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We propose an index-space renormalization group (RG) approach to compare and collapse eigenvalue
densities across system sizes in structured random matrix ensembles with rank-ordered power-law variance
profiles. The approach is to fix a natural spectral scale by letting the model normalization run with size, turning
raw spectra into comparable, collapsed density curves. We illustrate this construction on generalizations of
two classic random matrix ensembles—Wigner and Wishart—equipped with rank-ordered power-law variance
profiles. We use random matrix theory methods to derive self-consistent fixed-point equations for the resolvent to
compute their eigenvalue densities. We define an RG scheme based on index-space decimation and compute the
Beta function controlling the RG flow as a function of the variance profile power-law exponent. The running
normalization leads to spectral collapse which we confirm in simulations and solutions of the fixed-point

equations. We expect that the scale-fixing principle underlying our RG construction extends to other structured
ensembles, provided an appropriate renormalization map can be defined.
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I. INTRODUCTION

Many large datasets of complex systems with N interact-
ing units are naturally summarized by matrices: correlations
between neurons [1] or genes [2], couplings in materials [3],
network connectivities [4], or interaction kernels in collec-
tive behavior [5]. A compact, system-level descriptor is the
spectral distribution—the distribution of matrix eigenvalues—
which encodes properties such as variability, stability, and
characteristic scales of the system [6-9]. In practice, across
different studies or different runs of an experiment, data matri-
ces may be recorded or simulated at different system sizes N.
However, one would like to extract properties of the system in
a size-independent way. This raises a basic technical question:
How should one compare spectra across matrix sizes, and how
can they be collapsed onto a common reference curve?

Random matrix theory (RMT) provides a useful lan-
guage to address this question. It offers a founda-
tion for high-dimensional statistics with macroscopic laws
that are universal, i.e., insensitive to microscopic details
[6,10-13]. Predictions include principled null models, signal-
noise separation, detection, and stability thresholds, and phase
transitions in high-dimensional inference [7,8,14—17]. Ran-
dom matrix theory also supplies standard normalizations and
finite-N edge fluctuations—e.g., Wigner’s variance scaling,
the aspect ratio in Marcenko-Pastur, and soft Tracy-Widom
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edges [6,7,12,18]. However, these asymptotic normalizations
and edge scalings standardize particular regimes (e.g., bulk
and microscopic edge regimes), but they do not provide a
general scale-setting rule for collapsing entire spectral curves
across different matrix sizes.

We address this gap by adopting a renormalization group
(RG) viewpoint [19-21]. The idea is simple and operational:
Choose a natural spectral scale (e.g., mean level and band-
width) to hold fixed as the matrix size changes—analogous to
a renormalization condition—and let a single normalization
factor run with matrix size under an index-space decimation
map. The map acts on rank-ordered matrix indices rather than
integrating out eigenmodes in the Wilsonian sense. We show
that with such a running normalization, spectra at different
sizes collapse and can be compared on equal footing, while
the residual size dependence is funneled into a single running
coupling governed by a Beta function [22]. We note that an
RG-flavored perspective of RMT in high-dimensional regres-
sion has been explored in Ref. [23].

We illustrate the recipe on two generalizations of classic
random matrix (RM) ensembles—Wigner [6] and Wishart
[7]—with power-law variance profiles. Heterogeneity in
interaction strengths, sampling variances, or participation
weights is widely observed in, e.g., neural population ac-
tivity and synaptic coupling, heterogeneous networks, and
high-dimensional data analysis where sampling is intrinsi-
cally nonuniform (see, e.g., Refs. [1,24-28]). Such empirical
contexts motivate studying how heavy-tailed or power-law
heterogeneity shapes spectral observables across system sizes.
We emphasize that we use idealized, analytically tractable
ensembles, and we do not claim that these systems realize the
specific deterministic variance profiles considered here.

Using RMT methods, we derive self-consistent fixed-point
equations for the finite-N RM resolvent, solve them numer-
ically to obtain the eigenvalue density, and find excellent

Published by the American Physical Society


https://orcid.org/0000-0003-4103-7478
https://ror.org/000bxzc63
https://crossmark.crossref.org/dialog/?doi=10.1103/zhz2-t8yz&domain=pdf&date_stamp=2026-04-02
https://doi.org/10.1103/zhz2-t8yz
https://creativecommons.org/licenses/by/4.0/

PHILIPP FLEIG

PHYSICAL REVIEW E 113, 044107 (2026)

agreement with simulations. We then derive the running
normalization that fixes a chosen spectral scale, demon-
strate spectral collapse, define an index-space renormalization
scheme (implemented via matrix decimation) and compute
the Beta function to delineate relevant, marginal, and irrel-
evant regimes of the RG flow. At the marginal exponent,
the Wigner-type ensemble has a nontrivial RG fixed point,
whereas the Wishart-type ensemble exhibits marginal flow
with logarithmic corrections and approaches the trivial limit
only logarithmically slowly. Finally, we discuss the large-N
limit where the coupling flow is governed by a Callan-
Symanzik equation [29,30] and derive an integral equation for
the large-N RM resolvent. We will provide full details for
the Wigner-type ensemble and present the key results for the
Wishart-type ensemble.

II. WIGNER ENSEMBLE WITH POWER-LAW
VARIANCE PROFILE

A. Ensemble definition

Given system size N € N, we construct the symmetric
N x N random matrix Xy = (Xj;) with independent centered
entries:

EXx] =0, Xp=Xy, 1<j<k<N, (1)
0,2
Var(Xje) = — j~k™, j <k, )
' Y
20% _
Var(Xj;) = == J , (3)

where @ € R is the power-law exponent, 0> > 0 a con-
stant variance scaling factor, and y > 0 the normalization
factor whose form we are going to determine through our
RG analysis. Thus, the RM ensemble consists of matrices
with independent, centered entries and variances as defined
in Egs. (2) and (3). The variances follow an “index-ordered”
power-law profile that decays as we move diagonally across
the matrix, starting from the upper left corner. The index
ordering is a modeling convention: We view the ordered
power-law variance as a tractable idealization for rank-
ordered heterogeneity, i.e., after sorting degrees of freedom
by an empirical strength measure (variance, degree, participa-
tion) the rank profile is modeled as a power law. For o = 0
the variance profile becomes constant across matrix entries
and by setting the normalization to scale linearly with matrix
size, y = N, the definition of the standard Wigner ensemble
is recovered [6,12].

B. RMT definitions

We begin by fixing notation for the empirical resolvent,
its deterministic equivalent, and the associated (smoothed)
eigenvalue density. For a random matrix Xy of size N x N,
we define the empirical resolvent (or Green’s function) as

GyY'() = GIy—Xy)", z=x+in, n>0. (@)
Taking the normalized trace yields at finite N:
em 1 emy
Gy"'(2) == 5 Ir Gy (2). 5)

For a self-averaging normalized trace, Gy "(z) concentrates
around its deterministic equivalent, Gy(z),

Gy (2) = Gy (2), (6)

up to fluctuations of order (N7)~!/2. The deterministic equiva-
lent is defined in Appendix A. The finite-N eigenvalue density
is obtained as

1
PNy () = = —Im Gy (x +in), @)

and analogously from Gy, up to errors. If Gy(z) converges
in the large-N limit, then we denote the limit by G(z) and ob-
tain the eigenvalue density from p(x) = — %Im G(x + i0H).
In what follows we work with the deterministic fixed-point
objects and only write out the label “emp” explicitly, when
needed to avoid ambiguity. Here “fixed point” refers to
the fixed-point solution of a self-consistent equation for the
resolvent.

In the derivation of deterministic fixed-point equations for
the resolvent, we will for simplicity sometimes assume
that the matrix entries X;; are Gaussian. However, we note
that the fixed-point structure depends only on the variance
profile rather than exact Gaussianity. The same set of equa-
tions can be derived without assuming Gaussianity (assuming
standard moment and tail control [31-33] instead). In sim-
ulations we use Gaussian entries. Additionally, we provide
numerical evidence hinting at insensitivity of the spectral den-
sity to the entry law within a finite-variance class (including
a heavy-tailed example). Throughout the article, we adopt
physics-style reasoning, instead of full mathematical rigor.

C. Fixed-point equation

We now derive a closed system of self-consistent equa-
tions for the diagonal resolvent entries, whose solution yields
the eigenvalue density. We take the matrix Dyson equation
(MDE) [32,34] for the deterministic equivalent

Gy() ' =20y — 2(2), (®)

where X is the self-energy, as our starting point. The MDE is a
functional equation for the resolvent. In the following we use a
heuristic approach to write the MDE explicitly for the Wigner
ensemble with power-law variance profile. In Appendix B we
give an alternative full-length derivation of the self-consistent
equation, starting from the resolvent identity in Eq. (4).

