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Diffuse interface methods for multiphase flow simulations often exhibit nonphysical droplet or bubble shrink-
age, particularly when based on the Cahn-Hilliard equation. This well-known artifact introduces a critical radius
below which droplets vanish, thereby limiting the fidelity of simulations involving small-scale structures. In
this study we examine a conservative Allen-Cahn model and demonstrate, through both analytical and numerical
investigations, that it inherently avoids this shrinkage behavior. We show that the conservative Allen-Cahn model
enforces an exact local balance of interfacial terms, enabling the stable preservation of droplets with radii larger
than the interface thickness, regardless of the initial droplet size or domain geometry. Our analysis also provides
a different theoretical treatment of the shrinkage phenomenon in the Cahn-Hilliard equation, distinguishing
itself from earlier works by providing a rigorous explanation of why conservative Allen-Cahn models avoid
this problem. The analysis reveals that conservative Allen-Cahn formulations achieve exact cancellation of
curvature-driven terms through a local geometric force balance, while Cahn-Hilliard models exhibit systematic
shrinkage due to unbalanced curvature effects that create driving forces for mass transport. Theoretical and
numerical findings show that there is a shrinkage relation between interface radius r; and time ¢ in the form of
r3(t) ~ —t, which leads to a power law ¢, o 3 for the disappearance time 7, versus initial radius ro. Numerical
experiments across a wide range of droplet sizes corroborate the theoretical predictions. These results position
the conservative Allen-Cahn model as a robust and accurate phase-field approach, particularly well suited for
applications demanding the resolution of fine features or long-time integration, such as multiphase transport in

porous media.

DOI: 10.1103/y6sf-31f2

I. INTRODUCTION

Multiphase flows involving dynamic interfaces between
immiscible phases arise in a wide range of natural and en-
gineering systems. Accurately simulating such flows remains
challenging due to the complexity of interfacial dynamics and
the need for robust numerical techniques that can capture
topological changes and fine-scale structures. Among the var-
ious approaches, diffuse interface methods have emerged as
powerful tools over the past few decades [1,2]. These meth-
ods replace sharp interfaces with finite-thickness transition
regions, enabling natural treatment of complex geometries, in-
terfacial phenomena, and phase connectivity without explicit
interface tracking.

Phase-field methods are computational tools for simulating
interfacial phenomena in multiphase systems. These methods
employ a diffuse interface approach where the sharp inter-
face between phases is replaced by a thin transition region
characterized by rapid but continuous variations of an order
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parameter (also known as volume fraction or phase field).
The evolution of this field is governed by partial differential
equations derived from thermodynamic considerations, most
notably the Cahn-Hilliard (CH) equation [3] and the Allen-
Cahn (AC) equation [4].

A well-documented limitation of the CH equation is the
spontaneous nonphysical shrinkage of droplets or bubbles.
This phenomenon, intrinsic to the CH formulation rather than
a numerical artifact, has been extensively analyzed by Yue
et al. [5] and Zheng et al. [6]. Their studies demonstrate that
droplets below a critical radius vanish over time, even in the
absence of any imposed flow or external forcing. This imposes
significant limitations on simulations involving small-scale
features or systems characterized by multiple length scales,
such as multiphase flow in porous media [7].

Numerous strategies have been proposed to mitigate
droplet shrinkage in CH-based models. These include global
mass and volume correction techniques [8,9], adaptive mesh
refinement [10], and interface reinitialization schemes [11].
However, such approaches often introduce additional com-
putational complexity, reliance on heuristic parameters, and
reduced robustness.

The AC equation, initially developed for modeling grain
boundary motion in alloys [4], was later reformulated for
multiphase systems within the phase-field framework by Sun
and Beckermann [12] and refined by Chiu and Lin [13]
into the conservative Allen-Cahn (CAC) model. This model

Published by the American Physical Society
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preserves mass conservation and has been widely applied
in the context of pore-scale simulations of multiphase flow
[7,14-18]. Haghani et al. [17] recently established a con-
nection between the CAC model and the widely used
color-gradient lattice Boltzmann method [19].

Unlike the CH model, simulations based on the CAC
equation have consistently shown the ability to preserve
small droplets and bubbles, including those with radii on
the order of the interface thickness in different multiphase
systems [15,16]. In this work we provide a theoretical founda-
tion for this observation and demonstrate, through analytical
derivation and numerical validation, that the CAC model
inherently suppresses the curvature-driven shrinkage mecha-
nism. Specifically, we show that the CAC model enforces a
local geometric force balance at the interface, independent of
surface tension terms that characterize the CH model. This
balance ensures that droplets with radii larger than the inter-
face thickness remain stable, regardless of their initial size or
the computational domain.

Furthermore, we revisit the CH shrinkage problem from a
different theoretical perspective, complementing the analyses
of Yue et al. [S] and Zheng et al. [6], and elucidate the funda-
mental differences between the CH and CAC formulations.

The remainder of the paper is organized as follows. Sec-
tion II introduces the CH and CAC phase-field models.
Section III presents an alternative theoretical treatment of the
CAC model and a detailed analysis of the shrinkage behav-
ior in the CH model, including a power-law scaling for the
shrinkage. Section IV provides numerical validation of the
theoretical predictions. Section V summarizes the findings
and outlines future research directions.

