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Lattice Boltzmann methods with anisotropic equilibrium distributions
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Lattice Boltzmann methods are usually derived under the assumption of isotropy. In this work, we present a
derivation of a Lattice Boltzmann method for anisotropic fluid flow. Starting from an anisotropic equilibrium
distribution, we show a full derivation of the resulting lattice Boltzmann method. We ensure that our method
correctly reproduces macroscopic behavior via Chapman-Enskog analysis for a single-relaxation time collision
operator. As a result, we are able to show that a properly discretized anisotropic Maxwell-Boltzmann equilibrium
does macroscopically in fact lead to an anisotropic variation of the Navier-Stokes equations. All desired
properties of lattice Boltzmann methods, such as locality of the collision operator, isotropic discrete position
and velocity space, or mass and momentum conservation are retained. While it is explicitly shown in the context
of fluid flow, the presented scheme is straightforward to adopt to advection-diffusion problems.
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I. INTRODUCTION

Isotropy is a central assumption in the derivation of classi-
cal lattice Boltzmann methods [1]. Not only do the position
and velocity spaces have to be isotropic, the Maxwell-
Boltzmann equilibrium distribution itself is isotropic.

Anisotropic fluid flow, however, is not uncommon in
the rheology of complex fluids. One can think of polymer
emulsions [2], often containing one-dimensional (1D) or 2D
components [3], or liquid crystals [4], where the anisotropy
stems from the molecular shape itself. The hydrodynamics for
molecular liquids with anisotropic molecules is also relevant
for the interpretation of light scattering experiments [5,6].
Another application is anisotropic advection-diffusion, which
is a more common phenomenon since the diffusivity of many
materials has a directional dependence. Therefore, anisotropic
heat and mass transport can intrinsically not be described by
standard theory. This limits the application of the method in
the relevant fields of anisotropic heat conduction or diffusion
[7].

A very important application of high technical relevance is
flow in anisotropic porous media. The pore structure resulting,
for example, from irregular particle shapes can introduce sig-
nificant anisotropy in the resulting macroscopic flow field. In
homogenized models this effective anisotropic flow behavior
has to be treated accordingly to describe macroscopic flow
patterns.
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Other works related to anisotropic lattice Boltzmann mod-
els are often restricted by a very specific application, for
example crystal growth [8]. An existing general approach [9]
is limited to advection-diffusion problems. Moreover, multire-
laxation time (MRT) schemes [10] have been presented in the
literature, which can be used to create anisotropy in the re-
sulting macroscopic equations [11]. MRT schemes introduce
different relaxation time scales for the macroscopic moments
resulting in enough free parameters to relax isotropy assump-
tions. We are not aware of a framework, that introduces
anisotropy generically through the equilibrium distribution
without the need to specify a collision scheme. Not only is
it very natural to introduce the anisotropy through physical
properties of the particle distributions, deriving a consistent
model from first principles. In this way it is also applicable to a
wide range of collision schemes and straightforward to add to
existing code bases. The presented work addresses this gap by
deriving a universal lattice Boltzmann method for anisotropic
equilibrium distributions. We fully derive the discretization
in this new setting and compute the resulting macroscopic
laws through Chapman-Enskog theory for a single-relaxation
time collision operator. Consequently, we arrive at anisotropic
Navier-Stokes equations. The methodology is described in
detail allowing transfer of the scheme from flow to other
applications such as advection-diffusion problems or heat
transport. This is an important methodological development
and provides new possibilities for the simulation of complex
material behavior.

This article is structured as follows: In Sec. II we first
give a short introduction to the Boltzmann equation, before
introducing the anisotropic modification of the equilibrium
distribution and performing the discretization of the velocity
space. In Sec. III we perform the Chapman-Enskog analysis
via perturbation in orders of Knudsen numbers yielding the
governing macroscopic equations. As a numerical example we
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show the change of decay frequencies as a result of anisotropy
for Taylor-Green vortices in Sec. IV. We end with a short
conclusion and an outlook on possible future extensions in
Sec. V. For ease of reading, most of the required mathematical
background is given in the Appendixes.

II. METHODS

A. The Boltzmann equation

Lattice-Boltzmann methods (LBM) aim to numerically
solve the Boltzmann equation

d f

dt
= �, (1)

which expresses the time evolution of a particle distribution f
under the influence of interparticle collisions described by an
operator �. In the most general sense a particle distribution
function f maps the density distribution of a large number
of noninteracting nonrelativistic particles as a function of the
microscopic particle velocities v, time t , and spatial position
x. The distribution is normalized such that the zeroth order
moment yields the mass density ρ and the first-order moment
the momentum density ρuα as time-dependent fields, i.e.,∫ ∞

−∞
f (t, x, v)ddv = ρ(t, x), (2)∫ ∞

−∞
f (t, x, v)vαddv = ρ(t, x)uα (t, x). (3)

Throughout this work, Greek indices run over the d spatial
or velocity dimensions. Given enough time, interparticle col-
lisions will drive the system towards a local equilibrium state
described by an equilibrium distribution f eq which depends
only on the first two macroscopic moments and the micro-
scopic particle velocities. The distribution will also yield the
same moments to first order, i.e.,∫ ∞

−∞
f eq(ρ, u, v)ddv = ρ(t, x), (4)∫ ∞

−∞
f eq(ρ, u, v)vαddv = ρ(t, x)uα (t, x). (5)

In local equilibrium, the space-time dependence enters
only implicitly through the macroscopic fields. Here, and in
the following, we only consider an isothermal system, where
we can disregard the second-order moment related to energy.

Usually, it is assumed that the interparticle collisions have
no preferred direction and will hence even out any angular
dependence of an initial state very rapidly, resulting in a
isotropic and isothermal equilibrium described by a Maxwell-
Boltzmann-type distribution

f̄ eq(ρ, u, v)

= ρ(t, x)
1

√
2π

d
exp

(
− [vα − uα (t, x)]δαβ[vβ − uβ (t, x)]

2

)
,

(6)

where δαβ is the Kronecker delta. Since we work in the
isothermal model, we choose units in which the temperature

constant is unity to simplify notation. This expression utilizes
Einstein’s summation convention where we sum over repeated
indices, which is applied throughout this work.

