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Estimating entropy production in continuous systems that can only be observed with a limited resolution
remains an open problem in stochastic thermodynamics. Existing estimators based on the measurement of
waiting-time distributions either require the detection of Markovian events, which uniquely determine the state
of the system, or assume a discrete underlying dynamics. We present a novel estimator that relies solely on
the detection of a single particle leaving or entering regions, or crossing manifolds, in continuous space. This
estimator is based on the frequency and the duration of transitions between such events. We derive this bound
by introducing two kinds of discretization of space. Finally, we compare our novel bound to the thermodynamic
uncertainty relation improved by correlations using simulations of a Brownian vortex, and we discuss its relation

to other lower bounds to entropy production.

DOLI: 10.1103/zj2b-w93z

I. INTRODUCTION

Stochastic thermodynamics often requires full access to
the slow degrees of freedom of a system in order to de-
termine quantities like heat exchange, work, and entropy
production [1-6]. Inspired by experiments, which cannot re-
solve a microscopic system fully, thermodynamic inference
attempts to infer underlying properties of the system from
the measurement of thermodynamic quantities or to bound
thermodynamic quantities based on such observations [7,8].
Lower [9] and upper [10,11] bounds for the entropy produc-
tion are particularly prominent, as this quantity measures the
departure from equilibrium.

Depending on the measurement scenario, these bounds are
based on different observables, such as currents and their fluc-
tuations [12,13], lumped states [14—17], correlation functions
[18-20], or waiting-time distributions between Markovian or
renewal events [21-23]. Among these bounds, the last class
has received special attention, since it performs better than
the thermodynamic uncertainty relation (TUR) in most cases
[24].

Still, challenges in applying these lower bounds on entropy
production to experimental data remain [25-27]. Particularly
for estimators based on waiting-time distributions, recent
works have explored the impact of finite measurement statis-
tics [28,29] and erroneous [30] or stochastic [31] identification
of renewal events. Even when it is error-prone, the observa-
tion of Markovian events, which determine the state of all
slow degrees of freedom exactly, is required at some points
along the trajectory. However, the prerequisite of having to
measure Markovian events is quite restrictive, since they may
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not be accessible if the observation is a projection of a higher-
dimensional dynamics [32]. To rule out whether an event is
Markovian, the measurement and quantification of memory
has also received attention recently [33-35].

So far, only few estimators that omit the requirement of
observing Markovian events and perform comparably have
been found, one of which applies to blurred transitions in
discrete systems [36,37], and another one which considers
displacements in a fixed time interval in continuous systems
[38]. Our approach generalizes the former by extending the
results of Ref. [36] to continuous systems and is conjugate
to the latter. Instead of the distribution of displacements in a
fixed time as in Ref. [38], our bound considers the varying
time of transitions between fixed regions of space.

A previous attempt to extend the waiting-time-based en-
tropy estimator to continuous systems has been made [39],
but this approach relied on composite events consisting of
two consecutive Markovian events in order to infer direction-
ality and was only applicable to one-dimensional systems.
Our approach is more general in that it is also applicable to
higher-dimensional systems and does not rely on events with
a finite duration.

We start by introducing the dynamics and the type of
observable our estimator is applicable to in Sec. II. We then
present the estimator, highlight the conceptual difficulties in
its proof, and prove it in Sec. III. In Sec. IV, we demonstrate
the bound using simulated data of a simplified Brownian gyra-
tor [40,41] and compare the estimator to the correlation TUR
(CTUR) [42-44].

II. SETUP
A. Dynamics

We consider an overdamped Langevin dynamics in d di-
mensions in which we allow for a space-dependent diffusion
matrix D(x). We focus on the steady state, in which the
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probability of observing the particle at x, p(x), fulfills the
Fokker-Planck equation [6,45]

0=-V-jx), (1)
with the Cartesian components of the current
Ja(x) = [Dop(X)Fp(x) — Dap(x)dp]p(x)
= Vo (x)p(x), 2)

where we adopt the Einstein summation convention, and the
last equality defines the mean local velocity v(x). The total
force F (x) can be split into two contributions,

F(x) =[fx) — VU@, 3)

where U (x) is an external potential and f(x) denotes noncon-
servative forces. In the nonequilibrium steady state, the mean
total entropy production rate of this system can then be written
as

o= /dx v (O)[D ™! () lapvp(x)p(x)

= (U (O)D ™ (X)apvpx)), “4)

where (-) indicates the steady-state average.
On the trajectory level, the equation of motion reads

xfx = Day(xl)Fy(xt) + 8ay (xt)[aﬂgﬁy(xt)] + 8ay (xt)é‘)t/’ (5)

where we set the inverse temperature § = 1 and adopt the
Stratonovich or midpoint discretization rule. The noise is §-
correlated,

(¢L,8h) = 284p8(t — 1), (6)

with the Kronecker symbol, d.p, and the diffusion matrix is
connected to the noise amplitude g(x) via

Dyg(x) = gy (X)gpy (x). @)

The term g, (x')[95gp, (x')] compensates for spurious drift in
this convention.

B. Observables

We assume that an observer cannot fully resolve the tra-
jectory x'. Rather, the particle is only registered when it is in
certain d-dimensional regions in space or crosses certain (d —
1)-dimensional manifolds, which we will often call bound-
aries. In particular, detecting the particle in certain regions is
equivalent to detecting transitions into and out of the region
through the region’s enclosing boundary. Thus, we consider
crossings of (d — 1)-dimensional manifolds that may or may
not enclose a d-dimensional subspace. While our arguments
hold in d dimensions, we will illustrate the concepts in a
two-dimensional system for clarity.

