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Effective classical potential for quantum statistical averages
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We present an effective potential that allows quantum thermal expectation values of a position-dependent
observable to be estimated as a classical ensemble average of the corresponding function. We follow the approach
of Feynman and Hibbs but perform the mean-field treatment of quantum fluctuations about the path starting point
rather than the path centroid. Furthermore, rather than performing a full variational optimization of the potential,
we explore approximate functional forms that yield numerical robustness. The resulting closed-form potential is
exact in the classical and harmonic limits; benchmarks against exact position distributions for one-dimensional
quartic, Morse, and double-well potentials show good agreement for potentials with harmonic support.
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I. INTRODUCTION

Calculating thermodynamic properties of atomistic sys-
tems from quantum mechanics is one of the goals of modern
computational chemical physics. For a quantum system of dis-
tinguishable particles with a Hamiltonian A, thermodynamic
properties in the canonical ensemble are determined by the
partition function

Zaw =Te[e ], (1)

where § is the inverse temperature and the trace is taken
over the Hilbert space on which the Hamiltonian acts. When
Eq. (1) is evaluated in a numerically exact manner by com-
puting the eigenvalues of the Hamiltonian matrix evaluated
in a chosen basis, the associated computational cost scales
exponentially with the number of degrees of freedom in the
system. Consequently, such exact calculations are typically
limited to systems with only a few degrees of freedom.

The thermodynamic properties of large systems of distin-
guishable particles can be calculated in a numerically exact
manner using a more computationally efficient approach that
follows from the imaginary-time path-integral formalism [1]
of quantum statistical mechanics. In this formalism the trace
in Eq. (1) can be represented as a path integral with a
Euclidean action S defined on the imaginary-time interval
[0, BR]. The resulting expression for a single particle in one
dimension reads

Zow = f @ j£ Dlx(-)] e SO, 2)
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where x(-) is the imaginary-time path, i.e., a mapping from
imaginary time in [0, %] to position space, subject to the
boundary conditions x(0) = x(87%) = x’, and D denotes the
functional integration measure. For a many-particle system
living in three dimensions, the position coordinate is replaced
by a 3N-dimensional vector. Discretizing the path into P path
coordinates, spaced uniformly in imaginary time, replaces the
functional integral in Eq. (2) by an ordinary P-dimensional
integral over these coordinates [2]. In this representation the
resulting expression is equivalent to the partition function of
a classical Hamiltonian comprising P replicas of the system.
The exact quantum partition function is recovered in the P —
0o limit.

This ensemble has proven attractive for atomistic mod-
eling because it yields quantum thermodynamic observables
only P times the computational cost of a classical simu-
lation at a given temperature [3,4]. A caveat exists that P
increases rapidly as the temperature is lowered (as demon-
strated in [5] and [6]). This has motivated the development
of computational techniques that reduce the prefactor as-
sociated with P, including high-order splittings of the
Boltzmann operator [6—10], truncated cumulant expansions of
the Boltzmann operator trace [11-13], ring-polymer contrac-
tion [5,14], multiple time stepping [15,16], and generalized
Langevin-equation thermostats that incorporate quantum nu-
clear fluctuations by breaking the fluctuation-dissipation
theorem [17-19]. While these techniques have promoted
widespread application of path-integral quantum mechanics in
atomistic modeling [20], they remain asymptotically limited
by the rapid growth of P as the temperature is lowered.

The asymptotic increase in computational cost with re-
ducing temperature arises from the increasing discretization
required in imaginary time to maintain a constant error [3].
It is therefore instructive to consider approaches that do not
discretize the imaginary-time path: for instance, approxima-
tions to the Boltzmann trace in Eq. (1) that yield a quantum
partition function with a functional form similar to that of a
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classical partition function. This direction is motivated by the
fact that classical thermodynamic properties can be estimated
from a simpler ordinary integral. The expression for a single
particle in one dimension is

m ,
Zo = | [ dxe PV, 3
ot 27r,3h2/ ®

which generalizes straightforwardly to a three-dimensional
many-particle system.

There has been an early interest in approximating quan-
tum statistical mechanics using semiclassical methods or by
introducing an effective classical potential that incorporates
quantum effects. One of the first approaches to adopt semi-
classical methods for defining an effective classical potential
is due to Wigner [21] and Kirkwood [22]. They derived a
perturbative expansion of the quantum position distribution
function, which depends on higher derivatives of the poten-
tial V and is truncated at finite orders of A% [23], formally
similar to the well-known WKB approximation [24-26]. A
limitation of these perturbative approaches (such as higher-
order Wigner-Kirkwood or cumulant expansions) is that they
become computationally prohibitive for many-dimensional
systems. Incorporating higher powers of /* term-by-term re-
quires computing increasingly higher-order derivatives of the
potential energy surface, which becomes intractable rapidly
for standard molecular simulations. Moreover, their accuracy
is only guaranteed at high temperatures, i.e., in the classical
limit.

