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The aeroacoustic design of porous trailing-edge inserts for wind turbine noise attenua-
tion requires knowledge of the penetration depth of pressure fluctuations into the porous
material. Computationally efficient modeling of the attenuation of unsteady pressure and
velocity fluctuations within porous materials will enable improved trailing-edge noise
attenuation while minimizing aerodynamic performance loss. Steady models fail to capture
the frequency dependence of the attenuation of these fluctuations through the material,
while high-fidelity unsteady scale-resolved porous medium models are computationally
too expensive for the early-stage design phase. In this study, high-fidelity simulations of a
porous material sample subjected to low-amplitude modal inflows are used to evaluate
the accuracy of the unsteady Darcy model, which is proposed to fill the gap between
high-fidelity unsteady simulations and the steady models for porous medium flows. Two
important regimes are identified when considering the local conversion of pressure fluctu-
ations into velocity fluctuations, separated in the frequency domain by a critical frequency.
For the investigated porous material and flow conditions, the Strouhal number separating
these regimes lies between 0.6 and 1.3, based on the inflow velocity and porous skeleton
strut diameter. Above this critical number, pressure and velocity fluctuation attenuation
closely follow the unsteady Darcy model. Below this critical number, the local response of
the flow features a strong spatial variation throughout the porous sample. In future research,
the underlying mechanism affecting the presence of these spatial variations in the low
frequencies will be investigated.
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I. INTRODUCTION

The dominant aeroacoustic noise source for wind turbines is at the trailing edges of the blades [1].
From the various noise-reduction technologies that have been investigated, permeable trailing-edge
inserts have shown the most potential, reducing noise by up to 12 dB [2]. The main mechanism of
this noise reduction is the pressure release mechanism [2], in which turbulent pressure fluctuations
in the boundary layers on either side of the blade section are able to communicate with one another
through the permeable trailing edge. Through this communication, the phase difference of these
pressure fluctuations is gradually reduced, which decreases their scattering strength at the sharp
trailing edge [3].

As noted by Teruna [4], the streamwise length over which communication occurs needs to be
long enough compared to the characteristic length of the aerodynamic fluctuations in the boundary
layer to allow their phase difference to gradually lessen. Yet, whereas the required streamwise extent
of the permeable material decreases with frequency, the attenuation of the fluctuations through the
porous material increases too, up to a frequency where communication no longer takes place. Hence,
noise reduction may not be achieved in every frequency band, and porous materials need to be
designed when targeting the attenuation of a specific noise source. By increasing the permeability
parameter of the porous medium, the material becomes less resistive to flow, allowing the pressure
release process to occur in higher frequency bands [4].

Considering a homogeneous and isentropic porous material skeleton, an increase in permeability
tends to result in a decrease in the shape factor [5]. Hence, the high-inertia mean flow is allowed
to penetrate more easily into and through the porous trailing-edge insert [6]. As a result, permeable
trailing edges are detrimental to aerodynamic performance [4,7]. First, the equalization of the mean
pressure field through the trailing edge lowers lift [4,8]. Second, drag is increased in several ways:
(1) the boundary-layer flow sees an increased resistance when penetrating the porous medium
[9,10], (2) form drag is increased because the porous medium effectively makes the blade trailing
edge partially blunt [3], and (3) the porous material surface results in roughness drag [8]. In
addition, at the surface, the interaction of the flow with the porous material results in an increase
in high-frequency roughness noise [2]. This surface roughness further increases for materials with
larger pore diameters, i.e., materials that generally exhibit high permeability.

For trailing-edge inserts made from a single spatially homogeneous porous material, i.e., single-
layer inserts, the result is a trade-off between noise reduction over a wide frequency band and
aerodynamic performance. Luesutthiviboon et al. [6] showed that multilayer porous materials can
be used to effectively uncouple the permeability and shape factor of the composite porous sample,
e.g., by choosing an outer layer with a high shape factor that resists the inertia of the mean flow
and an inner layer with a high permeability to promote the communication of low-inertia pressure
fluctuations that are able to penetrate through the outer layer. The presented multilayer material
prototype served as a promising proof of concept but proved difficult to manufacture and apply
in real-world settings due to the fragile construction of the Kevlar layer being stretched over the
inner porous material. It is expected that even better aerodynamic and acoustic performance can
be extracted from multilayer porous trailing-edge inserts when the material choices and geometric
extent of these layers are optimized.

The optimization of such a configuration thus requires a model that is able to capture the
penetration depth of unsteady pressure fluctuations into the multiple permeable layers. High-fidelity
unsteady simulations consider the volume-averaged Navier-Stokes (VANS) equations [11] to sim-
ulate all turbulent scales above the filter length in the equivalent porous medium [12–14]. This
modeling approach is analogous to large-eddy simulations (LES) and is therefore computationally
too expensive for optimization approaches. Conversely, lower-order models, such as that of Darcy
[15], do not consider unsteady flow and therefore cannot model the attenuation of unsteady pressure
fluctuations at different length scales. An unsteady Darcy (uD) model [16–20] can be derived
from simplifying the VANS equations, which provides a computationally inexpensive method for
estimating this unsteady flow attenuation. Yet little research appears to investigate the accuracy of
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FIG. 1. Diagram of averaging volume V in a structured porous material. The solid phase is indicated in
gray and the fluid phase in white. Based on the diagram of Breugem [13, p. 61].

this model in estimating the attenuation of pressure fluctuations through an air-saturated porous
sample under flow conditions approaching those inside porous trailing edges.

Such lower-fidelity unsteady volume-averaged models are particularly useful during the early-
stage design phase of porous materials for noise attenuation in a wide range of applications, provided
that they are able to sufficiently capture the physics that affect the flow penetration needed to
model the pressure release process and the penetration of the high-inertia boundary-layer flow
into the porous material. Hence, this study aims to clarify the physical relationship between the
wavelength of the incoming fluctuation and its attenuation through an air-saturated porous medium,
and evaluate the accuracy of the uD model in estimating this attenuation. Such knowledge is pivotal
in reducing the full VANS equations to a simpler set of governing equations that can be used for
this optimization. This accurate modeling and the gained understanding of the frequency-dependent
attenuation of pressure fluctuations will enable porous trailing-edge material designs to target a
wider frequency band within which noise is attenuated.

In Sec. II the theoretical framework that matters to the discussion in this paper is briefly
explained. The various aspects that comprise the high-fidelity numerical simulations used for this
physical investigation are detailed in Sec. III. The data from these simulations are analyzed and
discussed in Sec. IV. Finally, the principal findings of this research are summarized in Sec. V.

II. THEORY

When the length scales of interest in the flow are larger than the pore diameter of the material, it is
unnecessary to consider its full geometrical description when simulating the flow through it. Hence,
our approach uses an equivalent volume-averaged medium representation of the material. The same
holds for the aforementioned low-fidelity unsteady porous medium flow models. First, the theory
of volume averaging is briefly summarized in Sec. II A. The Darcy-Forchheimer model is a popular
closure model for the resistive force of the porous volume-averaged medium on the flow passing
through it. By adding only a single unsteady term to this model, i.e., by considering a simplified
VANS, a model can be obtained that realistically represents the physics of the frequency-dependent
resistance of the porous medium to pressure fluctuations through it [16–18]. This uD model is
outlined in Sec. II B.

A. Volume-averaging theory

Volume-averaging theory (VAT) is used to consider the larger-scale effects of the porous material
on the flow without needing to resolve scales on the order of the permeable material pore and below.
This is achieved by convolving the governing equations of the flow with an averaging window. The
concept of the averaging window is illustrated in Fig. 1.
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The superficial volume average 〈·〉s of fluid quantity ψβ is defined as

〈ψβ〉s =
∫

V
γβσ (r) m(r − x) ψβ (r) dV. (1)

Here γβσ is a switch function that equals zero within solid regions falling within the porous skeleton
structure and equals one when the considered point falls within the fluid (see Fig. 1). In essence,
this quantity ensures that the integral is taken over the fluid volume within the integral volume.
The filtering function m used to convolve ψβ needs to integrate to unity over the averaging volume.
For structured porous material skeletons, as is the case in this research, a rectangular averaging
volume is recommended (see Fig. 1) [13]. The filter length l f should be large enough to capture the
statistical average of the (unstructured) porous material; hence, for structured materials, the filter
length should be at least as large as the repeated geometric pattern.