In the following, we derive an anisotropic LBM by skewing
this distribution. We will develop the whole discretization
framework based on this assumption and compute the gov-
erning macroscopic equations of a system described by this
type of equilibrium.

B. Expansion of an anisotropic equilibrium distribution

One of the simplest forms of a Maxwell-Boltzmann-
like isothermal equilibrium distribution which introduces
anisotropy can in suitable units and d dimensions be written
as

f eq(ρ, u, v)

= ρ(t, x)
1

√
2π

d
exp

(
− [vα − uα (t, x)]Aαβ[vβ − uβ (t, x)]

2

)
.

(7)

Since we limit our investigation to the case where f eq remains
Boltzmann-like, the expression in the exponential remains a
quadratic form. Any quadratic form can be described by a
unique symmetric matrix, which we call A. To not pick up
extra normalization factors in all expressions, we additionally
require det A = 1. Physically, A describes the strength of the
directional dependence of the equilibrium velocity distribu-
tion.

The macroscopic moments of this new anisotropic equilib-
rium are still ∫ ∞

−∞
f eqddv = ρ(t, x), (8)∫ ∞

−∞
f eqvαddv = ρ(t, x)uα (t, x), (9)

cf. Appendix A. The explicit treatment of a full exponential
makes the theory laborious and any simulations computation-
ally expensive. Since we only enforce to reproduce the first
two moments, our physical observables, correctly, it is suffi-
cient to approximate the equilibrium distribution. In this work,
we limit the discussion to the single-relaxation time collision
operator by Bhatnagar-Gross-Krook (BGK) [12–14], which
recovers macroscopically the Navier-Stokes equations (cf.
Appendix F) using an expansion up to second order in velocity
for the isotropic case. An anisotropic equilibrium, however,
benefits from third-order expansion, as will we shown in
Sec. III. Using only second order, the anisotropic Navier-
Stokes equations will include a discretization error depending
on the anisotropy, see also Appendix G.

To expand the exponential, LBM utilizes Hermite polyno-
mial expansion because the resulting distribution has suitable
properties for the following velocity space discretization. De-
tails can be found in Appendix B and Ref. [1]. Expanded to
third order, the equilibrium distribution can be approximated
as

f eq(v) � ω(v)
3∑

n=0

1

n!
〈a(n)( f eq ), H (n)〉, (10)
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where ω is the generator of the Hermite polynomials H (n), cf.
Appendix B. The operation 〈·, ·〉 is the full contraction of the
n-rank tensors H (n) and a(n). The expansion coefficients are

projections onto the Hermite polynomials, i.e.,

a(n)( f eq ) =
∫ ∞

−∞
f eq(v)H (n)(v)ddv, (11)

which, to third order, results in

f̃ eq(t, x, v) = ω(v)
3∑

n=0

1

n!
〈a(n)( f eq ), H (n)〉

= ω(v)ρ(t, x)

[
1 + uαvα + 1

2
(uαuβ + Kαβ )(vαvβ − δαβ )

+ 1

6
(uαuβuγ + Kαβuγ + Kβγ uα + Kγαuβ )

(
vαvβvγ − vαδβγ − vβδγα − vγ δαβ

)]
, (12)

where uα = uα (t, x), which we suppressed for the sake of
readability. The matrix K is given by

Kαβ = A−1
αβ − δαβ. (13)

Calculation of the first to moments confirms that truncation
does not change relevant macroscopic properties. We find∫ ∞

−∞
f̃ eqddv =

∫ ∞

−∞
f̃ eqH (0)ddv = a(0)( f eq ) = ρ, (14)∫ ∞

−∞
f̃ eqvαddv =

∫ ∞

−∞
f̃ eqH (1)

α ddv = a(1)
α ( f eq ) = ρuα, (15)

cf. Eq. (11) and Eq. (B7) in Appendix B. It is not surpris-
ing that the relevant moments remain unchanged, since the
Hermite polynomials are orthogonal. To a certain degree, they
separate orders of velocity. Taking these integrals corresponds
to projecting out the expansion coefficients a(n)( f eq ).

C. Discretization of the velocity space

For calculation of the macroscopic quantities Eqs. (14),
and (15) we still have to compute the full velocity integrals to
get the macroscopic quantities as moments of the distribution
function. Just as in isotropic LBM, we can convert velocity
integrals into finite sums through Gaussian quadrature. Here,
we construct a weighted sum of orthogonal polynomials that
are evaluated at specific points, referred to as nodes or ab-
scissae. There are numerous variants of such quadratures and
the choice mostly depends on the range of the interval to be
evaluated. For the range (−∞,∞) the required method is
Gauss-Hermite quadrature. It shares its generator ω with the
Hermite polynomials and considerably simplifies the follow-
ing treatment of the integrals. An overview of the method is
available in Appendix C or Ref. [1].

In general, we encounter expressions including integrals
of the form of Eq. (11) for the macroscopic moments. Note
that in the following the function f eq can be considered the
truncated one without affecting the accuracy of the scheme.
Therefore, in the derivation below we refer to the truncated
equilibrium distribution just as f eq, if not otherwise specified.

We now utilize the relation of the Hermite expansion and
the Gauss-Hermite quadrature and split f eq [Eq. (19)] into
three parts: the normalization ρ, the generator function ω, and
the remaining polynomial P which depends on v and u(t, x).
This yields

a(n)( f eq ) =
∫ ∞

−∞
ω(v)ρ(t, x)P (v, u)H (n)(v)ddv. (16)

The quadrature procedure converts these integrals into sums
by evaluating only a fixed set of points in the velocity space.
Hence, the continuous velocity space essentially becomes dis-
crete. The expansion coefficients are therefore given by

a(n)( f eq ) =
q∑

i=1

wiρ(t, x)P (vi )H
(n)(vi ), (17)

where q depends on the desired accuracy. Another convenient
property of the Gauss-Hermite quadrature in contrast to other
variants is that the expression remains exact for suitably large
q. The size of q depends on the order of the product PH (n).

