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Designing the phase behavior of multicomponent mixtures is a rich area with many potential applications.
One key question is how more than M 4 1 phases, as would normally be allowed by Gibbs’ phase rule at
generic temperature in a mixture of M molecular species, can be made to coexist in equilibrium. While such
“super-Gibbs” phase coexistence is possible in the grand-canonical ensemble by tuning interactions among the M
species, there is no straightforward equivalence in the canonical ensemble: Only a subset of the grand-canonical
phases will generically be realized. Here, we show that, upon further design of interface tensions, it is possible to
stabilize a super-Gibbs number of phases also in the experimentally relevant canonical ensemble, thus effectively
restoring equivalence to the grand-canonical one. Using a graph-theoretical approach, we determine a sufficient
set of inequalities for the interfacial tensions for which all grand-canonical phases are realized. We illustrate the
design method for a two-component mixture with four coexisting phases and point out the route for generalizing

this to a higher number of components.

DOI: 10.1103/z6v8-pmm9

I. INTRODUCTION

Multicomponent mixtures may demix via liquid-liquid
phase separation (LLPS) into multiple phases, possibly show-
ing a number of metastable states [1-3]. For example, a binary
system (e.g., water and oil) will remain mixed or split into
water-rich and oil-rich domains at a given pressure, tempera-
ture, and chemical potentials of water and oil molecules [4,5].
Changing these parameters changes the equilibrium states
of the mixture and a protocol can be used to engineer a
desired set of macroscopic properties [6,7]. For binary sys-
tems this is relatively straightforward, but becomes a much
richer problem in multicomponent mixtures. In contrast to
their single component counterparts, such systems present
very complex behavior, which makes it hard to engineer a
chosen set of properties [6-9]. The resulting mixture prop-
erties due to LLPS are not only widely used in the materials
sciences [10—14] and food industry [15], but have also been
shown to be a key driver in the development of protocells, in
which LLPS allows for the formation of stable membraneless
organelles such as the nucleus [2,6-8].

Surprisingly, using a random graph approach, it was shown
recently [7] that mixtures with a large number M of compo-
nents and designed interactions can assemble into n ~ O(M?)
phases, apparently contradicting the well established Gibbs’
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phase rule, which predicts a maximum of M + 1 phases at
a generic temperature. Later it was argued that the apparent
paradox of such “super-Gibbs” phase splits was due to the ex-
istence of linearly dependent designed coexisting phases [8].
From an equation of state perspective, multiphase coexistence
beyond Gibbs’ phase rule has also been observed in mixtures
of colloids and polymers [16—18], once the shape of the con-
stituent particles is allowed to be fine-tuned.

In this work we show that, while designed super-Gibbs
phase coexistence in the grand-canonical ensemble can be
understood from a straightforward extension of the standard
Gibbs phase rule that includes design parameters as additional
degrees of freedom, the same is not true in the experimentally
more relevant canonical ensemble where particle numbers are
fixed: here not all grand-canonically designed phases will
generically coexist.

We then demonstrate that under suitable conditions on
the interfacial tensions between different phases—which are
in addition to the tuning of bulk free energies required in
the grand-canonical ensemble—designed super-Gibbs phase
coexistence can also be realized in the canonical ensemble.
We give sufficient conditions for this for a generic number of
mixture components in Sec. III D.

The importance of this result stems from the fact that
equivalence of ensembles [19] is one of the key concepts of
statistical physics; it states that the constraints imposed by the
choice of ensemble become irrelevant in the thermodynamic
limit. This means that different ensembles yield the same equi-
librium macroscopic properties once the system is taken to be
large enough. For liquid mixtures, one of these macroscopic
properties is the phase split, which captures which phases
are observed for a given set of intensive parameters. Our
results show that for designed super-Gibbs phase coexistence
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in the canonical ensemble, the interfacial properties remain
relevant even in the thermodynamic limit: they determine
which phases will coexist, resulting in an inequivalence with
the grand-canonical ensemble (Sec. III). Effectively restoring
ensemble equivalence, as we show, is only possible upon
design of interface tensions.

In the final Sec. IV we discuss the problem of interfacial
tension design and point out a route to meeting the previously
derived conditions via a design protocol.

II. GIBBS’ PHASE RULE IN THE GRAND-CANONICAL
ENSEMBLE

Gibbs’ phase rule can be derived by considering a mixture
with M components or species, with fixed total volume V
and temperature 7. Each of n coexisting bulk phases is then
specified by its composition, i.e., by the component densities
pi=N;/V fori=1,..., M. Chemical and mechanical equi-
librium require that the pressure P and chemical potentials
1; are the same across all phases. This gives (n — 1)(M + 1)
constraints on nM variables, leaving a total of M +1 —n
degrees of freedom. The maximum number of phases that can
coexist is thenn = M + 1.

The reasoning above, which uses the canonical ensemble,
can be rephrased in the grand-canonical ensemble, where
the generalization to designed interactions is straightforward.
One imposes, in addition to temperature 7 and volume V as
before, the chemical potential u; of each mixture component,
while the particle numbers N; and hence densities p; = N;/V
become fluctuating variables. The probability of seeing a cer-
tain overall composition p = (py, ..., py) is then

p(p) e—ﬁV[f(p)—IlTp], (1)

where u"p = > mipi, f(p) is the free energy density for the
given composition and § = 1/(kgT) is the inverse tempera-
ture. Each coexisting bulk phase o corresponds to a peak in
the distribution p(p), of width oc V=172, Denoting the region
containing this peak by R,, the phase coexistence condition is
that the probability of seeing each phase is equal,

/dpp(p)=.-.=/ dp p(p). (2)
Ry

n

For large V each peak can be taken as Gaussian, so that

/ dp p(p) o ¢V MR VU1 (3)
up to a proportionality factor that is common to all phases.
Here p®@ is the composition of phase « as given by the
position of the maximum of the peak, f* = f(p®) is the
corresponding free energy density, and ¢, can be expressed
in terms of the curvature of f(p) at the peak. Inserting into
Eq. (2) shows that

T
Y AL )

has to be equal in all phases. The last term can be ignored in
the thermodynamic limit (for finite V, it gives 1/V -corrections
to the values of the chemical potentials at coexistence) so that
one retrieves the condition of equal pressures

P — _f(ol) + MTp(Ot) 5)

at coexistence. When n phases coexist, this gives n — 1 con-
ditions on the M chemical potentials u, leaving M —n + 1
degrees of freedom. Consistent with the idea of equivalence
of ensembles, this conclusion is the same as in the canonical
ensemble.

The above argument now generalizes directly to the design
of interactions. Each adjustable parameter in the bulk free
energy f(p), for example an interaction strength between two
species i and j, provides one additional variable that can be
tuned in addition to the M chemical potentials. Thus, if there
are D design parameters, then we have M + D parameters
overall. With n — 1 equal pressure constraints as before, this
leaves

M+D—n+1 (©6)

degrees of freedom, giving a maximum number M + D + 1
of coexisting phases at generic temperature. The design or
fine-tuning of pairwise interactions, for example, provides
M(M + 1)/2 tunable parameters, allowing for a maximum
of n ~ M? phases. This scaling is consistent with an up-
per bound on n for pairwise interaction design in Ref. [7]:
their graph theoretical approach yields a maximum value n ~
M@s=D/6+D < M? where s is the number of enriched species
in each phase.

