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Small-scale intermittency is a defining feature of fully developed fluid turbulence,
marked by rare and extreme fluctuations of velocity increments and gradients that defy
mean-field descriptions. Existing multifractal descriptions of intermittency focus primarily
on longitudinal increments and gradients, despite mounting evidence that transverse com-
ponents exhibit distinct and stronger intermittency. Here, we develop a unified multifractal
framework that jointly prescribes longitudinal and transverse velocity increments, and
extends to gradients. We derive explicit relations linking inertial-range scaling exponents
of structure functions to moments of velocity gradients in dissipation range, which are
consistent with known exact third moment relations (4/5th and 4/15th laws) and dissi-
pation anomaly. Our results reveal that longitudinal gradient scaling is solely prescribed
by longitudinal structure functions, as traditionally expected; however, transverse gradi-
ent scaling is prescribed by mixed longitudinal-transverse structure functions. Validation
with high-resolution direct numerical simulations of isotropic turbulence, at Taylor-scale
Reynolds number up to 1300 demonstrates excellent agreement, paving the way for a more
complete and predictive description of intermittency faithful to the underlying turbulence
dynamics.

DOI: 10.1103/24bv-jqps

Introduction. Intermittency, the spontaneous emergence of rare, intense fluctuations interspersed
within otherwise quiescent dynamics, is a hallmark of complex far-from-equilibrium systems
[1–4]. From a statistical standpoint, it is characterized by pronounced departures from Gaussianity
emanating from a breakdown of simple self-similarity arguments, leading to anomalous scaling
laws and dominance of extreme events in high-order moments [5,6]. Fluid turbulence provides a
paradigmatic example, where intermittency naturally manifests as energy is transferred from large
to small scales, engendering rare and intense fluctuations of velocity increments and gradients at
the small scales [1,7]. These events, playing a crucial role in dissipation, mixing, and transport,
invalidate the mean-field description proposed in the seminal work of Kolmogorov (1941) [8],
hereafter K41. Despite decades of progress, their quantitative characterization remains incomplete
and a central obstacle to a universal description of small-scale turbulence [9].

The intermittency of velocity increments may be analyzed through its longitudinal component
δur = u(x + r) − u(x), where the velocity component u(x) is in the direction of the separation r,
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or the transverse component δvr = v(x + r) − v(x), corresponding to velocity component v(x) or-
thogonal to separation direction. Building upon K41, one expects the moments of these increments,
called structure functions, to exhibit anomalous power-law scalings in the inertial-range η � r � L,
where L is the large scale and η is the viscous cutoff scale [1,7]. At the smallest scales, these
increments naturally lead to the longitudinal and transverse velocity gradients, ∂xu = limr→0 δur/r
and ∂xv = limr→0 δvr/r, respectively, which directly relate to energy dissipation and enstrophy, and
characterize intermittency at the viscous scales.

One can loosely equate the longitudinal and transverse quantities to stretching and rotational
motions of turbulent eddies, respectively, which are intimately coupled through the Navier-Stokes
dynamics and are the key mechanisms driving the energy cascade [10–12]. Despite this duality,
traditional descriptions of intermittency—most notably multifractal models [7,13,14]—have fo-
cused primarily on describing longitudinal velocity increments and gradients [15], with transverse
statistics simply presumed to follow identical scaling relations as their longitudinal counterparts.
However, this viewpoint has become untenable in light of substantial experimental and numerical
evidence demonstrating disparate anomalous scaling behaviors between longitudinal and transverse
statistics, with the latter being more intermittent [16–23]. These observations underscore the need
for a unified framework capable of capturing both longitudinal and transverse statistics for an
accurate and complete description of intermittency.

In this Letter, motivated by the above consideration, we develop a joint multifractal framework
which simultaneously prescribes longitudinal and transverse velocity increments, and extend it to
velocity gradients. We derive generalized relations directly relating the scaling exponents of struc-
ture functions in the inertial-range to those of gradient moments in the dissipation range. We find that
the scaling of longitudinal gradients is solely prescribed by inertial-range exponents of longitudinal
structure functions, consistent with traditional single-variable multifractal description. In contrast,
the scaling of transverse gradients is governed not by transverse structure functions alone, but
rather mixed longitudinal-transverse structure functions. These predictions are validated against
high-resolution direct numerical simulations (DNS) of isotropic turbulence, showing remarkable
agreement, and establishing a unified, predictive framework for intermittency that captures both
longitudinal and transverse statistics.