Along with a superficial average 〈·〉s, an intrinsic average 〈·〉 is defined. These are related to each
other through the porosity ε of the porous medium:

〈ψβ〉 = ε〈ψβ〉s. (2)

The result is an equivalent fluid medium with a locally increased resistance to flow that models
the effect the porous skeleton would have. Therefore, this porous medium no longer contains any
geometry that requires a fine mesh to resolve.

B. The Darcy model

In the VANS equations, the spatial scales above the filter cutoff are simulated, and those below
may be modeled. However, an additional model is required for the resistive force imposed by the
porous material skeleton on the flow passing through it. Commonly, the Darcy-Forchheimer model
is considered [11].

In its simplest form, the Darcy model estimates the pressure drop over a given porous material
sample thickness that is needed to sustain the volumetric flow rate of fluid passing through a porous
medium due to the viscous resistance on the flow. Later, additional corrective terms were added that
account for other effects of porous-medium flow to extend the validity of the empirical relation. For
example, the Forchheimer corrective term adds a quadratic term to model the inertial resistance on
the flow:

−∂ p

∂x
= au + bu2, with a = μ

K
, b = ρcF√

K
. (3)

The terms on the right-hand side of Eq. (3) are the Darcy and Forchheimer terms. The porous
material permeability is K , and its Forchheimer coefficient is cF. The fluid viscosity and density are
μ and ρ, respectively. The flow velocity u is a superficial volume-averaged one. In other notations,
the Darcian flow velocity νd can be found in its place, which is the volumetric flow rate over the
cross-sectional area of the flow.

The model above can be used on its own for steady, spatially homogeneous flows through
permeable materials, as there are no time or spatial derivatives of the flow velocity. Otherwise, this
model can be incorporated into a range of momentum equations, the simplest of which adds only a
time derivative to the model [16–18,21,22]. This model will be referred to as the uDF equation and
reads

−a−1 ∂ p

∂x
= u + γ u2 + τ

∂u

∂t
. (4)

All coefficients are normalized by a in the above equation. With the Navier-Stokes equations in
mind, this simplified unsteady model makes several assumptions, including the spatial homogeneity
of the flow. Yet the resulting analytical relation describes how effectively pressure fluctuations
locally result in flow velocity.
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FIG. 2. Frequency response of the normalized uD equations [Eq. (7)].

The uD equation has previously been studied by, among others, Zhu [23]. The frequency response
H of the uD equation is defined as

H(s) = U (s)/P(s). (5)

The analytic solution for H is derived using the Laplace transform L[·]:

H(s) = −a−1 + τu(0)P(s)−1

τ s + 1
. (6)

For an initial condition of u(0) = 0 ms−1, this further reduces to

H(s) = −a−1

τ s + 1
. (7)

Here U and P are the Laplace transforms of u(t ) and ∂x p(t ), respectively. The initial fluid velocity
is denoted by u(0). The time constant τ represents the response time of a system to a step function.
Several formulations for this parameter were proposed in the aforementioned study. However, for
the two most accurate estimates, the parameter is calibrated based on high-fidelity simulations, or it
is empirically determined, e.g., with a virtual mass description [23]:

τ = Kρ

με

(
1 + Cvm

1 − ε

ε

)
, (8)

where Cvm is the empirically determined virtual-mass coefficient. The time constant depends on the
fluid density and the effective viscosity of the porous material, i.e., its permeability. The virtual mass
appears to model the added resistance imposed by the porous skeleton on the time response of the
system.

An electric analogy can be made to a series RL circuit, where the resistance equals a, the
inductance equals τa, the voltage source equals the pressure gradient, and the current equals the fluid
velocity. Hence, the time constant τ may be thought of as an inertia that resists change in current, i.e.,
the fluid velocity. The frequency response H represents how efficiently a frequency component of a
voltage fluctuation is converted into a current fluctuation or, equivalently, how efficient a pressure
gradient fluctuation results in a flow velocity fluctuation. Such a frequency response is shown in
Fig. 2. The frequency response per frequency is decomposed into its amplitude |H| and phase
delay ∠H. The amplitude represents how efficiently the amplitude of the source fluctuation, e.g.,
voltage, is converted into the amplitude of the resultant fluctuation, e.g., current. Whereas the phase
delay represents the time lag between the input and output waves. The frequency response of a
series RL circuit is known to be a low-pass filter (see Fig. 2). In other words, pressure fluctuations
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FIG. 3. REV of the altD porous material with a cell size dc of 2 mm. (a) Isometric view. (b) yz-plane view.

smaller than a critical wavelength experience increased damping. The low-frequency amplitude and
high-frequency amplitude slope are both proportional to the porous medium permeability.

III. METHODOLOGY

To investigate the attenuation and phase-delay response of porous materials to an unsteady inflow,
high-fidelity simulations are performed. The chosen porous material analyzed in this research is
detailed in Sec. III A. The flow configuration is explained in Sec. III B. The CFD solver and the data
postprocessing are provided in Secs. III C and III D, respectively.

A. Porous material sample

A single porous material type is tested to limit the scope, allowing the focus to be on character-
izing in detail the response of that porous material type to parameters linked to the unsteady inflow.
The chosen porous material geometry is the alternate diamond (altD) of the triply periodic minimal
surface (TPMS) family, whose shape is parametrically defined as explained in Appendix A [24]. The
alternate diamond consists of a 45 ◦ rotation of the original diamond geometry, as used in previous
research of Hunter et al. [25]. A representative elementary volume (REV) of the porous material
geometry is shown in Fig. 3. This is the smallest possible volume to still statistically capture the
geometry, e.g., to converge to the true local porosity of the material. For such structured porous
materials, it is the elementary volume that is tiled to form the complete material sample. The chosen
REV edge length dc in this investigation is 2 mm.

The altD is selected for its higher tortuosity compared to the primitive TPMS, which is expected
to decrease the size of the region impacted by the entrance effects of the flow into the porous
medium. This potentially enables the porous sample thickness to be smaller compared to lower
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FIG. 4. Porous medium static air-flow resistivity R from the experimental calibration data of a DMND
porous material with a cell size dc of 2.5 mm [28].

tortuosity materials. Also, the altD more closely resembles the DMND porous material analyzed
in a previous experimental campaign [26], for which both pressure drop and wind tunnel data are
publicly available [5].

The streamwise length of the porous sample is based on the sample thickness th needed for the
pressure drop �p through a DMND material with dc = 2.5 mm to converge. The static air-flow
resistivity R starts to flatten out near th = 20 mm in Fig. 4, which is related to �p according to

R = �p/(thνd ). (9)

Hence, the sample thickness is chosen to also be 20 mm, which ensures that there should be
a sufficiently large region inside the porous sample not impacted by entrance effects [27], and
therefore more representative of a porous-medium flow in the absence of any additional effects.

B. Permeability test rig simulation setup

A permeability test rig [7] with an unsteady inflow is chosen to analyze the frequency response
of the porous material (see Fig. 5). This removes the impact of several flow mechanisms from the
analysis, allowing the focus to be on the response of the porous sample to the unsteady inflow.
The mean flow follows a single path without any complex interaction of a grazing turbulent
boundary-layer flow over the porous surface. Both of these aspects reduce the complexity of the
problem, making it more manageable to model. Within a region of the porous sample where the flow
is spatially homogeneous, the model equations can be defined for a single repeatable elementary
volume of the porous medium.

