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A scale-by-scale analysis of energy flux in the turbulent cascade can be performed using the spatially filtered
magnetohydrodynamic (MHD) equations, while the gradient tensor invariants are widely used to characterize the
structure of velocity and magnetic fields. Physical mechanisms responsible for energy flux require specific field
configurations whose strength is quantified by these tensor invariants. We explore this requirement, showing that
the tensor invariants act as proxies for mechanistic energy fluxes under quantifiable conditions. As a special case,
the purely hydrodynamic contributions to energy flux can be expressed exactly in terms of the invariants of the
velocity gradient tensor. We also show that the invariants bound the available energy flux for distinct physical
mechanisms, formalizing the idea that each transfer mechanism requires field configurations with gradients of
sufficient strength to support a given energy flux. Results are illustrated using three-dimensional simulations of
freely decaying MHD turbulence. These findings advance our understanding of MHD turbulence by revealing
key relationships between field topology and energy transfer across scales due to distinct physical mechanisms.
They further provide a tool for probing the turbulent cascade using multispacecraft data where local tensor

invariants are directly accessible.
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I. INTRODUCTION

A. Overview

Magnetohydrodynamics (MHD) provides an effective de-
scription of many astrophysical plasmas, which often exist in
a turbulent state [1-5]. This turbulence is characterized by
nonlinear cascades of ideal invariants across a wide range of
scales [6], giving rise to complex behavior that remains an
active area of theoretical research [7].

The existence of a turbulent cascade naturally motivates
a scale-by-scale analysis of energy flux. A robust construc-
tion of energy flux requires a definition of spatial scale
that is amenable to theoretical studies and real-world data
analysis. Spatial filtering [8] has been widely used to study
hydrodynamic turbulence due to its ability to facilitate such
scale-by-scale analyses [8—12]. This approach has since been
applied to MHD, enabling detailed studies of energy trans-
fer across scales (e.g., [13—17]), with particular emphasis on
the application to subgrid scale modeling of MHD turbu-
lence [18]. Extended MHD regimes [19-22], fully kinetic
simulations [23-26], hybrid-kinetic models [27], and in situ
observational studies [25,28] have also used spatial filtering.
A key advantage of this approach is that energy flux can be
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expressed as field gradients, which in turn can be decomposed
into contributions from distinct physical mechanisms as well
as into local and nonlocal contributions to the flux [10-12,29].
Following Capocci et al. [29], energy flux in MHD can be par-
titioned into four subfluxes (Inertial, Maxwell, Dynamo, and
Advection), which can in turn be separated by scale locality
and decomposed into distinct physical mechanisms, allowing
identification of those dominant in driving the turbulence.

Recently, an approach based on invariants of the velocity
and magnetic field gradient tensors, and their spatially filtered
counterparts, has been used to characterize the spatial struc-
ture, or topology, of the fields [30-36]. Part of their appeal
is their disambiguation of the “smallest scales” and the fact
that they display a number of universal signatures across a
wide variety of turbulent flows [31,33], although such uni-
versality remains an open question in MHD [34]. A further
appealing aspect is that multispacecraft measurements allow
estimation of field gradients [37,38], which can in turn be used
to construct the invariants. This approach was first applied
to in situ observations by Consolini et al. [35] using the
cluster ion spectrometer (CIS) instrument aboard the Cluster
mission, and has subsequently been applied to a wide range of
astrophysical systems [39—46].

Taken together, these different approaches raise the nat-
ural question of whether particular field configurations, as
quantified by the invariants, preferentially contribute to en-
ergy transfer, as quantified via the filtering approach [23,40].
Hnat et al. [44] recently found an ordering of the local en-
ergy transfer rate with magnetic field invariants using in situ
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TABLE I. Summary of energy flux bounds and proxies via the coarse-grained tensor invariants. Energy flux quantities H’;é are defined in
Sec. II B and depicted for reference in Fig. 1. The scale-dependent tensor invariants Qy are defined in Sec. II D.