In this respect, the path-integral framework provides an
elegant route to approximately incorporating contributions
from all orders in h* into the quantum partition function
by approximating the Euclidean action in Eq. (2) to a form
for which the functional integral can be analytically evalu-
ated. This procedure yields a family of so-called quantum
effective potentials, prominently the Feynman—Hibbs [1] and
the Feynman—Kleinert [27] potentials among other deriva-
tives [28-30], defined such that a classical partition function
constructed from them approximates the quantum partition
function while retaining contributions to all orders in 7.

Beyond the computational cost of evaluating these po-
tentials, the most widely used quantum effective potentials
exhibit a noteworthy choice: they are formulated such that
they reproduce the probability distribution of the path cen-
troid rather than the exact position distribution. This choice
poses no difficulty for partition functions in low-dimensional
systems and is useful for approximating short-time quan-
tum dynamics of linear position-dependent operators [31-34].
However, expectation values of general position-dependent
observables cannot, in general, be obtained by simply eval-
uating the corresponding position-dependent function over
the centroid probability distribution. This is not to say that
position-dependent observables cannot be inferred from the
centroid distribution. Kleinert [35] introduced a nontrivial
expression that relates the expectation value of a position-
dependent operator to a convolution of a centroid-based
expectation value over the full configurational space. Cao and
Voth [36] subsequently generalized the relation to the exact
centroid distribution in high dimensions.

A more direct way to compute the statistical averages
of position-dependent observables was introduced by Royer
[37,38]. This work followed the work of Miller [39], who con-
sidered a quadratic approximation of the potential V' to define
the position distribution function and derived a further cor-
rection of this distribution function using Wigner-Kirkwood
cumulant expansion. The resultant correction factor depended
on the third-order derivative (and beyond), which reduces to
the usual Wigner-Kirkwood factor in the classical limit.

In this work we propose a quantum effective potential
by approximating the thermal density matrix within a local
harmonic approximation. In contrast to previous derivations
for approximating off-diagonal elements, our approach does
not require discretization of the imaginary-time path integral.
Instead, we treat quantum fluctuations in a mean-field manner
about the starting point of the imaginary-time path, in the
spirit of the Feynman—Hibbs and Feynman—Kleinert deriva-
tions, but without performing the mean-field treatment with
respect to the path centroid. We further introduce a series
of approximations for one-dimensional systems that enable
extensions to nonconvex potentials and yield excellent perfor-
mance for strongly anharmonic systems. Finally, we outline
the potential usefulness of this approach in a broader compu-
tational chemical physics context.

II. THEORY

A conceptual direction to simplify the calculation of expec-
tation values of position-dependent observables—as explored
in this work—is to construct quantum effective potentials that
reproduce the exact position distribution defined by the ther-
mal density matrix (g = e Pl ). This motivates the definition

1
Vom('; ) = —B ' log pg(x') + —In

28 2w BR*

for an effective potential, where pg(x') = (x’ |e‘ﬁﬂ |x") denotes
the diagonal element of the thermal density matrix in the po-
sition basis. With this definition, the exact quantum partition
function assumes a classical-like form,

m ’
Z = dx/e_ﬁVQM(x ;ﬂ), 5
M=V 27 R / ®

and the corresponding position distribution is
Pou(x") = pp(x")/Zom- (6)

Expectation values of position-dependent observables then
take the classical form

fdx’ o) e BVam(x':8)
fdx/ e~ BVom(x':B)

(0®)) = /dx/ O(x') Pou(x') =

(N
On the one hand, despite the simplicity of Eq. (7), effec-
tive potentials that approximate Voum(x'; 8) have received less
attention than effective potentials based on the centroid co-
ordinate. On the other hand, local harmonic approximations
have been used to approximate off-diagonal elements of the
density operator in semiclassical dynamics (originally derived
by Ovchinnikov, Apkarian, and Voth [40] and later inde-
pendently by Shi and Geva [41], and also used by Liu and
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Miller [42]). This provides a natural starting point for explor-
ing quantum effective potentials that approximate Vom(x'; 8),
which is directly linked to the diagonal element of the Boltz-
mann density matrix.

We first summarize the path-integral-based Feynman—
Hibbs and Feynman—KIleinert approaches that use the centroid
coordinate to define effective potentials, and show how a sim-
ilar formalism can be used to approximate the paths around
the starting point of the path instead of the path centroid.