II. PHASE-FIELD EQUATIONS

Modeling multiphase flows with diffuse-interface (phase-
field) methods involves capturing a smooth but steep transition
zone between immiscible phases using a scalar order param-
eter. In the following, two widely used formulations in this
context are briefly described, each with distinct mathematical
properties and physical interpretations.

A. Conservative Allen-Cahn model

The CAC equation for a binary phase system is given by

[13]
% tu-Vp=V. [M(qu - wn)} (1)

Here ¢ denotes the order parameter which smoothly varies
between phases (e.g., ¢ = 1 in one phase and ¢ = 0 in the
other), ¢ represents time, and u is the velocity field. The
mobility M is treated as both constant and degenerate in this
study (Sec. IV B 3). The parameter & characterizes the inter-
face thickness, and the unit normal vector to the interface is
defined as

Vo
n=—.
Vol

The right-hand side (RHS) of Eq. (1) can be decomposed
into two terms; the first term represents isotropic diffusion,

2)

while the second term acts as a compression mechanism that
maintains interface sharpness during advection.

B. Cahn-Hilliard model

The CH equation is derived from the minimization of a
free-energy functional and can be written as [2]
d¢
§+H-V¢=V~(MVM), 3)
where w is the chemical potential and is supposed to be
constant at the equilibrium. The variational derivative of the
total free energy to the order parameter defines the chemical
potential
8F 0K
== =——«V’, @)
s 99

where the free-energy functional F for a binary system €2 is

u

- K iver
F= [ (F@)+ 51967 )as. )

with Fy(¢) the bulk free energy which is typically modeled as
a double-well potential Fy(¢p) = Bp>(1 — ¢)* fora ¢ € [0, 1]
system. In these equations 8 = 120 /£ and the gradient energy
coefficient x = 30& /2, with ¢ the surface tension between the
two phases.

Comparing the RHSs of Egs. (1) and (3), we observe that
the two formulations are governed by fundamentally different
mechanisms. In particular, the CH equation involves higher-
order spatial derivatives, resulting in different mathematical
properties compared to the CAC equation.

III. DROPLET SHRINKAGE ANALYSIS

Yue et al. [5] were the first to systematically analyze
droplet shrinkage within the CH phase-field model. For a
quiescent circular droplet, they derived the initial change in

droplet radius as
or 1/V &
Z=——()(2) ©)
ro 48 VO ro

where r denotes the droplet radius, with subscript 0 indicating
the initial value, V) = yrrg is the initial droplet volume in a
two-dimentional (2D) domain, and V is the total volume of the
computational domain. They also identified a critical radius r,
below which droplets are predicted to vanish completely over

time:
Ve 1/3

Zheng et al. [6] investigated the same phenomenon in the
context of the lattice Boltzmann method for nonideal gases,
which exhibits dynamics similar to those of the CH model. For
a quiescent circular droplet with initial radius ry in a domain
of volume V, they demonstrated that energy minimization
leads to droplet shrinkage consistent with the analysis of Yue
et al. [5].

As discussed in Refs. [5,6], droplet shrinkage in the CH
model originates from its thermodynamic structure. In a fi-
nite domain, the system can reduce its total free energy by
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slightly shrinking the interface (reducing interfacial energy)
while incurring only a small penalty in bulk free energy due to
slight deviations in the phase-field variable from equilibrium
values. This trade-off leads to a nonzero shrinkage rate, which
increases with the ratio of the interface thickness to the droplet
radius (& /ry) and the domain-to-droplet volume ratio (V/Vjp).

In this study, we demonstrate mathematically that a cur-
vature term present in the Laplacian term in the chemical
potential term in Eq. (4) primarily drives this shrinkage. In
contrast, in the free curvature-driven AC equation [12,13],
this curvature-driven term is exactly canceled out by a term
embedded in the normal vector term [last term on the RHS of
Eq. (1)], eliminating the shrinkage behavior.

Since the primary focus of this study is on droplet
shrinkage, we formulate our analysis by assuming a circular
interface and adopting a polar coordinate system to exploit the
geometric symmetry of the problem. This approach simpli-
fies the mathematical treatment while preserving the essential
physics of interface dynamics. The analysis can be extended
to Cartesian coordinates if needed. Furthermore, angular vari-
ations are neglected, assuming axisymmetry. Under these
assumptions, the Laplacian operator, which appears in both
the CAC and CH models, takes the following form in polar
coordinates:

) 3%p 10¢
Ve = arr  ror ®
The second term (1/7)(d¢/dr) serves as a curvature-induced
driving force, as will be shown in the following. This term
also appears in axisymmetric equations and becomes more
pronounced for smaller radii, which continuously results in
mass violation even in conservative phase-field models [20].

For the analysis, we consider a circular droplet with a
phase-field profile approximated by a hyperbolic tangent

1 2r—r)
¢(r)_2[1 tanh( : >:|, 9)

where ¢ = 1 inside the droplet and ¢ = O outside. The in-
terface location r; is decided where ¢ = 1/2. This interface
profile emerges as a natural solution to the equilibrium equa-
tions and has been widely utilized in the phase-field method
[2]. Considering the above interface profile, we compute the
derivatives required in the Laplacian operator (8). Defining
X = 2(r — ry)/€, the first derivative is

0 1
a_dr) = —gsechz(x) (10)
and its second derivative is
32 4
a—r‘f = g—zsechz(x)tanh(x). (11)

At the interface » = r;, we obtain d¢/dr = —1/& and
82¢/dr* = 0. Substituting into Eq. (8), the Laplacian at the
interface simplifies to

_ 1
" 1’15.