To not stream off-lattice, spatial and velocity lattices need
to overlap. But the nodes or abscissae, vi, do not agree with
a spatial standard lattice using 
x = 1. It is hence standard
practice in LBM to rescale the velocities to

vi = ci

cs
, u = s

cs
. (18)

The constant factor cs could also be absorbed into the units.
The updated equilibrium distribution reads

f eq(ci ) = ω(ci )ρ

[
1 + ciαsα

c2
s

+ 1

2c4
s

(
sαsβ + c2

s Kαβ

)(
ciαciβ − c2

s δαβ

) + 1

6c6
s

(
sαsβsγ + c2

s Kαβsγ + c2
s Kβγ sα + c2

s Kγαsβ

)

× (
ciαciβciγ − ciαc2

s δβγ − ciβc2
s δγα − ciγ c2

s δαβ

)]
. (19)
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Aiming for a clean notation, we define the discrete equilib-
rium function

f eq
i (t, x) = wi

ω(ci )
f eq(t, x, ci ), (20)

with the weights wi included and perform the quadrature,
Eq. (17), yielding the physically relevant macroscopic mo-
ments as sums in the discretized velocity space as

ρ = a(0)( f eq ) =
q∑

i=1

f eq
i , (21)

and

ρuα = a(1)( f eq ) =
q∑

i=1

f eq
i ciα. (22)

Similarly, we can discretize the particle distribution func-
tion f . Without repeating all the steps we just note that since
we want to conserve mass and momentum, the distributions
yield the same moments up to first order, cf. Eqs. (2) to (5).
From this follows that the first two expansion coefficients
must be identical, such that

ρ = a(0)( f eq ) = a(0)( f ) =
q∑

i=1

fi, (23)

and

ρuα = a(1)( f eq ) = a(1)( f ) =
q∑

i=1

ficiα, (24)

with fi defined analogously to Eq. (20).
Since the space-time discretization does not require modi-

fications compared to the isotropic case, we will skip it here
and refer the interested reader to Ref. [1] instead.

III. CHAPMAN-ENSKOG THEORY

The Chapman-Enskog [15] analysis will provide infor-
mation about the macroscopic physical equations that are
induced by the microscopic discrete formalism we developed
above. A detailed but palatable derivation for the isotropic
case can again be found in Ref. [1]. We will follow a similar
derivation in the procedure below.

We want to derive the behavior of the anisotropic equilib-
rium function under single-relaxation time collision (BGK)
[12–14], corresponding to the fully discrete Boltzmann equa-
tion

fi(t + 
t, x + ci
t ) − fi(t, x) = 
t

τ

[
f eq
i (t, x) − fi(t, x)

]
,

(25)

where τ is the relaxation time. Here, we performed the time
discretization to first order only, since it is equivalent to
second order assuming a suitable redefinition of fi, compare
Appendix A.5 in Ref. [1].1 Some details about the expected

1For BGK, it can be shown that there exists a distribution f̄i with
the same moments as fi and a corresponding relaxation time τ̄ =
τ + 
t/2, with which the second-order time accurate scheme has
the same form as the first order Eq. (25).

form of the resulting Navier-Stokes equations for single-
relaxation time collisions and their anisotropic modification
are given in Appendix F.

Performing the analysis on this collision operator, we first
note that a general discrete distribution fi deviates from the
equilibrium by some amount 
 fi, i.e.,

fi = f eq
i + 
 fi ⇔ 
 fi = fi − f eq

i . (26)

This can be understood as the collection of particles con-
sisting of an equilibrated part plus a (small) nonequilibrium
perturbation. The macroscopic dynamic properties of the fluid
fully depend on this perturbation. Similar to other perturbation
theories, the perturbation can be expanded in orders of some
ordering parameter, in our case the Knudsen number

Kn = λ

L
, (27)

with λ and L being the mean free path of fluid particles
and the characteristic physical length scale of the problem,
respectively.

We expand the distribution as

fi =
∞∑

n=0

εn f (n)
i = f (0)

i +
∞∑

n=1

εn f (n)
i

= f eq
i +

∞∑
n=1

εn f (n)
i

(26)= f eq
i + 
 fi, (28)

where powers of expansion coefficients ε determine the order
in Kn, i.e.,

f (n)

f eq
= O(Knn). (29)

By combining Eqs. (21) to (24) it follows that∑
i

f eq
i =

∑
i

fi
(26)�⇒

∑
i


 fi = 0 (30)

and ∑
i

f eq
i ci =

∑
i

fici
(26)�⇒

∑
i


 fici = 0. (31)

The expansion in Eq. (28) makes 
 fi a polynomial in ε.
By comparison of coefficients Eqs. (30) and (31) imply even
stricter relations, namely∑

i

f (n)
i = 0 ∀n � 1, (32)

and ∑
i

f (n)
i ci = 0 ∀n � 1. (33)

Next, we expand the whole left-hand side of Eq. (25) into a
Taylor series up to second order, cf. Eq. (D2) in Appendix D,
and apply Eq. (26) to the right-hand side, which yields


t (∂t + ciα∂α ) fi + 
t2

2
(∂t + ciα∂α )2 fi + O(
t3)

= −
t

τ

 fi. (34)
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The treatment of a second derivative would be complicated.
To eliminate it, we apply the operator 
t

2 (∂t + ciα∂α ) to both
sides of Eq. (34), i.e.,


t2

2
(∂t + ciα∂α )2 fi + O(
t3) = −
t2

2τ
(∂t + ciα∂α )
 fi,

(35)

and subtract the resulting Eq. (35) from Eq. (34), yielding


t (∂t + ciα∂α ) fi = −
t

τ

 fi + 
t2

2τ
(∂t + ciα∂α )
 fi, (36)

where we neglected the O(
t3) terms to simplify the expres-
sion.