In the example shown in Fig. 1(a), the particle can be
detected whenever it is in either region A or B, and whenever it
crosses the positive y-axis in either direction. However, even
if the particle is in either region, its precise location within
that region cannot be measured. Similarly, while one might be
able to resolve in which direction a crossing of the y-axis takes
place, the precise location where it crosses is not accessible.
Thus, at no point can an observer measure so-called Marko-
vian events, which would allow for a factorization of the path
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FIG. 1. (a) Trajectory of an overdamped Langevin particle in
two dimensions. The blue arrows show the steady-state current at
each point, given by the potential Eq. (46) and nonconservative force
Eq. (47). Whenever the particle is in one of the colored areas, A or
B, or crosses the colored positive y-axis, the observer detects a signal
that reveals which area the particle is in or in which direction it has
crossed the positive y-axis, i.e., Cy or C_. (b) The resulting mea-
surement. From such an infinitely long measurement, the frequency
of transitions between Ay, By, and C. that take a certain time (like
ta,p_) can be reconstructed. The enlarged timeline in the bottom il-
lustrates the infinite number of recrossings that occur for any crossing
of a boundary. The time 74, 5_ (fs, ¢, ) is then measured from the final
occurrence of Ay (B.) to the first occurrence of B_ (Cy). As we
show in Sec. III B, these recrossing events do not contribute to our
entropy production estimator, but necessitate the introduction of two
discretization schemes.

weight in Markovian snippets and the estimator presented
in [23].

A measurement in which only the regions A and B can be
observed might be achieved by single-molecule fluorescence
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correlation spectroscopy [46] with multiple foci to differenti-
ate the different regions [47].

The resulting observation is a sequence of colored signals
and flashes, shown in Fig. 1(b). A signal is detected when-
ever the particle is in one of the observable regions, with a
dark waiting-time in between. Whenever the particle crosses
a boundary such as the positive y-axis in this example, a
corresponding flash is detected instantaneously. We denote an
entry of a region A by A_ and the exit of this same region by
A.. Likewise, we assign the crossings of a boundary in the
two possible directions C; and C_, where the assignment is
arbitrary but fixed. We now use the * symbol to indicate time
reversal such that AL = A; and Cy = Cx. If the directions of
crossings across C cannot be resolved, we denote the corre-
sponding event by C, in which case we have C = C. Due to
the white noise in Eq. (5), any initial crossing of a boundary
will be followed by an infinite number of recrossings of this
boundary. Eventually, the final crossing occurs, after which
the particle moves away from the boundary. We illustrate this
for the event C. in the lower half of Fig. 1(b) and discuss it in
more detail in Sec. III B.

By measuring, e.g., the time between the final exit from B
to the first occurrence of C,, we can count the number n;_, ;(;)
of transitions from an initial event / to a final event J that
take a certain time iAt <t < (i + 1)Atz, with the bin width
At. We can ignore the recrossing transitions I — I, which we
will explain in Sec. III B. The frequency of transitions can be
constructed from such an observation as

w0 = Jim Jim A0 ®)
As we will show, this observable, based on the occurrence of
non-Markovian events, yields a lower bound on the mean total
entropy production.

Crucially, the type of observable we picture in this con-
tinuous setting implicitly assumes the properties of transition
classes required in [36]. Here, in a discrete system, transitions
are lumped into transition classes, which have to be either
odd or even under time reversal, i.e., under time reversal, each
transition class 7 is mapped to ejther itself (even) or to another,
unique transition class I, with I = I (odd).

In our case, the observation of states is equivalent to
the observation of all exiting and entering transitions, where
“exiting” constitutes the time-reversed transition class of “en-
tering” and vice versa, such that these transition classes are
odd under time reversal. For crossing boundaries like the
positive y-axis in the example above, transitions need to
be observable across both directions, though not necessarily
distinguishable. If the directions of transitions are not distin-
guishable, they form an even transition class. Otherwise, they
form an odd one.

III. ENTROPY ESTIMATOR
A. Main result

On a fundamental level, the entropy production rate mea-
sures the distance to equilibrium of a system by quantifying
the time asymmetry as the log-ratio of the probability of a
fully resolved forward trajectory y and a fully resolved back-
ward trajectory . The steady-state entropy production rate is

then the average [4—6]

o = lim i<ln Ij[—l/]> 9)
T—oo T\ Ply]

Typically, the full underlying trajectory cannot be resolved,
but only some coarse-grained version Y, which has the path
weight

P[Y]=)"Plyl, (10)

yeY

where the sum is taken over all different paths y that appear
as the coarse-grained path Y to the observer. Crucially, this
coarse-graining procedure needs to commute with time rever-
sal [48], such that

P[T1=) Pyl (11)

g

=

€

<t

For such a many-to-one mapping of microscopic trajectories
y to observable trajectories Y, the log-sum inequality yields

.1 < P[V]> ] < P[T]>
lim —(In = > lim —(In ——). (12)

Thus, the entropy production inferred from the coarse-grained
trajectory is always less than that inferred from the fully
resolved one.

The trajectory Y may feature certain events i, j, ... that
uniquely determine the state of the system, such that the path
weight factorizes [23]

P[T'] = p(io)p(ir, tilio, 10)p(iz, t2]iy, 1) ..., (13)
where I" denotes a trajectory featuring such Markovian events.
The probabilities

p(in+l’tn+l|in»tn) = pQn+1s tnt1 — tylin) (14)

are called waiting-time distributions and depend only on the
time difference #,+; — t,. For a more compact notation, we
denote them by ;_, ;(¢) for an arbitrary initial event i and final
event j. Integrating such a waiting-time distribution over time
yields the transition probability

pw=ﬁdmﬂm (15)

and an additional summation over the final events yields the
normalization

Y opiei=1 (16)
J

Plugging the factorization (13) in Eq. (12) yields

1 In Yii—i, (1) - Wi, i, (En)
1'blru*ﬁn—l ([") ce wfz*)f] (tn)

_ it o (1 i@
= 2}:/0 dt vy (t)In V@)’ (17)

where the boundary terms vanish in the limit 7 — oo. For
the second identification, we split the In(-) into a sum of
corresponding time-reversed pairs In[y;, ;(7)/v;_,;(1)]. With
the factor 1/T, the number of terms with a specific triplet
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i, j,t is the frequency of occurrence of such transitions, re-
sulting in the second line of Eq. (17), with the frequency of
the initial event 7, v;. Thus, waiting-time distributions between
Markovian events provide a lower bound on the mean entropy
production rate. This greatly reduces the size of the expo-
nentially large space of possible trajectories that needs to be
sampled to obtain an estimate of the entropy production rate,
because the time between Markovian events is much shorter
than the duration of the full trajectory.