This term was also observed in studies such as [21,22], how-
ever, then in the context of changes to solid structures, e.g.,
alloy solidification and crystal growth.

3%

1 3¢
ar?

2 — J—
Vig(ry) = - ar

12)

Vl

This curvature-driven term, which is nonzero and inversely
proportional to the droplet radius, is the primary driver of
droplet shrinkage in the CH model. In contrast, the CAC for-
mulation precisely cancels this term through the contribution
of the normal vector, thereby stabilizing the droplet’s shape
and size. As will be demonstrated below, when using the
interface profile given in Eq. (9), the RHS of Eq. (1) vanishes
for all r values.

A. CAC model

The CAC equation is given in Eq. (1). For a circular inter-
face without variation in the angular direction n = £7, where
7 is the unit normal vector in the radial direction. The sign
depends on whether ¢ increases or decreases with r, which,
for the present study, with the convention ¢ = 1 inside and
¢ = 0 outside, the normal vector is given by n = —7. Assign-
ing ¢ = 1 outside the droplet (and ¢ = O inside the droplet)
does not affect the results.

It should be noted that, unlike the CH model, the CAC
model does not involve the minimization of a free-energy
functional. Nevertheless, similar to the RHS of the CH equa-
tion, the CAC equation includes a second-order gradient of
¢, which can be interpreted as arising from a pseudochemical
potential. However, to prevent potential misinterpretations of
its physical significance, we refer to it as the effective source
term, defined as

13)

Sup= —V - (V¢ - Mn).

§

With this source term, the CAC equation (1) can be rewritten
as

a

B_(f +u-V¢ = —MSe. (14)
The negative sign in the above definition is chosen to match
the sign of the Laplacian term in the CH model, ensuring
consistency for comparison purposes.

For a circular interface with a phase field given by Eq. (9),

the effective source term in the polar coordinate system be-
comes

_ (¢ lag\ 4 3¢ 4ol —¢) 1
Seff——<ﬁ+;5)—5(1—2¢)5—T;,
(15)

where V¢ - n = —d¢/dr and V - n = —1/r have been taken
into account. At the interphase region (where ¢ ~ 1/2), we
have 1 —2¢ =~ 0 and ¢(1 — ¢) =~ 1/4. Substituting these val-
ues and considering ¢ /dr ~ —1/& and 8%¢/dr’> ~ 0 at r =
ry for the equilibrium profile of Eq. (9), we have
2
il +l<—a—¢ —l)zo. (16)
no T ar

Sett(rr) ¥ —— :

or?

The evaluation at r = r; is motivated by the fact that droplet
shrinkage is driven by interfacial dynamics rather than bulk
behavior. As will be demonstrated in Sec. IV, there is no
driving force for shrinkage in the bulk regions.

This result shows that the normal vector term [last term in
Eq. (1)] introduces the correction term V - n that exactly can-
cels the curvature term in the Laplacian term which resembles
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the standard Laplace pressure (proportional to 1/r;) as will
be shown later. Appendix A shows that the RHS of the above
equation for the interface profile given by Eq. (9) is equal to
zero at any r. In contrast, the curvature contribution embedded
in the Laplacian term remains present in the CH model, as
demonstrated below.

It should be noted that the above discussion is still valid
in 3D domains. For spherical droplets, the Laplacian becomes
V2¢ = 3%¢/dr* + (2/r)d¢/dr, with the curvature factor of 2
[vs 1 for two dimensions as seen in Eq. (8)]. The phase-field
profile is the same as a circular one, i.e., Eq. (9). As such,
V -n = —2/r and Se(r;) = O for a spherical interface.

B. CH model

In the CH equation, the equilibrium profile of an interface,
e.g., a droplet, is determined such that the energy (5) is mini-
mized. The chemical potential (4) is given in polar coordinates
as [2]

0K 92 10
o (20 139) (17)
8¢) ar:  r or

As will be shown in Sec. IV, the chemical potential is zero in
the bulk and nonzero in the interface. Therefore, we define an

average equilibrium chemical potential

1 ri+e 8¢
pa=[wto=— [ ufarn  ay
0 r—e r

where pq is in the interphase region, i.e., from r =r; — ¢
(where ¢ =~ 1) to r = r; + € (where ¢ ~ 0), and ¢ is of the
order of the interface thickness. Considering the equilibrium
condition, by multiplying Eq. (17) with d¢/dr and integrating
it from r; — € to r; + &, we have

B /r1+5 aF() a¢d /r,+€ 32¢ L1 18¢ a¢
Hea = | . "¢ or o\ T )

(19)
The first term on the RHS becomes
e 9F, 0 LaF
/ 0 ¢dr_—/ "4 = Fy(0) — Fo(1) =0
ri—e 84’ ar o 99
(20)

as Fy is zero in the bulk regions. The second term on the RHS
of Eq. (19) is composed of two parts. The first part is

ri+e 82 a ri+e a
K/ —‘f—d’dr:f/ <¢>dr—0 1)
r—e OF* Or 2 J,—e 0r\ 9

due to the symmetry of d¢/dr around r; as given by Eq. (10).