A. Path-integral free-energy bounds

Within the path-integral formalism, an effective potential
can be derived using the variational approach discussed by
Feynman and Hibbs [1]. To elucidate this approach, we write
the Euclidean action for a one-dimensional system in terms of
the Lagrangian, parameterized by imaginary time t € [0, Bh]:

Bh
S = S[x(-); Bii] = / dr Bmx(r)z + V(x(z))] (8)
0

The relationship between the partition function, the Helmholtz
free energy F', and action is

Zom = e PP = /dx’ %’D[X()] e SCiBRI/R 9)

For any trial action S and the corresponding free energy F, the
following equality holds:

e BF-F) _ (e*(S*S)/h> (10)

5

Here, ()5 denotes the expectation value of a functional over
the space of closed-loop imaginary-time paths:

[ dx" ¢, Dix()] flx(-)] o= SIx():B1/h
[dx §, Dlx()] e-Seopn

(fls = 1D
Noting that Eq. (11) induces a normalized measure propor-
tional to e SI¥(:Al/h and applying Jensen’s inequality, i.e.,
(e) > ™, yields

F <F+Bh)(S—-3);. (12)

Since this inequality holds for any trial action functional S, it
becomes tight when S — S is path independent (in particular,
for § = S). By selecting trial actions for which the required
expectation values can be evaluated analytically, Eq. (12)
provides a starting point for deriving quantum effective po-
tentials.

B. The centroid ansatz

A class of effective potentials can be derived in terms
of the path centroid: X = ﬁ foﬂh dt x(t). Equation (2) can
be reparametrized in terms of the centroid by defining
the centroid-constrained functional integration measure as
D'[x()] = DIx(-)] &% — 4 7 x(v)dr). This yields the ex-
act expression

Zow= [ @ [ &' § Dixcyte O a3

and an exact centroid effective potential W (%, 8) that satisfies
the relationship

] 27 B2 :
eV = —n,f / dx’ﬂgD/[x(o] e SEOPIE - (14)

This defines the quantum partition function akin to the classi-
cal partition function

m -
Zom = |—— [ dxe PVD. 15
M= 22 / ()

While in practice W (¥) can be evaluated from the exact con-
strained path integral, the variational approach can be used to
derive analytical approximations to W (X).

1. The Feynman—Hibbs effective potential

The Feynman-Hibbs effective potential is the first and
simplest effective potential derived within the path-integral
framework. It is obtained by decomposing the Euclidean ac-
tion into that of a free particle and a potential contribution
S = Skee + Sv, where the free particle action is defined as
Stree = fo'S " dr [%m}'c(t)z]. The corresponding partition func-
tion of the free particle is Zgee = [ dx’ f, Dlx(-)] e Sie/",
From Eq. (11), the quantum partition function then takes the
form

(e=Sv/m) (16)

ZQM = Zfree free *
The Feynman-Hibbs approximation follows by applying
Jensen’s inequality to Eq. (16), which yields (e=5v/)s >

e S)siee/ and motivates the replacement

Stree

( e /h) (Sv /M) sgeee

Siee > €
This substitution is followed by evaluating the free-particle
expectation value by decomposing the path into its cen-
troid and fluctuations and carrying out the resulting Gaussian
functional integral over the fluctuations. These nontrivial ma-
nipulations discussed in detail in Ref. [1] lead to the following

Gaussian integral for the resulting effective potential:

c om (% ey
Ven(E, B) = /W/wdxeﬁﬁ- v, a7

2. The Feynman—Kleinert effective potential

Feynman and Kleinert improved on the effective potential
in Eq. (17) by introducing a more sophisticated trial action
than Sge. and subsequently variationally minimizing the cor-
responding trial free energy. Path fluctuations (x(7) — X) are
treated explicitly up to second order in the trial action and
higher-order terms are absorbed into a term that depends only
on the centroid. This is motivated by expanding the potential
about the path centroid,

V() =VE) + V@) — %) +

1 "= =\2 =\3 (18)
EV @) (x(r) — %) + Ox(7) — ),
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where O(x(7) — X)° represents higher-order terms. A har-
monic trial action is then introduced:

~ ph 1
Srk E/ dr |:—m)'c(r)2
0 2

19)
+ %v"@(x(f) - xﬂ — BHL; (3).
This action, like Sfee, defines an analytically tractable refer-
ence measure while retaining the quadratic fluctuations about
X explicitly. L (x) includes the zeroth-order contribution V (X)
and the mean-field effect of the higher-order terms in Eq. (18).
Using Spk as the trial action in Eq. (12) yields a bound
that depends on the correction term (S — Sgx) s, . Under this
measure defined by the trial action, fluctuations about the cen-
troid are symmetric, so (x(t) — X)s,, = 0. The linear term in
Eq. (18) also does not contribute to (S — Spx) s, . Because Sgx
defines a Gaussian measure for the fluctuations, the remaining
contributions reduce to Gaussian functional averages, which
can be evaluated analytically. It is convenient to parametrize
these statistics by the fluctuation amplitude a” and an effective
fluctuation frequency €2; these quantities are initialized by the
harmonic reference and are optimized using the variational
minimization. These steps yield the Feynman—Kleinert effec-
tive potential

o a2 _ L sinh(Bh2/2)
Vi (%, Bsa”, Q) = B In T
Q* , _
a” +Ve(x, ), (20)

where V,2(X) is the smeared potential

Vaz@,ﬁ):;/ e v, @D
(27‘[612) —00

T

‘We refer the reader to Ref. [27] for more details on the deriva-
tion and implementation of this effective potential.