A simpler example is provided by triple point coexistence
in single-component systems, such as ice—water—vapour: the
temperature tuning required to reach such a triple point is
effectively the same as tuning an interaction strength € at fixed
T, given that all free energies and chemical potentials (in units
of kgT') can only depend on 7 /€. Designing intermolecular
interactions in mixtures with M > 1 species has the analogous
effect.

In Ref. [16], Vega and Monson proposed an extension of
Gibbs’ phase rule similar to Eq. (6) for mixtures of colloidal
systems with tunable length scales, i.e., their relative shapes,
which was confirmed later by Monte Carlo simulations [17].
An extended rule for fine-tuned particle-based phase coex-
istence was later introduced by Peters et al. [18] to include
degrees of freedom associated with microscopic length scales.
Note that if, beyond pairwise interactions, also three-body po-
tentials can be tuned, then the number of coexisting phases can
in principle be pushed to n ~ M3, and so on for higher-order
interactions.

III. DESIGNED SUPER-GIBBS PHASE COEXISTENCE
IN THE CANONICAL ENSEMBLE

It is important to note that in the grand-canonical reasoning
above, configurations containing multiple phases in the same
volume V do not play any role. This is because the resulting
interfaces will incur a free energy cost scaling as V¢~1/? in 4
dimensions. This leads to any configuration containing inter-
faces being exponentially suppressed for large V, compared to
the dominant pure bulk phase configurations. Thus, effectively
only the latter configurations are observable and contribute to
the probabilities (2) of each phase.

In the canonical ensemble, i.e., in the typical experimen-
tally relevant setting of a fixed total number of particles
of each species, or equivalently fixed “parent” composition
0© [4], interfaces must necessarily occur, and the argument
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FIG. 1. Illustrative example with M =2 species and m =4
grand-canonically designed phases (circles). In the canonical ensem-
ble, the lever rule can be satisfied as a convex linear combination
of either three (left and middle) or four (right) phases. Out of these
options, the phase split that will be observed at equilibrium is the one
that minimizes the interfacial free energy, which also depends on the
spatial arrangement of the phases.

above must be extended to include their effects. If a system
prepared with a given parent composition splits into multiple
phases, then, by particle number conservation, the average
composition of these coexisting phases, weighted by the frac-
tions v, of system volume that they occupy, must equal the
parent composition:

PO =3 v,p®
o

In the following it will be useful to think of this “lever rule” [4]
constraint in geometric terms, i.e., in the M-dimensional space
of all possible compositions p. The right-hand side of Eq. (7)
is a convex linear combination of the p(“), i.e., one with
nonnegative coefficients that add up to 1. The set of all such
convex linear combinations defines the convex hull of the
vectors p®. This phase coexistence region is a convex poly-
hedron; for a two-species system (M = 2) with M +1 =3
coexisting phases it reduces to the familiar three-phase tri-
angle in a two-dimensional (p;, p2) phase diagram. More
generally, barring degeneracies or symmetries that make the
vectors p® linearly dependent, their convex hull is a polyhe-
dron with a nonzero (M-dimensional) volume (see Fig. 1).

Now, if there are M + 1 coexisting phases, then any par-
ent composition p(*) within the phase coexistence region can
be represented uniquely as a convex linear combination of
the p@. If, however, a larger number of phases have been
designed to coexist in the grand-canonical ensemble, then
distinct sets of M + 1 or more phases will be able to recover
the parent in this way (Fig. 1), and out of these potential phase
splits the one that is realized at (canonical) equilibrium will
be the one with the lowest free energy. However, the bulk free
energy contributions are no help here as they are the same
for all possible phase splits by design: from Eq. (5) and using
the coexistence conditions P*) = P one has for the total free
energy

VZv f(‘”—VZv (u'p® —P)=V(@uTp® —P)
(8)

for any set of v, satisfying the lever rule (7). Interfacial terms
not included in Eq. (8) therefore become the determining
factor that governs which phase split is realized. This breaks
the equivalence between the canonical and grand-canonical
ensembles. We will proceed to show that, indeed, it is the
interfacial properties that determine the coexisting phases in

with Z Vg = 1. @)

canonical equilibrium, so that designing coexistence of more
than M 4+ 1 phases requires the interfacial tensions between
the different bulk phases to satisfy specific inequalities.

A. Hamiltonian description: Periodic solutions

To include interfacial terms in our considerations, we con-
sider an arbitrary spatially varying composition p(r) and write
the total free energy of the system as

1
F = f dr[f(p) + EVpTK(pr], 9)

where as before f defines the bulk free energy of a locally
homogeneous system with densities p = (p;)i=1...», While the
positive definite matrix K captures the interfacial free energy
contributions. Here and below we use a'b for the scalar
product in the M-dimensional species space while the dot (-)
notation is used for dot products in d-dimensional Euclidean
space. Using this convention, the interfacial free energy
density can be written more explicitly as %VpTK (PMVp =
32 KijVoi-Voj.

For a generically p-dependent matrix K = K(p) of interfa-
cial coefficients, the chemical potentials follow by taking the
functional derivative of Eq. (9), i.e.,

oF _ E:sz

api 8:01

0K 0K;;
_ Vo.-V L, Y U 10
" 2 ; Pi ,Oz[ dpi o ] (19

At equilibrium, each u; must be constant across the entire
system. This condition can be seen physically as coming from
equilibrium under particle exchange between local regions of
the system, or more mathematically from the requirement of
minimizing the total free energy F, subject to the particle
number conservation constraint | drp(r) =V p® and with
the u; being the appropriate Lagrange multipliers.

We note for later that the interfacial free energy con-
tribution to the total free energy can be determined by
subtracting Eq. (8) from Eq. (9). Bearing in mind the number
conservation constraint, the result can be written in the form

AF — / dr|:Veff(p)+ %vﬂm)w}, (11)
with

f(p)—p'p+P. (12)

By construction, each (grand-canonically designed) phase
0@ is a global minimum of Vg (p), with Ve (@) = 0. The
common tangent plane that geometrically embodies the phase
coexistence conditions is simply Ve = 0, so that Vg (p) can
also be thought as a tangent plane distance [4,20].