The second part is
r/+81 9 ri+e 9 2
K/ —( d’) dr~ = <—¢> dr,  (22)

r—e T\ OT 11 Jr—e \Or

where we approximated 1/r to be constant as ¢ < r;. The
above equation is similar to the definition of surface tension
o in the phase-field model. For a planar interface, it is defined
as [2]

o :K/ (8¢> dr = k /r1+8 (8(;5) dr, (23)
oo \ OF r—e \ OF

where the last term is the approximation for a curved interface.
Combining Egs. (20)—(23), Eq. (19) reduces to

rit+e
pa=1 | <a¢’) dr=". 24)

1 Jr—e ar ry

As can be seen, at equilibrium the value of peq resembles
the Laplace pressure (Apcy = o /rp). This term directly arises
from the curvature term (1/r)(d¢/dr) in the Laplacian oper-
ator (8) during the derivation, without any other assumptions.
This derivation establishes a direct link between curvature-
induced pressure and droplet shrinkage, which emerge from
the free energy F.

The complete balance in the RHS of the CAC model ex-
plains why this model prevents droplet shrinkage: The key
mathematical insight is that in CH models, the curvature term
(1/r)(d¢/0r) creates a chemical potential gradient propor-
tional to 1/ that is a driving force for shrinkage. In contrast,
the CAC model possesses a normal vector term that generates
a contribution exactly equal and opposite to this curvature
effect, resulting in zero net driving force for shrinkage. There-
fore, with a similar analysis to the CH model, one can say
that the net pressure difference caused by the CAC model
across the interface becomes zero, i.e., Apcac = 0, regardless
of droplet radius.

This cancellation in the CAC model is local and theoreti-
cally exact. It also does not depend on the size of the domain V
or interface thickness £. Also, since there is no driving force
for shrinkage in the CAC model, there is no critical radius
in the same sense as in the CH model. Droplets of any size
above the interface resolution limit can be stably maintained
due to the local fundamental balance mechanism rather than
the global one, which creates a pointwise cancellation of the
curvature-induced pressure at every point along the interface.
This is consistent with our observation in Refs. [15-17],
where small droplets and bubbles with radii comparable to the
interface thickness do not shrink. The only practical limitation
with a minimum radius in the CAC model is the need to ade-
quately resolve the interface. As shown in the next section, to
have the theoretical bulk values of the order parameter across
the interface, a minimum radius comparable to the interface
thickness should be considered.

Power-law scaling of shrinkage

As established above, the chemical potential gradient at
the interface creates a curvature-driven flux that leads to the
droplet shrinkage. In this section we derive the temporal evo-
lution of the droplet radius. We will show that this temporal
evolution leads to a scaling law for the droplet shrinkage.

Starting from the CH equation (3), for a quiescent droplet
(u = 0) we have

el

= = =MVpu. (25)

The total mass of the droplet is defined as (considering the
droplet density is p = 1)

m(t) = / bdV. (26)
Q
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Taking the time derivative, invoking Eq. (25), and applying
the divergence theorem yields

d 3 9
aw_ / Yav—m [ Haa. 27)
df Q 8t I al"

The chemical potential gradient at the interface can be ob-
tained based on Eq. (B3). For a circular droplet with the initial
radius of ry, we have

o
ar

o
_’
3r;

(28)

r

where C is a constant to account for the mismatch in thermo-
dynamic driving force between two phases [23] when ry < 1,
which is different from the equilibrium one when ry > ..
The value of C will be determined through numerical simu-
lations, with its equilibrium value predicted to be 9/2 based
on Eq. (B13). The derivation of the above relation is shown
in Appendix B. This relation reveals that the shrinkage rate
is inversely proportional to the droplet radius, implying that
smaller droplets dissolve faster.

Considering that ¢ = 1 inside the droplet, the mass of the
dropletis m = r}p and 9Q = 27 r; in 2D domains, and with
p = 1 Eq. (27) simplifies to

L VLIS (29)
Trp— = M—2mr.
" dt ar "
Invoking Eq. (28) in the above equation yields
r;(t) =ry — CMot (30)

or equivalently

rt)="Jry —CMot. 31

In contrast to the classical d> law observed in quasisteady
evaporation in which r;(¢) = +/ rg — C't [24], the present sys-
tem follows a shrinkage exponent of 1/3, which we call a
d? law in this study. The droplet completely vanishes when
ri(tf) = 0, giving the final dissolution time

3
"o

Iy = .
CMo
Unlike the initial shrinkage [Eq. (6)] and the critical radius
[Eq. (7)], the shrinkage rate depends on the mobility M and
the surface tension o. Increasing either parameter accelerates
the disappearance. This dependence provides a physical basis
for understanding how material properties influence the sever-
ity of the shrinkage problem in practical simulations.
In the following section, some comments on the values of
C will be made.

(32)

IV. NUMERICAL VALIDATION

In this section we investigate our analysis for the CH and
CAC models using two benchmarks.