As a main result of this paper, we show that a superficially
similar bound based on the observable introduced in Eq. (8)
also yields a lower bound on the entropy production rate of a
system with the Langevin dynamics (5),

00 L
a}Z/deW“”O (18)
1.0 70

viLi(1)’

which, however, does not rely on the observation of Marko-
vian events. In proving this bound, we will come across two
conceptual challenges, one of which is best illustrated in a
simple model in one dimension.

B. The need for discretization
1. Discretizing the distance to the manifold

We consider a simple one-dimensional model in which the
particle moves in a confining potential and can be detected in
two regions, one on the left and one on the right; see Fig. 2(a).
Due to a lack of thermodynamic cycles, the steady-state en-
tropy production rate in this system is zero. Nevertheless,
this system is useful to demonstrate one of the conceptual
challenges in our proof.

In this model, there are two relevant transition frequencies,
va, »p_(t) and vg, .4 _(t). These each split into two contribu-
tions

Vg () = vy (1), (19)

with 7 € {A;,By} and J € {A_, B_}. The frequency with
which the particle exits / is vy, and v, ;(¢) is the waiting-time
distribution of entering J after time ¢, given that the particle
has left the region [ at time 0.

The first conceptual difficulty we face is that the quantities
vy and ¥, ,(¢) are formally ill-defined. Let us consider, for
example, a trajectory in which the particle leaves A and enters
B some time later. After exiting A and starting at a point xu
at time ¢ = 0, the particle will recross this point infinitely
often in a finite time interval before reaching the boundary
of B at xz. Even though there is a final point in time at
which the particle is at x4, the particle will be at x4 infinitely
often between r = 0 and this final time. Thus, the event A
occurs infinitely often before the event B_ occurs, making vy,
appear to be infinite. Additionally, the transition probability
appears to be pa, .y = 84, a_, which would lead to the false
conclusion that transitions from the region A to the region B
do not happen.

Further, the waiting-time distribution Y4, .p () is ob-
tained by solving the Fokker-Planck equation corresponding
to Eq. (5) with absorbing boundary conditions at the ob-
servable states and initial condition p(x, = 0) = §(x — x4).
Since x4 is itself an observable point and thus an absorbing

(b)

FIG. 2. Two types of discretization. (a) Discretizing the distance
to the boundary. In this one-dimensional model, the distance to
the boundary needs to be discretized in order for the waiting-time
distribution from A to B to be well defined. This scheme allows for
the identification of v§ as flux between the discretized states and
the expansion of rates Eq. (21). (b) Discretizing the boundary itself.
From this scheme, the scaling behavior of /7, ;,(t)ase — Ocanbe
deduced. The probability of choosing a geometric, i.e., undirected,
path that reaches a specific segment r on J scales as €?~!. Starting
a distance € away from the initial boundary, the particle can move
forward and backward along the specific geometric path marked in
purple, as indicated by the black arrows. Thus, reabsorption at the
initial boundary remains possible. The probability of reaching J from
I given such a one-dimensional geometric path scales as €.

boundary, the initial condition places the particle on an ab-
sorbing boundary.

Both of these apparent contradictions can be resolved by
discretizing the space around x4 [49-51], thus letting the par-
ticle start a distance € away from the boundary. This scheme
is illustrated in Fig. 2(a). At each boundary, there are two
discrete states: one that sits just within the observable region,
xa.p, and one that is a distance € away from it, x4 p L €.
This discretization allows us to calculate how the frequency
of A4 in this discretized system, vj , diverges as € — 0 by
identifying v§ ~as the flux across the observable boundary

v, = puka.. (20)

where p,, is the probability of finding the particle at the dis-
cretized state x4. Both the forward rate k4, and the backward
rate k4_ can be expanded as [52]

)(1 T e%) 1)

. ~ Do) <1 i Sl

€2
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where the leading order diffusive contribution scales as € 2.

As a one-dimensional probability, p,, scales with €, such that
overall, vf‘+ diverges with 1/e.

Placing the particle a distance € away from the closest
absorbing boundary also leads to a well-defined waiting-time
distribution, for which we can then analyze the ¢ — 0 behav-
ior. The waiting-time distribution can be formally split into
two probabilities

1/;11%37 (t) = p®(no return)p®(B_, t|A, no return).  (22)

Having started from x4 + €, p®(noreturn) is the prob-
ability of not returning to x4 before reaching xpz, and
pf(B_,t|A4, noreturn) is the probability of reaching xp at
time ¢ conditional to not returning to x4 before. The latter is
of order € = O(1), because in one dimension, the particle is
sure to reach xp eventually if it is not absorbed at x4. The for-
mer is the so-called splitting probability, for which no general
solution exists. However, for a constant force F(x) = f, and
after choosing coordinates in which x4 = 0, the probability
of reaching xp starting from x(# = 0) = € can be explicitly
calculated [53],

1—e /€ f

pf(no return) = =

2
[ —oTm — 1 _oTu® +0(e7). (23)

With this result, we argue that the scaling p°(no return) ~
€ is universal in leading order. For any smooth total force
F(x), we can choose an intermediate point x; that is close
enough to x4 such that a constant force between x4 and x;
is a good approximation. Then, we can split the splitting
probability as

pS(noreturn) = p(x;|xa)p(xplxr), (24)

where p€(x;|x4) is the probability of reaching x; starting from
Xxa + € without returning to x4, and p(xg|x;) is the proba-
bility of reaching xp starting from x; without returning to
x4. Since the latter is independent of € and the former is
equal to Eq. (23) after replacing xp with x;, €' is always the
leading order in the scaling of p*(no return). Thus, ¥5 _ 5 (1)
vanishes with order € in leading order in one dimension.