The idea is to get a set of multiple equations, each corre-
sponding to the next correction when considering higher and
higher orders of Kn. The relevant order for the Navier-Stokes-
regime is O(Kn2) [1]. Hence, we expand the time derivative
in a similar fashion as 
 fi in Eq. (28) up to second order, i.e.,

∂t fi = (
ε∂

(1)
t + ε2∂

(2)
t

)
fi. (37)

The spatial derivative is sufficient at first order, but we want
to introduce the corresponding notation

ciα∂α fi = εciα∂ (1)
α fi. (38)

Applying these definitions to Eq. (36) yields


t
[(

ε∂
(1)
t + ε2∂

(2)
t

) + εciα∂ (1)
α

]
fi

= −
t

τ

 fi + 
t2

2τ

[(
ε∂

(1)
t + ε2∂

(2)
t

) + εciα∂ (1)
α

]

 fi.

(39)

Using Eq. (28) we expand 
 fi and fi to second order and split
the result into two equations, one for each order of ε, yielding

ε
(
∂

(1)
t + ciα∂ (1)

α

)
f eq
i = − ε

τ
f (1)
i , (40)

ε2∂
(2)
t f eq

i + ε2

(
1 − 
t

2τ

)(
∂

(1)
t + ciα∂ (1)

α

)
f (1)
i = −ε2

τ
f (2)
i .

(41)

Again, the macroscopic behavior is determined by the first two
moments, zeroth and first order. And the second-order mo-
ment is essentially a correction term. From the Gauss-Hermite
quadrature we know that taking moments in the discrete ve-
locity space corresponds to multiplying expressions by power
of ci before summing over i. We can take moments of the full
equations by applying the operations to both sides. Consider-
ing Eqs. (32) and (33), the zeroth moments of Eqs. (40) and
(41) are

ε∂
(1)
t ρ + ε∂ (1)

α (ρuα ) = 0, (42)

and

ε2∂
(2)
t ρ = 0, (43)

respectively. Adding both equations and reversing the deriva-
tive expansions yields the governing equation for the zeroth-
order moment (mass), i.e., the continuity equation

∂tρ + ∂α (ρuα ) = 0. (44)

With moment tensors Mα1...αn defined analogously to Ap-
pendix E, the first order moments of Eqs. (40) and (41) are

ε∂
(1)
t (ρuα ) + ε∂

(1)
β Mαβ

(
f eq
i

) = 0 (45)

and

ε2∂
(2)
t (ρuα ) + ε2∂

(1)
β

(
1 − 
t

2τ

)
Mαβ

(
f (1)
i

) = 0, (46)

respectively. Again, adding these and recombining the expan-
sions yields the governing equation for the first-order moment
(momentum), i.e.,

∂t (ρuα ) + ∂βMαβ

(
f eq
i

) = −ε∂β

[(
1 − 
t

2τ

)
Mαβ

(
f (1)
i

)]
.

(47)

The higher order moments of the equilibrium encountered in
this equation can be evaluated according to Appendix E. But
up to this point the second-order moment of the perturbation
f (1)
i is unknown. However, taking the second-order moment

of Eq. (40) results in a defining equation for it, i.e.,

ε∂
(1)
t Mαβ

(
f eq
i

) + ε∂ (1)
γ Mαβγ

(
f eq
i

) = − ε

τ
Mαβ

(
f (1)
i

)
. (48)

This equation provides us with the unknown moment in terms
of second- and third-order moments of the equilibrium, which
we can compute. Corresponding calculations can be found in
Appendix G. The needed equilibrium moments can again be
found in Appendix E. Using Eq. (48), we find the perturbation
moment

Mαβ

(
f (1)
i

) = −τρc2
s

(
A−1

βγ ∂ (1)
γ sα + A−1

αγ ∂ (1)
γ sβ

)
. (49)

Inserting the second-order moment of the perturbation into
Eq. (47) we arrive at

∂t (ρuα ) + ∂βMαβ

(
f eq
i

)
= ε∂β

[
ρc2

s

(
τ − 
t

2

)(
A−1

βγ ∂ (1)
γ sα + A−1

αγ ∂ (1)
γ sβ

)]
. (50)

After inserting the expression for the equilibrium moment and
reversing the derivative expansion we finally arrive at

∂t (ρsα ) + ∂β

(
ρc2

s A−1
αβ + ρsαsβ

)
= ∂β

[
ρc2

s

(
τ − 
t

2

)(
A−1

βγ ∂γ sα + A−1
αγ ∂γ sβ

)]
. (51)

By defining a shear viscosity

η = ρc2
s

(
τ − 
t

2

)
(52)

and applying the equation of state

p = ρc2
s , (53)

where p is the pressure of the fluid, we are left with a more
familiar form of Eq. (51), i.e.,

∂t (ρsα ) + ∂β (ρsαsβ )

= −A−1
αβ∂β p + ∂β

[
η
(
A−1

βγ ∂γ sα + A−1
αγ ∂γ sβ

)]
. (54)
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With our derivation, we imply that the bulk viscosity

ζ = 2

3
η, (55)

hence, two terms otherwise present in the Navier-Stokes equa-
tions cancel for us.

Equation (54) is only in this form because we expanded
the equilibrium to third order in velocity. Otherwise a K-
dependent discretization error would remain. In the next
section we will demonstrate that the third-order expansion
is also strictly necessary when capturing phenomena that are
related to higher-order velocity excitations.

The reader might also have expected an anisotropic trans-
formation acting on the macroscopic velocity s. This is in
fact the case, although not explicitly visible. By defining the
equilibrium as we have in Eq. (7), A is already applied to s,
hence s is already anisotropically skewed by definition and
requires no additional transformation.