For centered matrices with independent entries and vari-
ance profile sj; := Var(Xj;), the self-energy X is diagonal and
is determined by the diagonal of Gy via

N
2ii@ =Y suGyu(@), Ti(x) =0 forizj. (9)
k=1
To treat the Wigner ensemble with power-law variance profile
it is convenient to introduce the following notation:
S wy)’, (10)

. —a
U)j =] .

w = (wq, ..
D := diag(wy, ..., wy), (1)

where we refer to the w';s as variance weights. In our set-
ting, the variance profile is encoded in the variance matrix
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S = (sjx), which, by Egs. (2) and (3), is given by

0'2 H
T wjwg,  j#Ek o?
y ) T
Sk = ) < S:= —[ww’ + D]
20 2 .
=5 wj, j=k 14

12)

This structure preserves diagonality, so the self-consistent
equations close on the diagonal

1
(Gn)jj(2) = ) (13)
. 2= 3 Sk (Gy ) (2)
With s;; from Eq. (12) this becomes
1 o2 |: N )
—=z——|w; wiGr + wi Gy |, (14)
Gj % P

where we have defined, G; := (Gy);;. From this equation, we
define two parameters

5 N
¢ = 67, and  u(z) = Z wy Gi(2), (15)
=1

which we refer to as the coupling and the variance-weighted
mean field, respectively. Here ¢ is a variance prefactor that
multiplies the variance kernel and controls the strength of
the Dyson self-energy. We refer to it as a coupling to follow
standard RG terminology (cf. Sec. IIID). In Eq. (14), site j
experiences the variance-weighted mean field, w; u(z), while
the diagonal contribution, w? Gj, is a local term. Overall, for
fixed u(z), each G| solves a scalar quadratic equation

GLJ» =z —c(wju + wjiG)), (16)
with the physical branch given by ImG;(z) < 0. Equa-
tions (15)-(16) reduce the problem to a one-dimensional,
self-consistent fixed-point equation for u(z), from which
G;(z) and hence also the normalized trace, Gy (z), follow. The
fixed point serves as a deterministic predictor that approxi-
mates Gy " (z) up to local-law errors, cf. Appendix A.

As a sanity check, we verify the reduction to the Wigner
semicircle law. For &« =0, w; =1 for all j. By symmetry,
G;(z) = Gy(2), and u = NGy. Summing the self-consistent
equation in Eq. (16) over sites, we obtain a scalar Dyson
equation of the form

1

— =z—cu+Gy)=z—c(N+ 1)Gy, (17)
Gy

such that

+ V2R 2
GN(Z)ZZZC(++1), R=2 /%(N+1). (18)

Thus, the limiting eigenvalue density is the semicircle with
radius R. Keeping the normalization y general makes the scal-
ing explicit. The standard Wigner scaling y = N yields R —
20 /1 +1/N - 20 as N — oo, i.e., the classical Wigner
semicircle law with variance parameter o>. An algorithm for
solving the fixed-point equations (15)—(16) by fixed-point iter-
ation is described in Algorithm 1 of Appendix C. In Figs. 1(a)
and 1(b) we compare the eigenvalue density oy, computed

a=0.3 a=0.7

0.6 1 1

density

0.2+ 1

0.0
—50 0

50 —20 0 20 —20 0 20

5 —20 0 20 -20 0 20
€T
(b)

FIG. 1. Eigenvalue densities of Wigner ensemble with power-
law variance profile. (a) Linear-linear plot of the eigenvalue density
for different values of o from simulations (gray histogram) and
the deterministic fixed-point solution of the self-consistent finite-N
equations (red). (b) Log-linear plot of the same densities. In (b) we
additionally overlay the empirically Cauchy-smoothed density oy’
(gray curve) and the deterministic fixed-point prediction py,, (red
dashed curve) atn = 5 x 1073, In the tails, the gray curve is visually
indistinguishable from the red dashed curve. Across all plots we use
y =1, N =600, o> = 1, 20 independent simulation trials, and «
values as indicated on the subplots.

from the solution of the fixed-point equations to eigenvalue
histograms obtained from simulations with the RM Xy simu-
lated across multiple independent trials. We find a near-perfect
match between fixed-point solutions (red curves) and sim-
ulations (gray) for exponent values o = 0.0, 0.3, and 0.7.
On the log-scale panel we additionally overlay the empirical
Cauchy-smoothed density py'” at the same 7 used in the
fixed-point evaluation. Notably, in the tails the smooth em-
pirical curve and the fixed-point solution coincide, making it
explicit that the visible tails outside of the unsmoothed support
are a standard artifact of Cauchy smoothing (Appendix D).
Figures 1(a) and 1(b) show the raw eigenvalue densities.
Here and below, “raw” refers to densities plotted with the
trivial normalization y = 1. We note that the support of these
raw densities changes significantly across the different values
of a.
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III. RENORMALIZATION GROUP ANALYSIS

We now turn to an RG analysis of the power-law-structured
Wigner ensemble and start by deriving a running normaliza-
tion y (N) that collapses eigenvalue densities onto each other.

A. RG condition and spectral collapse

The second moment of Xy is given by
1 2
my = ZVE[TrXN]’ (19)

which equals the expected average of squared eigenvalues
[the first moment vanishes by Eq. (1)]. We choose the second
moment (the typical bandwidth) as the spectral scale that
we want to keep constant under renormalization. Fixing the
second moment to a constant value m3:

ny < m3, (20)

is analogous to fixing an energy density per degree of freedom
in statistical mechanics or a variance per site in disordered sys-
tems [20,35]. In the next section we introduce an RG scheme
and we are going to interpret Eq. (20) as a renormalization
condition. To satisfy Eq. (20) we introduce the normalization
y(N) which runs with system size and equally the running
coupling, c(N) = o2/y(N), cf. Eq. (15). It is natural to im-
pose m; to be of order unity and without loss of generalization,
we set m5 = 1 in all calculations and figures.

Using the ensemble symmetry Xj; = X;;, from Eq. (19) we
compute the following expression for the second moment:

my = cry(a), 20

where

1 N 2 N
ry(a) :=N|:<ij> +ij2-:|
j=1 j=1

_ Hy(a)* + Hy(2a)
- N

. (22)

and we have used the definition of the generalized harmonic
sumi,

N
Hy(0):= )" j™. (23)

J=1

With the definition of the coupling in Eq. (15), and the renor-
malization condition Eq. (20), Eq. (21) implies

2

y(N) = Z ry(a), (24)
m,

such that the normalization is N dependent. For the RG anal-
ysis we are interested in the dominant scaling behavior with
N. We note the following scaling regimes of the generalized
harmonic sum: Hy(0) ~ IY]T_; for 8 < 1, Hy(6) ~ logN for
0 = 1,and Hy(@) — ¢(0) for 6 > 1, cf. Appendix E. We find

the dominant large-N behavior of ry(«) is

TN 0<a <l a#1/2,
const., a=1/2,

(o) ~ 1(,%;1\/’ w=1 (25)
N7, a > 1,

which we confirm numerically in Appendix Fig. 5. Thus, we
find «-dependent power-law scaling of the normalization with
the system size N foro > 0, exceptat = 1/2 where y (N) =
O(1), and a logarithmic correction at « = 1. We note that by
Eq. (15) the coupling scales inverse to the normalization.
With the running normalization y (N) given by Eq. (24),
the finite-N spectral densities obtained from simulations of
the ensemble at different values of N and fixed exponent «
collapse onto a common curve. In Figs. 2(a) and 2(b) we show
a comparison of raw and collapsed eigenvalue densities. For
N = 200, we also show the one standard deviation band due to
simulation sampling noise. While the raw curves (left subplots
with y = 1 normalization) generally do not lie within the
sampling noise band, the collapsed curves [right subplots with
y (N) normalization] do and largely collapse onto each other.
From the collapsed curves we observe some small effects
of nonuniform edge convergence. Overall, this demonstrates
approximate spectral invariance along the RG trajectory in
finite-N simulations: After fixing the second moment via the
running normalization y (N), the eigenvalue density is inde-
pendent of system size up to finite-N corrections. We note that
the collapse discussed above concerns the bulk density. For
o > 1 the bulk density degenerates to a delta mass at zero, and
only a finite number of O(1)—outliers associated with small
index values remain. These outliers are not self-averaging.

B. Decimation procedure

Next we introduce an index-space decimation map via
matrix decimation and interpret the running normalization
and coupling in this context. This decimation map plays a
role analogous to a coarse-graining step in RG, but it acts
on the imposed index ordering rather than integrating out
eigenmodes. We define that one decimation step consists of
removing a fraction of matrix indices corresponding to the
smallest weights w; (largest index values). We fix a scale
factor b > 1 and retain indices j < |N/b]. The retained block,
X (@) inherits the same variance profile with weights w(idec) =
j%withj=1,..., [N/b], up torescaling. From Eq. (21) we
obtain the postdecimation second moment,

o Hy,p(@)? + Hyp(2a)

N/b
where we implicitly apply the floor function to noninteger
values of N/b. To enforce the renormalization condition in
Eq. (20) under one decimation step N +— N/b, we choose the
renormalized coupling ¢’ so that m)(N/b;c’) = my(N;c) at
finite N. This yields the large-N discrete RG update for the
running coupling and normalization,

Hy(a)* + Hy(2a)
Hyp(a)? + Hyp(2e) N—oo

my= L E [Tr X%0?] = . (26)

27 N/b

d vy 1
b

z_y’

A N )
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0.41 N = 2000 1
Jﬁ
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FIG. 2. Eigenvalue density collapse and running normalization. [(a) and (b)] Raw and collapsed eigenvalue densities obtained from
simulations of the ensemble. The raw densities (left subplot) use ¥ = 1 and the collapsed densities are obtained using the running normalization
y(N). We use @ = 0.3 and N = 200, 800, and 2000 and 10 independent ensemble trials. For N = 200 we also show the one standard deviation
band of sampling noise. Linear-linear scale (a) and log-linear scale (b). (¢c) Decimation flow of normalization: y (K) versus retained size K
after removing a fixed fraction of largest indices at each step, while the second moment is kept fixed at unity. Solid lines: Exact prediction.
Markers with error bars: Simulation with mean and standard deviation from six independent trials. Dashed lines serve as guides indicating
slope 1 — 2. Dashed lines are mostly covered by the exact prediction. (d) Decimation flow of the coupling c.