A. Theoretical interface

In the first benchmark, to verify the analysis presented in
Sec. I1I, the distribution of the RHS of both phase-field models
is evaluated using identical interfaces in the r direction: a
circular droplet with radius 7y = 10 with interface thickness

0.6 1.0
0.4
0.2 .
0.0 /\ 05%
02 Serin Eq.(15)

—— 1sttermin Eq.(15)
2nd term in Eq.(15)

-0.4 —— 3rd (normal) termin Eq.(15)
Interface
-0.6 0.0
0.5 0.6 0.7 08 0.9 1.0 1.1 1.2 1.3 1.4 1.5
rin
(a)
0.6 1.0
0.4
0.2
0.0 — ; 2 7 0.5
win Eq.(17) V
-0.2 1st term in Eq.(17) :
—— 2nd termin Eq.(17)
-04 —— V2u
Interface
-0.6 0.0
0.5 0.6 0.7 0.8 0.9 1.0 11 1.2 1.3 1.4 1.5

rir

(b)

FIG. 1. Radial profiles of the RHS terms of the phase-field equa-
tions for (a) the CAC model and (b) the CH model, evaluated using
the same input interface. Two cyan vertical lines correspond to
1 £ &/2r.

& =3 and M = 1. The interface profile is defined by Eq. (9).
The other parameter is selected as o = 2/9 to make the co-
efficient of the Laplacian term for both models the same (k
becomes unity for the CH model).

Figure 1 presents the radial distribution of the RHS terms in
both the CAC model [Eq. (15)] and the CH model [Eq. (17)].
The Laplacian of the chemical potential, V2u, for the CH
model is also shown, as derived in Appendix B. As evident
from the figure, the sum of all RHS terms in the CAC model
vanishes across the entire domain (red line), indicating the
absence of any net driving force for droplet shrinkage. This
behavior persists regardless of the droplet radius ry or the
interface thickness &, thereby validating both the theoretical
predictions and numerical results.

In contrast, the CH model exhibits a nonuniform profile in
the sum of the RHS terms (red line), consistent with Eq. (24).
The curvature of the interface generates a nonzero gradient
in the chemical potential near the interfacial region, which
acts as a driving force for droplet shrinkage. Notably, in the
CH model, the two dominant contributions (represented by
the yellow and green lines) largely cancel each other in the
bulk but not near the interface, where curvature effects dom-
inate. A similar partial cancellation is observed in the CAC
model. However, the CAC formulation includes an additional
correction term (shown by the blue line), which precisely
compensates for the curvature-induced imbalance in the in-
terfacial region.

This comparison highlights the fundamental difference be-
tween the two models: While the CH model evolves toward
thermodynamic equilibrium via curvature-driven diffusion,
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0.8

0.6

riro

0.4

0.2

0.0

FIG. 2. Time evolution of the dimensionless droplet radius for
the CAC and CH models at different initial radii ro. The simulation
parameters are £ = 3, Ly = 100, and r. = 10.33. Insets represent the
droplet with the initial radius of ry = 8 at different times for the CH
model. The cyan horizontal dash-dotted line corresponds to §r/ry =
0.059 based on Eq. (6) for rp = 15.

the CAC model enforces a local geometric force balance that
stabilizes the interface.

B. Droplet shrinkage
1. Comparing CH and CAC models

In this section we employ two lattice Boltzmann (LB)
models to solve the CAC [Eq. (1)] and CH [Eq. (3)] equa-
tions. Details of these LB implementations can be found in
Refs. [17, 25] for the CAC and CH models, respectively, and
are not repeated here for the sake of brevity.

Simulations are performed in a square domain of size Ly X
Ly with Ly = 100. Droplets with different initial radii ry are
initialized using the phase-field profile given by Eq. (9). The
interface thickness is set to £ = 3, and based on Eq. (7), the
critical radius is approximately r, & 10.11. Periodic boundary
conditions are applied in all directions. Other parameters are
M = 0.02/8 and o = 0.001. Figure 2 plots the time evolution
of the dimensionless droplet radius for both models.

The numerical results corroborate our analytical findings
on the fundamental distinctions between the two models.
The CH model exhibits the expected shrinkage behavior, in
correspondence with the results of Yue et al. [5] and Zheng
et al. [6]. This phenomenon originates from the curvature-
dependent term in the chemical potential. For a droplet with
ro > r. (case of ry = 15), an initial shrinkage happens and
the droplet reaches a different equilibrium radius as ry — ér,
with ér/ry = 0.059 computed by Eq. (6), shown by the hori-
zontal cyan line in Fig. 2. When droplets are initialized with
ro < r. (cases of rg = 8, 5, and 3), the system evolves to-
ward complete dissolution (the green, blue, and yellow lines,
respectively).

In contrast, the CAC simulations demonstrate strong sta-
bility, maintaining the droplet radius over time regardless of
the initial size. This behavior confirms that a term embedded
in the normal vector correction term effectively cancels the
curvature-driven component of the Laplacian term. As a re-
sult, no driving force forms across the interface, and mass flux
is suppressed. This balance leads to conservation of droplet
shape and volume over extended simulation times.

We extended the analysis to smaller droplets with radii
ro = 2 and 1 and observed that the droplets remained stable

(ri/ro)?