Invariant-flux bounds (Sec. IIT A)

Contribution Local contribution bound Mechanism bounds [Eq. (31)]
- e 5o+ 05)(=05)"? it Oa > 9105 Mgl < 25 (=09)2
Inertial IT/+* M <y 50 A 32 o = ~ It 22 (AN
5(Qq — 30s) if Qg < 9|0s| M osel < €7 5(=05)""(Qa)

IMYssl < 202(—05)3(=05)

Maxwell [T M) < Z2(=09)'[(—05)* + 14(=05)0; + 0312 M, < 2(=05)20;
IMGsl < 410,(—0s)(—0s)1'?

Invariant-flux proxies (Sec. II1 B)
Flux Proxy Conditions

Sign follows Rs
General Hfjﬁyz

Magnitude follows (Rs, Os) via Vietes formula

cos(yrp;) ~ 1 and any of:
(i) i ; constant

(i) (141 (Rs. Q) = (1)
(iii) M= M,/(Rs, Os)

Hf,[sss 30Rg Exact

|5 02(Rs — Ry) Exact

I} 2(4Rs — Ry) Exact

Complementary results

Use Formula Section

Vigtes formula for strain-rate =2 —% cos [% arccos ( [— Q%) — 2’;—"] (IID 4)
eigenvalues

Dissipation rates from second D, = —4v0s, Dy =400, (IID2)
invariants

solar wind observations, and Benella et al. [20] combined
the filtering and tensor invariant approaches in simulations of
compressible Hall MHD, observing a clear statistical ordering
of the turbulent energy flux with the invariants of the velocity
gradient tensor.

In this paper, we propose a framework that directly links
these invariants to the scale-by-scale transfer of energy in
terms of underlying physical mechanisms. We show analyt-
ically that the energy fluxes are bounded above by functions
of the local invariants, with the least upper bound obtained by
solving the exact optimization problem. The second invariants
therefore establish an envelope for the energy available for
transfer across scales. We further show that, under quantifiable
conditions, the strain-rate invariants serve as proxies for the
local energy flux, with the sign of the third invariant Rg being
a reliable predictor of the direction of energy transfer. As a
special case, the purely hydrodynamic contributions to energy
flux can be expressed exactly in terms of the invariants of
the velocity gradient tensor. Together these results constitute
a semiempirical framework, which we call the invariant-flux
framework, that explicitly connects the tensor invariants to the
energy fluxes across scales.

B. Structure and summary of results

The paper is organized as follows. In Sec. II, we estab-
lish the necessary background methodology, including several

complementary results that are direct consequences of this
methodology and serve as foundational elements for our
framework. In Sec. III, we present the invariant-flux frame-
work, with Sec. III A deriving the energy flux bounds, and
Sec. III B introducing the energy flux proxy. Throughout the
paper, theoretical results are illustrated using numerical simu-
lations of freely decaying, incompressible three-dimensional
(3D) MHD turbulence, performed with a pseudospectral
code [47] in a periodic cubic domain of size [0, 2713, Details
of these simulations are provided in Appendix A. To assist the
reader, we provide a concise summary of our main findings
in Table 1. This table presents the energy flux bounds, the
invariant flux proxies, and the complementary results. For
brevity, we present the Inertial and Maxwell terms only. The
Advection and Dynamo terms either share the same bounds
or have very similar bounds due to symmetries, which are
discussed where relevant in the text.

II. BACKGROUND METHODOLOGY

A. Coarse-grained MHD equations

We take as our starting point the incompressible magneto-
hydrodynamic (MHD) equations (e.g., [48]),

du+@w-Viu=®-Vb—Vp+vViu, (1)
b=V x (uxb)+nV>b, 2)
Vb=V.-u=0, 3)
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where u(x, t) is the flow velocity, b(x, ) = B(x,t)/s/4mp is
the magnetic field in Alfvén units, p is the sum of thermal and
magnetic pressure, v is the viscosity, and 7 is the magnetic
diffusivity. The Lorentz force, j x b = (b- V)b — V(b*/2),
has been written in tension-pressure form.