If we take a total of n decimation steps with fixed scale
factor b > 1, then the retained system size K, is

_|N _ log(N/Ky)
K, = \J?”J & n_—logb , (28)

with Ky = N. Iterating the update in Eq. (27) yields the n-step
flow for the coupling

Hyp(@0)* + Hyyn (220)

Ch 'i;[ 1
Co 70 b HN/br'z+l (0{)2 —+ HN/berrl (20[) N—oo

bn(172a)

(29)

such that asymptotically, ¢, o< #"1=2%) or, using Eq. (28):

1-2a 2
= 2 1-20
Cn X (—) = yE;N)=— <K, ™, (30)
K, Cn
where the proportionality is up to a constant that does not
depend on K, (for fixed initial Ky = N).

In Figs. 2(c) and 2(d), we show the running of the normal-
ization y (K) and coupling c¢(K) with retained system size K,
respectively. Dashed lines serve as reference to indicate the
theoretical scaling exponent, 1 — 2«, for the RG flow under
decimation. Observed deviations from the reference lines for
o > 1/2 arise from finite-size effects, competition of scaling,
and slow log-corrections.

For the present index-ordered power-law profile, which is
form-invariant under decimation (the retained block inherits

the same functional form of the variance weights, up to rescal-
ing), the decimation flow is consistent with the scaling of
y (N) obtained from asymptotic analysis, because the same
scale-fixing condition is reimposed at the retained size. For
more general profiles that are not form invariant under dec-
imation, different renormalization maps can lead to different
flows and it is not obvious if the same scaling is obtained.

C. Beta function and RG regimes
We define the running log-coupling, « :=logc, with
c(K,) = 0?/y(K,). Under one decimation step with per-step
scale factor b, the discrete update is

Kn+1 — kn = (1 —2a) log b, 3D
which integrates to
kn = ko +n(l —2a) logb. (32)

Writing the total scale factor as, B := b", and defining the RG
scale, s := log B, the continuous infinitesimal flow along the
RG trajectory with m, fixed becomes

B (e) de  dlogc 1
C)i= — = =
RG ds ~ dlogB
This is the Beta function [22] for ¢ of the RM ensemble. It
reveals three, physically distinct, regimes under decimation:
Relevant (o < 1/2; Bbs > 0). Under decimation to a
smaller retained size K, y(K) x K 1=2¢ decreases as K

— 2a. (33)
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decreases, while c(K) increases under decimation. This is the
RG sense in which the coupling is relevant.

Marginal (a0 = 1/2; ,3{{0 = 0). The coupling sits at an RG
fixed point (a fixed line) and the Beta function changes sign
at marginality. Since the fixed point remains interacting (non-
vanishing self-energy and hence not the free resolvent, 1/z),
the fixed point is nontrivial. The normalization y(K) tends
to a constant and the coupling c(K) is scale stationary. Any
residual drift under decimation is a finite-size effect.

Irrelevant (a > 1/2; Bhs < 0). Under decimation to
smaller K, y(K) increases and c(K) decreases, i.e., the cou-
pling weakens under decimation. As already noted above, for
o > 1, the bulk density degenerates and non-self-averaging
outliers can appear.

D. RG flow and the Callan-Symanzik equation

We now investigate the RG flow in the large-N limit. For
this, we set the RG scale, s := log N, and let the coupling run
as c(s) = o2 /v (s) so that the spectral scale (second moment)
remains fixed along the flow. The running of the coupling is
characterized by the Beta function

Brc = dlogc
RG™ dlogN

with a logarithmic correction at o = 1. In this alternative
definition, the Beta function differs by a sign from the Beta
function in Eq. (33). Both are valid forms of the Beta func-
tion for the RM ensemble. Along this RG trajectory, spectral
observables should be invariant to changes in the scale s
when the induced change in the coupling c(s) is taken into
account. One such observable is the mean resolvent, Gy (z) =
% Zi\’: | Gi(2). In the large-N limit, we denote the mean resol-

=—(1 - 2w), (34)

vent by G. In Appendix F, we derive an integral equation for
G and solve it numerically. This continuum equation provides
a closed description of the large-N resolvent along the RG
trajectory and reproduces the collapsed bulk density.

Invariance along the flow is stated as, dG/ds = 0. Separat-
ing explicit and implicit scale dependence, through ¢ = c(s),
yields the equation

(3 + Brg ¢ 3:) G(z;¢) = 0, (35)

where we have used the Beta function in Eq. (34). This
equation is known as the Callan-Symanzik equation [29,30]
and holds in the large-N limit along the RG trajectory. The
equation captures how a shift in the scale s is compensated
by an induced change of the coupling c, leaving the mean
resolvent G invariant.

At finite N, the quantity d Gy/ds, is generally nonzero
due to finite-size effects, and the Callan-Symanzik equation is
not satisfied exactly. However, as we previously showed for
simulated data in Figs. 2(a) and 2(b), finite-size effects are
controlled, implying that approximate invariance, and there-
fore collapse, of the eigenvalue density across different sizes
N, is still observed for a running coupling. As an additional
step, we demonstrate the approximate invariance on the level
of the resolvent. For fixed o, we solve the self-consistent
Egs. (15) and (16), for different N and the running normaliza-
tion of Eq. (21) and extract the density py,,(x). In Fig. 3, we
show a comparison of raw and collapsed eigenvalue densities

raw (v =1) collapsed (v(V))
— N =200 o
— N =800 / \
N =2000 LN / \
/
> 10721 1 “‘
= | \
[}
e
10 17
20 0 2 -5 0 5
X T

FIG. 3. Spectral collapse for the finite-N self-consistent equa-
tion. Spectral invariance test for « = 0.30 across N = 200, 800, and
2000. Left: Raw eigenvalue density py ,(x) with y =1 computed
from the finite-N self-consistent equation for different N. Right:
Collapsed eigenvalue density with running normalization y (N). We
USE Nraw = /¥ N eont, With neon = 1072 for all N.

for three values of N. Up to nonuniform edge convergence,
the curves collapse onto each other, confirming spectral in-
variance also for finite values of N to good approximation. In
Appendix D, we discuss our choice of n values for the raw
and collapsed curves.

It is worth emphasizing that while the leading scaling of
the running normalization can be obtained from asymptotic
analysis of the scale-fixing condition, the decimation con-
struction specifies an explicit discrete renormalization map
for the running coupling under N +— N/b. This provides a
step-by-step prediction for how the coupling changes when
the renormalization condition is reimposed, and it enables
finite-N invariance tests along the induced trajectory (at the
level of the density and the resolvent), while also classifying
relevant, marginal, and irrelevant regimes under this specified
map.

The predictive power of the RG comes from universality,
which means that the RG flow is not an artifact of distri-
butional choices of the model. For our RM ensemble this
could mean that its universality class is determined by the
power-law exponent and the multiplicative variance weights
but that spectral observables are largely insensitive to the
particular choice of matrix entry law (subject to some condi-
tions). In Appendix Fig. 6 we show a test of several entry-law
distributions under the RG normalization that fixes the sec-
ond moment and observe collapse across sizes in agreement
with the solution of the self-consistent equation: Gaussian,
Rademacher (41), and Student’s ¢ with finite variance (e.g.,
v =4) and the matrix entries are scaled by the variance
weights w; to obtain the power-law variance profile. Within
this ensemble class, the bulk of the eigenvalue density and
edges appear insensitive to the entry-law after scale fixing.