We return now to the spatial arrangement of coexisting
phases at equilibrium, which has to be obtained by solv-
ing (10) (with constant u;) for p(r). Importantly, in one spatial
dimension this problem can be mapped to one in Hamil-
tonian mechanics. Calling the spatial coordinate x so that
V — d/dx, one can multiply (10) by dp;/dx and sum over

Vet (p) =
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FIG. 2. Two species with four coexisting phases. (a) Spatial ar-
rangement of phases in a slab geometry and with periodic boundary
conditions. (b) Representation of the arrangement (a) in the (o1, p2)
plane, with circles positioned at the coexisting phases p® and inter-
faces as connecting lines. (c) Abstract graph representation of panels
(a) and (b), showing phases as nodes and interfaces as links.

i to find [5]
1dp" dp

d
£=0, HZEEKE_ eff (). (13)
This can be viewed as a conservation law for a Hamiltonian
‘H: x plays the role of time, p and dp/dx are the generalized
coordinates and velocities, respectively, and K corresponds to
a mass tensor defining the effective kinetic energy. The same
analogy also holds in higher spatial dimensions provided that
the p; are functions of only a single spatial coordinate x, which
physically means that the coexisting phases are arranged next
to each other in a “slab” geometry with flat interfaces between
them as shown in Fig. 2. (For other geometries, a stress-tensor
type of conservation law still exists [21,22].) We focus in this
paper on the slab geometry case, but return in the concluding
section to the question of other geometric phase arrangements
such as spherical droplets.
To the Hamiltonian H one can associate a Lagrangian £ by
inverting the sign of the potential term,
T
= 2K Vo). (14)
It is then simple to verify that, as suggested by the conserva-
tion law (13), the corresponding Euler-Lagrange equations are
identical to the equilibrium conditions (10) (with constant ;).
The same of course applies to the Hamilton equations de-
rived from H, once velocities dp/dx have been expressed
in terms of momenta p = 0L/3d(dp/dx) = K d p/dx. Finally,
for a slab geometry in d spatial dimensions, the interfacial free
energy (11) in a system of linear size L is

L
AF =Ld‘1/ dx L. (15)

0
This implies that AF /L%~ is just the action [ dx £ in the me-

chanical analogy: it is minimized by our desired “trajectory”
p(x) (x € [0, L]), which physically represents the sequence of

coexisting phases including the interfaces between them. As
before this solution has to be chosen to satisfy the constraint
of particle number conservation, which in the slab geometry
reads f dxp(x) = Lp'?. If in addition to the slab geometry we
assume periodic boundary conditions, then the solution is also
periodic, i.e., p(0) = p(L). Finding the canonical equilibrium
phase split with n coexisting phases p® thus becomes equiv-
alent to finding a periodic Hamiltonian trajectory visiting all
p@. Note that by considering periodic boundary conditions
we are excluding the possible effects of wall interactions,
another topic to which we return in the discussion at the end
of the paper.

The potential term in the Hamiltonian (13) is the negative
of Vg, so that in the mechanical analogy the potential is —Veg.
As a consequence, the coexisting phases are maxima rather
than minima of the Hamiltonian potential. An equilibrium
phase split is then a periodic Hamiltonian trajectory coming
close to a number of the “hilltops” of this potential. Equa-
tion (10) shows that by tuning the K;;(p), i.e., the effective
state-dependent mass tensor, one can control the shape of
these trajectories p(x). We will exploit this feature later to
stabilize an interface without changing the bulk interactions.

So far we have not discussed how a system relaxes to its
canonical equilibrium, as this is not our primary concern here.
However, following the relaxation dynamics is in fact a conve-
nient way to access equilibrium phase splits numerically. This
dynamics is described by the Model B equation

pi=V-| D LV |, (16)
J

with the chemical potentials given by Eq. (10). As we are not
concerned with the details of the relaxation kinetics we use for
the mobilities the simple form L;; = p;8;; [23]. We run this
dynamics to steady state (see the Appendix for details) and
use the resulting equilibrium states to confirm our theoretical
predictions regarding phase splits and the effects of changing
interfacial properties.

B. One species plus solvent

We next illustrate our arguments in the simplest case
of one species (M = 1) plus solvent. As demonstrated
in Ref. [7], this is a rather special case because already on
the grand-canonical level with purely pairwise interactions, no
super-Gibbs phase coexistence is possible. Indeed we will find
that M =1 is a special case also in the canonical ensemble
and does not allow for super-Gibbs phase coexistence, even
without the restriction to pairwise interactions. Nonetheless,
the case M = 1 is useful to illustrate the methods and reason-
ing we use to understand canonical phase coexistence.

We assume that, by tuning the interaction potential, a
super-Gibbs number (three) of grand-canonically coexisting
phases has been designed. This corresponds to an effective
potential V. with three minima, which we represent in the
simple approximate form

3
Ver(p) = [ [(1 —expl—(p — pY /€7D, (17)

a=1
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FIG. 3. (Left) Effective potential (17) with o = {0.1, 0.5, 0.9}
and £2 = 0.5. The arrows in the inset indicate the possible (bounded,
periodic) Hamiltonian trajectories in the potential — V. (Right) Flow
of the 1D Hamiltonian system showing the coexistence of only
two phases for any finite system. The bold lines correspond to the
trajectories indicated by the arrows in the inset of the left panel.

Here p = p; is the density of the single molecular species
present, and the p®) are the densities of the coexisting phases.
The parameter £ tunes the shape of the free energy barriers
between the phases; an example is depicted in Fig. 3. In a
real system the functional dependence of V. on p will of
course be more complicated, but the above form is sufficient
to capture the qualitative features. For ease of physical intu-
ition we will denote the phases with lowest, intermediate and
highest density as gas (G), liquid (L), and solid (S), respec-
tively. Now bearing in mind that the potential contribution in
the Hamiltonian (13) is —Veg(p), the only trajectories p(x)
that do not escape outside the physical range of p (toward
negative or large positive densities) are oscillations within one
of the two potential wells of —V,i(p) (see inset of Fig. 3).
In particular, no physical trajectory p(x) can cross the middle
barrier of the potential —V.¢(p) since, by the common tangent
criterion, all maxima of —V,g(p) are of the same height [24].
A system with one species plus solvent therefore allows only
two coexisting phases in the canonical ensemble, even if three
phases have been designed to coexist in the grand-canonical
case. Which phases will coexist is determined by the parent
composition: If the parent density lies in the region between
L and S (respectively, G and L), then these two phases will
coexist in equilibrium.

To investigate example equilibrium phase splits numeri-
cally, we solve Eq. (16) in a slab geometry of linear size
L = 256. We use a p-independent K = 3.8 x 107°L?, which
ensures that interface widths ~K'/? are much smaller than
the system size, and discretize space into intervals of length
Ax = L/256. We choose initial conditions to give a parent
composition L~! [ dx p(x) = p© < p = 0.5. In Fig. 4(a)
we show the equilibrium density profile for this set of param-
eters. As expected, only two of the three coexisting phases are
observed, confirming our theoretical prediction.