0.2 - Lo=100

— Lp=400
—— L,=800 S
0.0 T
0.0 0.2 0.4 0.6 0.8 1.0

t/ts

FIG. 3. Comparison of the theoretical prediction (solid line) with
the numerical simulation results of Fig. 2 (dashed lines) for droplet
radius evolution for the CH model. The theoretical curve is based on
Eq. (31).

over time. This verifies the theoretical prediction that the CAC
model does not impose a critical radius for droplet stability, in
contrast to the CH model. As illustrated in Fig. 1, the order
parameter ¢ retains values close to its bulk limits (0 and 1)
at positions r = ry £ &£ /2 (shown by two vertical cyan lines),
indicating that the interface remains almost well defined even
for small droplets with the radii equal to the interface thick-
ness. However, when the droplet radius becomes smaller than
the interface thickness, the transition region dominates the
domain, and the bulk value of the order parameter deviates
significantly from its theoretical limits of O or 1 for the inside
of the interface. This effect is particularly evident for very
small droplets, where the interface essentially spans the entire
droplet. The hyperbolic tangent function is close to 1 at values
larger than 2 and, equivalently, close to —1 at values smaller
than —2. From Eq. (9) we see that the order parameter ¢
retains values close to its bulk limits (0 and 1) when |2(r —
rr)/&| = 2; thus ¢ is close to its bulk values of 0 and 1 when
r = r; £ &. This affects the minimum number of grid points
needed to resolve the interface. Its value could be affected by
the chosen numerical solvers. This constraint ensures a clear
separation between bulk and interfacial regions and preserves
the physical interpretation of the order parameter.

2. Radius-time scaling of shrinkage

To further validate the droplet shrinkage mechanism in
the CH model, we compare the numerical simulation results
(Fig. 2) with the theoretical prediction r,3 (t) o< —t derived in
Sec. III B 1.

Figure 3 presents a direct comparison between theoretical
prediction [Eq. (31)] and numerical simulation results for
droplets with initial radii below the critical radius within do-
mains of different sizes: Ly = 100 (with critical radius of r, ~
10.11), Ly =400 (r, =~ 25.48), and Ly = 800 (r, ~ 40.44).
For each case, the disappearance time ?5 is determined as the
time at which the droplet radius becomes zero. As shown
in Fig. 3, fair agreement is observed between the theoreti-
cally predicted form of 7; (t) ~ —t and the simulation results
throughout the entire shrinkage process. This confirms that
the curvature-driven diffusion mechanism, originating from
the Laplacian term in Eq. (8), is indeed the dominant driving
force for droplet shrinkage in the CH model. We observe some
discrepancies with the power law in Fig. 3, particularly during
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FIG. 4. Variation of the proportionality constant C in the radius-
time scaling relation (32) for three different domain sizes. The
interface thickness is & = 3 for all cases. As can be seen, for all
droplets with ry < r,, there is a droplet disappearance time.

early times. The phase-field initialization induces an initial
period of rapid shrinkage. This artifact parallels observations
in other physical systems, such as the d* law in evaporating
droplets [24]. Additionally, the theoretical derivation assigns
¢ = 1 uniformly within the droplet, while the numerical sim-
ulations inherently feature a diffuse interface with continuous
¢ variations near the interface and characteristic overshoot-
ing and undershooting in the bulk regions [26]. The finite
computational domain, combined with discretization errors in
both spatial and temporal dimensions, further contributes to
deviations from the idealized theoretical predictions.

Figure 4 presents the variation of C as a function of initial
droplet radius for three different domain sizes. The interface
thickness is fixed at £ = 3 for all cases. Several important
trends emerge from this analysis.

Different values for C are primarily due to the resolu-
tion. For example, for the case with ry = 3, the interface
thickness (£ = 3) is comparable to the radius (high Cahn
number Cn = £ /ry), while through the theoretical derivation,
a sharp interface with a uniform value of ¢ inside the droplet
is assumed. As ry increases, the interface becomes sharper
(smaller Cn) and C approaches a limiting value which is in
the range from 1 to 1.5. By approaching the initial radius to
the stability threshold r,, the droplet experiences a diminished
thermodynamic driving force, which is reflected in smaller C
values (higher 7).

In summary, for sufficiently large rq (but still below r.),
the curves show a tendency toward horizontal asymptotes,
suggesting that C approaches a domain-independent constant
value when Cn < 1. The observed trends confirm that droplet
shrinkage kinetics in the CH model are influenced by both
geometric factors (§ /ry) and thermodynamic factors (domain-
to-droplet volume ratio V/Vp). The former affects the accuracy
of the sharp-interface approximation, while the latter deter-
mines the magnitude of the thermodynamic driving force.

3. Constant versus degenerate mobilities

To investigate whether the choice of mobility function
affects the fundamental shrinkage behavior observed in
the CH model, we performed additional simulations where
we replaced the constant mobility term M = M, with a
degenerate mobility of the form My = 4My|¢||1 — ¢| as pro-
posed by Ref. [27]. The constant of 4 is to ensure that its
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FIG. 5. Time evolution of the dimensionless droplet radius for
the CH model with the degenerate mobility M, at different ini-
tial radii ry. The simulation parameters are £ = 3, Ly = 100, and
r. = 10.33. The cyan horizontal dash-dotted line corresponds to
8r/ro = 0.059 based on Eq. (6) for ry = 15. Compared to Fig. 2,
the degenerate form significantly extends the timescale but does not
prevent eventual disappearance.

maximum value is identical to My. This degenerate form,
used in phase-field simulations [27,28], ensures that diffusion
is suppressed in the bulk phases (where ¢ ~ 0 or 1) and is
active primarily near the interface (where ¢ ~ 1/2). Figure 5
presents the time evolution of the dimensionless droplet radius
for four initial radii (rp = 3, 5, 8, and 15) using the degenerate
mobility M. The simulation parameters are identical to those
used in Fig. 2, yielding the same critical radius of r, &~ 10.11
from Eq. (7).