Overall, with v§ diverging with 1/€ and ¥§ _ p (7) van-
ishing with €, their product vg _ , (7) remains a well-defined
quantity in one dimension.

We have thus established the need to discretize the space
around the boundary of observable regions and observable
boundaries in one dimension. Since the apparent contradic-
tions we have illustrated in one dimension also occur in higher
dimensions, the same discretization needs to be performed.
For any point on the (d — 1)-dimensional manifold, x;, we
need to introduce another discrete state close to the manifold,
X, + en, where n is the normal vector in the direction of the
transition in question. In Fig. 1(a), these states would sit to the
left (right) of the positive y-axis for the initial transition C
(C-). Moreover, in higher dimensions, a further discretization
is also necessary.

2. Discretizing the manifold itself

For our proof, we need to consider a more detailed level
of description, in which the exit point s along the boundary
ol and the entry point 7 on dJ can be resolved. We can then

make use of the fact that these events are Markovian, which
after some additional algebra lets us apply the bound Eq. (17).
These detailed entry and exit events are denoted by i; and j,,
respectively.

As we have established, the particle must be placed a
distance € away from the boundary for the frequency of the
initial event v; and the waiting-time distribution from i; to j,
to be well-defined. In one dimension, this was sufficient, as
there can be at most a countable number of enclosing points
for any observable region. In higher dimensions, this is no
longer the case, as we illustrate in Fig. 2(b). The number of
points on the enclosing boundary of / and J is infinite, such
that the probability of hitting the J at precisely the point 7 is
Zero0.

Again, the solution is to introduce a second, conceptually
different discretization: rather than considering points on the
boundary, we consider small segments of size €. Then, every
transition iy — j, from a small segment s on / to another small
segment r on J contributes to the coarse-grained transition
from I to J, such that the coarse-grained frequencies are
connected to the fine-grained ones via

v =) Y i)=Y Y vl (1) (25)

sedl redJ sedl redJ

For a finite segment size, the events i; are no longer Marko-
vian, since the state of the particle is no longer uniquely
determined by the occurrence of i;. However, Markovianity is
recovered in the limit € — 0. Therefore, we are interested in
the scaling of the quantities on the right-hand side of Eq. (25)
in this limit. We deduce this scaling for each quantity in d
dimensions with the following simple arguments.

The expansion Eq. (21) holds regardless of d, such that the
jump rate scales as € 2 in all dimensions. The probability of
observing the particle at the discretized state within the region,
however, scales with €. Thus, v§ scales as e?2,

For 1/ffﬁ i (t), we consider all geometric, i.e., undirected
paths between the initial point x; + en that the particle is
at after the event i; has occurred and some final point y,
that the particle is at after the final absorbing event j, has
occurred. In d dimensions, the absorbing boundaries are (d —
1)-dimensional manifolds. Thus, the probability of selecting
a geometric path to any particular segment r scales as €/~ !.
However, this probability is conditional to not returning to
the initial point, as in Eq. (22). We illustrate this in Fig. 2(b),
where we show some of the possible paths to other segments
in gray. Along a particular geometric path, marked in purple,
the particle may take forward and backwards steps and may
even be reabsorbed at x;. Thus, we also need to consider
the probability of successfully completing the geometric path
from x; to y,. As each geometric path is one-dimensional,
regardless of how many dimensions it is embedded in, we can
employ the arguments from Sec. IIIB 1 for the probability
of successfully completing the transition. This probability
then scales with €' in leading order. Thus, in total ¥¢_ . (¢)

s> Jr
scales as €/ and thus vf_ ;. (1) scales as €Xd-1_ Note that
this is the frequency with which the transitions between van-
ishingly small segments of (d — 1)-dimensional manifolds
occur, which is expected to vanish. When considering the

coarse-grained observable in Eq. (25), we still need to perform
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a double summation over the initial and final microscopic
events. The number of summands in both > _,, and >, .,
scales with e ~@~D such that the expression on the left-hand
side of Eq. (25) remains well-defined of the order O(1).

To summarize, the different scaling behaviors are

pi~ €, (26)
ki ~ €72, (27)
vi ~ed2, (28)
pf(no return) ~ €, 29)
vl ) ~ e, (30)
D~ (31)
seol
and v, () ~ €’ =0(). (32)

Fluctuations of empirical density and current are other ob-
servables for which the need to coarse-grain continuous space
has been established [54]. With these preliminary remarks, we
can move on to prove the bound Eq. (18).

C. Proving the bound
We start by applying the log-sum inequality to Eq. (18),

VI—)J (t)
2:/ dr vy o) 2
®

22/ drvi_; (t)In ‘f*f'(), (33)

1J sedl Jr=s
reaJ

which holds for any small €, and 7, J run over all events in-
cluding their time-reversed ones. Note that in the special case
of transitions /4 — Iy on the left-hand side and transitions
iy — i, on the right-hand side, the In(-) term is identical to
0, since after applying the time reversal, the nominator and
denominator are the same. Thus, the diverging frequency of
recrossing transitions is not an issue in this sum. Similarly,
the frequency of transitions which cannot occur due to the
topology of the regions and boundaries, like A_ — A_, is
zero, such that the corresponding terms do not contribute to
the sums on either side of inequality (33). Applying the fac-
torization (19) to the right-hand side of inequality (33) leads
to

Vi, ()

T3 [ on

1,J sedl J,~>l
redJ

e vi,,®
_ZZ/ devidi (0l 22 f()

1,J sedl Jr—=ls
reaJ

6

F 2 i n

1,J seol Jr
redJ

— of, + 0t (34)

In the following, we will show that U;w’ which is related
to the path weight of a trajectory I', provides a lower bound
to o in the limit € — 0. Moreover, oy is the local entropy
production of the observable boundaries and will be shown to

vanish.
>, (35)

Asin Eq. (17), o

where on the right-hand side, iy, i;, ... is the sequence of
events in a long trajectory, without recurrent events i; — i;. To
later identify the nominator and denominator as path weights
of the forward and backward trajectory, respectively, these
recurrent events can be added, since the corresponding log
ratio is zero. Further, we need to take the limit ¢ — 0, such
that each event i; becomes Markovian. We thus recover a fac-
torization of the path weight as in Eq. (13). Keeping track of
the orders of € using the scaling we have derived in Sec. III B
yields