Theory. Joint multifractal framework. In traditional univariate multifractal description, the longi-
tudinal velocity increment across a scale r is taken to be locally Hölder continuous: δur ∼ U (r/L)h,
where the exponent h varies in the interval [hmin, hmax]. Here, U represents the large-scale velocity,
typically given by the rms of velocity fluctuations. Each value of h is realized on a set with fractal
dimension D(h), also termed the multifractal spectrum, such that the probability to observe the
exponent h at scale r is given as Pr (h) ∼ (r/L)3−D(h). Thereafter, one can appropriately obtain the
scaling of structure functions and also gradient moments (see, e.g., [7] for a detailed exposition).
In principle, a similar description can be formulated for transverse increment δvr [24], but with the
drawback that it completely ignores any coupling between longitudinal and transverse components,
which is known to play a central role in intermittency [11,12,20,25–27].

The above shortcoming can be resolved by considering a bivariate multifractal description [28].
The essential idea is that we jointly consider longitudinal and transverse increments to be Hölder
continuous

δur ∼ U (r/L)h1, δvr ∼ U (r/L)h2 , (1)

with exponents h1 and h2 prescribed by a joint multifractal spectrum D(h1, h2) and the corre-
sponding probability Pr (h1, h2) ∼ (r/L)3−D(h1,h2 ). Thereafter, the mixed-structure functions of order
p1, p2 in longitudinal and transverse directions can be obtained by integrating over the full bivariate
distribution

〈(δur )p1 (δvr )p2〉/U p1+p2 ∼
∫∫ (

r

L

)p1h1+p2h2+3−D(h1,h2 )

dh1dh2. (2)
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From the steepest descent estimation in the limit r/L → 0, it follows that

〈(δur )p1 (δvr )p2〉
U p1+p2

∼
(

r

L

)ζp1,p2

, (3)

with the scaling exponents given as

ζp1,p2 = inf
h1,h2

[p1h1 + p2h2 + 3 − D(h1, h2)]. (4)

Thus, for a given value of p1, p2, the critical Hölder exponents h∗
1, h∗

2 which dictate the scaling
exponents are obtained by solving the system

∂D

∂h1
(h∗

1, h∗
2 ) = p1,

∂D

∂h2
(h∗

1, h∗
2 ) = p2. (5)

We note that the work of [28] also considered similar joint multifractal measures, but for locally
averaged dissipation and enstrophy. Furthermore, it did not extend to gradients, which is performed
next.

Extension to gradients. Combining the definitions of longitudinal and transverse gradients with
Eq. (1) leads to

∂xu ∼ U

L

(
r

L

)h1−1∣∣∣∣
r=η

, ∂xv ∼ U

L

(
r

L

)h2−1∣∣∣∣
r=η

, (6)

where η denotes the viscous cutoff scale. This scale is determined by imposing that the local
Reynolds number of an eddy is unity [29,30]. Conventionally, this condition is imposed using the
longitudinal velocity increment:

δur r

ν
= 1, (7)

which, combined with Eq. (1) and evaluated at r = η, gives

η/L ∼ Re−1/(1+h1 ), (8)

where we have used Re = UL/ν. It is easy to see that the Kolmogorov length scale ηK = η(h1 = 1
3 ).

It is worth noting that the transverse increment, and in particular the exponent h2, does not play a
role in determining η/L. This asymmetry is not coincidental, and we will return to it soon.

From Eq. (6), the joint moment of longitudinal and transverse gradients, of orders n1 and n2,
respectively, can be written as

〈(∂xu)n1 (∂xv)n2〉
(U/L)n1+n2

∼
∫∫ (

r

L

)n1(h1−1)+n2(h2−1)+3−D(h1,h2 )

dh1 dh2

∣∣∣∣
r=η

. (9)

Substituting the dissipative cutoff from Eq. (8) and invoking the steepest-descent argument in the
limit Re → ∞ yields the power-law dependence

〈(∂xu)n1 (∂xv)n2〉
(U/L)n1+n2

∼ Reρn1 ,n2 , (10)

where the scaling exponent is given as

ρn1,n2 = sup
h1,h2

n1(1 − h1) + n2(1 − h2) − 3 + D(h1, h2)

1 + h1
. (11)

The results in Eqs. (4) and (11) constitute a natural generalization of the univariate multifractal
model [7] to a joint description of longitudinal and transverse fluctuations. The knowledge of
D(h1, h2) uniquely determines the scaling exponents (of both structure functions and gradient
moments). Conversely, the knowledge of any one set of exponents uniquely determines D(h1, h2)
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through an appropriate Legendre transform, and thus fixes the other set as well. For instance, the
relation in Eq. (4) can be inverted to write D(h1, h2) = inf p1,p2 [p1h1 + p2h2 + 3 − ζp1,p2 ].