Similar to the previous results for the constant mobility,
we expect that for the radii less than the critical value, the
shrinkage happens regardless of the mobility function. As
can be seen in Fig. 5, the degenerate mobility significantly
slows the mass redistribution process, extending the dissolu-
tion timescale by approximately one order of magnitude for
the case. This behavior can be understood through the energy
dissipation equation. Multiplying the CH equation (3) by u
and employing the divergence theorem and integrating over
the domain yields

dF

o (33)

= _/ My|Vu)?dQ < 0.
Q

The negative sign ensures that the free energy F decreases
toward its minimum. The mobility determines the rate of this
energy dissipation (i.e., how fast the system approaches the
equilibrium) but does not alter the equilibrium state itself.
Therefore, the critical radius 7, and the initial shrinkage §r
derived in Refs. [5,6] remain valid for any positive mobility
function, whether constant or degenerate.

Comparing Eq. (17) with Eq. (15), one may add a term
to the RHS of Eq. (17) to counteract the additional term
appearing in the Laplacian term. While this could suppress
the shrinkage behavior, it will interfere with the physics of the
free energy.

4. Effect of solid boundaries

The analysis presented in the previous sections focused on
interfaces suspended in bulk phase domains. In many practi-
cal applications, however, droplets and bubbles rest on solid
surfaces, raising the question of how the presence of solid
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6=60°

6=90°

FIG. 6. Interface profile of a sessile droplet at # = 0 (red dashed
line) and ¢ = 103 (black solid line) for the CH model with different
contact angles 6 = 60° (left column), & = 90° (middle column), and
6 = 120° (right column). The initial radii are ry = 3 (top row), rp =
5 (middle row), and ry = 8 (bottom row).

boundaries affects the shrinkage behavior. In the present study
we extend our analysis to interfaces in contact with solid
boundaries for the CAC model with various contact angles
and initial droplet radii. It should be noted that the effects
of the solid boundaries on the shrinkage for the CH model
are investigated by Zheng et al. [6] and are not repeated for
the sake of briefness. That study showed that the effects of
the contact angle are only on the initial volume, while the
shrinkage §r and critical radius r, are still valid and similar
to Egs. (6) and (7).

For a sessile droplet on a solid surface, the geometry differs
from a complete circular droplet, but the fundamental physics
remains unchanged. Consider a 2D droplet on a horizontal
solid surface with contact angle 6 (measured through the
liquid phase). The droplet forms a circular segment with the
radius of the curvature ry and the base width 2ry sin 6. The
key insight is that a sessile droplet is simply a section of
a circular droplet, bounded by the solid surface. Therefore,
the interfacial profile along the radial direction still follows
Eq. (9). The sessile droplet volume is now given by

Vo= 2 (9 B sin(26’))’ (34)

2

with 6 given in radians. The effective source term given
by Eq. (15) remains valid along any radial direction away
from the solid surface as the local curvature-driven mecha-
nism is unchanged. At the interphase we therefore still have
Setr(rr) ~0.

To validate these theoretical predictions, we perform sim-
ulations of sessile droplets with contact angles 6 = 60°, 90°,
and 120° for the CAC model. The computational domain is
Ly x Ly/2 with Ly = 100. The rest of the parameters are the
same as those of Fig. 2. The solid surface is located at the bot-
tom and top boundaries with a no-flux condition for the phase
field and appropriate wetting boundary conditions to maintain
the prescribed contact angle. The side boundaries are treated
as periodic. Details on the wetting boundary conditions can be
found in Ref. [29]. Initially, a half droplet with initial radii of
ro = 3, 5, and 8 is placed on a solid surface with its center at
(1, Ly/2). The initial contact angle is therefore 90°.

Figure 6 presents snapshots of the droplet at the initial
and equilibrium states. The CAC simulations demonstrate that

droplets keep their volume over extended simulation times
regardless of the contact angle and initial radius, confirm-
ing that the local balance mechanism in Eq. (16) prevents
shrinkage. This represents a significant practical advantage
of understanding the local balance mechanism, as it provides
confidence that CAC models will maintain their antishrinkage
properties even in complex geometries with solid contacts,
which are ubiquitous in real applications such as multiphase
flow in porous media.

V. CONCLUSION

In this paper we analyzed the conservative Allen-Cahn
model for phase-field simulations and demonstrated its abil-
ity to overcome the droplet shrinkage problem that affects
the Cahn-Hilliard models. The CAC equation offers signif-
icant advantages over the CH equation for multiphase flow
simulations involving numerous interfaces with varying cur-
vatures, such as multiphase fluid flow in porous media. The
CAC model preserves droplets of any size above the interface
thickness through a local geometric balance at the interface.
Unlike the CH model, where droplet shrinkage is propor-
tional to (V/Vy)(€ /ry) with a critical radius r. o (§V)!/3, the
CAC model maintains original droplet size without radius
limitations. In CH models, the curvature term (1/r)(d¢/dr)
creates a chemical potential gradient, causing shrinkage. In
the CAC model, however, the V - n term counterbalances this
curvature effect, resulting in no driving force for shrinkage.
We also considered the effects of degenerate mobility. Our
simulations confirm that droplet shrinkage in the CH model is
a fundamental consequence of the underlying thermodynamic
energy functional. The mobility function governs the kinet-
ics of interface evolution, but does not alter the equilibrium
predictions.