C. The starting-point ansatz

Centroid-based effective potentials are useful for estimat-
ing partition functions of low-dimensional systems [1,27] and
for obtaining approximate dynamical information from the
centroid potential of mean force [31,36]. Often, expectation
values of nonlinear position-dependent operators O(X) are of
interest. Such expectation values can be obtained from the
partition function by coupling O to the potential and differ-
entiating, i.e.,

(O@) =~ InZyoviomlio: (22)
B oA

As is evident from Eq. (13) and its derivation, the cen-
troid formulation marginalizes over the centroid coordinate
rather than the physical position, so a bespoke centroid-based
estimator must be derived for each observable O. This compli-
cation was noted in Kleinert [35], a follow-up to the original
Feynman—Kleinert potential [27], where a nontrivial expres-
sion was introduced that relates the expectation value of a
position-dependent operator to a convolution of a centroid-
based expectation value over the full configurational space.

To render simplicity to the evaluation of position-
dependent observables, we explore quantum effective poten-
tials parametric to the starting point x' = x(0) of the Feynman
paths rather than the path centroid. The motivation for this
ansatz, as illustrated in the derivation in Appendix A, is that
the expectation value of a position-dependent operator de-
pends only on its value at the path starting point x’, even
though the action depends on the full path, i.e.,

/ ’ ] o= SIx(-);80]
(oG = L& 0 f Dix( e~
fdx/ fx,D[xC)]e B S[x(-):B1]

(23)

Another way of interpreting this equation is that the ex-
pectation value of a position-dependent observable can be
estimated as an ensemble average of O(x') over the distri-
bution of path starting points, motivating the derivation of
analytic potentials that target this distribution.

1. Local harmonic approximation

As in the Feynman—Kleinert construction, we employ a
quadratic trial action; however, we formulate it by expanding
about the path starting point x" rather than the centroid. We
expand the potential along the path as

V() =VE)+ V' @) (x(r) —x) +
| N2 PR
EV (x )(x(t)—x) +O(x(r)—x) ,

3 .
where O(x(t) —x’)" denotes higher-order terms about x'.
Truncating Eq. (24) at second order motivates the local- har-
monic trial action

Bh
StH E/ dr [%mi(r)z + V') (x(t) — x')
‘ 1 (25)
+ EV”(x’) (x(t) — x/)2:| + BRV (x).

To ensure that Sy i defines a well-behaved harmonic reference
measure, we assume V”(x’) > 0 unless stated otherwise. Us-
ing Spy as the trial action in Eq. (12), the deviation from the
exact free energy is controlled by

Bh
(S — Siudsyy = <f drO(x(7) — x/)3> ; (26)
0

Siu

which suggests that the difference between the exact and
local-harmonic free energies arises entirely from the higher-
order terms in Eq. (24). For a purely harmonic potential the
remainder vanishes and § = Spy, so the approximation be-
comes exact.

In what follows, we construct an effective potential directly
from the local-harmonic trial action, without variationally
minimizing the deviation between the true and trial actions.
We approximate the diagonal density matrix element as

pp(x) ~ pg(x) = f Dlx()] e Sl OB (27)
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The next step is to rewrite Sp yy by completing the square in the
displacement x(t) — x/,

B
0

mkg ,
2_605 + BRV (x'),

(28)
— Bh
where we introduce the shorthands for the origin, instanta-

neous acceleration, and instantaneous angular frequency of
the locally harmonic component, respectively:

ky 1 oV 1 9%V
XOE.X/_—z, kaE__ ) CU(EE—_Z
w4 m ox |,_. m 0x= |, _.

Equation (28) expresses the full action as the sum of the
Euclidean action of a harmonic oscillator with frequency
w, and equilibrium position xy, which depends quadratically
(explicitly) on the path, plus terms that are independent of
the path. Consequently, ,o,ls‘H(x’) factorizes into the diagonal
thermal density matrix element of a harmonic oscillator with
(Xeq» @) = (x0, w,) evaluated at x” (for which an analytic ex-
pression exists) and an exponential prefactor arising from
the path-independent terms, yielding an overall closed-form
expression:

LH, /\ __ m 2§,
PE )=\ e | sinh2£,

. mk? (tanh§&,
ool ol (8l

where a shorthand &, = @ is introduced for the

temperature-scaled instantaneous harmonic frequency. The
corresponding locally harmonic effective potential derived
from the starting-point ansatz can be obtained by substituting
Eq. (29):