IV. WISHART ENSEMBLE WITH POWER-LAW
VARIANCE PROFILE

We study a Wishart ensemble with power-law heterogene-
ity placed in the rows (e.g., observation index). Let Z €
RT*N have independent and identically distributed centered
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FIG. 4. Wishart ensemble with power-law variance profile. (a) Comparison of spectral distribution simulations (gray histogram), the fixed-
point solution of the self-consistent equations (red dashed), and the empirically Cauchy-smoothed density (gray curve) computed with the
same smoothing as the fixed-point curve. In the tails, the gray curve is visually indistinguishable from the red dashed curve. Across all subplots
weuse y = 1, N =200, T =400 (i.e., ¢ = 0.5), and o2 = 1, with « values as indicated above the plots. (b) Raw and collapsed eigenvalue
densities obtained from simulations of the ensemble. We use @ = 0.3 and N = 200, 800, and 2000, and ¢ = 0.5 and simulate 100 independent
trials of the ensemble. (c) Raw and collapsed eigenvalue density from the fixed-point solution for the same parameters as (b). Left: Raw
densities with 7y = y2(T) ncon- Right: Collapsed densities with ¢ = 1072 for all N.

unit-variance entries; let D := diag(vy, ..., vr), where v, =

t72¢ withr = 1,2, ..., T; and define
1 1

Y:=D'?Z, C:=—=Y'Y=—SZ'DZecR"". (36)
14 14

The ordered power-law row-variance weights v, are a
modeling convention, meant as a tractable idealization of
rank-ordered heterogeneity across observations after sorting
rows by an empirical strength measure such as variance or
participation. We also define the aspect ratio of matrix dimen-
sions, ¢ := N/T and think of Y as a T x N data matrix with
variance decaying as a power law across its rows, and C is the
associated sample covariance matrix scaled by y2.

In Appendix G we give a cavity method derivation of
the following finite-N self-consistent Dyson equation for the
average resolvent of C:

1
GV = —5—, 37)
@ =3 - (38)
N T Ny v Gy ()

t=1

For background on the derivation see Refs. [10,32,33,36,37].
As a sanity check we note that for « = 0 the variance pro-
file of Y becomes homogeneous and setting y? =T, the
self-consistent equation reduces to a form that yields the

well-known Marcenko-Pastur distribution with aspect ratio
g [7,12]. An algorithm to solve the self-consistent equa-
tions (37)—(38) is described in Algorithm 2 of Appendix G. In
Fig. 4(a), we show a comparison of the simulated eigenvalue
density and the fixed-point solution obtained from the self-
consistent equations and find an exact match. In Appendix I
we discuss sampling of large-x eigenvalue bands.
The first moment (mean eigenvalue level) is given by

T
:—IE[TrC 122 (39)

As a renormalization condition, we fix the first moment to
a constant value m] which we set to m] = 1, without loss
of generality. To implement the renormalization scheme for
the Wishart ensemble with power-law variance profile, we fix
the mean level across sizes by choosing a running normaliza-
tion y2(T) that compensates the growth of the row weights.
Operationally, one coarse-graining step acts on the data ma-
trix. We remove a fraction of the smallest-weight rows of Y
(equivalently, truncate D to its top-left block), retaining T’ :=
LT /b] rows with weights v/ =172, ¢t =1,...,T'. If only
rows are decimated, then N is unchanged and the aspect ratio
changes as ¢’ = N/T’ = bq. If a fixed aspect ratio is desired,
then we decimate columns accordingly, N’ := |N/b], so that
q =~ q. Here we adopt the latter approach. The normalization
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y? is then updated to ¥’ so that m| = m?, where
1
m, = —E[TrC“)]. (40)
N/
The induced finite-7' flow of y? under the above decimation

is shown in Appendix Fig. 8, and its large-T asymptotics is
summarized by

'™ 0<a<l1/2,

T T9a
YAT) oY 17 ~ YlogT, a=1/2,
= £Qa), > 1/2(asT — o00),

(41)

where ¢ is the Riemann zeta function. For the RG scale, s :=
log T, it is natural to track the running coupling

g(T) =y ~*(T) (42)
and define its Beta function by

dlogg
dlogT’

Pra(g) = (43)
The expression is well defined for all & and quantifies how the
strength of the covariance fluctuations changes with scale. For
o < 1/2 onehas y*(T) ~ T'72* hence g(T) ~ T~"=2% and
Brc — —(1 —2a) < 0. Therefore, the coupling strengthens
when the scale is reduced, which is the RG sense of relevance.
At o = 1/2 one has y*(T) ~ log T, hence g(T) ~ 1/log T
and Brg — 0 with logarithmic corrections, i.e., marginal flow.
For a > 1/2 the normalization saturates, y2(T) — {(2a) as
T — 00,50 g(T) — ¢(2a)~! and Brg — 0, making the het-
erogeneity irrelevant in the sense that the coupling approaches
a size-independent limit. In Appendix H we discuss a
linearized Beta function that quantifies the approach to the
fixed point for o > 1/2 and recovers a nonzero scaling ex-
ponent.

In Figs. 4(b) and 4(c), we show a comparison of the raw
and collapsed eigenvalue densities, for simulations and solu-
tions of the self-consistent Eqs. (37) and (38), respectively.
Analogously to the Wigner-type ensemble, we visualize the
spectra via Cauchy-kernel smoothing, choose a single 7y for
all sizes in the collapsed panel, and set 0y = ¥2(T') fcon. We
find that eigenvalue densities collapse onto each other, across
the different sizes. Differences in the number of density peaks
at the right end of the densities are due to better sampling of
the power-law profile for larger values of N.

With the running normalization y2(T) given by Eq. (41),
we can define an effective aspect ratio,

N
yAT)
This ratio plays a role analogous to the Marcenko-Pastur
parameter g by controlling how well the dominant, large-
variance rows are sampled. For a < 1/2 the growth of y*(T)
yields a nontrivial bulk. At o = 1/2 the growth is only
logarithmic and, in the strict limit, almost all eigenvalues
accumulate near zero, while only a vanishing fraction do not
approach zero. For o > 1/2 the normalization saturates and

the bulk collapses toward zero. In this case, the renormal-
ization fixes m; by a finite number of outliers of size O(N),

Geii(T) := (44)

while the O(1) bulk collapses to zero. We note that at finite
N, the deterministic fixed-point equation for the resolvent
remains quantitatively predictive also for o > 1/2, provided
one compares Cauchy-smoothed densities at fixed smoothing
width 7 in the plotted units (and, in simulations, averages over
realizations to reduce sampling noise).

Finally, in Appendix I, we provide a derivation of an inte-
gral equation for the large-N continuum resolvent and check
its correctness through a numerical comparison with the sim-
ulated eigenvalue density in Appendix Fig. 9.

V. DISCUSSION

We used an RG perspective to compare eigenvalue spectra
across matrix sizes for two structured ensembles—Wigner
and Wishart with rank-ordered power-law variance profiles.
In this work, we treat these as tractable idealizations of rank-
ordered heterogeneity.

The collapsed spectral distribution yields size-aware dy-
namical thresholds across different systems. For linear
dynamics built from an interaction matrix, stability changes
when the right spectral edge crosses the control baseline, and
the slowest relaxation time is set by the distance to that edge
[40]. For consensus and diffusion on networks, the Laplacian
spectral gap controls mixing times and convergence rates
[38,39]. Finally, in neural network dynamics, the spectral
radius marks the onset of unstable or chaotic activity [1,8].
Because the RG normalization collapses spectra across sizes,
the edge and gap thresholds can be set once at a reference
size (in collapsed units) and then applied unchanged across N,
yielding consistent stability and relaxation criteria. Applying
the scale-fixing spectral-collapse recipe to concrete systems is
a natural next step.

To make the recipe operational on data, one should quan-
tify uncertainty—i.e., statistical variability across realizations
at fixed N (sampling noise)—and separate it from determin-
istic finite-size drift (1/N bias along the RG trajectory), for
example by reporting confidence bands for smoothed densities
and edge locations (at fixed resolution). Furthermore, sharper
finite-N controls near marginality and at spectral edges would
bound these drifts and strengthen guarantees behind collapse
and Callan-Symanzik invariance.

We have shown that the RG behavior is nontrivial yet
analytically tractable. While we do not claim full universality,
our evidence provides first hints that after scale fixing, the
bulk and edges are largely insensitive to the entry law. A
systematic program—varying entry distributions and adding
mild structural perturbations—would delineate the empirical
domain of attraction of the collapsed spectral distribution and
its edge.

Finally, for the two ensembles we have studied, the power-
law structure suggested a simple index-space decimation
consistent with the imposed hierarchy, implemented via ma-
trix decimation. Extending our RG-like construction beyond
these cases will require model-specific renormalization maps.
Several complementary approaches have been explored on
real and synthetic data [41-46], which develop alternative
coarse-graining transformations. A key direction is to com-
bine such transformations with scale-fixing renormalization
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conditions to construct renormalization maps for broader en-
semble classes.
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APPENDIX A: (ANISOTROPIC) LOCAL LAWS

In RMT we distinguish spectral resolutions by the scaling
of the imaginary part n of z = x + in: macroscopic resolution
keeps 7 fixed as N — 00; mesoscopic resolution lets 1 shrink
with N but still large enough to cover many levels; micro-
scopic resolution probes the mean spacing scale. Concretely:

n = O(1) (macroscopic), (A1)
N7 <« 1 (mesoscopic), (A2)
n <N~' (microscopic), (A3)

for some fixed ¢ > 0. On mesoscopic scales, local laws
[31,32] quantitatively control and imply the self-averaging
of resolvents. Recall that Gy and Gy denote the empirical
resolvent and its deterministic equivalent, respectively. Then
averaged statistics concentrate uniformly off the real axis:

1 1
¥ Tr Gy (z) ~ N Tr Gy (2), (A4)

1 1

NH@W%»—Nﬁﬂh@)<L (AS)

with typical error scale (Nn)~!'/2. In the equations “~”

denotes equality up to controlled, vanishing errors. Or, equiv-
alently, E[Gy"(2)] = Gn(z) + O((Nn)~'/?) on mesoscopic
domains. So either route, expectation or deterministic equiva-
lent, yields the same self-consistent fixed point at the level of
accuracy considered here.