IV. TAYLOR-GREEN-VORTEX DECAY

To demonstrate the behavior and properties of the
anisotropic BGK model, we investigate the decay of a Taylor-
Green vortex [16]. It is a common example to measure the
time accuracy of fluid flow solvers, since it has an analytical
time-dependent solution. For us the vortex itself is interesting
since it contains higher-order velocity terms, which are neces-
sary to highlight the importance of the third- order expansion
of the equilibrium distribution, Eq. (19). In two spatial dimen-
sions using coordinates x = (x, y), the problem can be stated
as follows [1]: A vortex-velocity field given by

u(x) = umax

(−√
ky/kx cos(kxx) sin(kyy)√
kx/ky cos(kyy) sin(kxx)

)
, (56)

will on a fully periodic domain of size lx × ly decay exponen-
tially with some characteristic decay frequency ωd. Here, kα

are wave numbers, i.e., kα = 2π/lα , and umax is the maximal
velocity magnitude. The decay of such a vortex field over time
t is hence given by

u(t, x) = umax

(−√
ky/kx cos(kxx) sin(kyy)√
kx/ky cos(kyy) sin(kxx)

)
exp(−ωdt ).

(57)

The pressure field will be

p(t, x) = p0 − ρu2
max

4

[
ky

kx
cos(2kxx) + kx

ky
cos(2kyy)

]

× exp(−2ωdt ). (58)

We will use a quadratic simulation domain, lx = ly. Usu-
ally, one investigates cross terms, for example in the stress
tensor σ , by simulating a domain with lx �= ly, since otherwise
the stress tensor cross terms will be zero, i.e., σxy = σyx = 0.
With our anisotropic model, however, we will see the effects
of the velocity cross terms in the equilibrium distribution even
in quadratic domains.

For our setup, we chose to simulate the vortex decay
over 400 time steps on a lx × ly = 64 × 64 domain. The
BGK relaxation time τ is unity and umax = 0.02. In isotropic

LBM, these parameters correspond to a kinematic viscosity
ν = (2τ − 1)/6. The analytical solution for the Taylor-Green
vortex predicts in this case a decay frequency of

ωd = ν
(
k2

x + k2
y

) = 2

6

(
2π

64

)2

= 3.21 × 10−3 (59)

in lattice units.
To describe the anisotropy, we define a matrix

Ã =
(

Ãxx Ãxy

Ãyx Ãyy

)
, (60)

which is proportional to A in Eq. (7), but not yet normalized,
meaning that the determinant is not necessarily unity. The
matrix A is then simply

A = 1√
det Ã

Ã. (61)

Since we want to focus on the cross terms, we leave
the diagonals as unity for all simulations, i.e., Ãxx = Ãyy =
1. For Ãxy = Ãyx we chose four different values, Ãxy =
0.0, 0.1, 0.2, 0.4, such that the first case corresponds to an
isotropic model with Ã = A = 1. We will compare the so-
lutions of the decay frequencies for simulations using the
third-order approximations of the equilibrium distributions
[Eq. (19)] with solutions simulated using equilibrium func-
tions up to approximated second order only. The domain
velocity is initialized with the Taylor-Green velocity field,
Eq. (57), at t = 0. The density depends on the pressure field,
Eq. (58), and is set to ρ(x) = 1 + 3p(t = 0, x).

As measure for the decay of the velocity field we calculate
the sum of absolute x components of the velocity vector over
the whole domain, i.e.,

Ux(t ) =
∑
{x}

ux(t, x), (62)

for 25 equally spaced time intervals. Since both compo-
nents decay with the same frequency in a quadratic domain,
Eq. (57), one of them is sufficient to determine ωd.

The results are presented in Fig. 1. The left-hand side of the
figure gives simulation results using the second-order accurate
approximation of the equilibrium function. Data points at
time intervals were fitted with optimize.curve_fit from
the Python library SciPy [17] using the fit function F (t ) =
a exp(−ωdt ). Simulations recover the characteristic decay
frequency for the isotropic case. However, the second-order
approximation is not sufficient to simulate the effect of in-
creasing off-diagonal elements Ãxy causing a change in decay
frequency. On the contrary, simulations using the proposed
third-order correction of the equilibrium function result in
a significant difference. The effect stems from higher-order
excitations present in the macroscopic fields. Increasing Ãxy

results in a notably decreasing decay frequency.
Visually this result can be confirmed by the resulting flow

patterns. Figure 2 shows the flow fields for each of the sim-
ulations at t = 100
t . Here, we can observe that only in the
case of third-order approximation of the equilibrium function
the flow fields appear as skewed, while using second-order
equilibrium results in all cases in visually isotropic flow fields.
From the form of Eq. (7) we expect a skewed field, because
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FIG. 1. Exponential decay of the Taylor-Green vortex. Velocity Ux as function of simulation time. The velocity is scaled to the highest
value at t=0, because it is a sum over the whole domain with an arbitrary numerical value which is captured by the prefactor a in the fit
function F (t ) = a exp(−ωdt ). Left: second-order approximation of the equilibrium function. A zoom into the results using the second-order
approximation shows that the values vary in the fourth decimal only. Even the expected order from small to large values of Axy is produced
(compare with the zoomed inset). Right: third-order approximation of the equilibrium function. Velocity data splits up significantly and we
predict significantly different decay frequencies.

FIG. 2. Velocity fields for Taylor-Green-vortex decay. Top row: second-order equilibrium. Bottom row: third-order equilibrium. From left
to right: Ãxy = 0.0, 0.1, 0.2, and 0.4. Only with the third order the skewed nature of the velocity field becomes apparent.
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the introduction of A is somewhat equivalent to an affine
transformation of the coordinates.

Note, that in test cases without above mentioned higher or-
der excitations, e.g. regular Poiseuille flow through a channel,
both approximation orders would appear identical.