(29)

_ .. mk? (tanh§,
Vin(x) =V (x) + —(— - 1)

2w? &,
n 1 sinh 2§, (30)
—1In .
2p 28,

We note that Ovchinnikov et al. [40] (see also [43-45])
applied a local harmonic approximation to a more general
quantity, namely, the off-diagonal matrix element of the Boltz-
mann operator (x’|e ##|x”). In contrast to our derivation,
they obtain an expression for this off-diagonal element by
applying a local harmonic approximation within a discretized
functional integral, i.e., by expanding the potential energy for
each path-integral “replica” in a Taylor series about the path
starting point and truncating at second order. Equation (30)
can be recovered by setting x” — x' = 0 in their expression,
which can be seen as a validation of our derivation. In ad-
dition, our formulation naturally suggests a route to a more
flexible variant of Eq. (30) for a given system by treating xo,
kq, and w, as variational parameters.

2. Further approximations

This expression yields the exact partition function in the
classical (i.e., 8 — 0) and harmonic limits (see Appendix B).

However, in anharmonic potentials where the curvature w?

can take negative values, (29) cannot be used to obtain the
effective potential, as it is derived under the assumption that
w, is real. Physically, this is because tunneling dominates
quantum statistics around points with a negative curvature
and a second-order truncation of the Taylor expansion of
the potential V' (which assumes a compact imaginary-time
Feynman path) is no longer valid. One way around this is-
sue is to force w? > 0 to ensure the well-definedness of the
effective potential, at the cost of neglecting tunneling contri-
butions. However, even with such frequency cutoffs, the direct
application of (30) can lead to numerical divergence of the
effective potential in certain regimes. The third term in (30)
is mathematically well behaved across all regimes, smoothly
interpolating from O(hiw,€,) in the classical limit of small &,
to the local zero-point energy /iw,/2 in the quantum limit of
large &,. However, the second term, mk>(tanh &, /&, — 1)/2w2,
remains strictly negative for w2 > 0. In the large-, limit, this
term approaches the limit —mk?/(2w?), which can diverge as
O(w;?) and cause unphysical divergences in regions of the
potential where the local curvature w? approaches zero but
the gradient k, remains finite. We hence refine this potential
further for it to be computationally useful.

The effective potentials in previous sections [given by
Egs. (17), (20) and (30)] were derived with the primary aim
of approximating the quantum partition function. However,
for statistical averages of position-dependent observables, it
is sufficient to approximate the quantum position distribution
Pom(x'), obtained by normalizing the diagonal density-matrix
elements by the quantum partition function. While Zgy — 0
as B — oo, the normalized distribution Poy(x) remains well
defined due to zero-point fluctuations. The exact quantum
position distribution function (PDF) is therefore

Pom(x) = pg(x")/Zom. €1V

Motivated by this, we introduce a renormalized local har-
monic approximation that targets Pom(x') directly. We dis-
tinguish the unrenormalized local-harmonic diagonal density
matrix, pg" (x'), from a renormalized variant, p s (x'), defined
as

ppl() = pg" )/ Tner(x), (32)
where Yncr(x') is a local renormalization factor,
Tner(') = Zomoca (') /Zet jocal (X)) (33)

Here ch,local(x,) = 1/(2511) and ZQM,local(x/) = 1/(2 sinh Ea)
are the local classical and quantum partition functions of a no-
tional harmonic oscillator with frequency w,. By construction,
Tner(x') — 1 in the classical limit and becomes independent
of x” in the harmonic limit. Finally, an approximate normal-
ized position distribution is obtained by globally normalizing
~LH/ /Y.

Pg (x"):

IbﬂLH ( x/)

f dx”,bé“ﬁ(x”) :
This scaling prevents artifacts in the resulting position den-

sity and removes unphysical divergences in the § — oo limit.
With this renormalization, the local-harmonic reweighted

P = (34)
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density takes the form

), [ m tanh &, . mk?
Py’ = W 3 expy — B V(x)_Za)g

5 mk? (tanh &, (35)

X exp | — .

P 2w? &,

However, even this form doesn’t address all computational
mk}z

issues: while (V(x') — 5.4) vanishes identically for a har-
monic oscillator, in the limit B — o0, its presence in the first
exponential yields an O(B) leading-order term in the effective
potential for generic anharmonic systems. This S-dependent
drift could be reduced by treating w, and x, as variational
parameters; here, we pursue simpler approximate expressions.
To this extent, we apply the following harmonic mapping
substitution in Eq. (35),

2
mk;

S = VO, (36)

tanh &,

a

and introduce the nonclassical smearing factor E(x') =
(also the quantum correction factor in [42]), which yields

Pu(x) = /ZELW\/E()C’)CXP—ﬂV(X’)E(x/)- (37)

To obtain a normalized distribution, we define

= Pru(x)
Piy(x) = ————. 38
LH(x) T dsPn(s) (38)
The effective classical potential is then obtained by taking the
logarithm of Eq. (37):

1
Vih(x) = V(HEX) — ﬁ In E(x"). 39

Equations (37) and (39) are the main results of this article and
will be referred to as the local-harmonic distribution function
and local-harmonic effective classical potential henceforth.