The anisotropic local laws [32,33] strengthen this to uni-
form control of quadratic forms:

' GYP () v = u" Gy (2) v, (A6)
sup  |u" (GY(2) — Gy(2))v| K 1, (A7)
lull=llvl=1

where u, v € RY for real ensembles are deterministic unit vec-
tors, ||u|| = ||v|| = 1, independent of the matrix randomness.
The anisotropic local law provides uniform control of the
quadratic form u” Gy (z)v over all such u and v. The law holds
on mesoscopic domains with possible model-dependent mod-
ifications near spectral edges or singularities. Physically, n
sets a mesoscopic spectral coarse-graining scale: A window of

width n averages over ~N 1 p(x) levels (eigenvalues), making
resolvent observables effectively deterministic on that scale.
In this sense the imaginary part n acts as a spectral coarse-
graining parameter: Increasing 1 implies a coarser scale and
thus averaging of finer-scale fluctuations, while decreasing
moves one toward microscopic resolution. As N grows, self-
averaging random observables converge to their deterministic
equivalents, with vanishing fluctuations of order (Nn)~!/2.

APPENDIX B: DERIVATION OF THE SELF-CONSISTENT
EQUATION FOR WIGNER-TYPE ENSEMBLE

The goal is to derive a site-level Dyson form for the diago-
nal resolvent. We start from the resolvent identity

Iy — XN Gy (@) =ly, z=x+in, n>0. (B
The diagonal entries satisfy
2GIP = Xi G =) Xy Gy =1, (B2)
ki

where for ease of notation we have dropped the label N. In
the following subsection we also omit the label “emp” from
the empirical resolvent to avoid clutter of notation.

1. Integration by parts

We derive expressions for the expectation values of the
different terms in Eq. (B2). We assume Gaussian entries and
use integration by parts (IBP), which gives the standard rela-
tion, E[X,, F(X)] = Var(X,,) E[0F /0X,5]. The derivative of
the resolvent is

oG _c 0X G. (B3)
0X.p 0X.p
and for symmetric X:
X CEt B = —E (B4)
Xy 0Xii
with i # k and (Egp)uy = 8440py. In particular,
0G;;
ax, = (CEiGli= G;. (BS)

Let s; denote the entrywise variance profile defined in
Eq. (12). Taking the expectation value of Eq. (B2) and ap-
plying Gaussian IBP yields for the third term on the left-hand
side:
0G ki
8sz

with i # k. Likewise, for the second term:

E[x,ka,]—s,kE[ }=s,-kE[GkkG,-i+G,%,-], (B6)

aG;;
E[Xu Gu] Sii [87:| = Sii E[Glz,] (B7)

2. Mean-field closure
We now pass from the empirical identity to a deterministic
site equation using self-averaging, cf. Appendix A. Taking
expectations in Eq. (B2) gives

em
E[G7 ()] -

ZE w G P ()] = (B8)
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On mesoscopic scales (n > N —1+#) off the real axis, the
anisotropic local law implies self-averaging of diagonal resol-
vent entries and suppression of off-diagonals, uniformly in i
and k:

G;™(2) = Gi(z) + O((Nn) ™), (B9)

Gi" (@) = 0™/, (B10)
with i # k. Hence in Eqgs. (B6) and (B7) mixed products
factorize up to local-law errors and off-diagonal squares are
negligible:

E[Gi{*G5™] = GuGir + O((Nn) ™), (B11)

E[(GI™)’] = (V™). (B12)

Therefore, for Eqs. (B6) and (B7) we have the approxima-
tions:

E[Xik Gillnp] >~ Sik Gkk G,‘,‘, E[Xii Glelmp] X~ 8 Glzl (B13)

Substitution into the site equation (B8), and dividing by Gj;,
yields the closed equation for the deterministic equivalent

{ N
=z— Y si Gu(2)

(B14)
Gii(z) P
Thus the self-energy closes as
N
Yii(z) = Zsik G (z),  X(z) =SGn(2), (B15)
k=1
and, with s;; from Eq. (12) we obtain the form
1 o? N
o= —(wiZkak+wi2Gi>, (B16)
i 14 =1

where we have defined G; := G;;. Using the definition of the
coupling and variance-weighted resolvent in Eq. (15), this
becomes the on-site Dyson form

1
— =I- c(wi u(z) + wl-ZG,-),

G B17)

with the physical branch fixed by Im G;(z) < 0.

APPENDIX C: FIXED-POINT ALGORITHM
FOR WIGNER-TYPE ENSEMBLE

We solve for the variance-weighted mean field u(z) by
fixed-point iteration (indexed by superscript n) at z =x+in
with small n > 0 [47] (Algorithm 1).

ALGORITHM 1. Fixed-point iteration for u(z) and Gy(z)
(Wigner-type ensemble).

Input: z = x + in with n > 0, tolerance € > 0,
damping 0 € (0,1]
Init: w; « =, c — 0?/y, W; « cw?;
u® — —ic Z;V:l w; with ¢g € (0,1); n 0
(Warm start:)
for j — 1 to N do

Compute G;O) from the quadratic
Wj(Géo))2 —(z—cw; u<0))G§0) +1=0,
choosing the branch with ImG§O) < 0;

u® — PIFEIY G;O); n«— 1;
repeat
for j — 1 to N do

Compute GE") from
Wj(Gﬁn))2 —(z—cwj u(”))G;n) +1=0,
choose ImG;m < 0;
ut) — (1= 0)u™ + 03w, G;m;

n<«—n+1;
until [u(™ — (V| < ¢

Gr(2) = § 5, G
png(2) — — L ImGy(z +in);

APPENDIX D: VISUALIZING THE EIGENVALUE
DENSITIES

We visualize spectra via Cauchy kernel smoothing [12].
For the empirical resolvent

em] 1 1] .
Py (x) s = — ;Im Gy (x +in)
N
111 n
— =y —"___ |
b N;(x—kj)2+n2 ( )

where {A ;} are the empirical eigenvalues. For the deterministic
equivalent Gy we define the smoothed density

1
ONy(x) = — ;Im Gy(x +in), (D2)

which is the same Cauchy smoothing but without an eigen-
value sum. In both cases 7 is the half-width (resolution) of
the Cauchy kernel and fixes the resolution scale: Features
narrower than 1 are averaged out, while broader structures are
preserved. For an N x N matrix, the microscopic mean level
spacing is A(x) ~ 1/(N pn ,(x)). Choosing n with A(x) <
n < O(1l) defines a mesoscopic resolution: The Cauchy
kernel averages over ~N 1 py ,(x) eigenvalues, suppressing
level-to-level noise while preserving O(1) variations of the
density. On this scale, the empirical resolvent concentrates
around its deterministic equivalent and the Cauchy-smoothed
empirical density tracks deterministic eigenvalue density.

In collapsed curves, the eigenvalues are rescaled by the
running normalization y(N) that fixes a spectral moment
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FIG. 5. Finite-size scaling of the second moment for representa-
tive exponents ¢. Solid lines: Exact formula in Eq. (21). Markers:
Simulation estimates from eight independent trials. Dashed guides:
Predicted slopes.

[see, e.g., Eq. (24)], according to x = /Yy (N)y [the spec-
tral bandwidth scales like +/y (N) in raw units]. To compare
raw and collapsed curves with the same spectral resolution,
the smoothing width must transform covariantly under this
change of units: since dx = /y(N)dy, keeping the kernel
width fixed in y units implies

Y (N) ncon- (D3)

Thus, we choose the same 7oy for all values N, and set 1;ay
via the above relation. Using a constant value of 7 for all raw
curves would lead to under- or oversmoothing at large or small
N and break comparability across sizes.

On mesoscopic scales the smoothed density oy, is strictly
positive outside the true support due to the Cauchy kernel.
This “tail” is a visualization artifact of the width set by n
and decays as ~n/(x — edge)’>. We therefore use a single
mesoscopic 1 across sizes and, for fair comparison, apply the
same kernel to empirical spectra and to the MDE solution.

Nraw =

APPENDIX E: LARGE-N BEHAVIOR
OF THE GENERALIZED HARMONIC SUM

We define the generalized harmonic sum

N
Hy(0) = Zﬂ. (E1)

J=1

The large-N behavior of the generalized harmonic sum is
classical (see, e.g., Chap. 3 in Ref. [48]) and has three regimes:
1-6

1-6
Hy(1)=logN +y: +ON™", 6=1, (E3)

Hy(6) = +0(1), 0<0 <1, (E2)

Hy@)=¢®0)+O0WN"%D) 6>1, (E4)

where yg = 0.57721... is the Euler-Mascheroni constant and
¢ is the Riemann zeta function

t@)=> j " 6>1 (E5)
j=1

Thus, the dominant scaling of the generalized harmonic num-
ber is

N'-? 6 <1,
Hy(@) ~ {logN, 6 =1, (E6)
1, 6 >1

APPENDIX F: LARGE-N LIMIT AND THE CONTINUUM
FIXED POINT

We start from the finite-N self-consistent Eq. (16) and pass
to a large-N continuum limit [11]. This is useful because
it transforms the discrete fixed-point equation into a closed
integral equation with a rank-one self-energy, providing a
universal description and analytic control of the spectrum.
As before, we choose the running coupling ¢(N) = o%/y (N)
such that the second moment in Eq. (19) is scale-fixed by the
RG condition in Eq. (20).