It was shown that for the droplets below the critical ra-
dius, the droplet radius follows a d? law of the form r,3 t) =
rs —CMot, with the disappearance time scaling cubically
with the initial radius, i.e., 5 & rg. This scaling has significant
implications for multiscale simulations, as droplets spanning
different length scales will disappear at different rates. Also,
for interfaces in contact with solid surfaces, the same findings
are still valid for the CAC model, and droplets with different
initial radii and contact angles do not shrink over time, a
property essential in the simulation of multiphase fluid flows
in porous media. As part of future work, a remedy is being
developed based on the findings of this study to mitigate the
droplet shrinkage issue inherent to the CH model. This also in-
cludes extending the analysis and simulations to 3D domains
to assess the robustness and applicability of the proposed
remedy in more realistic geometries.
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APPENDIX A: EVALUATION OF RHS OF EQ. (15)

To show that the RHS of (15) is always equal to zero, we
sum all terms on the RHS considering the interface profile
is given by Eq. (9), where the first and second gradients are
calculated in Egs. (10) and (11), respectively. By inserting
them into Eq. (15), we have

Seft = h?(x ) tanh L ecn?
en——<§sec (x) tan (x)—;gsec (x))

- g[tanho( )] (—ésechz(x ))

- él[l — tanh(x)][1 + tanh(x)] = 0, (A1)
p

considering tanhz(x) + sechz(x) = 1.

APPENDIX B: DERIVATION OF EQ. (28)

In this appendix, the RHS of the CH equation (3) is derived
based on the interface profile given by Eq. (9). For a polar
coordinate system with the origin at the droplet center, we
have no changes in the angle direction, so the Laplacian of
the chemical potential is

?u  1ou
Vi = — 4+ -—, Bl
b= T % (BL)
with p defined in Eq. (4). If we model F, as the
double-well potential Fy(¢) = Bp>(1 — ¢)?, then dFy/d¢p =

2B¢(1 — @)(1 — 2¢) and Eq. (4) becomes

1=2pp(1 — )1 —2¢) — V. (B2)
Breaking Eq. (B1) down into components, we have
0 0 0
T = 2B~ $)(1 = 20)] — K (V9).  (BY)
r ar ar
with the first term as
0 ¢ 5
5[2/%(1 — )1 —2¢)] = 2/35(1 — 60 +6¢7) (B4)
and the second term as
0 20 109
—(V%0) =
Br( 2 or <8r2+r8r>
Bp 139 138%
—_—— =t . B5
a3 r2or  r or? (BS)
The second derivative of the chemical potential is
P12 gl — )1 —20)] - ks (V). (B6)
arz — oar2 ¢ ¢ ¢ K8r2 2

with the first term

2

5,2 128¢0 = $)(1 —29)]

2 2
—ZB[a PP (1~ 66 + 667 + (2"’) (—6+ 12¢>]

(B7)
and the second term
a4¢ 13% 2 98% A
v?2 —_— =t ——. B8
(V'¢) = art + rord  r?or? + r3 or (BS)

Finally, the complete expression for the Laplacian of w in
polar coordinates is

13% 2 8%

_, 2¢ 09\’
=28 — (1 —6¢+6¢°) + Fw (—6+ 12¢)
%o 2 3¢
"‘(m* ﬁa)
+l[2ﬁ%(1—6¢+6¢2)
r or
Bp 199 13%¢
_K(ﬁ_ﬁEJrrarZ)}

The above derivative terms on the RHS can be easily com-
puted using Egs. (10) and (11) and

rord  r?or?

(B9)

_83¢ 8 4 2 2

o g[SCCh (x) — 2sech?(x) tanh?(x)1, (B10)
*¢ 64 ) 5 s
Fr i $—4$ech (x) tanh(x )[tanh“(x) — 2 sech”(x)].

(B11)

To obtain the relation in Eq. (28), we evaluate the du/0r.
Inserting the terms in Egs. (B4) and (B5) into the gradient of
the chemical potential in Eq. (B3), we have

o 0 0 _,
Frie —[286(1 — ¢)(A —2¢)] =k —(V79)
r or or
0¢ ) 3¢ 193¢ 13%
=28—(1— k| =+ -———).
'BBr( 6¢ +6¢°) K<8r3 r2 8r+r8r2
(B12)
At the interface, i.e., r = r;, we have ¢ >~ 1/2 and x = 0.

Based on Egs. (10), (11), (B10), and (B11), at r =r; (x =
0), different gradient orders of the phase field are d¢/9r =
—1/&,0%¢/dr* =0, 3°¢/dr’ = 8/&3, and 3*¢/dr* = 0, re-
spectively. As such, by inserting these terms in the gradient of
the chemical potential of Eq. (B12) and using 8 = 120 /& and
k = 30&/2, we have

| N0 ( 1N(_1)_doE(8 11

5,,‘2s<s>< 2) 2(5*+ s)
__30'__96 B13)
=227 93 (
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