To isolate features of a scalar field, a, larger than a given
scale, £, we convolve the field with a suitably chosen kernel
G, [8,10,14],

ap(x) = / Gy(ryalx +r)dr. 4
Q

The resulting coarse-grained field a, retains features on scales
> ¢, with scales < £ attenuated by the convolution. The ex-
plicit dependence on scale ¢ is hereafter omitted. Applying
operation (4) to the MHD equations (1)—(3) gives the spatially
coarse-grained MHD equations [14,18],

Qi+ @-Va=b-Vb—Vp—V -[t,(u,u)— tb,b)]

+vV2ﬁ, ®)

b+ @-Vb=(b-Via—V -[ty(u,b) — t,(b,u)]
+1nV°2b, (6)
V.b=V-a=0. (7)

The second-order tensor quantities ,(x,y) are the subscale
stress tensors given by

[te(e, Y))ij = Xiy; — %) ®)

where the fields x,y € [u, b]. Explicit dependence on filter
width ¢ is retained to improve clarity in subsequent sections.
They arise from the filtering of the nonlinear terms and de-
scribe the force exerted on scales > £ by the unresolved scales
< £. Evolution equations for the large-scale kinetic energy,
E! = 1|a|?, and large-scale magnetic energy, E = 1|b|?, are
readily obtained from Egs. (5) and (6) by taking the dot
product with & and b, respectively, giving [13,14,18,19,29]

YEY+V - g = —TTI"" — 1), — D, 9)

QEL +V -G° = -T1"" + W, — D, (10)

The terms involving §* and (” represent the transport of
large-scale kinetic and magnetic energies at scale £ in space.
The term ), = b;b;9;ii; appears with opposite sign in Egs. (9)
and (10), representing an exchange of energy between the
flow and magnetic field at scales > ¢, and supporting various
physical interpretations (see the discussion of Aluie [14]).
The terms @, = 2v5;;S;; and D}, = 7|V x b|* represent the
direct dissipation of the large-scale energies [18]. Alternative
formulations of @, and X, exist in the literature (e.g., [14]),
differing locally by a pure divergence term that is absorbed
into the spatial transport terms ¢* and ¢”. Here we use the
resolved analogs of viscous and Ohmic dissipation. The cen-
tral quantities of interest in this study are the pointwise energy
fluxes

M = —[re(u, w);;(3;i;) + [ze(d, b)) (3;1;), (11
N7 = —[7o(b, w);;(3;5:) + [xe(u, b)1;;(3;5;), (12)

which represent the transfer of kinetic and magnetic energy
between scales, defined here to be positive if energy is being

transferred from larger to smaller scales. The sum of these,
¢ + M** = M. gives the total energy flux. A scale-by-
scale analysis of energy flux can be performed by filtering at
different scales (e.g., [19,29]).

B. Energy flux decomposition

The energy fluxes in Egs. (11) and (12) can be decomposed
into contributions associated with the terms of the filtered
MHD equations (5)—(7) from which they originate. These
contributions can be further separated into scale-local and
scale-nonlocal components, which can in turn be decomposed
according to the physical mechanisms responsible for each
energy flux.

1. Contribution

Following the convention in Capocci et al. [29], we label
the four constituent terms in Egs. (11) and (12) as

0" = —[t,(u, w)l;;0;i;, (13)
"¢ = [ze(b, b));;9;;, (14)
M4 = —[e(b, u)l;;9;b;, (15)
¢ = [t,(u, b)1;;9;b;, (16)

where the superscripts stand for Inertial, Maxwell, Advection,
and Dynamo (see also Yang et al. [17]). The sum I1/¢ +
M€ = 1% gives the flux of large-scale kinetic energy, and
44 + P4 = M1>¢ gives the flux of large-scale magnetic
energy.