We reparameterize indices and weights and assume a
smooth resolvent profile:

_J
yj ==

N Gj(Z) ~ G(yj;Z).

(FD)

wj=j % =N"y;",

We note that y; = j/N € (0, 1] such that the coordinate y;
becomes continuous in the large-N limit. The profile G(y; z) is
the leading-order dependence of the diagonal resolvent on the
continuous position y induced by the slowly varying weights
w; in mean-field self-energy form.

First, we treat the term capturing the interaction with the
variance-weighted mean field in Eq. (16) which, using the
above relations in Eq. (F1), we write as

N N
1
cw; Y wiGe = c(NIN' 2 [p D Gk} (F2)
k=1 k=1
We define the continuum amplitude
o 1207 _ (1—-a), O<a<l,
ho = Jim TeN)NT] = {0, a>l. (F3)

At o = 1, the amplitude h, vanishes due to log-suppression.
Hence the Riemann sum in Eq. (F2) becomes an integral and,
overall,

1
cwju —> ho,/ y Y TGH ) dy (F4)
! N—oo 0

and the rank-one field vanishes in the continuum limit for
a > 1.

Next, we treat the local term in Eq. (16) in an analogous
manner and find that it vanishes in the large-N limit. Specifi-
cally,

—2a

cw;G; = c(N)NH“yfTGj, (F5)
and in the large-N limit,
I
cwiGj o—> Y G32), (F6)

Thus, cwiG; = O(N~") uniformly in x for z = x + in with
fixed n > 0 (log-corrected at @ = 1). Since G(y; z) = O(1) off
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FIG. 6. Entry-law universality. Eigenvalue densities from simulations with Gaussian (purple), Rademacher (magenta), and Student’s ¢ with
v = 4 (yellow) matrix entries collapse onto the solution of the self-consistent equation (black) under the RG normalization y (N). Linear-linear
scale (left) and log-linear scale (right). Parameters are N = 600, & = 0.60, and 5.,; = 1072 and ensembles are simulated with 20 independent

trials.

the real axis, the local term contribution vanishes in the large-
N limit.

Thus, as the continuum limit form of Eq. (16), we find the
Dyson integral equation

1
G(y;2) = ——— F7
(O 2) =302 (F7)
with self-energy
1
2(y:iz) i= / K. Y)G(/s2)dy (F8)
0
and the kernel:
K(y,y') :=hey *y™. (F9)

This form of the Dyson equation is consistent with the abstract
Dyson equation point of view of Ref. [34]. Since the kernel
factorizes, we can define

T =y “S@), S$@):=hU(2),

1
UR): = / Y *G(y;z) dy. (F10)
0

Then

. 1
2=Z;2)  2(1-¢@y)
where in the last equality we have defined the normalized self-
energy amplitude

G(y;z) = (F11)

S@) _h

#(2) = — = =U(2). (F12)
z z

Using the definition of U (z), we obtain the scalar fixed point,

By 'ody
$(2) — = Qu(@(2)) =0, Qu(p):= / - . (F13)
z 0o Y —¢
The mean resolvent follows as
_ 1 1
G@z) = /0 G(y;z)dy = z (1+ ¢ Qu()). (F14)

At the marginal value o = 1/2 the RG fixed point is non-
trivial: The continuum kernel has %/, = 1/4, so the Dyson

self-energy does not vanish and the resolvent is not the free
resolvent, 1/z. On the other hand, for o > 1

_ 1
=0, and G() = -, (F15)
z

i.e., the continuum self-energy vanishes and the bulk of the
eigenvalues collapses toward zero, while a finite number of
O(1)—outliers (associated with small indices) remain. These
outliers are not self-averaging. In Fig. 7, we show a compar-
ison of the continuum limit form and the eigenvalue density
obtained from simulated ensembles and find a near-perfect
match.

Within the class of centered, independent entries with finite
variance and standard moment bounds, the large-N determin-
istic limit supplied by the matrix Dyson equation depends on
the model only through its variance operator; see, e.g., Refs.
[31-33]. Under our RG normalization that fixes m, and for
the power-law weights, the variance kernel factorizes, so the
continuum self-energy is rank one and its amplitude is h,.
Consequently, the bulk limiting density depends on « only
through A, and is insensitive to higher cumulants at leading
order on mesoscopic scales.

We note that the above statement is restricted to mean-field
regimes with finite variance. Subleading corrections, edge be-
havior, and finite-N fluctuations can be model dependent, and
heavy tailed (infinite variance), sparse, or banded ensembles
also lie outside this scope. More generally, (nonfactorizable)
variance profiles would lead to higher-rank kernels and differ-
ent fixed points.

APPENDIX G: DERIVATION OF THE SELF-CONSISTENT
EQUATION FOR WISHART-TYPE ENSEMBLE

We consider Z € R™*V with independent and iden-

tically distributed centered unit-variance entries, D =
diag(vy, ..., vr) with v, = t~2¢ and define
1/2 1 or |
Y=D"Z, C=—5YY=—ZDZ (G1)

14 14
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FIG. 7. Comparison of continuum equation solution and sim-
ulation. Plots show the continuum limit solution (blue) and the
simulation with mean and one standard deviation band (orange)
for « =0, 0.3, 0.6, and 0.9. Simulation curves are obtained with
N = 600 and 20 independent trials.

1. Row decomposition and rank-one update

We write the rth row of Z as z, € RY and set

b= */y”_ 2~ NGO, W /yH Ty, (G2)

so that the covariance matrix is a sum of rank-one outer
products:

C= i bb! . (G3)
=1
Starting from the resolvent identity
(zIy = CO)Gn(2) = Iy, (G4
and taking the normalized trace, we obtain
v — LY B G = 1 (@)
I, . )

t=1

10 a=0.00 I a=051 I a=120
a=0.30 $ a=0.90
103.
&~
& 102
?\
101 4
100 - : > ‘ ,
2 x 103 3x 103 4 % 103

retained T’

FIG. 8. Normalization flow with decimation. Decimation flow of
y2(T) with retained size T after removing a fixed fraction of largest
indices at each step, while the first moment is kept at unity. Solid
lines: Exact prediction. Markers with error bars show the simulation
mean and standard deviation computed from six independent trials.

with Gy(z) := }VTr Gy (2). We remove the rth row from Z and
define the leave-one-out quantities

CO =Y b, GPE) =Gl - € (G6)
sF#t
By the Sherman-Morrison formula [12,49]:
A~ TuTA!
A LD L. Nt G7
(A+uv) 14+ vTA- 1y G7)

) _ —1
with A~ = GY and wo” = Gy' = GY = —b,b7, we ob-
tain the rank-one update of the resolvent and its trace:

GV bb! GV (2)

Gy(z) =GV (2) + (G8)

N N L-bGY@b

bIGY (2) b ]

& blGn()b = b G ()b + [’N—, (G9)

! N 1—b7GY(2) b,

where we have used Eq. (G3). Hence, we obtain
bIGY ()b

WG b, = o @b (G10)

1-bIGY ()b,

2. Conditional Gaussian averaging

The random objects we average are the quadratic forms
in the numerator and denominator on the right-hand side
of Eq. (G10). We condition on the leave-one-out (minor)
resolvent G\, [i.e., treat C® as fixed], and note that b, is
independent of C®. Since b, ~ N(0, (v,/y*)I) and GY is
fixed under the conditional expectation, the standard Gaussian
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contraction gives

Ey, [6] Gy'b, | GYy'] = Tr(Cov(b) GY)) = — Tr G ().

(G11)

Thus, under the conditional expectation, the quadratic form
reduces to a trace against the leave-one-out resolvent, and we
have

5 TrGy ()

Ey [b Gu(2)b, |G = 2N =

(G12)

3. Mean-field replacement and equation closure

The anisotropic local law (cf. Appendix A and Refs.
[32,33]), asserts that, uniformly for z = x + in with n > 0,
leave-one-out resolvents G) and full resolvents Gy differ by
subleading corrections in quadratic forms and traces:

IlvTr G"(z) = Gy(z) + O((Nn)~/?). (G13)

Substituting into the normalized trace identity yields, up to
vanishing errors

Gn(2) — XT: GINGN@ (G14)
ZUnN(Z V- _ =1,
— ( N Gn(2)
or, equivalently, the closed fixed point,
G =) G15
~n(2) — (G15)
Ev@ =5 ) - (G16)
)= — .
N Y - (/Y v Gy ()

t=1

These are the finite-N fixed-point equations for the deter-
ministic resolvent. Empirical resolvents concentrate around
it with local-law accuracy. The correction term is of order
(Nn)~'/2. The same fixed-point equations can also be derived
from the Silverstein-Dozier framework for sample covari-
ances [10,36,37].