III. COMPUTATIONAL DETAILS

To assess the accuracy with which quantum effective po-
tentials reproduce position-dependent operators, we examine
their ability to reproduce the position distribution function. To
obtain the quantum reference, we compute the numerically
exact position distribution function by exact diagonalization
of the Hamiltonian using the discrete variable representation
(DVR) method on a uniform grid, following the approach of
Colbert and Miller [46], implemented in python using the
standard numpy library. For a given configurational space
the results are converged with respect to the discretization of
the position grid.

IV. NUMERICAL RESULTS

A. Harmonic and perturbed harmonic potential

We demonstrate the accuracy of the approximation for
generic anharmonic systems of the form (as used by Feynman
and Kleinert [27] to estimate the quantum partition functions)

1
Vx) = Ema)z)c2 + §x4, (40)

withm = 1, = 1 in Figs. 1(a)-1(d). Here, we use this poten-
tial to assess the accuracy of the position distribution function
by comparison against the numerically exact distribution at
three different inverse temperatures: g € {0.1, 1.0, 10.0}. For
reference, we include comparisons with the classical posi-
tion distribution functions. In the Supplemental Material [47],
we plot the ground-state probability distribution along with
the absolute zero limit of the position distribution function
from (39) for each system considered here to demonstrate the
validity of the Local Harmonic Approximation (LHA) and
harmonic mapping substitution at low temperatures. For the
sake of completeness, we also include plots of the “bare”
position distribution functions obtained from the Feynman—
Hibbs and Feynman—Kleinert effective potentials (without the
modified estimator for evaluating the PDF from the centroid
distribution) in the Supplemental Material [47].

When g = 0, Eq. (40) reduces to the harmonic oscillator.
In this limit the exact results for all distributions are known
analytically; it therefore serves as a numerical validation of
our implementation and a reference point for the anharmonic
regimes of Eq. (40). The exact distribution can be obtained
analytically, and the distribution from Eq. (37) can be shown
analytically to reproduce the exact harmonic-oscillator result,
as seen in Fig. 1(a).

We next introduce mild and strong quartic perturbations
to the harmonic oscillator by setting g = 0.1 and g = 1.0,
respectively, in Figs. 1(b) and 1(c).

Using these potentials, we assess the accuracy of the har-
monically mapped local harmonic approximation. We find
near-quantitative agreement with the reference, with a residual
error corresponding to a slight overcorrection relative to the
classical distribution. The good agreement of the harmoni-
cally mapped local harmonic approximation stems from the
practical, rather than rigorous, approximations introduced in
Sec. II C 2. The empirical renormalization in Eq. (32) and the
harmonic mapping in Eq. (36) are introduced specifically to
yield a stable and well-behaved effective potential.

We analyze the impact of these approximations in more
detail in the supporting information. As shown in Fig. 1 of the
Supplemental Material [47], the raw local harmonic approxi-
mation yields a distribution that errs on the classical side. This
arises from the form of the smearing potential in Eq. (30),
which biases the resulting distribution towards being more
localized around the origin, where the curvature is smallest.
The non-classical renormalization in Eq. (32) yields a less
localized distribution (at the expense of an additive offset in
the potential, which does not affect the position distribution).
Finally, the harmonic mapping alleviates the explicit temper-
ature dependence of this localization.

The most stringent test for effective potentials is the quartic
oscillator with w =0 (and g = 1.0), which lacks any har-
monic support. We show the classical, quantum, and local
harmonic position distribution functions in Fig. 1(d). The
“bare” local harmonic effective potential in Eq. (B1) yields
a distribution that is strongly peaked around the origin, even
relative to the classical distribution.

The harmonically mapped local harmonic approximation
yields a distribution with a classical-like localization around
the origin, while the overall width is in good agreement
with the exact quantum result. Consequently, this method is
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FIG. 1. Comparison of the classical (green), quantum (red), and local harmonic (dark blue) position distribution functions [from (37)] at
different temperatures for the quartic potential V (x) = maw?x?/2 + gx*/4 in (40) at different values of quartic perturbation strength g. The top
row contains plots of the respective potential energy surfaces along with the reference harmonic oscillator of frequency w = 1.0 (indicated in
gray dashed line). Note that, for the purely harmonic oscillator with g = 0.0, the local harmonic PDF is hidden behind the quantum PDF.

most suitable for potentials which permit an accurate local
polynomial approximation, where the cubic and higher-order
coefficients are much smaller relative to the quadratic (har-
monic) coefficient.