We comment briefly on transient phenomena during the
approach to equilibrium. As shown in Figs. 4(b)—4(e), long-
lived metastable states can be observed if the initial condition
contains all three phases [Figs. 4(b) and 4(c)]. The metastable
nature of the configurations is evidenced by a nonvanishing
but very small current flowing through the domains. The pair
of interfaces between the L and S phases can then be inter-
preted as a “kink” and “antikink.” Both have density profiles

08 p—
(a)

0.6 - -

0 0.2 0.4 x/L 0.6 0.8 1

8x10°6 |

4x10°°

-4x106 —
Current —
_8x106 I I I I
0 02 04 06 08 1
X/L
| 4x10°8 T T T
0.8 - p— A . Current —
(d) 2x10°8 - .
0.6 -
0 il
0.4 - .
-8 | |
02 | 2x10t - (e)
| | | | -4)(1078 | | | |
0 02 04 06 08 1 0 02 04 06 08 1
x/L x/L

FIG. 4. (a) Equilibrium density profile with total density p® =
0.354 obtained via numerical integration of Eq. (16), showing co-
existence of only two of the three designed phases. (b)—(e) Density
and current profiles at time ¢+ = 500 for two distinct initial conditions
showing long-lived metastable states. In both cases, the eventual
equilibrium profile will be as in panel (a). For panels (b) and (c)
we use an initial condition with three domains, one for each phase.
For the density profile (b) only very small currents flow as shown in
panel (c), making this a long-lived metastable state. For (d) and (e)
the initial condition was uniform in space. Here, the system quickly
relaxes to the two expected coexisting phases, but coarsening from
two liquid domains to a single one is very slow.

with exponential tails, making also their interaction decay
exponentially with distance, as demonstrated by Kawasaki
and Nagai [25-27]. As a result coarsening is very slow, and
both three-phase splits [Figs. 4(b) and 4(c)] and multiple
domains of a single phase [Figs. 4(d) and 4(e)] can persist
for long times. Once thermal noise is introduced, we expect
faster (power-law) coarsening leading more rapidly to the
equilibrium state with only two coexisting phases [25-27].

We conclude that, for a system with one species plus sol-
vent only two phases can coexist at thermal equilibrium in
the canonical ensemble, even if three coexisting phases have
been designed to coexist grand-canonically. This conclusion
extends directly also to any larger number of designed phases,
since periodic Hamiltonian trajectories will always remain
confined in one of the “valleys” of —V,g(p).

C. Two species plus solvent

The above example of a single molecular species is instruc-
tive in that it clearly shows ensemble inequivalence: even if
three or more coexisting phases have been designed to coexist
grand-canonically, in a canonical ensemble only two phases
will appear at equilibrium, specifically those with densities
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-1.5x10
-3x104

FIG. 5. Negative of the effective potential Vi with f given
by Eq. (18) with €1} = 1 = €2, €12 = €313 = 0.497804273005 and
T = 0.1806, showing four coexisting phases (equal height maxima)
in a system with two components. The bottom panels show contour
lines and schematic interfaces, as lines connecting four (left) and
three (right) coexisting phases.

either side of the density of the parent. However, it is also
rather special because the one-dimensional nature of the den-
sity space only allows specific phase splits: a coexistence of
only gas (G) and solid (S) is impossible because a Hamilto-
nian trajectory (or physically, a density profile) p(x) would
always have to pass through the liquid (L) phase, too. This
is no longer true once M > 2 distinct molecular species are
present since p then lies in a higher (M-)dimensional com-
position space: here in principle any subset of the designed
bulk phases can coexist without the Hamiltonian trajectory
p(x) needing to pass through other “intermediate” phases.

We focus in this section on the simplest case that is illustra-
tive of the generic situation, namely, M = 2. More specifically
we use the Flory free energy (with i, j € {1, 2})

f:szilnpi“l‘TPOlnpO_%Zpifijpja (18)
i ij

where pp =1 — p; — pp is the density of a solvent that
interacts only entropically, via volume exclusion. Fix-
ing T =0.1806, €;; = 1 = €3 and fine-tuning €, = €3} =
0.497804273005 results in Vg (p) from Eq. (18) showing four
equal minima [28], one close to each corner of the trian-
gular region of physically allowed densities (defined by the
inequalities p1, p» = 0, p; + p2 < 1) and a central minimum
at p = po = pp = 1/3 (Fig. 5). By our fine-tuning of €,
we have thus obtained four phases that can coexist grand-
canonically. However, in the canonical ensemble any parent
composition that can be obtained as a convex linear combina-
tion of all the four phases can also be recovered with one or
more subsets of only three phases, e.g., for the current system
the three “corner phases” (see Fig. 1). Adding the fourth phase
to realize a super-Gibbs phase split canonically will generate
additional interfaces and so can minimize the free energy only
if the total interfacial free energy cost is lower than in the

three-phase split. Canonical four-phase coexistence thus re-
quires the interfacial tensions to satisfy specific conditions; it
is to these that we now turn.

To proceed, a graph-theoretic representation of the phase
splits will be useful. Each periodic trajectory p(x) that is a
solution of the Hamilton equations derived from the Hamil-
tonian (13), representing a phase split in a large system, will
visit all or a subset of the n = 4 designed phases. Representing
these phases as vertices in an abstract (fully connected) graph
G, each phase split therefore corresponds to a closed walk
on this graph. The links between nodes that are traversed
on this walk correspond physically to interfaces between the
corresponding phases [29].

The interfacial free energy cost of any phase split is given
by Eq. (15). In a macroscopically large system, where L is
much larger than all interface widths, the Hamiltonian trajec-
tory gets exponentially close to each hilltop (bulk phase) of
— Vet (p) that it visits, so one has a sum of contributions from
trajectory segments between two phases « and B, which we
write as LY~ 1o, - The factor o,p is then the interfacial tension
between the phases. Using that in a large system H — 0 so
that the two terms in the Lagrangian (14) are equal [5], one
has explicitly

— | dx v (o 4P 19
Ua,s—/ X eH(P)E E (19)
o (dp/d1)TK(dp/dl)

‘/,, ‘”\/ Ve O ojantaprany Y

where the second form is a line integral in composition space,
with line element d! = |dp|. The denominator in Eq. (20) is
then unity; we have written it explicitly to show that, com-
pared to the single species case [5], an effective average of
the K;; along a direction in p space enters here [23]. The total
interfacial free energy cost of a phase split, i.e., a closed walk
gon G, is then

AF =10, o,= Zaaﬂ, (1)
(@B)

where the sum is over the edges visited. Physically, this is
just the total cost of all interfaces. In what follows, we will
restrict ourselves to closed walks crossing each edge at most
once in each direction. Going back and forth multiple times
along an edge keeps the walk closed, but only increases o,
without changing the number of phases visited. We can thus
safely discard such walks from our analysis.

For three-phase coexistence in a graph G with four nodes,
there are only two topologically distinct closed walks g, while
for four phase coexistence there are four possibilities [3] (see
Fig 6). By permuting the labeling of the graph vertices by the
physical phases, a number of phase splits can be generated
from each of these topologically distinct closed walks. Not all
of these will be able to generate a specific parent composition
0© via the lever rule (7). However, since our goal is to
find whether canonical four-phase coexistence is possible at
all, we will specify the parent only at the very end, i.e., we
ask whether there is any parent composition for which four
phases will coexist.
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FIG. 6. Periodic phase splits in a system with four designed
phases, represented as closed walks on a graph of four vertices.
There are two (3a and 3b) topologically distinct walks representing
three-phase splits, and four (4a—4d) representing four-phase splits.
Double lines represent edges that are crossed twice in a walk, while
single lines are crossed only once.