., can be rewritten as

U] v e ().
In
Yi S@YE_ ().

i1—1lo bh—1)

e .
of, = lim —
pw T—oo T

Ui 0) X XY (1) = 0(eM). (36)

The same scaling holds for the denominator, as it contains
the same number of waiting-time distributions, such that the
dependence on € in Eq. (35) cancels. Thus, the expression oy,
stays well-defined in the limit € — 0 and can be interpreted

as the bound to entropy production Eq. (17),

11rr(1) i, <o 37

e—0 PV =
which completes the first half of our proof.
By using the normalization Eq. (16), we can rewrite the
second term on the right-hand side of Eq. (34) as
6

Glzczzzvlvplﬁj, % —ZZ (vi — v 1n

1,J seodl Jr 1 seodl
redJ

(38)

where the summation runs over each segment once. By once
again introducing a discretization in the vicinity of the point
Xy, as in Fig. 2(a), we can identify

vi =k ()p(y); v = kT (x)pes +en),  (39)

where p(x;) = €?p(x,) is the probability on the discretized
network in d dimensions, k™ is the jump rate for the transition
corresponding to the occurrence of iy, and k~ is the one for
i;. We can once again use the expansion Eq. (21) by using
nD(x,)n as the local diffusion coefficient, and by replacing
the forces by their projection along n. By also expanding the
probabilities as

p(xs +en) = p(x,)[1 + enV, In p(x,)], (40)
the log-ratio in Eq. (38) becomes
vi pOs)k" (x5)
In—=Ih————F—
V; p(xs + Gn)k_(xs)
~ €[Fy(xg) — V,1n p(x,)]
—¢ vn(xs) , (4])
nD(x;)n
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in leading order of € and by identifying the local mean veloc-
ity from Eq. (2).
Through the same expansions, we obtain
1
Vi, = Vi —p(s)[nD o] F(xs) — nVy In plxs)]

p(xs)

U (Xs), (42)

where we again 1dent1fy the mean local velocity from Eq. (2).
Plugging Eqgs. (41) and (42) in Eq. (38) yields

35 (v -t ln——Zp( 2 ”D(( )) (43)

1 sedl

Finally, we replace the sum over probabilities with an integral
over the probability density. Taking into account that only
the transitions across any observable boundary are summed
over, the summation turns into an integral across the close
proximity of the boundary,

> plxy) — Z/ ds/Sdn, (44)
- T Jar  Jo

where the first integral is a line integral across each observable
(d — 1)-dimensional manifold, and the second integral is over
the direction perpendicular to this surface. We can then further
identify the local entropy production rate from Eq. (4),

o (xs)
Z;ﬂ“/d““)Dmm
:§1/m/lw@mu¢ (45)
I ol 0

which establishes the relation between o  and the local
entropy production rate in Eq. (4). Since this local entropy
production rate is integrated only over the observable (d — 1)-
dimensional manifolds, the integral in Eq. (45) vanishes in the
limit ¢ — O for nonsingular forces, and we end up with the
inequality Eq. (18).

In contrast, in Ref. [36] a similar term in Markov net-
works yields a finite contribution to the entropy bound even
for nonsingular forces. As we have shown, the expression in
Eq. (38) can be seen as a local entropy production rate. In
Markov networks, this is the entropy production associated
with transitions across observable links. Except when all ob-
servable links fulfill local detailed balance, this yields a finite
contribution and may even be the full entropy production of
the Markov network, if only observable links break detailed
balance. In continuous systems, the expression Eq. (38) is the
entropy production associated with the displacement over a
boundary. Since the distance between either side of a bound-
ary vanishes, so does the entropy production associated with
this displacement. This contribution is of O(1) only in the case
of singular forces that would arise from a potential step. It is
then still bounded by o, which would introduce an additional
factor 1/2 to the estimator Eq. (18).

IV. NUMERICAL DEMONSTRATION

We demonstrate our result with numerical simulations of a
Brownian vortex in a harmonic trap. The harmonic potential

is given by

vm=§w+ﬁx (46)

with the trap strength x. The nonconservative driving force
reads

fe) = y(_yx), 47)

with the driving strength y . Further, to keep the model simple,
we assume that the diffusion matrix is diagonal

D(x) = DI, (48)

with the identity matrix I. Since the nonconservative force and
the potential are radially symmetric and the diffusion coeffi-
cient is homogeneous, the steady-state probability distribution
is the equilibrium Boltzmann distribution

px) o exp[—V (x)], (49)

which allows for a straightforward calculation of the mean en-
tropy production rate of this system. The mean local velocity
is given by

v(x) =D[-VV(x)+ f(x) —
Plugging this into Eq. (4) yields

Vinpx)] =Df(x). (50)

2Dy?

+ (%) =

We consider two different observation scenarios for our
demonstration. In the first one, the particle can be detected if
itis in region A and if it is in region B as shown in Fig. 1(a). In
the second scenario, crossings of the positive y-axis and their
respective direction can be resolved in addition to observing
the regions A and B. We denote crossing from right to left as
C, and the time-reversed crossings from left to right as C_.
In this scenario, we can then measure the finite-time current
across the boundary C in addition to the time spent in A and
the time spent in B. We can then apply the CTUR [42—44] and
compare it to our estimator (18), which includes the events
{As, Bx, Ci}.

We simulate long trajectories using the Euler-Maruyama
method to obtain empirical frequency distributions D;_, ;(#;).
We do so by counting the number of transitions Ny_,;(t;) be-
tween the observable events that take a time #; <t < ; + At.
Since we cannot simulate infinitely long trajectories, we need
to discretize the continuous time argument of v;_;(t;). The
empirical histogram of v;_,,(¢) after a total simulation time T
is then given by

o = Dy*((x?) (51

Doy (t;) = Ny (t;)/T At. (52)

We plug this quantity in Eq. (18) to obtain the lower bounds
oap and oapc for each observation scenario.