2. Locality

It was demonstrated by Johnson [10], and extended to
MHD in Capocci et al. [29], that specifying a Gaussian low-
pass filter,

Gor) = — ( E) (17)
= gy P\ T2 )

allows for an analytic expression of the subscale stresses
7,(x,) in terms of field gradients A;; = 9;ii; and B;; = 9;b;.
This approach naturally separates flux contributions into scale
local and scale nonlocal components. For example, the Iner-

tial and Maxwell fluxes become
2

¢ = AL - & [ o A

=t 4 Tl (18)

22
Mt _ 25 Bt il 7l BV B/
I = £°A; By B, +Aij/0 (B, By )da

=" + My’ (19)

Here the integrand subscale terms t4(x, y) = ¥y — ¥#3* are
filtered at scale 8 = +/£%2 — «, and the explicit dependence of
the filtering operation, Eq. (4), on scale is retained to avoid
confusion with the arguments. The first terms in Eqs. (18)
and (19) involve gradients filtered at scale £ only, representing

the local transfer of energy to immediately adjacent scales.
Ja
A

The subscale stress arguments in the integral terms, e.g., A",
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are filtered at scales /o smaller than ¢, so that the inte-
gral over o represents the cumulative contributions from all
scales smaller than £. This represents, therefore, the nonlocal
contribution to energy flux. More details can be found in
Refs. [10,11,29]. Similar expressions exist for the Advection
and Dynamo terms.

3. Mechanism

The physical mechanisms driving these fluxes can be re-
vealed by substitution of a suitable decomposition of the
velocity and magnetic field gradient tensors [10,29]. The
coarse-grained gradient tensors can be decomposed into their
symmetric and antisymmetric parts. The coarse-grained ve-
locity gradient tensor becomes A;; = S;; + ;;, where §;;
is the flow strain-rate tensor and €2;; is the rotation-rate
tensor. Similarly, the coarse-grained magnetic field gra-
dient tensor becomes B;; = X;; + J;;, where I;; is the
magnetic strain-rate tensor and J;; is the current density
tensor. The rotation-rate tensor is the dual of the vorticity,

Q;; = —%ei k@, and the current density tensor is the dual of

the current density, J;; = —%e,- ik Jk- Substituting these decom-
positions into the local flux expressions yields terms that can
be interpreted as physical mechanisms. The local terms HIL'Z

and HAL/’ ** become

- = = e
M) = —025,;84S i + Z@isija’j* (20)

HQ/I'E = EZS,»jE,-kijk + ezsij.]_[kjjk + 2525','/‘./_”{2//{. 21

In Eq. (20), the S;;SixS jx term is the contribution to the kinetic
energy flux from strain self-amplification, and the @;S;;®;
term is the contribution from vortex stretching. These well-
established mechanisms from hydrodynamic turbulence are
generalized to MHD by the Maxwell, Advection, and Dynamo
terms. For example, the §;;JyJjx term in Eq. (21) represents
the stretching of current filaments in analogy to the vor-
tex stretching mechanism, and the S;; £, £ ;; term represents
magnetic shear amplification, both of which are related to
straining motions of the flow (see [29] for more details).

A fully decomposed flux term takes the general form H?’é,
where X € {I, M, A, D} specifies the contribution term, Y €
{L, NL} specifies the locality, and Z € {S, €, X, J}* denotes
the physical mechanism. For example, the local strain self-
amplification term in Eq. (20) is denoted HIL”ZSSS. A full list
of all nonzero terms can be found in Capocci et al. [29].
This hierarchical decomposition of energy flux is visualized
in Fig. 1 for ease of reference.

C. Energy flux in tensor-angle form

The energy fluxes can be expressed in terms of the align-
ment between the eigenvectors of the tensors [11,29,49]. This
is central to the invariant-flux framework. To illustrate the
idea, consider the current filament stretching term HK'SZJ 7
Writing the eigenvalues of the strain-rate tensor as A;, the flux
is given by

I—IM,Z

15
LS = _Z£2|J|2 Z)»i cos”(6), (22)

TIMHD,¢

Total Total
]E Hu,l bl
Lnergy Kinetic Magnetic

. . 1.0 IM.¢ AL o
M Inertial Maxwell Advection Dynamo

- 1.0 Il M.l M, Al Al D,t Dt
Locality U I D UGS I 10 St I 10 i B B U Eiid I 0 0 Pl N N0 o I D U ety
Mechanism X e{l,M, A, D}

Hi,(é where Y € {L,NL}
7c{5.0,5.3)°

FIG. 1. Hierarchical decomposition of the total MHD energy flux
showing the notation used throughout the paper.