To that end, the mixed-gradient exponents ρn1,n2 can be directly related to mixed-increment
exponents ζp1,p2 without explicitly using D(h1, h2). As shown in Appendix B: Derivation of
Eqs. (12)–(14), this yields the result

ρn1,n2 = p1(n1, n2) − n1, (12)

where the function p1(n1, n2) is obtained as the solution to the system

ζp1,p2 + (p1 + p2) = 2(n1 + n2), (13)

p2 = n2. (14)

This provides a generalized result relating the scaling of velocity gradients to that of increments in
the inertial range, with p1, p2 essentially signifying the effective structure function order associated
with Hölder exponents that also contribute to the gradient moments of order n1, n2. Denoting p1 +
p2 = p, we can more compactly write ρn1,n2 = p − (n1 + n2), with p being the solution to

ζp−n2,n2 + p = 2(n1 + n2). (15)

Longitudinal and transverse gradients. Consider now the two cases (i) n2 = 0 (and n1 = n),
and (ii) n1 = 0 (and n2 = n), which isolate the scaling of longitudinal and transverse gradients,
respectively. For these cases, Eq. (15) yields

ζp,0 + p = 2n, (n2 = 0, n1 = n), (16)

ζp−n,n + p = 2n, (n1 = 0, n2 = n). (17)

The first relation in Eq. (16) implies that the exponents for longitudinal gradients ρn,0 are prescribed
solely by longitudinal scaling exponents ζp,0. In fact, this result is identical to that obtained from
conventional univariate multifractal description of longitudinal statistics [7,31]. In striking contrast,
Eq. (17) reveals that the exponents for transverse gradients ρ0,n are determined not by transverse
structure functions ζ0,p, but rather by mixed exponents ζp−n,n.

It is worth emphasizing that this inherent asymmetry in scaling of longitudinal and transverse
gradients is rooted in how the dissipative cutoff η/L is defined [in Eq. (8)] solely from the
longitudinal increment. If the cutoff was instead defined from the transverse increment, one would
obtain the result that scaling of longitudinal gradients is tied to scaling of mixed-structure functions,
while the transverse statistics are self-prescribed. Alternatively, if the dissipative cutoff was defined
from a combination of increments [32], then both longitudinal and transverse gradients would be
tied mixed structure function exponents. However, such considerations can easily be ruled out by
appealing to known results imposed by dissipation anomaly.

For the case (n1, n2) = (2, 0), i.e., scaling of 〈(∂xu)2〉, Eq. (16) is satisfied for p = 3, ζ3,0 = 1,
leading to ρ2,0 = 1, which correspond to the well-known 4/5 law and dissipation anomaly:

〈(δur )3〉 = − 4
5 〈ε〉r, ν〈(∂xu)2〉 ∼ 1. (18)

Likewise, for (n1, n2) = (0, 2), i.e., scaling of 〈(∂xv)2〉, Eq. (17) is satisfied for p = 3, ζ1,2 = 1, also
leading to ρ0,2 = 1, which correspond to the 4/15 law and dissipation anomaly:

〈δur (δvr )2〉 = − 4
15 〈ε〉r, ν〈(∂xv)2〉 ∼ 1. (19)

In fact, the results ζ3,0 = ζ1,2 = 1 are already well known to be the only exactly derivable results
from Navier-Stokes equations [33], reflecting a fundamental asymmetry between longitudinal and
transverse statistics [34]. The relations in Eqs. (16) and (17) show how this asymmetry propagates
to the scaling of velocity gradients and generalizes it to higher orders within the joint multifractal
framework.
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(a) (b) (c)

FIG. 1. Central moments of longitudinal and transverse velocity gradients for moment orders (a) 4, (b) 6,
and (c) 8. The dashed and dotted lines show the best fit for longitudinal and transverse moments respectively.
An additional dotted line is shown to better compare the slopes.