The empirical current is sampled by counting the number
of occurrences of C, and C_ within a time frame iTcryr <
t < (+ 1)Tcrur With 0 < Tetur < T, which we denote
Néi. Along a long trajectory, this gives many samples of the
empirical current

Ne, —Ne.

TcTur

)

j= (53)
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1.0 1.0

FIG. 3. Quality factor of different estimators in the Brownian
vortex model. (a) Quality factor as a function of the distance of
the center of the two observable regions from the x-axis, dog, cf.
Fig. 1(a). There is an optimal intermediate offset for which the
quality factor Qup reaches its maximum. (b) Quality factor as a
function of driving strength y. All three lower bounds perform better
close to equilibrium. Parameters used are dsp = 2, r4 = rp = 0.75,
T =6x 107, TCTUR = ]00, At = ]072.

which is the integral of the current density (2) across the
positive y-axis. Across this line, recrossing events do not con-
tribute to the net difference between the number of jumps in
either direction. At the end of the observable boundary, paths
starting in the segment [0, €) on the y-axis can either recross,
or they can cross through the unobserved segment [—¢, 0) and
cross through [0, €) again after. However, the latter case no
longer includes recrossing events and is thus a well-defined
contribution to the current across the positive y-axis.

From these empirical current samples, we can calculate
the sample mean (j'y and the sample variance var(j'). As in
[44], we consider the time-integral of the inverse occupation
fraction as state observable Z, with the empirical value

5i T
7' = Z o (54)

where 7! is the time spent in state s during the trajectory sam-
ple i and s € {A, B, not detected}, such that ZS rf = TeTur.-
The CTUR is then calculated using the Pearson correlation
coefficient

cov(ji, 721
Koz = e (55)

V/var(ji)var(Z1) ’
as
2(GY)

= . 56
Terurvar(jH(1 — X,zz) 0

OCTUR =

For a sensible comparison between oap, oapc, and ocryur,

we consider the quality factor

0, = C;—’" m € {ABC, AB, CTUR]}, (57)
which quantifies how much of the true entropy production rate
is recovered by each estimator.

We vary the distance of the centers of A and B to the x-axis,
which we denote dyg and the strength of the nonconservative
driving y. The results are shown in Fig. 3, where we show the
quality factor as a function of dug and y.

In Fig. 3(a), there is an optimal offset dyg for Oap. For
doir = 0, the measured waiting-time distributions are equal

due to symmetry. Conversely, for dox — oo the current intro-
duced by the vortex vanishes due to the confining potential.
At the optimal offset, this estimator outperforms the CTUR
without measuring any time asymmetric observables. Even
more remarkably, the observation of only two states contains
no cycles such that there are as many transitions A, — B_ as
B, — A_. Thus, the entire inferred entropy production rate
stems from the asymmetry in the time a transition A, — B_
takes compared to a transition By — A_.

For oapc, the additional observation of C; and C_ breaks
the symmetry of the system even at dogr = 0. This lower bound
contains the cycles A, > B —- B, - C, - A_, A, —
C_ — A_,B, - C; — B_, and their time-reversed counter-
parts. In this way, oagc performs best since it can incorporate
the most information.

In Fig. 3(b) we show the three quality factors as a func-
tion of y. With increasing driving strength, i.e., further from
equilibrium, the quality factor of each lower bound decreases.

V. CONCLUSION

We have presented a novel lower bound on the entropy
production rate based on the frequency of transitions of a
single particle between coarse-grained regions of space. The
strength of our bound is that it includes the full information of
the transition-times between these regions and that it does not
rely on the observation of Markovian events. As a trade-off, it
yields a looser bound than if Markovian events were accessi-
ble through a more detailed level of observation, technically
arising from the log-sum inequality (33).

In continuous systems, waiting-time distributions between
observable, and thus absorbing, boundaries are ill-defined.
We have addressed this issue by introducing two kinds of
discretization, which shows that relevant functions of these
quantities, in particular the frequency of transitions with a
certain transition time, remain well-defined in the continuum
limit. In [39], this issue was circumvented by considering
composite events, i.e., consecutive crossings of certain points,
as renewal events. In such a scheme, the particle is not placed
on an absorbing boundary when calculating the waiting-time
distribution. However, the approach in [39] could only be
applied in one dimension. Thus, we think that transition
frequencies, rather than waiting-time distributions, might be
of interest in other systems with different kinds of Marko-
vian events and lead to further lower bounds on entropy
production.

The log-sum inequality (33) holds for any many-to-one
coarse-graining of the underlying Markovian events that leads
to even or odd transition classes such as the one presented here
and in [36]. Further, the factorization Eq. (19) is generic and
thus the resulting expressions o5, and oy also appear quite
generally for such coarse-graining schemes. The challenge
is to meaningfully identify o as a lower bound to entropy
production for a given type of Markovian event. For blurred
transitions in Markov networks, this has been achieved in
Ref. [36], which we have generalized to blurred infinitesimal
transitions in overdamped Langevin dynamics. We expect that
identifying o} as a lower bound to entropy production is pos-
sible in more coarse-graining schemes and offers a promising
path for further research.
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Finally, it would be interesting to study this coarse-graining
scheme for multiparticle systems and for underdamped dy-
namics.

ACKNOWLEDGMENT

We thank Alexander M. Maier for insightful discussions.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

[1] K. Sekimoto, Stochastic Energetics (Springer, Berlin, 2010).

[2] C. Jarzynski, Equalities and inequalities: Irreversibility and the
second law of thermodynamics at the nanoscale, Annu. Rev.
Condens. Matter Phys. 2, 329 (2011).

[3] C. Van den Broeck and M. Esposito, Ensemble and trajectory
thermodynamics: A brief introduction, Physica A 418, 6 (2015).

[4] L. Peliti and S. Pigolotti, Stochastic Thermodynamics. An Intro-
duction (Princeton University Press, Princeton, NJ, 2021).