From Fig. 6, where we show the two and four topologically
distinct closed walks visiting three and four vertices, respec-
tively, we can directly rule out some candidates. Given that we
have to minimize the interfacial free energy cost, topologies
4b—4d will never be observed since there is always at least one
double edge that can be removed to obtain one of the three-
phase topologies (3a or 3b). This latter thus always have lower
total interfacial free energy, ruling out 4b—4d as equilibrium
phase splits. The only remaining possible four-phase topology
is then 4a.

We next demonstrate that it is indeed possible to design a
set of interfacial tensions that satisfy o4, < 03, and o4, < 03,
so that a four-phase canonical equilibrium phase split results.
As an example, consider the case depicted in Fig. 7. Topology
4a has a total cost of o4, = 2.05. Assume now that the four
phases are in fact arranged geometrically as shown, in the
(p1, p2) plane and up to irrelevant linear distortions. Then
we can choose a parent composition in the triangular com-
position space region defined as the intersection of the two
triangles ABC N ABD. This excludes the three-phase splits
ACD and BCD, as neither of these sets of phases can be
linearly combined in the lever rule (7) to match the parent.
For the remaining three-phase splits, all closed walks with
topologies 3a or 3b have a higher interfacial free energy cost

(see Fig. 7) than the four-phase walk.
3‘05.
I3.20 o

0.4 0.1

In conclusion, the above example demonstrates that canon-
ical four-phase coexistence with two species plus solvent is
possible once we allow for designed interfacial tensions and
a parent chosen within an appropriate region of composition
space.

D. Multispecies case

The example above can be generalized to the multispecies
case, for a mixture of M molecular species plus solvent. We
assume as before that a super-Gibbs number n > M + 1 of
phases p* have been designed to coexist grand-canonically.
Any parent composition p© in the convex hull can then be
written as a convex linear combination of these phases. But
the minimum number m of phases actually required in this
combination is less than n: generically it is m = M + 1, and
it can be even smaller; e.g., for parents lying directly on a
tieline between coexisting phases one has m = 2. We now ask
as before whether it is nonetheless possible that all n > m
designed phases will coexist in equilibrium in the canonical
ensemble.

We again associate the n grand-canonically designed coex-
isting phases with the n vertices of a fully connected graph
G. We assume for definiteness that the n vertices are arranged
in a planar fashion, as a regular polygon. We call the set of
edges along the perimeter of this polygon G C G and de-
note the complementary set, containing the remaining edges,
by G = G\G°™. In the following, edges in each set will be
indicated by the corresponding superscript. Since the vertices
are, up to this point, unlabelled and do not correspond to the
geometric arrangement of the phases in composition space,
the specific labeling of the vertices around the polygon is
immaterial and will become important only once we specify
the parent composition.

In a periodic slab geometry, an arrangement of coexisting
phases again corresponds to a closed walk g on G, whose in-
terfacial free energy cost is the sum of the interfacial tensions
oy p associated with each edge traversed by the walk. We want
the cheapest—in the sense of this free energy cost—closed
walk on G to pass through all n designed phases: this will
guarantee that these n phases coexist in a canonical setting.
We now give a set of sufficient conditions on the interfacial
tensions for this to be the case.

Clearly, any closed walk on G either contains a cycle, i.e.,
a closed segment on which each edge is traversed only once,
or not. Let us consider the first category of walks: any closed

2.10 5.30 4.80
@ @ @
2.05
>
2.40 5.60 4.80
@ JE @ :; @ M

FIG. 7. Example of interfacial tensions (shown along the relevant graph edges) leading to a canonical equilibrium four-phase split in a
system with two species plus solvent. The parent composition (x) can be obtained only from two three-phase splits, ABC and ABD, and all
closed walks among these phases have a higher interfacial free energy cost than the four-phase split.
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Eq. (22):
— > min (—

;=)

FIG. 8. Graphical illustration of Eqgs. (22) and (23). Equa-
tion (22) (left) says that the black (internal) edge must have a higher
cost than the path along the red edges, and than the path along the
green edges. This ensures that the cycle on G°*, made up of all green
and red edges, is cheaper than cycles closed by an internal edge (i.e.,
made up of the red and black edges, or the green and black edges).
Equation (23) demands that the red path must be more expensive than
the green one. This ensures that the red-green cycle (from « to 8 to
«) is cheaper than the walk using red edges only, which goes from o
to B and then backtracks. In the sketch we have assumed that m = 5
phases out of n = 6 possible ones are required to obtain the parent
composition, which prevents backtracking along the green path. (For
smaller m, specific parents compositions can still be chosen that rule
out this backtracking; see Fig. 9.)

walk containing a cycle cannot be cheaper than that cycle. In
other words, the cheapest cycle-containing closed walk must
itself be a cycle, specifically the cheapest one. If this cheapest
cycle runs through all n phases, then we can assume after
appropriate relabelling that it is the cycle around the perimeter
of G, i.e., the n cycle on G**. Moreover, because n > M + 1,
this n cycle always contains enough phases to recover any
parent within the n-phase coexistence region, i.e., the convex
hull of the p(®.

Now the n cycle on G°" will be cheaper than any other
cycle in G if and only if the cheapest path between any two
vertices (a, B) lies on G, i.e., if

a+n—1

in out out
aﬁ>m1n E cryy_H, E Oyt |- 22)

Here we have assumed that the vertices are numbered as
y = 1,...,n along the n cycle on G, proceeding, e.g., in
an anticlockwise fashion. For definiteness we have also taken
o < B and simplified the notation by assuming that the vertex
numbering is continued periodically so that y = n + 1 is iden-
tified with y = 1 etc. The two terms being minimized over in
Eq. (22) are then the costs for the paths in G°" from « to
B, in the anticlockwise and clockwise directions, respectively,
while the left-hand side is the cost of the “shortcut” using the
internal edge from o to B. Figure 8 illustrates the condition
graphically.

If condition (22) holds for all @ < 8 then it ensures that
no internal edge, which would close any smaller cycle, will
ever be crossed. Assuming one has control over all pairwise
interface tensions, the set of inequalities (22) can certainly

out
y.y+l1

and then choosing appropriate values for the internal a;“ﬁ. A
particularly simple such choice would be to set the interface
tensions for all internal edges to some common value o™ >
n (aout).

We now turn our attention to the only remaining possi-
bility to have fewer than n coexisting phases, namely closed
walks without cycles. These must be a combination of fully
backtracking segments. A fully backtracking segment starts
at a vertex «, travels to a vertex B and comes back to «
along the reversed sequence of edges (see, e.g., 3a, 4c, and
4d in Fig. 6). It must therefore contain an even number of
edges [30]. In addition, from Eq. (22) no internal edges of
G can be contained in the cheapest closed walk, and so the
cheapest fully backtracking walk must be on edges around the
outside of the graph, i.e., those in G°*. Considering specif-
ically the backtracking walk g**“%# that travels from o to f8
in the anticlockwise direction and back, the n cycle will be
cheaper if

be satisfied, e.g., by first assigning the values of the o

a+n—1

B—1
out out

Zaqul = Z Oy y+1- (23)

y=a ry=p

Intuitively, backtracking from 8 to « via the edges in go't*#
(shown red in Fig. 8) must be more expensive than continuing
in the other direction around the full cycle, along the edges
not used in g®"“*# (green in Fig. 8).