V. CONCLUSION AND OUTLOOK

We were able to derive a consistent lattice Boltzmann
framework for anisotropic flow problems using an anisotropic
equilibrium distribution. We provided the proof through
Chapman-Enskog theory that the governing macroscopic
equations are correctly derived as being an anisotropic version
of the Navier-Stokes equations. Important properties of LBM,
like locality of the collision operator or isotropy of the space
and velocity lattices are retained.

Depending on the problem under consideration, an expan-
sion of the equilibrium distribution to higher orders than usual
might be necessary to capture the relevant phenomena, as
we demonstrated with a Taylor-Green-vortex decay using an
anisotropic BGK model.

An interesting application of this model in future work
is a volume averaged [18,19] composite collision [20]
where BGK and bounce-back collision are combined in
an anisotropic scheme to model fluid flow in unresolved
anisotropic porous media. Additionally, the modification to
anisotropic advection-diffusion would come with interesting
applications and is relatively straightforward to perform. A
related topic is the anisotropic equilibrium distribution itself
and how it might be measured or computed. It will be worth
investigating how known LBM forcing schemes can be incor-
porated into the anisotropic model and if modifications are
necessary.

Other related questions that might be worth investigating in
the future are the incorporation of external forces, anisotropic
equilibrium distributions in more complex collision operators
like MRT, or anisotropic multiphase flow.
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APPENDIX A: USEFUL INTEGRAL IDENTITIES

The integrals in Sec. II can be solved with these helpful
identities:∫ ∞

−∞
exp

(
− (vα − uα )Aαβ (vβ − uβ )

2

)
ddv =

√
(2π )d

det A
,

(A1)∫ ∞

−∞
exp

(
− (vα − uα )Aαβ (vβ − uβ )

2

)
vγ ddv =

√
(2π )d

det A
uγ ,

(A2)∫ ∞

−∞
exp

(
− (vα − uα )Aαβ (vβ − uβ )

2

)
vγ vεddv

=
√

(2π )d

det A

(
A−1

γ ε + uγ uε

)
, (A3)

and finally∫ ∞

−∞
exp

(
− (vα − uα )Aαβ (vβ − uβ )

2

)
vγ vεvσ ddv

=
√

(2π )d

det A

(
A−1

γ ε uσ + A−1
εσ uγ + A−1

σγ uε + uγ uεuσ

)
. (A4)

APPENDIX B: HERMITE POLYNOMIAL EXPANSION

Hermite polynomials of order n

H (n)(v) = (−1)n

ω(v)
∇(n)ω(v). (B1)

are generated using the generating function 2

ω(v) = 1
√

2π
d

exp
(
−vαvα

2

)
. (B2)

The object ∇(n) is a tensor of rank n which applies n
derivatives in the order of the indices, i.e.,

∇(n) = ∇α1...αn = ∂

∂vα1

...
∂

∂vαn

, (B3)

which makes H (n) also a tensor of rank n.
With this, any function g(v) can be expanded in the basis

of Hermite polynomial as

g(v) = ω(v)
∞∑

n=0

1

n!
〈a(n)(g), H (n)〉. (B4)

The expansion coefficients a(n)(g) are found by projecting
g(v) onto the nth basis polynomial, i.e.,

a(n)(g) =
∫ ∞

−∞
g(v)H (n)(v)ddv. (B5)

The operation 〈·, ·〉 is the full contraction of the tensors, i.e.,

〈a(n)(g), H (n)〉 = a(n)
α1...αn

(g)H (n)
α1...αn

. (B6)

2This function is not unique and could vary from what the reader
might be familiar with. This variant generates the so-called proba-
bilist’s Hermite polynomials.
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From Eq. (B1) we compute the first four Hermite polyno-
mials

H (0)(v) = 1,

H (1)(v) = vα,

H (2)(v) = vαvβ − δαβ,

H (3)(v) = vαvβvγ − δαβvγ − δβγ vα − δγαvβ.

(B7)

Using the integral identities in Appendix A, the expansion
coefficients for f eq as defined in Eq. (7) are

a(0)( f eq ) = ρ,

a(1)
α ( f eq ) = ρuα,

a(2)
αβ ( f eq ) = ρ(uαuβ + Kαβ ),

a(3)
αβγ ( f eq ) = ρ(uαuβuγ + Kαβuγ + Kβγ uα + Kγαuβ ),

(B8)

where we define

Kαβ = A−1
αβ − δαβ. (B9)

APPENDIX C: GAUSS-HERMITE QUADRATURE

Lets assume we need to evaluate an integral over the whole
space in which the integrated function is a product of the Her-
mite generator ω and an arbitrary 1D polynomial P(N )(x) of
order N . Such integrals can be approximated using a weighted
finite sum of the polynomial, such that

∫ ∞

−∞
ω(x)P(N )(x)dx =

n∑
i=1

wiP
(N )(xi ). (C1)

The specific value of n depends on the desired accuracy. In
general N � 2n − 1. A nice property of the Gauss-Hermite
quadrature—which sets it apart from most of the other quadra-
ture variants—is that it becomes exact for sufficiently large n,
namely when N = 2n − 1 or n = (N + 1)/2. The abscissae
xi are the roots of the nth order Hermite polynomial and the
weights can be computed from one order lower via

wi = n!