The origin of the reference frame is positioned in the center of the porous sample with dimensions
of 20 mm × 8 mm × 8 mm {x, y, z}. The simulation domain has a length of 24 m and a cross
section equal to that of the porous sample.

The light gray regions in Fig. 5 are sponge regions that feature increased numerical viscosity. The
diagonally dashed regions feature a numerical viscosity that increases exponentially from the center
of the domain outward. The regions surrounding this exponential-viscosity zone have constant
numerical viscosity values equal to those at the interface with the exponential regions. For example,
the outer sponge regions, shown in solid gray, have a high constant numerical viscosity. The
purpose of the increasing numerical viscosity away from the porous sample is to dampen reflections.
More precisely, given the lengths of these high-viscosity regions, the frequency components of the
reflection above a critical frequency of 0.2 kHz are dampened. This critical frequency is below the
lowest analyzed inflow oscillation frequency to limit the impact of the reflections on the estimated
frequency response of the porous material.

The cross-sectional areas of both the simulation domain and the porous material sample are
8 mm × 8 mm. The boundaries along the y and z axes are periodic to limit their impact on the flow
inside the porous medium by (1) not producing a boundary layer and (2) not limiting the deflection
of the mean flow by the porous sample. The size of the cross section is chosen to be large enough to
limit the error caused by having periodic boundaries too close together, which would limit the largest
scales in the cross-flow axes. Larger simulation domain cross sections would increase computational
cost.

104611-7
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FIG. 5. Simulation domain diagram. The upper figure is a detail of the lower figure, focused on the region
around the sample. The limits of the lower figure indicate the simulation domain. The variable resolution (VR)
region indices i are provided and explained in the mesh diagram. The local voxel size is lvoxel,i = dc/2i−2.

On the outlet, a static pressure boundary condition is defined and set to 101 325 Pa. At the
inlet, an unsteady total pressure p0,inlet(t ) is generated. For reasons of parametrization of the signal,
repeatability, and implementation in the numerical simulation setup, this signal is defined as

p0,inlet(t ) = � + 
 sin (2π fpt ), (10)

where � is the mean pressure, 
 is the amplitude of the oscillating pressure, and fp is the frequency
of the pressure oscillation. This parametrization is based on the work of Zhu [23].

The steady component of the inflow pressure is generated at the inlet surface. The oscillatory
component of the inflow pressure field is generated by the body-force region. The reason for splitting
the mean and oscillatory parts of the inflow pressure generation is the presence of the sponge regions
close to the inlet of the simulation domain. In addition to attenuating the reflections, these would
also dampen the imposed pressure fluctuations. Hence, the body-force region is positioned between
the inlet sponge region and the porous sample. The body-force region acceleration 
b f is related to
the desired oscillatory pressure 
 following


b f = 
/(ρ0 lb f ), (11)

with ρ0 = 1.225 kg m−3 being the reference fluid density and lb f = 1 mm being the chosen length
of the body-force region. This relation couples the force per area of pressure to the acceleration per
volume of the body-force region.

C. Numerical simulations

The numerical simulations are performed with 3DS PowerFLOW version 6-2025-R2 [29]. This
software uses the Lattice-Boltzmann Method (LBM) to solve for the governing equations considered

104611-8
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FIG. 6. Detail of the mesh for a single REV, showing a slice on the xy plane at z/dc = 0. The thin blue
dashed lines indicate the voxel mesh, and the thick black solid lines indicate the xy-slice measurement file
mesh at half the resolution of the volume mesh.

in the very large-eddy simulations (VLES) modeling approach [4]. The simulations use the renor-
malization group (RNG) k − ε turbulence model with a wall model that includes pressure gradient
effects [29,30], as implemented by PowerFLOW. The chosen model is for low Mach number flows
and considers an ideal gas model. As a result, the reported kinematic viscosity and temperature are
constant throughout the fluid domain. The inclusion of the turbulence model in the simulations over
a "direct" simulation approach enables the simulation time to remain feasible. The mesh around
the porous sample has a characteristic spacing approximately twice the Kolmogorov length scale
estimated from the local Reynolds number [31]. However, because the simulations employ VLES
with the RNG k − ε model, the smallest turbulent scales are modeled rather than explicitly resolved.
The turbulence model does not produce nonphysical attenuation of turbulent fluctuations as the eddy
viscosity remains below 3.99 × 10−6 m2 s−1 in the porous sample. In addition, a maximum y+

wall of
1.34 ensures that the reliance on the wall model is minimal. Previous research has successfully
used PowerFLOW to reproduce the flow through porous material samples [32], and over porous or
serrated trailing-edge inserts [3,33].

Changes in mesh cell size are indicated by the vertical pairs of dashed and dash-dotted black
lines in Fig. 5. The mesh is a trimmed mesh; therefore, cell sizes are either doubled or halved
at these locations, as illustrated in Fig. 5. In other words, each refinement zone i follows a voxel
size lvoxel = dc/(2ni ), with ni ∈ [−1, 6], i.e., the number of cells per REV varies 643 in the region
around the porous sample (see the voxel mesh in Fig. 6) to 0.53 in the far field. This coarsest
mesh refinement level spans most of the computational domain, ending after the exponential sponge
region near the inlet and starting again before the exponential sponge region near the outlet.

The chosen mesh resolution is validated with a mesh convergence study, which is shown in
Fig. 7. The mean pressure drop through the porous sample serves as a metric for the convergence
study. Given the total pressure inlet, it is expected that both the mass flow rate and pressure drop
will change with the refinement of the mesh. The former is expected to vary with the pressure drop
through the simulation domain because total pressure is defined at the inlet. The latter changes due
to the more accurate simulation of flow structures in the porous sample at finer voxel sizes. But in
addition, for the coarsest mesh, the voxel boundaries may not fully converge towards the defined
surface geometry of the porous skeleton. With coarser voxels, the porosity of the material may not
accurately represent that of the material one wishes to model.
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FIG. 7. Mesh convergence study based on steady flow simulations at mesh refinement levels around the
porous sample, showing the relative error with respect to the solution of the next-level finer mesh 2 nv,i. The
pressure drop over the porous sample is computed from two probe points situated at x/dc = {−34, 34} on
the center axis with respect to the y and z axes. The fitted convergence rate p is compared to a 1.5th- and
second-order convergence rate.

Two cases with locally coarser meshes around the porous sample and in its near wake are
investigated, due to a finer-meshed case (nv = 27) being computationally too expensive. Applying
a Richardson extrapolation method on the data shows a near 1.5th-order convergence rate p for the
pressure drop. The convergence rate of PowerFLOW LBM is expected to lie between 2 [34] and
1.5, depending on the influence of the wall boundary condition scheme on the overall convergence
rate for the specific case [35].

Estimating a convergence rate for the local TF in the probe points, as investigated in Sec. IV B 2,
proves more challenging. Convergence rates show spatial variations across the porous sample due
to small differences in the turbulent structures among the mesh resolution levels. In particular, the
turbulent structures in the latter half of the porous sample are sensitive to small changes in the
upstream structures induced by mesh refinement. As such, the TFs do not converge consistently
at all probe locations. Nevertheless, convergence is more consistently observed away from these
strongly vortical regions. An example for a single probe outside such regions is provided in Table I,
where the relative error εrel of metric y at the mesh refinement level nv,i is defined as

εrel[ ynv,i ] = (
ynv,i − y2 nv,i

)/
y2 nv,i . (12)

The configurations that were simulated with this simulation setup are presented in Table II. The
steady cases serve for the mesh convergence study presented in Fig. 7. The aim with the chosen
oscillation frequencies was to have two cases below the uD cutoff frequency and two cases above it
(see Fig. 2). The cutoff frequency was estimated using the properties of the DMND porous material
with a cell size of dc = 2.5 mm (see Fig. 4) [36], which was expected to have similar porous medium

TABLE I. Mesh convergence rate based on the relative error εrel of the local transfer function at (x/L, y/L)
= (−3.50, 0.75). The relative error of the base mesh is extrapolated based on the convergence rate of 2.29 and
1.35 for the amplitude and phase, respectively.