The set of conditions (23), which has to hold for all back-
tracking walks g**“®# passing through a set of phases from
which the parent composition can be reconstructed, is gener-
ally nontrivial to satisfy. If one fixes the parent composition,
then, depending on the geometry in composition space of the
designed phases, multiple possible combinations of phases
may satisfy the lever rule for this parent, and the particular
association of phases to graph vertices becomes important.
We therefore now investigate under which circumstances it is
possible to meet the conditions (23).

First, if one needs m phases to recover some fixed parent
composition according to the lever rule, then a fully back-
tracking walk must traverse at least 2(m — 1) edges (left panel
of Fig. 9), all of which must be contained in G*". Now set
all interface tensions along G°" to unity, that is a;"“ =1
for y =1,...,n. In this case, the inequality (23) reduces
to m—1>n—m+ 1. If we choose a generic parent with
m = M + 1, then this is satisfied for n < 2M. So design of
canonical super-Gibbs phase equilibria for any generic parent
composition is in principle straightforward up to this number
of phases, by appropriate choice of the pairwise interfacial
tensions.

For n > 2M, however, we can show that it is not pos-
sible to demgn interfacial tensions guaranteeing an n-phase
split for a generic parent composition, at least by satisfying
the sufficient conditions (23). Intuitively, this is so because
the left-hand side of Eq. (23) contains m — 1 terms, while the
number n — (m — 1) of terms on the right-hand side is at least
as large, provided that n > 2(m — 1) (which is always true if
n > 2M). To find a specific pair (o, 8) that violates (23) we
can then fix, e.g., 8 = o« + m — 1 and choose the node « that
minimizes the left-hand side of Eq. (23). Then the first m — 1
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M =3 components
n = 8 designed phases

Full cycle

Backtracking " p
cheaper for

cheaper for
generic parent

particular parent

FIG. 9. Example with n = 8 designed phases and M = 3 species,
with all external edges costing one unit of interfacial free energy
and condition (22) satisfied. For a generic parent (left), the cheapest
closed walk is a backtracking walk covering M + 1 phases, with a
cost of 6. Choosing a parent such that the red phases on the right
become essential allows for the eight cycle to be cheaper (cost: 8)
than the cheapest backtracking walk (cost: 10).

terms on the right-hand side are a sum of the same form and so
already larger. Any parent that is a convex linear combination
of the phases «, ..., 8 will then have a lower free energy cost
for the m-phase split corresponding to the fully backtracking
walk from « to 8, compared to coexistence of all n designed
phases (the n cycle). Overall, designing n > 2M coexisting
phases thus requires restrictions on the parent composition,
and this conclusion generalizes the insights from the above
example for n = 4 with M = 2 (see Fig. 7).

Remarkably, however, we can show that if one restricts
the choice of parent compositions and treats it as part of the
design problem, then condition (23) can be satisfied without
an upper bound on n. Because the phase coexistence region in
composition space is given by the convex hull of n coexisting
phases [3], we can in particular consider parent composi-
tions that are just inside the coexistence region. This fixes
M “essential” phases that span the nearest boundary of the
coexistence region (a line for M = 2, like AB in Fig. 7; a plane
for M = 3, etc.): these essential phases can—together with at
least one other phase—recover the parent, and none of them
can be left out.

Let us now associate the coexisting phases to the vertices of
the graph such that the M essential phases are approximately
equally distant from each other on G [see Fig. 9 (right)], so
that for any essential phase the nearest essential phase in the
clockwise or anticlockwise direction is at most [n/M] steps
away. Let also o;’f’;+] =1fory =1,...,n as before. Under
these conditions, the cheapest backtracking walk covering all
essential phases has a total cost of o, = 2(n — [n/M7]) while
the n cycle has a total cost of 0. = n. As a consequence, oy >
o. will always be satisfied for M > 2.

Figure 9 shows examples for n = 8 designed phases and
M = 3 species. If we set all external edges to cost one unit of
interfacial free energy as above, and construct the graph such
that condition (22) is satisfied, then we cannot guarantee for a
generic parent that the cheapest backtracking walk is costlier
than the eight cycle (Fig. 9, left example), because n > 2M =
6. However, if we are allowed to choose the parent and do this
in such a way as to make the red phases in the right panel of

Fig. 9 essential, then the eight cycle becomes cheaper than the
cheapest backtracking walk.

While above we presented one possible route to achieving
n phase coexistence for n > 2M, other choices are possible
once the parent composition is fixed. In the example shown
in Fig. 7, the parent can be described by a linear combination
of ABC or ABD (so m = 3), but not ACD or BCD; thus, A
and B are essential phases. The interfacial tensions shown in
the figure are not all identical along the cycle ABCDA, but
nonetheless sufficient to ensure that the backtracking walks
have higher interfacial free energy cost than the four cycle.
They therefore lead to an equilibrium phase split of n = 4 =
2M phases for parents with the appropriate composition.

The examples above show that it is indeed possible to
achieve multiple phase coexistence beyond the standard Gibbs
phase rule in the canonical ensemble, if the interfacial ten-
sions can be arbitrarily designed to lie in appropriate ranges.
(This requires in particular large interfacial tensions for the
inner edges in our graph representation.) Otherwise, even if n
phases have been designed to coexist grand-canonically, only
a smaller number (typically M + 1) will coexist canonically.
We have thus demonstrated that, for the design of super-
Gibbs phase equilibria, the grand-canonical and canonical
ensembles are not equivalent: in the grand-canonical case,
design of bulk interactions is sufficient, but in the canonical
setup only a subset of the designed phases will generically
be observed. Realizing the full number of grand-canonically
designed phases canonically is possible only if in addition
the interfacial tensions are designed to satisfy appropriate
inequalities and, for n > 2M, if the parent composition lies
in an appropriate range.

Finally, we note that the inequalities derived in this sec-
tion are not restricted to settings where the number of
grand-canonically designed phases is O(M?); they hold for
any arbitrary number of such phases. For instance, introduc-
ing further design degrees of freedom in the grand-canonical
ensemble allows for a number of coexisting phases [8] that is
exponential in M. Provided the interfacial tensions between
all these phases obey the inequalities we have derived, their
coexistence in the canonical ensemble is then ensured.

IV. DESIGNING THE INTERFACES

In this section we consider the problem of how a de-
sired set of interfacial tensions o,p between designed phases
could be obtained. In our continuum description, one sees
from Eq. (20) that this has to be done by tuning the in-
terfacial coefficients K;;(p). Ultimately, at the microscopic
level of interaction potentials v;;(r) between different particle
species, these K;; could be adjusted by varying the range of
the interactions, as one sees, e.g., from a naive coarse-graining
of Dean’s equation [31], which gives K;; ~ [ drr’v;;(r); in
density functional theory the interaction potential would be
replaced by the direct correlation function [32].