where 6; is the angle between j and the ith eigenvector of
S. Details are given in Appendix B 1. The energy flux is
thus determined by three factors: (i) the magnitude of the
current density; (ii) the eigenvalues A; of the strain-rate tensor;
and (iii) the geometric alignment cos(6;) between the current
density and the eigenvectors of the strain-rate tensor. Per-
fect misalignment of the current density with the strain-rate
eigenvectors will result in minimal energy flux for this term,
regardless of the magnitude of current density or strain. A

preferential alignment with a single eigenvector, ):(l), so that
cos?(9;) ~ 1 and cos*(6;) ~ 0 for j # i, will lead to a flux
dominated in sign and proportional in magnitude to eigen-
value A;. A general local flux term can be written

s, o 8 ¥aZy = Z)‘iﬂj cos” (), 23)
iJ

where 1 ; is the jth eigenvalue of the symmetric part of the
product matrix YiZ;, and ;; is the angle between the ith
eigenvector of § and the jth eigenvector of the symmetric
part of YiﬁZ,fj [29]. In the case of preferential alignment,
cos ¥;; ~ 1, the eigenvalue product y; and A; will determine
the sign and be proportional to the magnitude of energy flux.
In Appendix B2 we show that the general case in Eq. (23)
collapses to the vector-angle form in Eq. (22) for I'IIK‘SZJ 7

D. Invariants of the coarse-grained gradient tensors

This section introduces the tensor invariants of the coarse-
grained fields, which can be used to characterize the structure
of the fields. Some useful results are also presented that will
aid the analysis of the energy fluxes.

1. Tensor invariants

A second-order tensor X can be characterized by three
principal invariants arising as the coefficients of its charac-
teristic equation,

det(X — M) =23+ PA\>+ QL +R =0, (24)

whose solutions are the eigenvalues A; of X. As functions of
the eigenvalues, the principal invariants do not change under
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coordinate transformations. The invariants take the forms

P=—tr(X)=—(\1 + A2 + X3), (25)
Q= 1[P? — tr(X*)] = Aiha + Aoks + A3k, (26)
R = —det(X) = —A1 M)z, (27)

where the trace/determinant forms are found by application
of the Cayley-Hamilton theorem. If X = 9;x; is the gradient
of a vector field, its trace, tr(X) = 9;x;, is the divergence and
hence zero for the divergence-free fields considered here. It
follows that P = 0, and the field is characterized by the second
and third invariants, Q and R, respectively. These invariants,
sometimes called the topological or geometric invariants, are
frequently used in the hydrodynamics literature [30-33] and
more recently in the MHD literature [34-36,39,41-44,46] to
characterize the local spatial geometry of the flow and mag-
netic field. The invariants of the coarse-grained velocity and
magnetic field gradient tensors used in this work are stated be-
low. We refer to Dallas and Alexakis [34] for a more complete
discussion in the MHD context. The constituent strain-rate
and rotation tensors possess their own sets of invariants that
can refine the analysis.

a. Velocity gradient invariants. The invariants of the coarse-
grained velocity gradient tensor, A;; = S;; + Q;;, are

0a = j(@” —2u(8%),
RA = —%(U’(S‘s) + %(j),'S,‘ja)j).

The invariants of the flow strain-rate tensor S; ; are

— _2 -
05 = —3tr(87) = —35,5;;.
1
3

Ry = (8 = -

3 Sijgjkski~

The invariants of the rotation rate tensor 2;; are
Do = —4r(@) = 1a? = 0y — 05, Ra=0
Oq = 2tI'( )_40) =04 Os., Q=Y.

Although the second invariants are additive, 04 = Os + Oq,
the third invariants are not, R4 # Rg + Rg = Rs. It can be
seen that the second invariant O, measures the relative mag-
nitude of vorticity to strain. If Q4 > 0, the filtered flow is
dominated by rotation. For this reason, Q4 has been widely
used as a vortex identification criterion, the Q-criterion, with
subsequent related criteria (e.g., the A-criterion [30]).

b. Magnetic field gradient. Similarly, the invariants of the
coarse-grained magnetic field gradient tensor, B; = F i+ J; s
are given by

~ . <2
0 = ;(J° —2(%))),
D - 3 T o= -
Rp = —5(e (X)) + 3% Jj)-

The invariants for the magnetic strain-rate tensor X;; are

_2 — —
Os = —3tr(T) = —3 5,55,

_3 —_ —_ —_
Ry = —%tr(E )= —%E,-J-E_,«kilki.