Relative error, εrel εrel[|aTF|] εrel[∠aTF]

Quarter-res. 8.30 × 10−1 2.48 × 10−1

Half-res. 1.45 × 10−1 8.90 × 10−2

Base (extrapolated) 3.23 × 10−2 3.67 × 10−2
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TABLE II. Test matrix of the simulations that were performed in this investigation. The columns indicate
the inflow oscillation frequency fp in kHz, whereas the rows indicate the mesh resolution level, i.e., base mesh
voxels per dc×{1, 1/2, 1/4}.

Mesh | fp (kHz) 0 0.3 0.5 1 4 9

Base × × × × × ×
Half-res. ×
Quarter-res. ×

properties due to the similar appearance of its porous skeleton and similar cell size. For K = 3.03 ×
10−9 m2 , ε = 0.617, and a virtual-mass constant in the range of 0.5 to 2 [23], the estimate cutoff
frequency would lie between 0.21 kHz and 0.37 kHz. Similarly, with the desired porosity of 0.75 for
the TPMS, the estimate cutoff frequency would lie between 0.35 kHz and 0.5 kHz. The additional
simulation at 0.5 kHz is performed to see how well the attenuation tracks with the surrounding
frequency cases.

D. Data processing

Several data fields are extracted at several probing locations in the simulation domain. The
majority of the presented results are based on data taken on an xy slice in the z midspan of the
simulation domain, which uses a data sampling frequency of 14 fp, which is selected to be much
lower than the simulation frequency to limit storage space constraints. Similarly, the data from the
slice are exported on a half-resolution mesh, i.e., each measurement cell averages the values of four
voxels from the simulation, as shown in Fig. 6.

The measurement file mesh is superimposed on a time instant of the vorticity along the z axis in
Fig. 8. This indicates that the vortical structures are resolved on a fine enough mesh. In addition,
all contour plots presented in this paper are discrete, i.e., noninterpolated. As such, the edges of the
contour cells reflect the measurement file mesh.

VAT allows the large flow structures in the porous medium to be analyzed while averaging out
small turbulent structures on scales smaller than the filtering length l f . Therefore, some of the
presented data from the fully resolved porous skeleton LBM simulations are volume averaged to
show the large-scale impact of the porous medium on the flow going through it, in the absence of
local changes in the flow due to the porous skeleton. Volume-averaged fields are indicated by the
intrinsic 〈·〉 and superficial 〈·〉s averaging operators, as defined by Breugem [13].

FIG. 8. Time instant of vorticity with the “half resolution” xy-slice measurement file mesh.

104611-11



MORIAUX, ZAMPONI, RAGNI, AND AVALLONE

FIG. 9. Cellular filter kernel used for volume averaging [13]. (a) A simple contour of the 2D kernel (ndim =
2). (b) A 1D slice of the 2D contour along y/dc = 0. The dashed line indicates the transition to the zero value,
the dot is the location of the filter maximum, the long dashes show the ridges of the pyramid shape, and the
solid line indicates the 1D slice in the contour plot.

For the volume-averaging of this ordered porous skeleton, a cellular filter is used with l f = 2 mm
(see Fig. 9) [37]. With ndim being the number of axes, this filter is defined by [13]

m(y) =
{∏ndim

i=1 (l f ,i − |yi|)/l2
f ,i, for |yi| � l f ,i

0 otherwise
. (13)

In other words, for the volume-averaged fields presented here, this filter has a pyramid shape because
the data are sampled on the xy slice midplane. The volume-averaged results compare better to
existing widespread models that are based on this framework.

The frequency response of the porous material, estimated from the simulation data, is provided
as a local transfer function TF between the local pressure gradient and the local velocity, both along
the x axis. The estimate is computed using the following method [38]:

aTF = μ

K
S

(
−∂ p

∂x
, ux

)/
S

(
−∂ p

∂x
,−∂ p

∂x

)
, (14)

where S(x, y) is the cross power spectral density between the signals x and y, estimated using
Welch’s method. In the frequency response contour plots, the response is computed for each
data point. The amplitude and phase are then interpolated at the inflow oscillation frequency
using the Scipy PchipInterpolator function [39]. Finally, the phase is wrapped to a range of
0 rad to − 2π rad.

IV. RESULTS

Presented in this section is the analysis of the high-fidelity simulation data of oscillating flow
through a porous sample for changing inflow conditions. To understand the impact of all unsteady
inflow parameters on the response of the porous medium and on the flow through the porous
medium, a very large number of simulations would need to be performed, even for the simple
offset oscillation in Eq. (10). To retain a feasible scope, the focus of this investigation is placed on
the oscillation frequency, as it is perceived to be the main parameter that describes unsteadiness
according to the uD model in Sec. II B.

The aim of the presented results is threefold. First, we investigate the impact of the inflow
oscillation frequency on mean flow through the porous material and on its unsteady flow metrics,
as presented in Sec. IV A. Second, we illustrate that pressure and velocity fluctuations flowing
through porous media are attenuated by differing amounts based on their wavelength, and that
this attenuation cannot therefore be captured by a steady Darcy model and permeability only. This
aspect is discussed in Sec. IV B 1. Lastly, we compare the uD model for the frequency response of
the porous sample against the high-fidelity simulations in Sec. IV B 2.
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FIG. 10. Spatial evolution of the volume-averaged static pressure and x-axis velocity along the x axis on
the xy plane of the LBM simulation performed with different oscillation frequencies fp. The local mean (lines)
and signal bands (filled areas) of each case are shown in the same color. The signal bands are formed by three
standard deviations around the mean, i.e., µ ± 3σ . The vertical dotted black lines indicate the spatial extent of
the porous material sample. The gauge pressure is defined with respect to the atmospheric outlet pressure.

A. Flow response to inflow oscillation frequency

1. Mean flow

The time average μ and standard deviation bands ±3σ of the volume-averaged gauge pressure
and streamwise velocity through the porous sample are shown in Fig. 10 for all different oscillation
frequencies. This figure shows the streamwise evolution of these fields by averaging over the y axis
of data acquired on the xy-slice measurement plane (see Fig. 5). Looking at the time average of the
flow fields, they appear almost unchanged for all oscillation frequencies, and the pressure gradient
over the porous sample is mostly constant.

The flow fields are plotted for only the streamwise extent of the porous sample in Fig. 11. Shown
in this figure are the streamwise evolution of the gradient of the static pressure and the local Darcy-
equivalent permeability estimate in the porous medium, which is computed using the following
modification of Eq. (3):

Kest = −μ〈ux〉s/∂〈p〉/∂x. (15)

The turbulent kinetic energy is estimated from the velocity field minus its time average prior to the
volume averaging:

k = 1

2

(
u′

x
2 + u′

y
2 + u′

z
2)

. (16)

The mostly constant pressure gradient confirms the possibility of using a linear equation to model
the pressure drop caused by the resistance that the material imposes on the flow through it, i.e., the
Darcy equation without the Forchheimer correction.

Two different data processing methods are used to estimate the permeability of the porous
material using the time-averaged flow. First, the permeability is estimated using the conventional
method, which considers the pressure drop �p over the entire sample thickness t and fits it to the
Hazen-Dupuit relation (with C = 0):

�p

t
= μ

K
νd + ρCν2

d , (17)
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FIG. 11. Streamwise evolution of mean volume-averaged flow turbulent kinetic energy k, velocity, pressure
gradient, and estimated local Darcy-equivalent permeability uxµ/(−∂x p). The vertical black dotted lines
indicate the start and end of the porous material.

where C is the form coefficient and νd is the Darcian velocity. The latter is the volumetric flow rate
over the cross-sectional area, replaced in the computations by the superficially averaged streamwise
velocity. Second, the local permeability is calculated following Eq. (15) and probed at x/dc = 3.5
in Fig. 11. The estimated permeability derived from both methods is shown in Table III.