One direct approach to achieving a target set of interfacial
tensions would be to treat the K;; as optimization parameters.
One would impose positive definiteness and the symmetry
Ki; = Kj;, assuming for simplicity that K;; is independent of
p. For each matrix K one would then evaluate the interface
profile for each pair of phases («, ) by minimizing the free

024131-9



FILIPE C. THEWES AND PETER SOLLICH

PHYSICAL REVIEW E 112, 024131 (2025)

energy, and determine the interfacial tension via Eq. (20). A
loss function can then be assigned quantifying the deviation
from the target values, and this is optimized numerically over
the K;;. This would be similar to the procedure used to design
the bulk interactions in Ref. [7].

Another possibility can be seen in Eq. (10). If one allows
the K;; to depend on the composition p, which is experi-
mentally observed in colloidal systems [33] and theoretically
considered in perturbation theories [34], then the solution to
Hamilton’s equations can be tuned quite flexibly. Parametriz-
ing K(p) in such a way as to ensure positive definiteness
for all p is not trivial, however. We therefore choose a rep-
resentation that guarantees this automatically. In particular,
consider the coordinate transformation p — ¢ with Jacobian
Jij = 0¢;/dp;. If we define a transformed effective potential

in the obvious way as Ve";f (9(p)) = Vit (p), then
® Ko 7 1+
Viir(@) + Vo Vo =Ver(p) + Vo KVp,  (24)

with K = KoJ"J. This approach ensures that K(p) is sym-
metric and positive definite for all p, and maps the problem
of tuning K to one of finding an invertible map p <> ¢ that
produces the desired interfacial tensions. Note that because
the effective potential on the right-hand side of Eq. (24) has
n global minima (of height zero) at the designed coexisting
phases p@, the transformed V% (¢) on the left-hand side has
the same structure, with the minima being at the mapped
locations ¢ = ¢(p®). Thus, Ve‘l’lif(qﬁ) still represents n co-
existing phases. Furthermore, because of the equality (24),
interfacial tensions calculated between these phases in the
¢-representation are identical to those in the p-representation,
and the corresponding interfacial profiles are directly mapped
onto each other via ¢(x) = ¢(p(x)). To gain some intuition
into the desired properties of the mapping, one notes from
Eq. (20) that the interfacial tensions o are roughly propor-
tional to the Euclidean distance between the phases, so that
bringing two phases closer to each other in ¢ space should
decrease the cost of the interface between them.

To represent the map p — ¢ numerically for a system with
n designed coexisting phases, we specify the new location ¢®’
that we want each of the original designed phases p® to be
mapped to. In addition, to maintain the physical interpretabil-
ity of the mapping, i.e., positive densities for all molecular
species and solvent, we specify a number of points along the
boundary of the physical p range (the base triangle in Fig. 5, or
more generally the appropriate simplex) and insist that these
are mapped to the same location in ¢ space. We thus obtain a
“training set” of locations p, in p space and the corresponding
mapped positions ¢,. We then interpolate smoothly between
these by using a Gaussian process [35] for each component
i =1...M of the mapping,

di(p) = C(p, p)IC(p,, p,) + ¢ 11 ;1. 25)

Here C(u,v) is a kernel function; C(p, p,) is the vector
formed by evaluating C(p, -) at all training points, C(p,, p,)
is the corresponding matrix resulting from evaluation for all
pairs of training points, and ¢;, refers to the vector of ¢;-
components of all target locations. To improve the smoothness
of the mapping, a small regularizing term of strength ¢ = 0.01

L T 1.5 ‘ :
@ (p - o1y —
Training points [ ] - o0z
o8 | o3 i \/\/\/
0.6 oM=02 = ‘ |
041 Al 10 | ¢
0.2 L = \_/ B i M 0 0306 09
uo 02 04,06 08 1 0.5} o 030609
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FIG. 10. The left panel shows the mapping ¢(p) for training data
mapping p") = 0.1to ¢ = 0.2. The inset shows the resulting K (p)
(relative to the constant K; for the identity mapping) which decreases
between phases G and L, resulting in lower interface tension (black
circle on the right). The right panel confirms this by showing the
interfacial tension (in units of K;) obtained via Eq. (20) as a function
of the gas phase density ¢V for fixed ¢ = 0.5 and ¢® = 0.9,
showing that bringing two phases closer together in ¢ space will
in general decrease o. The insets show the corresponding V% for
¢ =0.1,0.2, and 0.3.

is added. For the kernel we choose

lu — v lu — v
C(u,v):exp(— 7 )(l+ ] ), (26)

as this mimics elastic sheet behavior for large length scales
[ [35] and so lends itself to the construction of invertible
mappings. In the numerics below we use / = 0.4.

We first illustrate the procedure for the effective poten-
tial (17) for a system with one molecular species plus solvent.
Figure 10 shows the mapping constructed via Eq. (25) and
the resulting K (p) when the left (G) minimum of the effective
potential is mapped from p") = 0.1 to ¢! = 0.2 while the
other two are unchanged. Since K(p) is now smaller between
the G and L phases compared to its original constant value, the
resulting interfacial tension between those phases decreases.

For the single species case above we could of course
have adjusted the function K(p) directly to tune the inter-
facial tensions. We therefore next show a case where the
constraint of positive definiteness is nontrivial, namely a sys-
tem with two molecular species plus solvent, described by
the free energy (18). We illustrate the design procedure for
the challenging case of two phases that do not even form a
direct interface for bland interfacial coefficients K;; = Kyd;;.
We first obtain numerically the location of the four min-
ima p@ in the grand-canonical ensemble and construct the
mapping in Fig. 11 by keeping the location of two minima
unchanged, while moving the minima at p >~ (0.16, 0.66) and
p = (0.33,0.33) to ¢ = (0.16, 0.45) and ¢ = (0.40, 0.33).

Finally, we perform numerical simulations of Model B
[Eq. (16)], in the original p space, with the resulting p-
dependent K = KoJ'J obtained from the Jacobian of the
transformation (25). We use L = 256, Ky, = 0.1225 x 1074L?
and discretize space with Ax = L/512.

The results in Fig. 12 show that indeed, this procedure is
effective in stabilizing an interface between phases A and B
that before did not exist at equilibrium. As a consequence,
the interfacial design changes the phase split from BDAD,
which corresponds to type 3a in Fig. 7 and in real space
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FIG. 11. Mapping ¢ <> p. The original points lie on a regular
grid in (p;, p2) space and the points shown are the mapped values
of (¢, ¢2). The inset shows in detail the bijective property of the
mapping, as demonstrated by the absence of crossings of the constant
p; and p, lines.

exhibits four slabs of bulk phases, to DBA, which is type 3b
and only consists of three bulk slabs. Building on this proof
of principle one could then exploit the full flexibility of the
mapping (recall that we had fixed two of the ¢ to p® and
not systematically varied the other two) to tune all interfacial
tensions between the four phases, to values that will engender
canonical four-phase coexistence in a two-component mixture
in the canonical ensemble. To achieve this, a robust global
optimization procedure will likely be necessary: due to the
complexity of the mapping between the K matrix and the
interfacial tensions via Eq. (20), a loss function designed to
quantify the degree of violation of our inequalities is expected
to have multiple local minima where, e.g., a gradient descent
optimizer would easily get stuck. Exploring the full optimiza-
tion problem is thus an exciting direction for future work.