B. Morse potential and the double-well potentials

We next consider two physical models relevant to chem-
istry, starting with the Morse oscillator. This system is

challenging, as it exhibits a negative curvature in parts of
the potential energy function. We consider a one-dimensional
Morse potential of the form

V(x) = D(1 — e @552 41)

with the potential parameters D and « given by the
vibrational potential energy of the OH bond (as in
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FIG. 2. Comparison of the classical (green), quantum (red), and
local harmonic (dark blue) position distribution functions [from (37)]
for the Morse potential (41) with parameters as in [48] at different
temperatures.

Ref. [48]):

2
_ he w;

o= [2uonhc w,xe
4wexe’ R ’

with  w, =3737.76cm™!, w.x. =84.881cm™!, x, =
0.9697 A, and on is the reduced mass of the OH bond. The
classical, quantum, and local harmonic position distribution
functions at four different temperatures (corresponding to
four different temperature regimes) are plotted in Fig. 2. It
can be observed that the harmonically mapped local harmonic
ansatz for the distribution function proves near quantitatively
accurate at all temperatures considered. In the Supplemental
Material [47], we show that the bare distribution function
obtained from Eq. (B1) becomes sharply localized around the
region with a negative curvature, which renders it inaccurate.
This demonstrates the usefulness of the harmonic mapping
substitution (36).

Finally, we consider the double-well potential, a simple
physical model for bond breaking and quantum tunneling
probabilities. We use a similar functional form as in (40):

1 4
V) = —5mos + e 42)
g

with w = 1.0, m = 1.0. We consider two different values of
the parameter g: g = 0.1 and g = 0.5. The main difference
between these two values is the depth of the wells; g = 0.1
corresponds to a deep well and is consequently less anhar-
monic (i.e., with a large density of states inside the wells).
g = 0.5 yields a rather shallow double well which is very
anharmonic. A comparison of the different position distribu-
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FIG. 3. Same as in Fig. 2 but for the double-well potential
—mw*x? )2 + gx* /4 + mw*/16g as in (42) with (a) g = 0.1 and (b)
g = 0.5 at different temperatures. The top row displays the potential
energy surface indicating the well depths for both these parameter
regimes.

tion functions in three different inverse temperature regimes
B €{0.1,1.0, 10.0} is shown in Fig. 3(a) and Fig. 3(b) for
g=0.1and g = 0.5, respectively.

The harmonically mapped local harmonic position distri-
bution function in (37) displays semiquantitative accuracy
with respect to the localization of the minima for g = 0.1.
As with the Morse oscillator, the bare local harmonic po-
sition distribution function yields an unphysical localization
around the region where the curvature of the potential changes
sign. However, both the harmonically mapped and bare local
harmonic position distribution functions fail to localize the
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minima in the shallow double well with g = 0.5 in the lowest
temperature regime considered. In this parameter regime, the
number of states within the wells is less than or equal to 1,
making the quantum effects from tunneling very prominent.
Therefore, even with the correction scheme considered here,
the LHA cannot account for nonlocal effects such as coherent
tunneling, which require a comprehensive description (be-
yond harmonic) of the path delocalization.

Despite this fundamental limitation, the reliability of the
corrected LHA can be broadly estimated by the ratio between
the zero-point energy Ej and the thermal energy, character-
ized by the ratio y = Ey/kgT, along with the degree of local
anharmonicity. For weakly anharmonic potentials where cu-
bic and quartic deviations are small relative to the harmonic
term, the LHA successfully captures localized zero-point mo-
tion well into the low-temperature regime (x > 1). However,
because the method is fundamentally tied to a local expan-
sion, it is expected to break down at low temperatures in
strongly anharmonic systems—such as those featuring shal-
low barriers—where the position distribution is dominated by
nonlocal quantum effects like coherent deep tunneling.

V. DISCUSSION AND CONCLUSIONS

In summary, we have derived expressions for quantum ef-
fective potentials that approximate the potential of mean force
associated with the thermal density distributions. Our deriva-
tion closely follows that by the variational approach suggested
by Feynman and Hibbs [1] but differs in that we mean-
field the quantum fluctuations about the path starting point
rather than the path centroid. Instead of introducing param-
eters and variationally optimizing the potential, we explore
a set of approximations to render the potential numerically
robust for general anharmonic potentials exhibiting negative
curvatures. Apart from improved numerical stability, we do
not have a clear justification for these approximations, other
than that they become exact in the harmonic limit. Deriving
an effective potential parametric to the path starting point
offers a benefit over centroid-based effective potentials in
that position-dependent observables can be obtained as sim-
ple ensemble averages of the corresponding functions. Using
numerical computation of the position distribution functions
across a range of temperatures, we showed that this method
is indeed effective (quantitatively accurate) in simulating sta-
tistical properties of a range of model potentials that have a
strong harmonic support, including chemical model systems
like a Morse potential or a separated double-well potential. We
note quantitative errors for potentials such as a quartic poten-
tial and a shallow double-well potential. We are optimistic that
some of these limitations may be attenuated by variationally
optimizing some of the parameters in the potential, in the spirit
of the Feynman—Kleinert effective potential [27].