The pressure drop estimate for the different frequencies is approximately constant across
all frequencies, except for the fp = 1 kHz. The locally probed estimate shows larger variance
depending on where the sample is probed, as can also be seen in Fig. 11. From x/dc = 0.5 onward,
the permeability estimates start to diverge between the different oscillation frequency cases. This
divergence is further discussed in Sec. IV A 2.

As indicated above, the mean flow and the derived Darcy-equivalent permeability of the porous
medium appear largely unaffected by the oscillation frequency of inflow pressure fluctuations. In
contrast, the bands defined by the oscillation standard deviations change for each case in Fig. 10. In

TABLE III. Permeability estimates of the porous sample [mm2], based on the mean of volume-averaged
xy-slice data. Estimate method (i) drop considers the mean pressure drop between points at x/dc = −30 and 30
(y/dc = z/dc = 0) and the mean volumetric flow-rate averaged over the entire xy slice and the (ii) local estimate
is similar to the gradient type except for taking the local value at x/dc = 3.5 (see Fig. 11).

K (mm2) 0.3 kHz 0.5 kHz 1 kHz 4 kHz 9 kHz

Drop 8.39 8.30 8.48 8.38 8.37
Local 8.75 9.10 8.36 8.77 8.85
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FIG. 12. Contours of the mean local of the strut-based Reynolds number Red . The presented cases are:
(a) fp = 0.3 kHz, (b) fp = 1 kHz, (c) fp = 4 kHz, and (d) fp = 9 kHz. The vertical extent of the contour is
limited to y/dc ∈ [−1, 1] for clarity.

large part, this is caused by a standing wave pattern due to the reflection of the incoming pressure
fluctuation wave against the front and back surfaces of the porous sample. The outflow region behind
the sample shows a constant and similar oscillation amplitude for all cases, indicating that the wave
transmitted into the porous sample is likely to also have a similar amplitude across all oscillation
frequency cases. In other words, the oscillations at different frequencies can be considered to be
superimposed on the frequency-invariant mean flow field. As such, the choice is made to consider
the linear uD model [see Eq. (7)] to represent the unsteady flow response through the porous medium
instead of the nonlinear unsteady Darcy-Forchheimer (uDF) model (see Appendix B).

2. Flow structure

While the mean flow shows little variance with oscillation frequency, it does indicate a consistent
streamwise variation of the flow through the porous sample in Fig. 11. The flow structures inside
the porous material may impact the frequency response of the sample. Therefore, to investigate
these flow structures, the mean and variance of the local strut-diameter-based Reynolds number for
several simulation cases are shown in Figs. 12 and 13, respectively.

The mean flow structure inside the porous sample shows no dependence on oscillation frequency
(see Fig. 12); it is a result of the porous sample geometry and the mean flow. Vortex shedding
around an array of staggered 3D struts is complex and does not appear to be thoroughly described.
For example, a lot of research on flow through arrays of cylinders considers periodic streamwise
boundary conditions [13,40,41], meaning that the vortical structures are spatially converged. This
is very useful when analyzing the physics of a spatially invariant flow, but it does not fully reflect
the flow in a real porous sample with a finite thickness. Research that does consider a unidirectional
and nonperiodic inflow through an array of cylinders [42] shows a similar streamwise evolution
of vortex shedding in the cylinder array as shed vortices interact with one another and impinge on
downstream cylinders. As such, even though the inflow conditions may dictate steady and symmetric
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FIG. 13. Contours of the local standard deviation of the strut-based Reynolds number σ [Red ]. The pre-
sented cases are (a) fp = 0.3 kHz, (b) fp = 1 kHz, (c) fp = 4 kHz, and (d) fp = 9 kHz.

vortex shedding around a singular cylinder (Red ≈ 40) [43, p. 2], in an array the vortices will grow
increasingly unsteady and asymmetric, as is the case in Fig. 12.

When the fluid enters the sample, it flows around the porous skeleton struts in an ordered and
steady manner, i.e., this flow structure remains unchanged over time. The steady flow is likely caused
by the strong local pressure gradient pushing the flow into the porous material (see Fig. 11). After
approximately x/dc = −3.5, symmetric vortex structures form behind the struts. This is similar to
cylinder Stokes flow and is accompanied by a drop in the local pressure gradient in Fig. 11.

From x/dc = 0.5 onward, the vortices become increasingly asymmetric, similar to higher
Reynolds number cylinder flow. As mentioned above, the more turbulent vortex shedding is caused
by the interaction of shed vortices from the different struts and the impingement of upstream vortices
on the downstream struts. The pressure gradient also slowly recovers to its original larger and
constant value. The streamwise volume-averaged evolution of k in Fig. 11 shows a small and gradual
growth after the energetic entrance region. A transition to a much larger and more noticeable growth
in k occurs between x/dc ∈ [0.5, 2.5] for most oscillation-frequency cases.

Finally, before exiting the porous sample, the local Reynolds number of the flow slightly
increases. The spatial extent of these structures in the porous sample appears unaffected by the
oscillation frequency, as is evident from Fig. 12. All cases show a strong increase in k in this outflow
region in Fig. 11.

Adding an oscillation to the mean flow affects the time-variance of the flow (see Fig. 13). Most
research on flow through arrays of cylinders [41,44] considers oscillating flow with a zero mean, i.e.,
not unidirectional. Following the prior assumption that the flow behaves quite linearly, the findings
of the aforementioned research will be used to contextualize the presented flow. Three parameters
are highlighted by Etminan et al. [41]: the inflow Reynolds number, the density of the cylinders,
i.e., the inverse of the porosity, and the Keulegan-Carpenter number (KC):

KC = Uref T/dcyl = Uref/( fp dstrut ). (18)

The reference velocity Uref is the oscillation amplitude, T is the period of the oscillation, and dcyl is
the diameter of the cylinders, i.e., the struts in this case.
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FIG. 14. Contours of the mean band-passed normalized vorticity around the z-axis ωz dstrut/U0. The
presented cases are (a) fp = 0.3 kHz, (b) fp = 1 kHz, (c) fp = 4 kHz, and (d) fp = 9 kHz. Each case is band
passed in a frequency band of fp ± 50 Hz.

For the unidirectional oscillating flow, vortex shedding is not simply based on the oscillation
amplitude, as the steady flow velocity logically contributes to the vortex shedding, similarly to
steady flow vortex shedding. Hence, for the purpose of this analysis, the mean flow velocity is taken
as it represents the order of magnitude that flows around the cylinders, i.e., Uref = 1.1 ms−1. For
the strut diameter of 0.7 mm, the KC numbers associated with the four main oscillation frequencies
are 5.2, 1.6, 0.39 , and 0.17. For such a low Reynolds number, no separation of the flow from the
cylinders should occur for KC � 2. Separation should start to occur with increasing KC, up to
KC = 7. The lower two frequency cases fall within or close to this range where vortices start to
separate from the cylinders. Whereas for the higher two oscillation frequency cases, the flow around
that oscillation frequency should remain attached to the cylinders. This difference means that for the
cases where the vortices detach, they are able to interact with each other and impinge on downstream
struts, leading to a strong increase in flow velocity variance towards the downstream part of the
porous material for the low-frequency cases in Fig. 13.

The vorticity computed from the band-passed flow around each oscillation frequency can be
visualized to confirm the above mentioned behavior of vortical structures formed by unsteady flow
around these oscillation frequencies (see Fig. 14).

These results confirm that only the lower frequencies have detached vortices, which then spatially
evolve due to their interaction with other vortices and struts.