DNS results. To assess the validity of the proposed framework, we next test the predictions in
Eqs. (16) and (17) with results from DNS. The DNS database utilized is identical to that in several
recent works [25,27,35–38] and is briefly described in Appendix A: Numerics and DNS data. Before
analyzing the scalings, a couple of important considerations should be noted. The inertial-range
exponents for structure functions are expected to be independent of Re, with only the extent of
power-laws increasing with Re. In contrast, the scaling of gradient moments explicitly depends on
Re, and care must be taken to accurately extract the exponents at high Re. In some recent studies
[23,30], it was argued that asymptotic power-law scalings for gradient moments already manifest at
low Re. Compiling data from various sources with that of our own at higher Re, we show in Appendix
C: Asymptotic scaling of gradient moments that this is not actually the case, and asymptotic power
laws for gradient moments also only arise at high Re.

Retaining only the DNS at high enough Reλ, the scaling of longitudinal and transverse gradient
moments is shown in Fig. 1. The central moments as a function of Reλ are shown, highlighting
small but clear differences between scaling of longitudinal and transverse moments. The expression
in Eq. (10) can be modified for central moments defined as

Mn1,n2 ≡ 〈(∂xu)n1 (∂xv)n2〉
〈(∂xu)2〉n1/2〈(∂xv)2〉n2/2

∼ Re
ξn1 ,n2
λ (20)

with, ξn1,n2 = 2ρn1,n2 − n1 − n2

= 2p − 3n, (21)

where we have used Re ∼ Re2
λ and ρ2,0 = ρ0,2 = 1. It is easy to see that ξ2,0 = ξ0,2 = 0, whereas

the results in Fig. 1 provide ξn,0 and ξ0,n for n = 4, 6, 8. Additionally, the result for skewness of
longitudinal gradients, ξ3,0 ≈ 0.14 is adopted from earlier works [25,39,40].

Focusing first on longitudinal statistics, to validate the result in Eq. (16), we simply invert the
relation ξn,0 = 2p − 3n and Eq. (16) to solve for for p and ζp,0, leading to

p = (3n + ξn,0)/2, ζp,0 = 2n − p. (22)

It is easy to see that these relations imply 3n/2 < p < 2n [41], suggesting that nth order gradient
arise from structure functions of order greater than 3n/2 but smaller than 2n. Now for various n and
ξn,0 from Fig. 1, we can obtain pairs of p and ζp,0, and compare them with known results for longitu-
dinal inertial-range exponents directly obtained from structure functions. This comparison is shown
in Fig. 2, with exponents for integer p values obtained from recent works [21,22], and noninteger p
values corresponding to scaling exponents of longitudinal gradients for n = 2, 3, 4, 6, 8. Evidently,
remarkable agreement is obtained between them, with all exponents near-perfectly described by the
log-normal prediction (with intermittency exponent μ ≈ 0.22 [43]).
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FIG. 2. Longitudinal inertial-range scaling exponents ζp,0 versus p. Integer-order exponents (blue circles)
are obtained directly from structure functions and were reported previously [21,22], while noninteger orders
(red asterisks) are inferred from velocity gradient moments using Eq. (22), for n = 2, 3, 4, 6, 8. For reference,
theoretical predictions [14,30,42] and the transverse exponents ζ0,p are also shown.

Is it well known that the log-normal prediction is untenable for large p values [7], nevertheless, it
serves as a remarkable approximation of the exponents up to orders shown in Fig. 2. For comparison,
we also show the theoretical predictions of [14,30], which show conspicuous deviations for large p.
For this reason, any predictions for gradient exponents even at modest orders obtained from these
results would deviate from DNS results, as was the case in [44]. While a fully accurate theoretical
prediction for ζp,0 for highest orders remains elusive, it is evident from Fig. 2, that scaling of
structure functions and gradient moments as described by the joint multifractal framework is fully
self-consistent.

Next, focusing on transverse gradients, we can invert ξ0,n = 2p − 3n and Eq. (17) to write

p = (3n + ξ0,n)/2, ζp−n,n = 2n − p. (23)

Thus, in this case, each gradient moment of order n falls on a different branch of mixed structure
function prescribed by ζp−n,n. To that end, we evaluate these exponents for n = 2, 4, 6, 8 from ξ0,n,
and simultaneously extract ζp−n,n directly from mixed structure functions in the inertial-range (the
latter by extending the procedures in [21,22]). These results are shown in Fig. 3. Incidentally, we
find that ζp−2,2 ≈ ζp,0, for p � 2, which has been theoretically suggested before [30]. Remarkably,
we observe that the results for p, ζp−n,n obtained from gradient exponents fall near perfectly on
different branches of ζp−n,n obtained from structure functions for integer values of p.