[5] N. Shiraishi, An Introduction to Stochastic Thermodynamics,
Fundamental Theories of Physics (Springer, Singapore, 2023).

[6] U. Seifert, Stochastic Thermodynamics (Cambridge University
Press, 2025).

[7]1 U. Seifert, From stochastic thermodynamics to thermodynamic
inference, Annu. Rev. Condens. Matter Phys. 10, 171 (2019).

[8] C. Dieball and A. Godec, Perspective: Time irreversibility in
systems observed at coarse resolution, J. Chem. Phys. 162,
090901 (2025).

[9] U. Seifert, Universal bounds on entropy production from fluctu-
ating coarse-grained trajectories, Nat. Rev. Phys. 8, 493 (2026).

[10] T. Nishiyama and Y. Hasegawa, Upper bound for entropy pro-
duction in Markov processes, Phys. Rev. E 108, 044139 (2023).

[11] G. Bakewell-Smith, F. Girotti, M. Guta, and J. P. Garrahan,
General upper bounds on fluctuations of trajectory observables,
Phys. Rev. Lett. 131, 197101 (2023).

[12] A. C. Barato and U. Seifert, Thermodynamic uncertainty rela-
tion for biomolecular processes, Phys. Rev. Lett. 114, 158101
(2015).

[13] T. R. Gingrich, J. M. Horowitz, N. Perunov, and J. L. England,
Dissipation bounds all steady-state current fluctuations, Phys.
Rev. Lett. 116, 120601 (2016).

[14] S. Rahav and C. Jarzynski, Fluctuation relations and coarse-
graining, J. Stat. Mech. (2007) P09012.

[15] M. Esposito, Stochastic thermodynamics under coarse-
graining, Phys. Rev. E 85, 041125 (2012).

[16] D. J. Skinner and J. Dunkel, Improved bounds on entropy
production in living systems, Proc. Natl. Acad. Sci. USA 118,
€2024300118 (2021).

[17] B. Ertel, J. van der Meer, and U. Seifert, Operationally ac-
cessible uncertainty relations for thermodynamically consistent
semi-Markov processes, Phys. Rev. E 105, 044113 (2022).

[18] L. Oberreiter, U. Seifert, and A. C. Barato, Universal minimal
cost of coherent biochemical oscillations, Phys. Rev. E 106,
014106 (2022).

[19] A. Dechant, J. Garnier-Brun, and S. I. Sasa, Thermodynamic
bounds on correlation times, Phys. Rev. Lett. 131, 167101
(2023).

[20] C. Dieball and A. Godec, Thermodynamic correlation inequal-
ities for finite times and transients, J. Phys. A 58, 255001
(2025).

[21] J. van der Meer, B. Ertel, and U. Seifert, Thermodynamic in-
ference in partially accessible Markov networks: A unifying
perspective from transition-based waiting time distributions,
Phys. Rev. X 12, 031025 (2022).

[22] P. E. Harunari, A. Dutta, M. Polettini, and E. Roldan, What to
learn from a few visible transitions’ statistics? Phys. Rev. X 12,
041026 (2022).

[23] J. van der Meer, J. Degiinther, and U. Seifert, Time-resolved
statistics of snippets as general framework for model-free en-
tropy estimators, Phys. Rev. Lett. 130, 257101 (2023).

[24] J. Gu, Counterexamples to the conjectured ordering between the
waiting-time bound and the thermodynamic uncertainty bound
on entropy production, arXiv:2601.04039.

[25] K. Song, D. E. Makarov, and E. Vouga, Information-theoretical
limit on the estimates of dissipation by molecular machines
using single-molecule fluorescence resonance energy transfer
experiments, J. Chem. Phys. 161, 044111 (2024).

[26] K. Blom, K. Song, E. Vouga, A. Godec, and D. E. Makarov,
Milestoning estimators of dissipation in systems observed
at a coarse resolution, Proc. Natl. Acad. Sci. USA 121,
€2318333121 (2024).

[27] M. Baiesi, T. Nishiyama, and G. Falasco, Effective estimation
of entropy production with lacking data, Commun. Phys. 7, 264
(2024).

[28] J. H. Fritz, B. Ertel, and U. Seifert, Entropy estimation for
partially accessible Markov networks based on imperfect ob-
servations: Role of finite resolution and finite statistics, Phys.
Rev. E 111, 044106 (2025).

[29] A. M. Maier, J. H. Fritz, and U. Seifert, Pedestrian’s ap-
proach to large deviations in semi-Markov processes with an
application to entropy production, Phys. Rev. E 113, 014119
(2026).

[30] J. van der Meer and K. Saito, Thermodynamic bounds and error
correction for faulty coarse graining, Phys. Rev. Res. 7, 043260
(2025).

[31] A. M. Maier, B. Hisler, and U. Seifert, Compensating random
transition-detection blackouts in Markov networks, Phys. Rev.
Lett. 136, 247101 (2026).

[32] A. Godec and D. E. Makarov, Challenges in inferring the di-
rectionality of active molecular processes from single-molecule
fluorescence resonance energy transfer trajectories, J. Phys.
Chem. Lett. 14, 49 (2023).

[33] A. Lapolla and A. Godec, Toolbox for quantifying memory
in dynamics along reaction coordinates, Phys. Rev. Res. 3,
L022018 (2021).

[34] L. Vollmar, R. Bebon, J. Schimpf, B. Flietel, S. Celiksoy, C.
Sonnichsen, A. Godec, and T. Hugel, Model-free inference of
memory in conformational dynamics of a multi-domain protein,
J. Phys. A 57, 365001 (2024).