The changed flow structure after x/dc = 0.5, that can be observed for the two lower-frequency
cases in Figs. 13 and 14, also appears to coincide with the streamwise location from which onward
larger spreads are observed between the mean flow of the simulation cases in Fig. 11. A hypothesis is
that this different flow in the downstream section of the porous material is sensitive to the turbulence
generated by the upstream part of the sample. Similarly, the 1 kHz case shows a different flow in
the downstream section of the sample with respect to the other cases in Fig. 12. This discrepancy
in shedding behind the sample shows up even though all four simulations use similar simulation
periods, with similar settling times after their steady-flow initialization. This different shedding
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FIG. 15. Contours of the normalized local TF amplitude for inflow pressure oscillation frequencies of
(a) 0.3 kHz, (b) 1 kHz, (c) 4 kHz, and (d) 9 kHz.

behind the porous sample likely affects the resistance of the porous sample, resulting in a different
estimate of the permeability compared to the other frequency cases in Table III.

B. Porous material frequency response

The analysis of the flow structure inside the porous medium showed only frequency dependence
in the deviations of the flow fields with respect to their mean. The mean flow itself did not show a
clear inflow-frequency dependence. Yet, for the porous sample to behave according to the uD model,
the frequency response estimated from the high-fidelity simulation data should show a noticeable
change with inflow oscillation frequency.

The frequency response can be analyzed in two ways. First, contour plots show the spatial
variation in attenuation and phase delay for a single inflow oscillation frequency in Sec. IV B 1.
Second, for a number of points of interest in the material, the local response can be plotted as a
function of inflow oscillation frequency, e.g., Fig. 2. The latter also enables the simulated response
to be compared to the uD equation, which only shows the frequency dependence as it assumes
spatial homogeneity. The probed frequency response is analyzed in Sec. IV B 2.

1. Spatial variation of the porous medium response

The frequency response as defined by the uD model is a local property describing the conversion
of a pressure gradient fluctuation to a velocity fluctuation. In other words, the frequency response
of the material is similar to the dynamic permeability described by Johnson et al. [20]. The local
frequency response, or TF as defined in Eq. (14), is shown for each oscillation frequency case in
Fig. 15. Only the TF amplitude is included as it is expected to most clearly indicate whether the
porous medium follows a similar frequency-dependent behavior of the uD model.
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FIG. 16. Contours of normalized local TF amplitude for the case of fp = 0.3 kHz. The markers indicate
the positions of the probed frequency responses plotted in Fig. 17. Shown are the TF contours for different
streamwise locations: (a) x/dc ∈ [−5, −1], (b) x/dc ∈ [0.5, 1.5], and (c) x/dc ∈ [2.5, 5].

Several aspects can be remarked from Fig. 15. First, the overall frequency response amplitude
level decreases with inflow oscillation frequency. Hence, the overall porous sample attenuation of
pressure fluctuations increases with frequency, similar to the uD model. How closely the attenuation
is estimated by the uD model will be described in Sec. IV B 2. Second, the lowest-frequency case
( fp = 0.3 kHz) shows a substantial spatial variation in the frequency response that decreases with
increasing frequency. As such, the highest frequency case shows little to no spatial variation. Third,
this spatial variation comes in the form of flow paths through the porous material sample. With
flow paths, it is meant that these regions of high |aTF| are concentrated along paths between
the porous material struts and their bound vortices, similar to what one could imagine to be the
pathlines of the flow. The shape and streamwise evolution of these flow paths appear similar to the
structures shown by the local Reynolds number standard deviation in Fig. 13. Along these flow
paths, the conversion from pressure gradient fluctuations to velocity fluctuations is most efficient.
The frequency dependence of the attenuation and the flow paths may be better contextualized by
the probed frequency response results shown in Sec. IV B 2. Hence, the discussion regarding the
presence of these flow paths is continued in the subsequent section.

For the second analysis method, the points of interest of where to probe the porous sample for
comparison against the uD model need to be determined. As shown previously, the local frequency
response varies strongly with probe location. A pair of probes is positioned near x/dc = −4 to
represent the inflow into the sample, one probe in the middle of the pore in the wake of a strut and
the other in the flow path. The probe at x/dc = −3.5 serves to analyze the flow where symmetric
vortices start to form behind the struts. The probes from x/dc = −2 to x/dc = 3 are positioned
throughout the region where the flow slowly transitions to an increasingly unsteady shedding. Lastly,
the response at the outflow of the sample is analyzed with probes around x/dc = 4. The probe
locations are visualized in Fig. 16.

2. Frequency dependence of the porous medium response

The response of the material in these probe points as a function of inflow oscillation frequency is
shown in Fig. 17. Note that, since this porous medium system is likely nonlinear, thus this frequency
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FIG. 17. Attenuation and phase-delay of four simulations at differing inflow oscillation frequencies, es-
timated at different streamwise locations x/dc along the porous sample. The thin black line represents the
frequency-domain solution to the uD equation using the permeability estimate of the drop method in Table III
and the associated cutoff frequency. The model parameter values are provided in the figure. An additional
simulation case at fc = 0.5 kHz is provided as a reference but not included in the frequency response lines.

response cannot be generalized for any input. In other words, the presented attenuation and delay
results are responses of separate systems. Exciting the system simultaneously with all four pressure
oscillation frequencies may not result in a linear combination of the four responses. Still, these
results are plotted together as they indicate different regimes of the porous sample when excited by
a low-amplitude aerodynamic oscillation.

Comparing the probed frequency responses to the theoretical response, the uD model is able to
reasonably predict the frequency-dependent attenuation and phase delay (see Fig. 17). The model
parameter τ used for the model fit is selected to be at the limit of the range provided by Zhu [23,
p. 26] from Lowe et al. [22], i.e., τ ∈ [7.89 × 10−4 s rad−1, 1.05 × 10−3 s rad−1] as based on the
virtual-mass coefficient Cvm range [see Eq. (8)]. The small constant offset between the model and
data in the amplitude of the frequency response is likely due to a small inaccuracy in the permeability
estimate from the mean-flow pressure drop data (see Table III). Also, the phase matches the model
trend quite closely.

Two additional aspects can be noted in the amplitude of the frequency response plot in Fig. 17,
which are related to the discussion that was started in Sec. IV B 1. First, the attenuation and phase
delay estimated for each frequency case start to spread out more based on probing location when
going towards the lower frequencies, i.e., for 1 kHz and lower. Second, the low-frequency case pairs
(0.3 kHz and 1 kHz) show shallower slopes of attenuation to frequency than the high-frequency case
pairs.

The first aspect regarding spatial variance of the local frequency response emphasizes the
frequency dependence of the spatial variance observed in Fig. 16. It is hypothesized that this is
likely due to the strong influence of local flow conditions and the porous material geometry at
larger scales. Much like with the energy cascade of other turbulent flows, turbulence is produced
at a length scale based on the large-scale flow geometry, i.e., the porous skeleton struts in this

104611-20



DEVELOPMENT OF A FREQUENCY-DOMAIN MODEL FOR …

case [13,31]. These large-scale vortical structures break apart into increasingly small scales until
they are effectively dissipated by viscous effects. At these much smaller length scales, the viscous
effects dominate over other flow effects, such as inertia.

The critical frequency separating both of these regimes differs from the uD model critical
frequency fc that is proportional to τ−1. Observing the increased spatial variance towards the
lower frequencies, the critical frequency describing the onset of spatial variance towards the lower
frequencies appears to be situated between 1 and 2 kHz. Considering the local flow velocity in
each probe point and the porous skeleton strut diameter, this equated to a Strouhal number between
0.6 and 1.3.

The second aspect of the two regimes of attenuation-to-frequency slope is directly indicative of
the change in dominant mechanisms affecting the propagation of fluctuations through the porous
sample. Considering the uD equation, the effective behavior of the porous material is that of a
low-pass filter, where pressure fluctuations below a critical length scale become rapidly attenuated.
At larger length scales, however, the viscous attenuation is not as effective, and the slope flattens.
The equivalent critical frequency fc, i.e., the cutoff frequency related to the viscous Darcy term, is
inversely proportional to the model parameter τ , as described in Fig. 2.