Conclusions. To summarize, we have developed here a unified multifractal framework that
jointly describes longitudinal and transverse intermittency in fully developed turbulence, natu-
rally linking intermittency of velocity increments in the inertial range and that of gradients at
the dissipative scales. Our analysis reaffirms that longitudinal gradient statistics are prescribed
solely by longitudinal structure functions, however, transverse gradient statistics are governed by
mixed structure functions. The resulting predictions show near-perfect agreement with DNS data,
establishing both the consistency and accuracy of the framework.

A key aspect of our framework is that it naturally satisfies known exact third moment relations,
namely the 4/5th and 4/15th laws, along with dissipation anomaly. Consequently, our framework
emphasizes that a complete and faithful description of intermittency naturally requires simultaneous
consideration of longitudinal and transverse fluctuations, and hence intrinsically coupled dynamics
of stretching and rotational motions encoded in Navier-Stokes equations. While recent studies have
also hinted at this [11,12,20,26,38], the present work establishes a unified statistical framework for
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FIG. 3. Mixed inertial-range scaling exponents ζp−n,n versus p for various integer values of n (see legend).
Exponents at integer p are obtained directly from structure functions, while noninteger orders (red asterisks)
are inferred from the scaling of transverse velocity gradient moments using Eq. (23) for n = 2, 4, 6, 8. The
dashed curve for n = 2 corresponds to the log-normal prediction from Fig. 2 and represents ζp−2,2 (which is
identical to ζp,0 [30]).

it by explicitly connecting inertial- and dissipation-range quantities. A key implication of this is that
any complete resolution to the intermittency problem requires determining a closed description for
the full set of mixed exponents ζp1,p2 , which govern the coupled multiscale fluctuations. Addressing
this gap will surely require development of intermittency models that embrace the tensorial nature
of underlying turbulence dynamics.

The unified description developed here also carries potential implications for turbulence model-
ing. By explicitly accounting for the coupled nature of longitudinal and transverse intermittency, it
offers a natural pathway toward improved representation of small scales in reduced-order models
and large-eddy simulations. In addition, the framework opens several promising directions for future
investigation, including extensions to scalar intermittency, for which Yaglom’s relation likewise
identifies an exact third-order relation analogous to the 4/15 law [45]. This problem is addressed
in Part 2 of this work [46]. Similarly, one can consider an extension to Lagrangian intermittency.
While univariate descriptions based on longitudinal Eulerian multifractals have been previously
devised [47,48], it has recently become clear that Lagrangian intermittency is directly influenced
by transverse velocity intermittency [22]. However, even then, Lagrangian acceleration statistics
have proven particularly challenging to characterize [40,49]. Progress along these directions will be
reported in future work.
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FIG. 4. Flatness of longitudinal (left) and transverse (right) velocity gradients, compiled using data from
various sources [23,39,50,51]. The best-fit power-law scaling are also marked in dashed lines. The dotted
horizontal line at 3 marks the flatness of a standard Gaussian distribution.

Appendix A: Numerics and DNS data. The DNS data utilized here are obtained by solving the
incompressible Navier-Stokes equations:

∂u/∂t + (u · ∇)u = −∇P + ν∇2u + f, (A1)

where u is the divergencefree velocity (∇ · u = 0), P is the kinematic pressure, and f is the
forcing term. The simulations correspond to the canonical setup of forced isotropic turbulence in
a cubic domain with periodic boundary conditions. This allows us to use highly accurate Fourier
pseudospectral methods, with aliasing error controlled by a combination of truncation and phase
shifting [52,53]. The largest scales are forced stochastically to maintain a statistically stationary
state [54]. The domain size is (2π )3, discretized into N3 grid points, with uniform grid spacing
�x = 2π/N in each direction. The Taylor-scale Reynolds number Reλ goes from 140 to 1300 on
grid sizes 10243 to 12 2883, respectively, thus maintaining excellent small scale resolution [20,25].
As mentioned earlier, the precise data have been used in numerous recent studies [25,27,35–38],
which have adequately established convergence with respect to resolution and statistical sampling.
In fact, in some recent studies [50,55], detailed comparisons have also been made with laboratory
experiments and DNS of some anisotropic flows, showing excellent quantitative agreement.