4. Fixed-point algorithm for the Wishart-type ensemble

We solve the self-consistent equations for the Wishart-type
ensemble Eqgs. (37) and (38), with the following fixed-point
algorithm [47] (Algorithm 2).

ALGORITHM 2. Fixed-point iteration for Gy (z) (Wishart-type
ensemble).

Input: z = z +in with n > 0; o, N, T, 7?;
tolerance e > 0; damping 6 € (0, 1];
stabilization egiap, > 0

Init: v, — t 2 fort=1,...,T; GO — 1/z;

n«—0
(Warm start:) Compute

1
Ty

Ut

Z(()
1= (N/42) v GO +iggearn’

; set

T
t=1
G — . set n «— 1;
z—X%0)’
repeat
Compute

Ut

T
1
nn) o~
2;1 (N/7?)ve G

~ 1
(n+1) -
Set G — TR

G — (1—0)G™ + 0 G,
n«—n-+1;
until |G — GO-D | < &

Gn(z) « G

(n) +1 5stab

1
pN.,n(iL') — — ;IHIGN(Z);

APPENDIX H: LINEARIZED RG FLOW
IN THE SATURATING REGIME (« > 1/2)

In the main text we define the RG Beta function in terms
of the running coupling g(7') := y~2(T), cf. Eq. (42). For
a > 1/2 the renormalization condition implies that y*(T)
saturates and hence g(7') approaches a nonzero fixed point g,.
In this situation the Beta function Brg(g) = dlogg/dlogT
necessarily tends to zero, and it no longer exposes the rate
at which the coupling approaches its fixed point. To quantify
this approach we linearize the flow around g, and extract the
corresponding decay exponent.

In the Wishart-type model, the running normalization
y2(T) is fixed by the renormalization condition on the first
moment

T
1 2y !
my = 1= =mj, (H1)
y2(T) ; :
so that, up to the fixed constant m factor

T
yAT) o Y 7 (H2)

t=1

For a > 1/2 the series converges and y2(T) saturates
as T — oo.

1. RG fixed-point approach

We define the fixed-point normalization and coupling,

(H3)

= lim yX(T) x ZQa), g =y
T—o
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FIG. 9. Comparison of continuum equation solution and simu-
lation. (a) Plots show the continuum limit solution (blue) and the
simulation with mean and one standard deviation band (orange) for
a =0, 0.3, and 0.45. Simulation curves are obtained with N = 4000
and 40 independent trials. (b) Continuum limit solution for @ = 0.45
(blue) and single-trial simulations for 7" = 4000 (orange) and 8000
(green). Vertical lines show the sampling threshold beyond which
single-trial smoothing is sampling-limited.

and measure the approach to the fixed point via the deviation
in y2,
8(T) =yl = y*(T). (H4)

Using a tail estimate for the convergent series, we obtain the
asymptotic scaling of the deviation

8(T) x i 172~ /oot’*z" dt' = i ) (H5)
I=T+1 T 2o —1
Hence, the deviation decays as a power law,
8(T) oc T~ (H6)

with exponent 2 — 1 > 0.

2. Linearized Beta function

A natural linearized Beta function is the logarithmic
derivative of the deviation:

_dlogs  dlogé

: = . H7
P ds  dlogT H7)

Using Eq. (HS) we find
Bs—>1—-20 <0, o>1/2. (H8)

Thus, in the saturating regime the flow is irrelevant in the RG
sense: As the scale T increases the deviation from the fixed
point decays as a power law, and under decimation (reducing
the scale) the deviation grows with exponent 2oz — 1. Equiv-
alently, we may linearize the coupling itself. Since g(T') =
y~X(T)and y*(T) = y? — 8(T), we have

8(T)
IO
so that g(T) — g. « 8(T) and therefore g(T) — g, ox T~
with the same exponent.

Thus, the linearized Beta function S5 characterizes the
approach to the fixed point through the deviation §(7") [or,
equivalently, g(T) — g,] and recovers the negative exponent
1 — 2« in the saturating regime.

g(T) = +0(T)H),  (H9)

APPENDIX I: LARGE-N LIMIT AND THE CONTINUUM
FIXED POINT

We take the large-N limit with fixed aspect ratio g := N/T
and pass from row indices t = 1, ..., T to the variable y, :=
t/T € (0, 1] which becomes the continuous variable y for
large T'. For the row-heterogeneity, v, = 2%, we have

v = (Ty) 2 = T2y (1)
and further define the scaled row weights
T T1—2a ,
U = = T 12
Tt T e >
In the continuum limit where y, — v, the analog expression is
Tl—Zot
() == gy (13)
! y*(T)

For o # 1/2 the pointwise limit exists for fixed y € (0, 1]:
2(y) := lim 7 (y). 14)
T—o0

Starting from the self-consistent Eqgs. (37) and (38), the sum
giving the self-energy becomes an integral and the continuum
closure takes the form

G(Z)=Z_—E(Z), as)

! (y)
s = | ——2 4y, 16
© /o I—q1;)GQ) 10

with the physical branch chosen by Im G(z) < 0. Next, we
treat the different regimes of «.

For 0 < o < 1/2 we have y*(T) ~ % and hence

B(y) = (1 —2a)y™ . (I7)
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As a sanity check, foro =0wehave 9 =1and ¥ = 1/(1 —
g G). Then Eq. (I6) reproduces the self-consistent equation for
the Marcenko-Pastur resolvent [12].

In the large-N continuum limit, the integral equation is de-
rived at fixed x = O(1) and for y = ¢ /T bounded away from O.
For @ > 1/2 one has 9(y) = 0 for any fixed y € (0, 1], hence
¥(z) =0 and G(z) = 1/z (the free resolvent) on the O(1)
spectral scale. The sector t = O(1), or equivalently y ~ 1/T,
forms a boundary layer that is not captured by the continuum
limit and produces the outliers of size O(N) that keep m;
fixed.

Finally, the marginal case o = 1/2 requires keeping the
logarithmic T dependence. Since y*(T) ~ log T, we have

1 1
v, = —1 18
oA logTy, (I8)

In particular, the continuum closure retains the lower cutoff
Ymin = 1/7T inherited from # > 1 and reads

- I
Gro)= —5 . 19)
_ ! or(y) N
)= /w oG T = e
(I110)

Thus, o = 1/2 is marginal with logarithmic corrections.

Although 97 (y) — 0 pointwise for fixed y € (0, 1], the self-
energy integral remains cutoff sensitive and can contribute at
O(1) through ypin = 1/T and the slow 1/log T running. As a
consequence, in the strict limit most eigenvalues accumulate
near zero, while a vanishing fraction of eigenvalues remain
away from zero on an O(1) scale so that the mean level stays
fixed.

In Fig. 9(a) we show a comparison of eigenvalue densities
from simulated data with solutions of the large-N contin-
uum integral equation for o < 1/2. Overall, we find good
agreement, but observe that the solutions of the integral equa-
tions tend to show some numerical instabilities leading to
small local mismatches. The simulated eigenvalue bands at
large x visible in the second and third subplots of Fig. 9(a)
are produced by resonances of heavy rows with weights v, =
t~2¢_ Each band corresponds to a fixed row fraction y = t/T
and its x position is 7 independent [set by 1 — g 7(y) G(z) ~
0, cf. Eq. (I6)], while the number of visible bands increases
with T as the y grid refines. Each band carries a mass
O(1/T), and their Cauchy-smeared aggregate converges to
the continuum bulk envelope (blue). In Fig. 9(b) we show
that continuum eigenvalue bands are “underfilled” by single-
trial simulation data when u(x) := N n p(x) < 1. Increasing
n, averaging over independent trials, or making N very large
fills the envelope without changing the bulk shape.

[1] J. P. Cunningham and B. M. Yu, Dimensionality reduction for
large-scale neural recordings, Nat. Neurosci. 17, 1500 (2014).

[2] M. B. Eisen, P. T. Spellman, P. O. Brown, and D. Botstein, Clus-
ter analysis and display of genome-wide expression patterns,
Proc. Natl. Acad. Sci. USA 95, 14863 (1998).

[3] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Holt,
Rinehart and Winston, New York, 1976).

[4] R. Albert and A.-L. Barabasi, Statistical mechanics of complex
networks, Rev. Mod. Phys. 74, 47 (2002).

[5] W. Bialek, A. Cavagna, 1. Giardina, T. Mora, E. Silvestri, M.
Viale, and A. M. Walczak, Statistical mechanics for natural
flocks of birds, Proc. Natl. Acad. Sci. USA 109, 4786 (2012).

[6] E. P. Wigner, On the distribution of the roots of certain symmet-
ric matrices, Ann. Math. 67, 325 (1958).

[7] V. A. Marcenko and L. A. Pastur, Distribution of eigenvalues
for some sets of random matrices, Math. USSR-Sbornik 1, 457
(1967).

[8] H. Sompolinsky, A. Crisanti, and H. J. Sommers, Chaos in
random neural networks, Phys. Rev. Lett. 61, 259 (1988).