V. DISCUSSION

We have studied the possibility of super-Gibbs phase equi-
libria in M-component mixtures, where n > M + 1 phases
coexist. In the grand-canonical ensemble, we have given a
simple derivation showing that fine-tuning interaction param-
eters introduces new degrees of freedom [8] that enter a
generalized Gibbs’ rule, thus enabling coexistence of more
than M + 1 phases [7,16—18].

Our main focus was on understanding to what extent this
results translates to the experimentally relevant canonical en-
semble where particle numbers are conserved. We showed
that here it is interfacial properties that determine which
of the grand-canonically designed phases will actually coex-
ist in equilibrium. This implies ensemble inequivalence for
designed phase coexistence, i.e., coexistence in the grand-
canonical ensemble does not guarantee that all coexisting
phases will be observed in the canonical setup, even in the
thermodynamic limit. Conversely, it is only possible to re-
cover the same coexisting phases in the canonical ensemble
if the interfacial tensions satisfy appropriate conditions.

We showed that with one component (M = 1) in a fi-
nite box with periodic boundary conditions, coexistence of
three phases in the steady state would violate conservation
of an effective Hamiltonian. Thus, even though n = 3 is pos-
sible grand-canonically, only n = 2 equilibrium phases will
appear canonically. We discussed briefly the behavior away
from equilibrium: there the situation is more complex, and
metastable states containing all three phases can appear, with
potentially long lifetimes when thermal noise is negligible.

For a system with two species (M = 2) plus solvent we
demonstrated, using a graph theoretical description, that a
grand-canonically designed coexistence of n = 4 phases can
be realized also canonically if the interfacial tensions obey
a set of inequalities, namely the typical triangle inequalities
Ouy > Ogp + 0p, plus an additional inequality involving four
phases (see Fig. 7).

The generalization to the multicomponent case consists
of a combination of triangle and higher order inequalities.
For the usual case where the number of phases n is at most
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FIG. 12. Equilibrium density profiles with effective potential as in Fig. 5 before (left) and after (right) the design of a new interface for a
parent composition p® = (0.251, 0.363). The change in the interfacial tensions results in a new equilibrium configuration with the interface
between phases A and B stabilized. The insets show the density profiles in the (o, p,) plane and illustrate the topology of interfaces. Note that
the interfacial design changes the phase split from type 3a (old) in Fig. 7 to type 3b (new). The color plots show the phases (black, yellow,

purple) arranged in a slab geometry in real space.
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M + 1, these inequalities simply determine the morphology
of the bulk phase domains [3], but for n > M + 1 they be-
come a necessary condition for coexistence in the canonical
ensemble. We showed that for n < 2M these inequalities can
be satisfied for arbitrary parent compositions within the phase
coexistence region. Beyond this, we showed that assignments
of the interfacial tensions can be found to realize canonical
n-phase splits, provided that the parent composition lies close
enough to a boundary of the coexistence region.

Our results thus point toward the possibility of intricate
chemical engineering of phase equilibria in multicomponent
mixtures by tuning both bulk interactions and interfacial
tensions. To move toward that goal we proposed a general
method for achieving a desired set of interfacial tensions oy
by designing state-dependent interfacial coefficients K(p).
The approach exploits a tunable nonlinear transformation of
composition space p, to an auxiliary space ¢ where the inter-
facial coefficients are constant. We illustrated the procedure
in a two-component plus solvent mixture (M = 2), showing
that it can be used to stabilize a new equilibrium interface,
which in turn modifies the number and spatial arrangement of
the equilibrium bulk phase domains. Numerical simulations of
the designed system confirmed our theoretical expectations.

We have focused in this work on phase splits that have a
slab geometry, allowing for an effectively one-dimensional
description. This opens an exciting avenue for future work
looking at other geometries, in particular droplets. Here the
Laplace pressure needs to be considered. However, at equilib-
rium one expects each bulk phase to occupy a finite fraction
of the system. An equilibrium droplet will therefore have a
radius of the order of the system size L so that the Laplace
pressure effects should be negligibly small. This suggests that
our results should extend to phase split geometries involving
droplets, though junctions between interfaces might cause
additional intricacies.

Another important direction for future work will the inclu-
sion of interactions with walls. In this paper we have used
periodic boundary conditions and therefore discarded such
effects, but a true canonical setup in principle requires a closed
box. In one spatial dimension this should be straightforward
to address, by including the two wall interactions at either
end of the system as additional contributions in the interfacial
free energy. In higher dimensions an additional aspect enters:
even in a slab geometry, the interfacial free energy cost from
interaction with the side walls (those parallel to the normal of
the interfaces between bulk phase slabs) will be proportional
to the fractional volume v, of each phase. How this affects the
conditions on interfacial tensions for super-Gibbs phase splits
remains to be seen.

Finally, designing inter-particle potentials that reproduce
the desired canonical phase coexistence in particle-based

simulations offers another exciting direction. As we pointed
out in the opening paragraph of Sec. IV, both bulk interactions
and interfacial free energies can be controlled by changing
typical interaction strengths and length scales, respectively.
In experimental setups, the interfacial contributions could ad-
ditionally be tuned by introducing surfactants, which have
the general property of lowering interfacial tensions. Here, to
keep the phase coexistence at least effectively “super-Gibbs,”
the number of surfactant species should be small compared to
the number of coexisting phases. In addition, the surfactants
should not colocalize with any of the bulk phases, but aggre-
gate only around interfaces.

Overall, the possibility of designing interfaces could lead
to rich phase equilibrium properties of materials and complex
functions being performed in biological environments through
evolutionary engineering.
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APPENDIX: SIMULATION DETAILS

We solve the Model B Eq. (16) numerically in Fourier
space using an implicit-explicit (IMEX) pseudo-spectral
method described in Ref. [3]. Except for Figs. 4(b) and 4(c),
the system is always initialized with local densities p;(x) nor-
mally distributed around the parent density pi(o), with standard
deviation 0.01.

In the IMEX method, the fields are updated according to

Ad(q,t)At

L+ A = Jt _—
d(g, 1+ At) = ¢(q )+1+Aq4k2At

(AD)
where A¢(q,t) is given by the spatial Fourier transform of
the right-hand side of Eq. (16) with wave vector ¢, and we
use A =0.5 for the regularizing term. All derivatives are
calculated in Fourier space while products between fields are
performed in real space. The full numerical integration is
performed using the Bogacki—Shampine (3, 2) Runge-Kutta
method with adaptive time step [36]. An adaptive time step
is especially effective in the p-dependent K cases, where the
typical interface width can vary quickly during relaxation
toward equilibrium.
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