Appendix B: Derivation of Eqs. (12)–(14). For the result in Eq. (11), defining the critical Hölder
exponents as h∗

1 and h∗
2, the right-hand side yields the following after taking the derivatives:

(1 + h∗
1 )(−n1 + ∂D/∂h1) − [n1(1 − h∗

1 ) + n2(1 − h∗
2 ) − 3 + D] = 0, (B1)

−n2 + ∂D/∂h2 = 0. (B2)

Substituting ∂D/∂h1 = p1, ∂D/∂h1 = p2 from Eq. (5) and −3 + D = p1h∗
1 + p2h∗

2 − ζp1,p2 from
Eq. (4) then yields

ζp1,p2 + p1 = 2n1 + n2 + (p2 − n2)h∗
2, (B3)

p2 = n2, (B4)

which can be readily simplified to give the results in Eqs. (13) and (14). The result in Eq. (12) can
be obtained by combining the result in Eq. (B1) with that in Eq. (11).

Appendix C: Asymptotic scaling of gradient moments. Recently, there has been an some debate as
to when precisely does the asymptotic scaling of velocity gradient moments emerge as a function of
Reλ. When considering inertial-range scaling of structure functions, the scaling exponents emerge
as plateaus on local slope plots, with only the extent of the plateau increasing with Reλ, but the value
itself being independent of Reλ. See, e.g. [21,22] for results at the Reλ considered in this work. The
use of extended self-similarity [56] can often provide a more robust plateau, especially at lower
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Reλ. In contrast, the situation for gradient moments is tricky, since the scaling exponents have to be
directly extracted as a function of Reλ. Classical theoretical arguments dictate that scaling exponents
for gradients should also require high Reλ. However, some recent studies [23,30,57] have suggested
that asymptotic scaling of gradient moments emerges at very low Reλ (�10), substantially lower
than dictated by theory. However, these studies were all restricted to Reλ � 200, and therefore did
not verify if the same scaling behaviors extend to much higher Reλ, as considered here.

To resolve this, we have compiled data from DNS of isotropic turbulence from numerous sources
[23,39,51] along with our own [50]. Figure 4 shows the flatness of longitudinal and transverse veloc-
ity gradients, spanning three orders of magnitude in Reλ (and six in Re), providing a comprehensive
view of the scaling behavior. Excellent correspondence is obtained between all the data. Several
important observations can be made from these plots. At very low Reλ, the flatness starts at 3, which
corresponds to a Gaussian distribution. With increasing Reλ, the flatness steadily increases and
approaches a clear asymptotic power-law only at the highest Reλ (which are very slightly different
for longitudinal and transverse gradients). The intermediate range, in particular 10 � Reλ � 200
clearly corresponds to some kind of smooth transition regime, where turbulence has not fully
developed yet. Thus, any power-laws extracted in this regime, do not truly correspond to asymptotic
scalings of gradient moments—contrary to what was proposed in earlier works [23,30,57]. Although
not shown, the same conclusions can also be drawn from the behavior of higher-order moments.

Interestingly, the work of [30], SY2021 henceforth, also provides a way to extract scaling of
gradient moments from inertial range exponents. However, unlike the multifractal results derived
in this work, their theory posits that gradient moments of order n directly result from structure
functions of order p = 2n. The corresponding result in the multifractal model gives 3n/2 < p < 2n,
resulting in stronger scaling laws than predicted by SY2021. In SY2021, the power laws for gradient
moments were extracted at low Reλ, resulting in fortuitous agreement between the predictions from
their theory. However, given the data at much higher Reλ and the present theoretical developments, it
stands to reason that the multifractal extension of inertial-range intermittency to gradients provides
the correct result.

On a related note, the recent work of [44] has suggested that the true asymptotic scalings
of gradients might still not have been realized, with exponents still increasing with Reλ, and
longitudinal and transverse exponents potentially becoming identical at extremely high Reλ. This
certainly cannot be ruled out given the highest Reλ in DNS are still modest compared to what can
be realized in geophysical flows. However, the trends in Fig. 4 definitely suggest any further change
to the exponents, if happening, would be extremely slow. In fact, a simple extrapolation of current
data trends would show that such a change might only become perceptible at Reλ � 10 000 (or even
higher), well beyond what can be realized in DNS or laboratory experiments for the foreseeable
future. Moreover, any change in scaling of gradients would also be accompanied by change in
inertial-range exponents. These aspects certainly need to be kept in mind for the future, but given the
available data, the proposed joint multifractal framework appears to be self-consistent and accurate
in explaining the scaling of longitudinal and transverse gradients.
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