034109-9


https://doi.org/10.1146/annurev-conmatphys-062910-140506
https://doi.org/10.1016/j.physa.2014.04.035
https://doi.org/10.1146/annurev-conmatphys-031218-013554
https://doi.org/10.1063/5.0251089
https://doi.org/10.1038/s42254-026-00954-5
https://doi.org/10.1103/PhysRevE.108.044139
https://doi.org/10.1103/PhysRevLett.131.197101
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1103/PhysRevLett.116.120601
https://doi.org/10.1088/1742-5468/2007/09/P09012
https://doi.org/10.1103/PhysRevE.85.041125
https://doi.org/10.1073/pnas.2024300118
https://doi.org/10.1103/PhysRevE.105.044113
https://doi.org/10.1103/PhysRevE.106.014106
https://doi.org/10.1103/PhysRevLett.131.167101
https://doi.org/10.1088/1751-8121/ade2c0
https://doi.org/10.1103/PhysRevX.12.031025
https://doi.org/10.1103/PhysRevX.12.041026
https://doi.org/10.1103/PhysRevLett.130.257101
https://arxiv.org/abs/2601.04039
https://doi.org/10.1063/5.0218040
https://doi.org/10.1073/pnas.2318333121
https://doi.org/10.1038/s42005-024-01742-2
https://doi.org/10.1103/PhysRevE.111.044106
https://doi.org/10.1103/44r5-fjdm
https://doi.org/10.1103/p3zx-7txy
https://doi.org/10.1103/p8yf-12yz
https://doi.org/10.1021/acs.jpclett.2c03244
https://doi.org/10.1103/PhysRevResearch.3.L022018
https://doi.org/10.1088/1751-8121/ad6d1e

JONAS H. FRITZ AND UDO SEIFERT

PHYSICAL REVIEW E 114, 034109 (2026)

[35] X. Zhao, D. E. Makarov, and A. Godec, Towards Markov-state
holography, New J. Phys. 27, 125002 (2025).

[36] B. Ertel and U. Seifert, Estimator of entropy production for
partially accessible Markov networks based on the observation
of blurred transitions, Phys. Rev. E 109, 054109 (2024).

[37] P. E. Harunari, Uncovering nonequilibrium from unresolved
events, Phys. Rev. E 110, 024122 (2024).

[38] A.Lanza, I. Martinez-Martin, R. Tapia-Rojo, and S. Bo, Experi-
mentally accessible measurement of irreversibility in stochastic
systems by categorizing single-molecule displacements, Phys.
Rev. X 16, 031052 (2026).

[39] E. Meyberg, J. Degiinther, and U. Seifert, Entropy production
from waiting-time distributions for overdamped Langevin dy-
namics, J. Phys. A 57, 25LT01 (2024).

[40] R. Filliger and P. Reimann, Brownian gyrator: A minimal heat
engine on the nanoscale, Phys. Rev. Lett. 99, 230602 (2007).

[41] 1. Di Terlizzi, M. Baiesi, and F. Ritort, Variance sum rule: Proofs
and solvable models, New J. Phys. 26, 063013 (2024).

[42] P. Pietzonka, F. Ritort, and U. Seifert, Finite-time generalization
of the thermodynamic uncertainty relation, Phys. Rev. E 96,
012101 (2017).

[43] J. M. Horowitz and T. R. Gingrich, Proof of the finite-time
thermodynamic uncertainty relation for steady-state currents,
Phys. Rev. E 96, 020103(R) (2017).

[44] A. Dechant and S. I. Sasa, Improving thermodynamic bounds
using correlations, Phys. Rev. X 11, 041061 (2021).

[45] H. Risken, The Fokker-Planck Equation, 2nd ed. (Springer-
Verlag, Berlin, 1989).

[46] P. Schwille, J. Korlach, and W. W. Webb, Fluorescence corre-
lation spectroscopy with single-molecule sensitivity on cell and
model membranes, Cytometry 36, 176 (1999).

[47] T. Otosu, K. Ishii, and T. Tahara, Multifocus fluorescence cor-
relation spectroscopy with spatially separated excitation beams,
Bull. Chem. Soc. Jpn. 92, 1495 (2019).

[48] D. Hartich and A. Godec, Emergent memory and kinetic hys-
teresis in strongly driven networks, Phys. Rev. X 11, 041047
(2021).

[49] S. N. Majumdar and A. Comtet, Airy distribution function:
From the area under a Brownian excursion to the maxi-
mal height of fluctuating interfaces, J. Stat. Phys. 119, 777
(2005).

[50] E. Barkai, E. Aghion, and D. A. Kessler, From the area under
the Bessel excursion to anomalous diffusion of cold atoms,
Phys. Rev. X 4, 021036 (2014).

[51] FE. Mori, S. N. Majumdar, and G. Schehr, Time between the
maximum and the minimum of a stochastic process, Phys. Rev.
Lett. 123, 200201 (2019).

[52] P. Pietzonka and U. Seifert, Entropy production of active par-
ticles and for particles in active baths, J. Phys. A 51, 01LTO1
(2018).

[53] S. Redner, A Guide to First-passage Processes (Cambridge
University Press, Cambridge, 2001).

[54] C. Dieball and A. Godec, Mathematical, thermodynamical, and
experimental necessity for coarse graining empirical densities
and currents in continuous space, Phys. Rev. Lett. 129, 140601
(2022).

034109-10


https://doi.org/10.1088/1367-2630/ae24a2
https://doi.org/10.1103/PhysRevE.109.054109
https://doi.org/10.1103/PhysRevE.110.024122
https://doi.org/10.1103/j3jk-k315
https://doi.org/10.1088/1751-8121/ad508a
https://doi.org/10.1103/PhysRevLett.99.230602
https://doi.org/10.1088/1367-2630/ad4fb9
https://doi.org/10.1103/PhysRevE.96.012101
https://doi.org/10.1103/PhysRevE.96.020103
https://doi.org/10.1103/PhysRevX.11.041061
https://doi.org/10.1002/(SICI)1097-0320(19990701)36:3<176::AID-CYTO5>3.0.CO;2-F
https://doi.org/10.1246/bcsj.20190109
https://doi.org/10.1103/PhysRevX.11.041047
https://doi.org/10.1007/s10955-005-3022-4
https://doi.org/10.1103/PhysRevX.4.021036
https://doi.org/10.1103/PhysRevLett.123.200201
https://doi.org/10.1088/1751-8121/aa91b9
https://doi.org/10.1103/PhysRevLett.129.140601