While the one-dimensional systems considered here help
clarify the strengths and limitations of the derived effec-
tive potentials, they do not correspond to the settings in
which inexpensive yet accurate approximations to thermal
density distributions are most needed. Looking ahead, we
see two ways in which the present work may be useful in
this broader context. First, it provides the groundwork for
deriving analogous expressions in higher dimensions; both the

resulting analytic forms and simulations beyond the harmonic
approximation, at a computational overhead comparable to
classical methods, could be useful, for example, in the lat-
tice dynamics of anharmonic solids [49]. Second, our results
may help motivate functional forms or constraints for train-
ing machine-learning models of thermal density distributions.
While machine-learning models have frequently been used
to represent the centroid potential of mean force [50,51],
learning the potential of mean force associated with the path
starting point directly from path-integral molecular dynamics
has proven more challenging [52]. We hope that the expres-
sions derived here can motivate physics-based architectures
for this problem in the same way that incorporating physical
inductive biases into model design has benefited the machine-
learning interatomic potentials community [53-55].
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APPENDIX A: STARTING-POINT ESTIMATOR
FOR POSITION-DEPENDENT OBSERVABLES

We derive an estimator for (O(X)) for position-dependent
observables O(%) by considering the weakly perturbed Hamil-
tonian

7

ﬁ()\) - 2m

+ V&) +A0F), (Al)
with A € R. The corresponding partition function is

Z(\) = Tr[ef’m(’\)] = /dx’ (x’|ef’3H()‘)|x’). (A2)
Differentiating and using cyclicity of the trace yields

2)e—BHG)
0 nzoy = L 020 __ T[o®e ]
oA Z(A) 0A Tr[efﬂH(M]

Evaluating at A = 0 gives the standard thermodynamic rela-
tion

19
(0R) = -2 —InZ(})

5 (A4)

A=0

To obtain a starting-point expression, we write the numer-
ator of Eq. (A4) in the position basis:

Tr[0G)e #1] = / d (o®eP|X).  (AS)
Since O(®)|x’) = O(x")|x’), the matrix element factorizes as

(x’}O(fc)e_ﬂH ‘x’) =0K) (x’|e_ﬂﬂ |x’). (A6)
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Substituting Eq. (A6) into Eq. (A4) and using Zgm =
[ dx’ (x'|e"PH|x") yields
X A O() (¥'|e= P 1)
(0®) = ! —=

Jdx' (x'|e=PH |x)

Finally, we express the diagonal imaginary-time propaga-
tor as a closed-path integral with basepoint x’,

(x’le”m Ix') = ?{ Dlx()] e*’l"S[x(-);ﬁh]’

(AT)

(A8)

and substitute into Eq. (A7) to obtain the path-integral estima-
tor,

[dx' O(') ¢, Dlx(-)] e SOl

0 5 =
(0®)) f dx’ 9gx/ Dlx()] e—h ' SLx(-);B7]

(A9)

APPENDIX B: CLASSICAL AND HARMONIC LIMIT
OF THE EFFECTIVE POTENTIAL

We start with the “bare” effective potential and PDF as in
(B1):

Vo) = V(o) + me tanh &, D+ 1 | sinh 2&,
t = — — In ———.
eff (Xq Xa ng g, 28 28,
(B1)
As B — 0 (high-temperature/classical limit), we have
tanh inh 2
he oy, SR (B2)
€ 28,

which gives
Veir(Xa) = V (xq). (B3)
For a harmonic oscillator V (x) = mw?*x?/2, we get

mkﬁ 1 2.2
202 2 a

(B4)

which simplifies the effective potential (B1) to

V() mwx? canh Bhw N 1 n sinh Bl (B5)
(X)) = )+ —Ih———.
" Bh 2 28 Bhw

It follows from the exact expression for the density matrix of
the harmonic oscillator (see [1] and [57]) that this effective
potential gives the exact quantum partition function for the
harmonic oscillator.

Similarly, the refined effective potential (39) obtained after
renormalizing (B1) using the scaling factor (33) and applying
the harmonic mapping substitution (36) also yields the right
classical limit

Vin(xa) — V(x0). (B6)

For a harmonic oscillator, the expression (37) is only equal to
the exact quantum PDF up to a constant factor. However, this
can be tackled by a numerical normalization in simulations.
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