[nH (n−1)(xi )]2
. (C2)

For example, a polynomial of order N = 5 requires n = 3
probing points. Hence, we need the third-order Hermite poly-
nomial H (3) to compute the abscissae and the second-order
polynomial H (2) for the weights. They can be derived from
Eq. (B1) by setting all the indices equal, such that

H (3)(x) = x3 − 3x, H (2)(x) = x2 − 1. (C3)

The roots of H (3) are

x1 = 0, x2,3 = ±
√

3, (C4)

and using Eq. (C2) yields the corresponding weights

w1 = 2

3
, w2,3 = 1

6
. (C5)

The extension to d dimensions is straightforward because
of the two following properties of the generator and an arbi-
trary polynomial of order N , P(N ):

ω(x) =
d∏

α=1

ω(xα ), (C6a)

P(N )(x) =
∑
{k}

ak

d∏
α=1

xNα

α , (C6b)

where the multi-index k runs over the set {k} =
{(N1, ..., Nd ) ∈ Nd | ∑

α Nα � N}.
That way, the d-dimensional expression only includes 1D

integrals, i.e.,∫ ∞

−∞
ω(x)P(N )(x)dd x =

∑
{k}

ak

d∏
α=1

∫ ∞

−∞
ω(xα )xNα

α dxα, (C7)

and the quadrature becomes

∑
{k}

ak

d∏
α=1

∫ ∞

−∞
ω(xα )xNα

α dxα =
∑
{k}

ak

d∏
α=1

nα∑
iα=1

wiα xNα

iα
. (C8)

With the assumption that all dimensions are expanded to the
same degree, i.e., nα = n, one can immediately construct the
D2Q9 and D3Q27 lattices. Through symmetry arguments, cf.
Appendix in Ref. [22], one can reduce the lattice for d = 3 to
D3Q19 without loss of precision in the Navier-Stokes regime.
By mapping the products of weights to a single running index,
wi1...wid 
→ wi, one can rewrite Eq. (C8) with a single sum∫ ∞

−∞
ω(x)P(N )(x)dd x =

q∑
i=1

wiP
(N )(xi ) (C9)

for the general lattice DdQq.

APPENDIX D: SERIES EXPANSION OF THE DISCRETE
BOLTZMANN EQUATION

Let g : Rd → R an N-times continuously differentiable
function. Then

g(xα + hα ) = g(xα ) +
N∑

j=1

1

j!
(hβ∂β ) jg(xα ) + R, (D1)

where R is a remainder of order N + 1. Note that the βterm
is summed over because of the repeated index such that it
corresponds to a inner product. With the definitions g(xα ) =
fi(t, x), xα = (t, x), and hα = (
t, ci
t ) we can write the
discrete Boltzmann equation as

fi(t + 
t, x + ci
t ) − fi(t, x)

=
N∑

j=1


t j

j!
(∂t + ciβ∂β ) j fi(t, x) = �i
t . (D2)

APPENDIX E: HIGHER-ORDER MOMENTS
OF THE EQUILIBRIUM

Although the physical observables are given by the
zeroth and first-order moments of the distribution func-
tion, the Chapman-Enskog analysis requires additionally the
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second- and third-order moments of the equilibrium function.
For the continuous case, those can be computed using the
integral identities in Appendix A and given by

Mαβ ( f eq ) =
∫ ∞

−∞
f eq(ρ, u, v)vαvβddv = ρ

(
A−1

αβ + uαuβ

)
,

(E1)

and

Mαβγ ( f eq ) =
∫ ∞

−∞
f eq(ρ, u, v)vαvβvγ ddv

= ρ
(
A−1

αβ uγ + A−1
βγ uα + A−1

γαuβ + uαuβuγ

)
,

(E2)

In the discrete velocity space, we have

Mαβ

(
f eq
i

) =
∑

i

f eq
i viαviβ = ρ

(
A−1

αβ + uαuβ

)
, (E3)

and

Mαβγ

(
f eq
i

) =
∑

i

f eq
i viαviβviγ

= ρ
(
A−1

αβ uγ + A−1
βγ uα + A−1

γαuβ + uαuβuγ

)
.

(E4)

Using the compatible velocity lattice, where vi = ci/cs and
u = s/cs, we find

Mαβ

(
f eq
i

) = ρ
(
c2

s A−1
αβ + sαsβ

)
, (E5)

and

Mαβγ

(
f eq
i

) = ρ
(
c2

s A−1
αβ sγ + c2

s A−1
βγ sα + c2

s A−1
γαsβ + sαsβsγ

)
.

(E6)

The reader should note that the moments of a full and
truncated equilibrium distributions will be identical up to the
order of expansion. Since we expanded f eq to third order,
all the above moments remain identical. If we had expanded
only to second order, the third moment of the second-order
equilibrium ˆf eq would lack the anisotropic correction and
would therefore read

M̂αβγ

(
ˆf eq

i

) = ρ
(
c2

s δαβsγ + c2
s δβγ sα + c2

s δγαsβ + sαsβsγ

)
.

(E7)

APPENDIX F: NAVIER-STOKES EQUATIONS FOR
SINGLE-RELAXATION TIME COLLISIONS

The force-free isotropic Navier-Stokes equations for a fluid
of density ρ and a macroscopic velocity u under pressure p
can be written as

∂t (ρuα ) + ∂β (ρuαuβ )

= −∂α p + ∂β

[
η(∂βuα + ∂αuβ ) + δαβ

(
ζ − 2

3
η

)
∂γ uγ

]
.

(F1)

We introduced the shear viscosity η and the bulk or volume
viscosity ζ . The Kronecker delta hints at the fact that the
viscosities are actually not scalars but tensor quantities. Since

we investigate the single-relaxation time (BGK) collision un-
der isothermal assumption, the viscosities cannot be varied
independently. The isentropic equation of state for pressure
p and density ρ is

p = p0

(
ρ

ρ0

)γ

, (F2)

where we introduced the adiabatic index γ . In general, the
viscosities are related through

ζ = η

(
5

3
− γ

)
. (F3)

The isothermal limit imposed by the equilibrium distribution
Eq. (7), however, is characterized by γ = 1, such that

ζ = 2

3
η. (F4)

This relation sets the last term in Eq. (F1) to zero, and the
isothermal Navier-Stokes equations read

∂t (ρuα ) + ∂β (ρuαuβ ) = −∂α p + ∂β[η(∂βuα + ∂αuβ )]. (F5)

The shear viscosity was already identified as a tensor.
But the single-relaxation time collision leads to the relations
η ∝ ρ and p ∝ ρ, and hence, η ∝ p. We, therefore, assume
that not only η but also p is implicitly a tensor that carries
the anisotropy. We hence assume to arrive at Navier-Stokes
equations where p and η both are anisotropic tensors, i.e.,

∂t (ρuα ) + ∂β (ρuαuβ )

= −∂β (Cαβ p) + ∂β[η(Cβγ ∂γ uα + Cαγ ∂γ uβ )], (F6)

where C is a tensor related to A. The Chapman-Enskog anal-
ysis in Sec. III shows that this is indeed the case, and that
C ∝ A−1.