[9] E. Mastrogiuseppe and S. Ostojic, Linking connectivity, dynam-
ics, and computations in low-rank recurrent neural networks,
Neuron 99, 609 (2018).

[10] Z. D. Bai and J. W. Silverstein, Spectral Analysis of Large Di-
mensional Rrandom Matrices, 2nd ed. (Springer, Berlin, 2010).

[11] G. W. Anderson, A. Guionnet, and O. Zeitouni, An Introduction
to Random Matrices, Cambridge Studies in Advanced Mathe-
matics, Vol. 118 (Cambridge University Press, Cambridge, UK,
2010).

[12] M. Potters and J.-P. Bouchaud, A First Course in Random
Matrix Theory: For Physicists, Engineers and Data Scientists
(Cambridge University Press, Cambridge, UK, 2020).

[13] R. Couillet and M. Debbah, Random Matrix Methods for Wire-
less Communications (Cambridge University Press, Cambridge,
UK, 2011).

[14] L. Laloux, P. Cizeau, J.-P. Bouchaud, and M. Potters, Noise
dressing of financial correlation matrices, Phys. Rev. Lett. 83,
1467 (1999).

[15] P. Fleig and I. Nemenman, Statistical properties of large data
sets with linear latent features, Phys. Rev. E 106, 014102
(2022).

[16] L. Zdeborova and F. Krzakala, Statistical physics of inference:
Thresholds and algorithms, Adv. Phys. 65, 453 (2016).

[17] T. Lesieur, L. Miolane, M. Lelarge, F. Krzakala, and
L. Zdeborovd, in Proceedings of the IEEE International
Symposium on Information Theory (ISIT’17) (IEEE, Los Alami-
tos, CA, 2017), pp. 511-515.

[18] C. A. Tracy and H. Widom, Level-spacing distributions and the
Airy kernel, Commun. Math. Phys. 159, 151 (1994).

[19] L. P. Kadanoff, Scaling laws for Ising models near 7;, Phys.
Phys. Fiz. 2, 263 (1966).

[20] J. B. Kogut, An introduction to lattice gauge theory and spin
systems, Rev. Mod. Phys. 51, 659 (1979).

[21] N. Goldenfeld, Lectures on Phase Transitions and the Renor-
malization Group (CRC Press, Boca Raton, FL, 2018).

[22] K. G. Wilson and J. Kogut, The renormalization group and the
€ expansion, Phys. Rep. 12, 75 (1974).

[23] A. Atanasov, J. A. Zavatone-Veth, and C. Pehlevan, Scal-
ing and renormalization in high-dimensional regression,
arXiv:2405.00592.

[24] G. Buzsdki and K. Mizuseki, The log-dynamic brain: how
skewed distributions affect network operations, Nat. Rev.
Neurosci. 15, 264 (2014).

044107-16


https://doi.org/10.1038/nn.3776
https://doi.org/10.1073/pnas.95.25.14863
https://doi.org/10.1103/RevModPhys.74.47
https://doi.org/10.1073/pnas.1118633109
https://doi.org/10.2307/1970008
https://doi.org/10.1070/SM1967v001n04ABEH001994
https://doi.org/10.1103/PhysRevLett.61.259
https://doi.org/10.1016/j.neuron.2018.07.003
https://doi.org/10.1103/PhysRevLett.83.1467
https://doi.org/10.1103/PhysRevE.106.014102
https://doi.org/10.1080/00018732.2016.1211393
https://doi.org/10.1007/BF02100489
https://doi.org/10.1103/PhysicsPhysiqueFizika.2.263
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1016/0370-1573(74)90023-4
https://arxiv.org/abs/2405.00592
https://doi.org/10.1038/nrn3687

RENORMALIZATION GROUP FOR SPECTRAL COLLAPSE ...

PHYSICAL REVIEW E 113, 044107 (2026)

[25] K. Rajan and L. F. Abbott, Eigenvalue spectra of random
matrices for neural networks, Phys. Rev. Lett. 97, 188104
(2006).

[26] N. Masuda, M. A. Porter, and R. Lambiotte, Random
walks and diffusion on networks, Phys. Rep. 716-717, 1
(2017).

[27] O. Alter, P. O. Brown, and D. Botstein, Singular value de-
composition for genome-wide expression data processing and
modeling, Proc. Natl. Acad. Sci. USA 97, 10101 (2000).

[28] M. D. Luecken and F. J. Theis, Current best practices in single-
cell RNA-seq analysis: A tutorial, Mol. Syst. Biol. 15, e8746
(2019).

[29] C. G. Callan, Broken scale invariance in scalar field theory,
Phys. Rev. D 2, 1541 (1970).

[30] K. Symanzik, Small distance behaviour in field theory and
power counting, Commun. Math. Phys. 18, 227 (1970).

[31] O. H. Ajanki, L. Erd&s, and T. Kriiger, Universality for general
Wigner-type matrices, Probab. Theory Relat. Fields 169, 667
(2017).

[32] O. H. Ajanki, L. Erdés, and T. Kriiger, Stability of the matrix
Dyson equation and random matrices with correlations, Probab.
Theory Relat. Fields 173, 293 (2019).

[33] A. Knowles and J. Yin, Anisotropic local laws for ran-
dom matrices, Probab. Theory Relat. Fields 169, 257
(2017).

[34] J. Alt, T. Kriiger, and L. Erd&s, The Dyson equation with linear
self-energy: Spectral bands, edges and cusps, Document. Math.
25, 1421 (2020).

[35] M. Mézard, G. Parisi, and M. A. Virasoro, Spin Glass Theory
and Beyond, World Scientific Lecture Notes in Physics, Vol. 9
(World Scientific, Singapore, 1987).

[36] J. W. Silverstein and Z. D. Bai, On the empirical distribution
of eigenvalues of a class of large dimensional random matrices,
J. Multivar. Anal. 54, 175 (1995).

[37] R. B. Dozier and J. W. Silverstein, On the empirical distribution
of eigenvalues of large dimensional information-plus-noise-
type matrices, J. Multivar. Anal. 98, 678 (2007).

[38] R. Olfati-Saber, J. A. Fax, and R. M. Murray, Consensus and
cooperation in networked multi-agent systems, Proc. IEEE 95,
215 (2007).

[39] E. Chung, L. Lu, and V. Vu, Spectra of random graphs with
given expected degrees, Proc. Natl. Acad. Sci. USA 100, 6313
(2003).

[40] R. M. May, Will a large complex system be stable? Nature
(London) 238, 413 (1972).

[41] P. Mehta and D. J. Schwab, An exact mapping between
the variational renormalization group and deep learning,
arXiv:1410.3831.

[42] M. Koch-Janusz and Z. Ringel, Mutual information, neural
networks and the renormalization group, Nat. Phys. 14, 578
(2018).

[43] S. Bradde and W. Bialek, PCA meets RG, J. Stat. Phys. 167,
462 (2017).

[44] L. Meshulam, J. L. Gauthier, C. D. Brody, D. W. Tank, and
W. Bialek, Coarse graining, fixed points, and scaling in a large
population of neurons, Phys. Rev. Lett. 123, 178103 (2019).

[45] G. Nicoletti, S. Suweis, and A. Maritan, Scaling and criticality
in a phenomenological renormalization group, Phys. Rev. Res.
2, 023144 (2020).

[46] A. Nguyen, D. J. Schwab, and V. Ngampruetikorn, Data coarse
graining can improve model performance, arXiv:2509.14498.

[47] J. M. Ortega and W. C. Rheinboldt, Iterative Solution of Nonlin-
ear Equations in Several Variables (SIAM, Philadelphia, 2000).

[48] T. M. Apostol, Introduction to Analytic Number Theory,
Undergraduate Texts in Mathematics (Springer, New York,
1976).

[49] M. S. Bartlett, An inverse matrix adjustment arising in discrim-
inant analysis, Ann. Math. Stat. 22, 107 (1951).

044107-17


https://doi.org/10.1103/PhysRevLett.97.188104
https://doi.org/10.1016/j.physrep.2017.07.007
https://doi.org/10.1073/pnas.97.18.10101
https://doi.org/10.15252/msb.20188746
https://doi.org/10.1103/PhysRevD.2.1541
https://doi.org/10.1007/BF01649434
https://doi.org/10.1007/s00440-016-0740-2
https://doi.org/10.1007/s00440-018-0835-z
https://doi.org/10.1007/s00440-016-0730-4
https://doi.org/10.4171/dm/780
https://doi.org/10.1006/jmva.1995.1051
https://doi.org/10.1016/j.jmva.2006.09.006
https://doi.org/10.1109/JPROC.2006.887293
https://doi.org/10.1073/pnas.0937490100
https://doi.org/10.1038/238413a0
https://arxiv.org/abs/1410.3831
https://doi.org/10.1038/s41567-018-0081-4
https://doi.org/10.1007/s10955-017-1770-6
https://doi.org/10.1103/PhysRevLett.123.178103
https://doi.org/10.1103/PhysRevResearch.2.023144
https://arxiv.org/abs/2509.14498
https://doi.org/10.1214/aoms/1177729698

