the smaller scales altogether.

In this paper we have avoided semantic discussion about what precisely defines turbulence. We
simply used that word as a placeholder for features we found to the extent of our measurements that
are similar to what is typically found in a turbulent flow. The key takeaway from our results is there
is a significant deviation in the interplay between these turbulent measures and the chaotic measures
when one compares three spatial dimensions to six spatial dimensions. Running simulations in 6D
is computationally intensive and utilizes a great deal of computing resources. Future work might
study other measures of turbulence such as multiscaling of the velocity gradients [37] and the role
of strain self-amplification [33,34]. This will build on work and develop a better picture of what is
happening with the flow as dimension changes.
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