The higher-frequency oscillation cases are very well described by the Darcy term, whose role is
to represent these viscous losses caused by the porous skeleton interacting with the flow. As noted by
Breugem [13], pressure and velocity fluctuations in porous-wall channel flows decay exponentially
with their depth in the porous medium, and this affects smaller-scale fluctuations more strongly.
More crucially, the exponentially decaying amplitude of the frequency response at high frequencies
indicates that the conversion of pressure fluctuations into velocity fluctuations becomes increasingly
inefficient. The lack of energetic flow paths that efficiently transfer energy deep into the porous
sample at the higher oscillation frequencies is the likely cause for the decreasing strength and spatial
extent of the high local Reynolds number standard deviation regions in the downstream segment of
the porous sample in Fig. 13.

Conversely, above a certain critical length scale, the viscous effects are not the dominant
mechanism. For these low-frequency cases, the amplitude of the local frequency response shows
clear communication paths through the porous material where pressure fluctuations are effortlessly
converted to velocity fluctuations, which do not appear to be present for the high-frequency cases in
Fig. 15. The presence of these flow paths results in a strongly probe-location-dependent frequency
response. The four probes located behind the skeleton struts, i.e., y/dc = 0.5, consistently show the
lowest values of |aTF| in the low frequencies in Fig. 17. All higher-amplification probes are located
within the flow paths at varying streamwise locations. With streamwise location, the shape of these
flow paths and their local amplitude change. This may be related to the changing vortical shedding
structures behind the struts, which are affected by the shedding of the upstream structures, as shown
in Fig. 14.

The question remains about what physical mechanism relates to the presence of the communi-
cation paths and whether a critical length-scale can be found to predict within which behavioral
frequency band a fluctuation will fall. Some candidates for scaling can be considered. First, the
porous skeleton strut diameter: this length scale could be linked to the natural, i.e., steady-inflow,
shedding frequency of vortices behind the struts through a certain Strouhal number. Oscillation
frequencies above the natural shedding frequency of the material structure would pass through
without altering the shed vortices, while lower frequency oscillations might strongly affect these
natural vortices. However, while the flow velocity is very low, so are the strut diameter and the
Strouhal number associated with cylinder vortex shedding around Red = 50, i.e., St between 0.1
to 0.18 [45,46]. Observing the power spectral densities of the flow data in the TF probe points, a
small peak around St = 0.1 ( fp ∈ [0.18 kHz, 0.32 kHz]) can be seen for the cases where the inflow
oscillation frequency does not overlap with this presumed shedding frequency. This peak falls below
the forced oscillation frequency in the 1 kHz case where the spatial variation is still clearly present,
as shown in Fig. 18. Therefore, the natural vortex shedding hypothesis is considered not to be the
fluid mechanism affecting the spatial variance in TFs.
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FIG. 18. Power spectral density Sui,ui of the flow velocity components in the probe points of Fig. 17 for
the inflow oscillation case fp = 1 kHz. The natural shedding frequency band of the porous struts is estimated
based on the local flow magnitude in the probe point and St = 0.1.

Alternatively, with the strut diameter, a parallel to rapid distortion theory can be drawn [47].
Small turbulent scales would be deformed by the struts, whereas large eddies would be partially
blocked but otherwise unaffected. The repeated deformation from subsequent struts may lead to
stronger mixing of the turbulence, diffusing the energy faster and leading to no communication
path.

Second, another candidate for the length scale is that of the square root of permeability
√

K .
The reasoning behind this length scale is that the lack of communication paths at high frequencies
is caused by the exponential attenuation of fluctuations through a porous material, which is pro-
portional to its permeability. From a certain attenuation onward, the fluctuations may be of such
small amplitude (see Fig. 19) that the propagation is close to purely acoustic. The wave diffracts as
a whole around all the struts of the porous skeleton instead of communicating along efficient flow
paths.

It is clear that the wavelength or frequency of the fluctuation propagating through the porous
sample matters greatly when estimating its attenuation through a porous medium, not only in the
acoustic regime but also for pressure or velocity fluctuations of a more aerodynamic amplitude.
Estimates of the attenuation of fluctuations based only on a steady Darcy fail to account for this
strong frequency dependence. The simple uD model presents a valid starting point to estimate
the frequency-dependent efficiency of the material in converting weak pressure fluctuations into
velocity fluctuations. Because the uD model considers the porous sample as a volume-averaged
equivalent medium, it should apply to a wide range of porous materials, irrespective of their porous
skeleton type, provided that representative model parameters are used.

In addition, the pore-resolved simulations of the altD material revealed a clear cutoff frequency
in the frequency response of the porous material that delimits two regimes for the propagation
of fluctuations through the porous sample. In the high-frequency regime, fluctuation amplitudes
steeply decay with increasing fluctuation frequency, and fluctuations are not able to fully penetrate
through the porous sample. Since the frequency response is accurately described by the unsteady
Darcy equation, this regime is dominated by viscous resistance and is therefore expected to occur
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FIG. 19. Contours of the band-passed turbulent kinetic energy k/U 2
0 of the steady-inflow case. The fre-

quency band used for the band-passing is defined as fcenter ± 50 Hz, where the fcenter is (a) 0.2 kHz, (b) 0.3 kHz,
(c) 1 kHz, (d) 4 kHz, and (e) 9 kHz.

in other porous materials, i.e., with structured or unstructured geometries. In the low-frequency
regime, fluctuations are carried through the porous sample along flow paths formed by the velocity
fluctuations around that frequency. In these flow paths, pressure fluctuations most efficiently produce
velocity fluctuations, resulting in a high local frequency response and thus a strong spatial variation
in local frequency response through the porous sample. The observed cutoff frequency delimiting
both regimes appears to differ from the theoretical cutoff frequency fc of the uD equation, as
the physics that affect the low-frequency regime remain important above this theoretical cutoff
frequency, up to a Strouhal Std = f dstrut/U0 of 0.6 to 1.3. This Strouhal-number range is specific
to the altD porous sample and the flow conditions considered here and may shift for other cases.
Nevertheless, the results provide further evidence of two frequency regimes in the response of the
porous material to fluctuations, consistent with the findings of Zhu and Manhart [18] and Johnson
et al. [20]. The distinct flow paths associated with the low-frequency regime of the frequency
response may therefore depend on the structured geometry of the altD porous material and may
hence be less evident in unstructured porous materials.

The gained insight into the propagation of aerodynamic fluctuations through the porous sample
is of great interest, as to achieve noise attenuation for porous trailing-edge inserts, these pressure
fluctuations need to be able to reach through the insert thickness to communicate. Simultaneously,
the desire is to limit the flow velocity through the porous material at lower frequencies, where it
impacts the mean aerodynamic performance of the airfoil. A model based on the uD equation can
be useful in designing a material for such a trade-off, and the volume-averaged nature of the
model allows for a wide range of porous materials to be considered. However, observed from these
results is the necessity to investigate the strong spatial variation in frequency response in the low
frequencies, where preferential flow paths appear. A better understanding of the physics at play in

104611-23



MORIAUX, ZAMPONI, RAGNI, AND AVALLONE

the low-frequency domain allows the porous material properties to react differently in these low
frequencies without potentially increasing attenuation of high-frequency fluctuations. Additional
model terms would be needed to longer assume spatial homogeneity in the frequency domain uD
model and capture this spatial variance.

V. CONCLUSION

Current methods for evaluating the aerodynamic performance of porous materials in the initial
design stages either consider only the steady-state response or are computationally too expensive
for the rapid prototyping of the material. The unsteady response of porous media to oscillations
of acoustic magnitudes is well understood and modeled. However, for aerodynamic fluctuations
that form the source of trailing-edge noise [4], more research is needed on the porous medium
frequency response to develop a model for the aeroacoustic optimization of porous materials in the
initial design stage.