More details on the thermodynamic relations can be found
in Ref. [1] and the cited references therein.

APPENDIX G: EXPLICIT EXPRESSION
FOR THE PERTURBATION MOMENT

During the Chapman-Enskog analysis we encounter the
equation

∂t (ρuα ) + ∂βMαβ

(
f eq
i

) = −ε

(
1 − 
t

2τ

)
∂βMαβ

(
f (1)
i

)
. (G1)

and

ε∂
(1)
t Mαβ

(
f eq
i

) + ε∂ (1)
γ Mαβγ

(
f eq
i

) = − ε

τ
Mαβ

(
f (1)
i

)
, (G2)

which we want to compute here as an explicit expression of
the observables ρ and u = s/cs. The steps are provided in
Ref. [1] and require only slight modifications.
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Using the expression we found in Appendix E, we write out
the time derivative of the second-order equilibrium moment,
i.e.,

∂
(1)
t Mαβ

(
f eq
i

) = ∂
(1)
t

(
c2

s A−1
αβρ + sαsβρ

)
. (G3)

The second term on the right-hand side needs to be rewritten
using a variation of the product rule. For some functions f ,
g, and h with a generic derivative of f denoted as f ′, we can
write

( f gh)′ = f (gh)′ + gh f ′, (G4)

and since

h f ′ = ( f h)′ − f h′, (G5)

we can write the first expression as

( f gh)′ = f (gh)′ + g( f h)′ − f gh′. (G6)

Applying the rule to Eq. (G3), we find

∂
(1)
t Mαβ

(
f eq
i

) = c2
s A−1

αβ∂
(1)
t ρ + sα∂

(1)
t (sβρ) + sβ∂

(1)
t (sαρ)

− sαsβ∂
(1)
t ρ. (G7)

Next, we rewrite the first-order balance equations for mass and
momentum, Eqs. (42) and (45) as

∂
(1)
t ρ = −∂ (1)

α (sαρ), (G8)

and

∂
(1)
t (sαρ) = −∂

(1)
β

(
c2

s A−1
αβρ + sαsβρ

)
, (G9)

and plug them into Eq. (G7) to eliminate some time deriva-
tives, i.e.,

∂
(1)
t Mαβ

(
f eq
i

) = −c2
s A−1

αβ∂ (1)
γ (sγ ρ) − sα∂ (1)

γ

× (
c2

s A−1
βγ ρ + sβsγ ρ

)
− sβ∂ (1)

γ

(
c2

s A−1
αγ ρ + sαsγ ρ

)
+ sαsβ∂ (1)

γ (sγ ρ). (G10)

This can be rewritten as

∂
(1)
t Mαβ

(
f eq
i

) = −c2
s A−1

αβ∂ (1)
γ (sγ ρ) − sαc2

s A−1
βγ ∂ (1)

γ ρ

− sβc2
s A−1

αγ ∂ (1)
γ ρ + sαsβ∂ (1)

γ (sγ ρ)

− sα∂ (1)
γ (sβsγ ρ) − sβ∂ (1)

γ (sαsγ ρ), (G11)

to apply the product rule in Eq. (G6) in reverse to the second
line, such that

∂
(1)
t Mαβ

(
f eq
i

) = −c2
s A−1

αβ∂ (1)
γ (sγ ρ) − c2

s A−1
βγ sα∂ (1)

γ ρ

− c2
s A−1

αγ sβ∂ (1)
γ ρ − ∂ (1)

γ (sαsβsγ ρ). (G12)

Fortunately, the expression for the third-order moment re-
quires less effort and can be computed directly as

∂ (1)
γ Mαβγ

(
f eq
i

) = ∂ (1)
γ

(
c2

s A−1
αβ sγ ρ + c2

s A−1
βγ sαρ

+ c2
s A−1

αγ sβρ + sαsβsγ ρ
)
. (G13)

Going back to Eq. (G2) we now found

Mαβ

(
f (1)
i

) = τc2
s A−1

αβ∂ (1)
γ (sγ ρ) + τc2

s A−1
βγ sα∂ (1)

γ ρ

+ τc2
s A−1

αγ sβ∂ (1)
γ ρ + τ∂ (1)

γ (sαsβsγ ρ)

− τ∂ (1)
γ

(
c2

s A−1
αβ sγ ρ + c2

s A−1
βγ sαρ + c2

s A−1
αγ sβρ

+ sαsβsγ ρ
)
, (G14)

which, using the regular product rule, simplifies to

Mαβ

(
f (1)
i

) = −τ
[
c2

s A−1
βγ

(
∂ (1)
γ (sαρ) − sα∂ (1)

γ ρ
)

+ c2
s A−1

αγ

(
∂ (1)
γ (sβρ) − sβ∂ (1)

γ ρ
)]

= −τρc2
s

[
A−1

βγ ∂ (1)
γ sα + A−1

αγ ∂ (1)
γ sβ

]
. (G15)

N. B.: This final expression is only that simple if we expand
the equilibrium to the third order. Only then Mαβγ also carries
the A−1-terms, cf. Appendix E and compare Eq. (E6) with
Eq. (E7). With a second-order equilibrium the mixed order
sum of equilibrium moments in Eq. (G2) will include K terms
[Eq. (13)] as discretization errors. Additionally, we would see
a O(u3) discretization error, which is also present in second-
order isotropic LBM and usually neglected.
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