The results of this research show that the attenuation and phase-delay induced by a porous mate-
rial on weak aerodynamic pressure waves passing through it varies strongly with the wavelength of
said fluctuations. For a low Reynolds number porous medium flow, as shown to occur inside porous
trailing-edge inserts in wind turbine blades, the computationally efficient uD model can be used
to estimate the wavelength-dependent attenuation and delay that these waves exhibit when passing
through a porous material. The nature of such volume-averaged models allows for a large variety of
porous material geometries to be considered, given their accurate parametrization.

When using a steady Darcy model to describe the aerodynamic performance of a porous material,
the frequency dependence of the attenuation is ignored. This leads to the overestimation of the
strength of high-frequency fluctuations deep inside the porous material and, therefore, to a possible
overestimation of the frequency band over which a pressure release process would take place for a
permeable trailing edge. Using the VANS equations with the Darcy term to model the resistance of
the material to the flow, the dynamics of this weakly oscillating aerodynamic flow can be modeled.
However, the analytic solution to the uD equation can already be used for the initial design of the
porous material response to unsteady inflow at various wavelengths.

In this research, two regimes for the propagation of fluctuations through a porous sample were
observed, depending on the frequency of the fluctuation. For a low oscillation frequency, the
fluctuations travel along flow paths formed by velocity fluctuations around that frequency. Along
these paths, pressure gradient fluctuations are most efficiently converted into velocity fluctuations.
From a critical frequency onward, viscosity as described by the Darcy term becomes dominant,
i.e., a Strouhal number around 0.6 to 1.3, based on the inflow velocity and porous skeleton strut
diameter. With increasing viscous resistance, the velocity fluctuations at the core of the flow paths
are attenuated. The lack of such flow paths at high frequencies means there is little to no spatial
variance in the local frequency response of the flow. Because this flow domain is also dominated by
viscous resistance, the uD equation accurately estimates the frequency response at high oscillation
frequencies. Although the volume-averaged uD model also predicts the two frequency regimes,
indicating that they do not arise from the specific pore topology, the distinct flow paths observed in
the low-frequency regime may depend on the structured nature of the porous material considered in
this study.

The flow analyzed in this research is somewhat unique in that it represents flow through an
array of cylindrical struts, but is unidirectional and does not consider periodicity in the streamwise
direction, as this better represents the flow through a porous trailing edge. Similar to the research of
oscillating bidirectional water flows [41], i.e., with a zero mean, a separated vortex can be observed
for the lower oscillation frequencies, whereas the higher frequency oscillations appear to have fully
attached flows around the cylinders. The separated vortices in the low frequencies interact with
each other and impinge on downstream struts, resulting in a streamwise evolution of the vortical
structures, which would not be captured if streamwise periodicity were imposed.
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To accurately capture the frequency response of a porous sample over the entire frequency
domain, it is advised that an additional term be added to the current uD equations to account
for the presence of fluctuation communication paths in low frequencies, which results in locally
more efficient conversion of pressure fluctuations into velocity fluctuations. Understanding the
source of this low-frequency propagation of fluctuations would allow for the material to be tuned to
attenuate the low- and high-frequency oscillations differently, allowing for noise attenuation through
the pressure release process while limiting the penetration of very low frequency oscillations that
negatively impact aerodynamic performance. Once such a low-order model for the pressure release
process is achieved, the implementation of that frequency-domain model for the porous medium in
the simulation of large-scale geometries can be investigated.
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APPENDIX A: ALTD TPMS

The AltD geometry for the porous material (see Sec. III A) is described by an isosurface of the
following equation:

cos

(
2πx

Lx

)
cos

(
2πy

Ly

)
cos

(
2πz

Lz

)
− sin

(
2πx

Lx

)
sin

(
2πy

Ly

)
sin

(
2πz

Lz

)
= 0.4264. (A1)

The REV length is defined by {Lx, Ly, Lz} in the respective axes. The local coordinate value in REV
is given by {x, y, z}. Tiling together multiple REVs created by this isosurface results in the full
porous material sample.

The value of the right-hand side of Eq. (A1) is set to achieve a porosity of 75%. On the 2D xy
slice the computed porosity is approximately 83% away from the boundaries with the outer flow.

APPENDIX B: THE DARCY-FORCHHEIMER MODEL

Similarly to the uD model, an uDF model can be defined. When adding the Forchheimer term,
the differential equation becomes nonlinear, which complicates solving for an analytic description
of the frequency response. Similarly to Eq. (6), the Laplace transform of the uDF equation [see
Eq. (4)] is taken, which results in

U (s) = −a−1P(s) + τu(0)

τ s + 1
− γ

τ s + 1
L[u2]. (B1)

The first terms on the right-hand side describe the linear part of the differential equation (uD), and
the last term describes the nonlinear N[·] Forchheimer part. Using the Adomian Decomposition
Method (ADM) [49], the previously determined solution to the linear uD equation can be iteratively
corrected for the nonlinear term. This is achieved by describing the solution u, or its Laplacian U ,
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FIG. 21. Convergence of the frequency response Hn [Eq. (5)] with increasing number of corrective terms
Un [Eq. (B6)]. The amplitude is probed at τω0 = 2 × 10−2 and the phase is probed at τω1 = 5 × 10−1. The
response Hn,� is the sum of all terms up to and including term n. The relative error is defined with respect to
the mean amplitude and phase values inside the gray-filled region.

and the nonlinear term L[u2] with infinite sums:

U =
∞∑

n=0

Un, L[u2] =
∞∑

n=0

An, (B2)

where An are Adomian polynomials, formally defined as

An = 1

n!

dn

dλn

(
N

[ ∞∑
i=0

λnui

])
λ=0

. (B3)

For the quadratic nonlinear term here, this formulation simplifies to

A0 = u2
0, A1 = 2u1u0, A2 = 2u2u0 + u2

1, . . . . (B4)

The resulting sum reads

∞∑
n=0

Un = −a−1P + τu(0)

τ s + 1
− γ

τ s + 1
L

[ ∞∑
n=0

An

]
. (B5)

The first component of the solution (n = 0) considers only the linear part of the equation, i.e., the
uD equation. The remaining components act as the aforementioned corrective terms and can be
described by

Un(s) = − γ

τ s + 1
L[An−1] for n ∈ {1, 2, 3, ...}. (B6)

Through the inverse Laplace transform, each term can be described in the time domain ui. These
terms then form part of the Adomian polynomials for higher-order corrective terms.

Mathematica [50] is used to iteratively derive the desired number of corrective terms [51].
Because each new term is a polynomial combination made from all previous terms, the complexity
and computational cost increase quite rapidly. The required number of terms needed for the solution
to converge depends on the particular nonlinear equation. The frequency response is probed at the
positions where the corrective terms Un (n > 0) are largest and is shown in Fig. 20. A relative error
with respect to the mean of the last six cumulative frequency response estimates is shown. This
number is chosen because the phase reaches convergence after around five terms. The amplitude
retains some limited oscillation around the mean value, which results in a convergence towards
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FIG. 22. Frequency response of the normalized uD and uDF equations. The Forchheimer term is estimated
with 10 additional Adomian polynomial terms (n = 10). The initial velocity u(0) is set to 0 ms−1 [Eq. (B5)].

this constant error. The presented solution in Fig. 21 is considered adequate, considering the high
computational cost of computing more terms.

The resulting frequency-response estimate is nonlinear and depends on the input function ∂x p(t ).
To limit the complexity, solutions are derived for either a step function ∂x p(t ) = � or a settled offset
oscillation limt→+∞ ∂x p(t ) = � + 
 sin (ωpt ). The first excites all frequencies, whereas the latter
excites only the oscillation frequency. However, the latter inflow condition can be reproduced more
accurately in high-fidelity simulations than an ideal step function. The presented frequency-response
estimate in Fig. 21 considers a step function as input pressure gradient. For the step-function case,
the Forchheimer term affects only the low frequencies, whereas the Darcy term primarily damps the
high frequencies (see Fig. 21).

A large disadvantage of the presented uDF solution is that the response is very sensitive to the
model parameters, easily resulting in erroneous frequency responses. This is more than likely caused
by the quadratic term.
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