The invariants of the current density tensor J;; are

0, = —%tr(.iz) = ﬁj_z =0s—0s, R/ =0.

2. Dissipation rates from second invariants

The dissipation rates of large-scale kinetic and magnetic
energies, @, and @,, can be written directly in terms of the
second invariants of the flow strain-rate tensor and current
density tensor, respectively, as

1 - 1
Os = " Dy, Qs = n Dp. (28)
Thus O, and Q; are measures of the dissipation rates of large-
scale kinetic and magnetic energy in the same way as the non-
coarse-grained counterparts are related to viscous and Ohmic
dissipation through Qg = —%eu/v and Q; = ijz/r; [34]. Note
that Qs < 0 but Q; > 0, accounting for the difference in sign.

3. Strain-rate eigenvalues and third invariant

The properties of the strain-rate eigenvalues reveal the
physical meaning of the third invariant, and are central to
the later development of the invariant-flux framework. Since
the flow strain-rate tensor S is real, symmetric, and trace-
free, it has three real eigenvalues A; that must satisfy A; +
Ay + A3 = 0. Ordering these as A; > A > A3, the nontriv-
ial case requires A; > 0 and A3 < 0, with A, enforcing the
trace-free condition. The eigenvalues are the three principal
rates of strain, which can either be extensional, A; > 0, or
compressive, A; < 0. If 1, > 0, then we have two extensional
directions and one compressive. A spherical blob of fluid will
deform into a “sheetlike” or “disklike” structure under this
straining. If A, < 0, we have two compressive directions and
one extensional, and a spherical blob will deform into a “tube-
like” structure. With the sign of 1| 3 fixed, the sign of the third
invariant Ry = —A;AoA; takes the sign of the intermediate
eigenvalue A,. Thus Rs > 0 corresponds to “sheetlike” struc-
tures and Ry < 0 corresponds to “tubelike” structures [34].

4. Vietes formula for the eigenvalues

A useful property of the strain-rate eigenvalues will help
establish the expected magnitude of the energy fluxes in
(Rs, Os) space. The strain-rate tensor S;; has three real eigen-
values, so Viete’s formula allows us to write these eigenvalues
in terms of the invariants as

Os 1 3Rs 3 2k
M =2, —=—cos|—-arccos | ——.|—=— | — —
3 3 205\ Os 3

(29)

for k =0, 1, 2. Three properties are clear from this formu-
lation: (i) the eigenvalue magnitude scales with v/ —Qys; (ii)
for a given Qs, the eigenvalue attains its maximum and min-
imum when the argument of the arccosine is %1, i.e., when
Rs = :F%(—Qs)y 2. and (iii) the eigenvalue is zero when
the argument of the arccosine is zero, i.e., when Rg = 0. The
extrema occur along A = 0, where A is the discriminant of
the strain-rate tensor, giving the maximum absolute value that
Ry can take for a given Qs. From Eq. (28), scaling with /— Qg
is equivalent to scaling with /©,/v. We therefore expect
dissipation to bound the energy flux in a way made precise
in Sec. Il A. Finally, only the intermediate eigenvalue can
vanish in the nontrivial case. The remaining two eigenvalues
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are equal and opposite, taking the values A;, A3 = /—0s. A
mathematically identical formulation applies to the magnetic
strain-rate eigenvalues.

III. INVARIANT-FLUX FRAMEWORK

We now propose a framework for understanding and pre-
dicting energy flux, down to the level of physical mechanism,
from the tensor invariants. We show that the invariants locally
bound the magnitude of energy flux (Sec. IIl A), and we detail
the conditions under which the invariants act as proxies for the
energy flux (Sec. III B). As a special case, the hydrodynamic
flux terms can be written exactly in terms of the invariants
(Sec. IIIB 1).

A. Energy flux bounds

Each energy flux term represents a specific physical mech-
anism that requires a particular field configuration to operate.
Vortex stretching, for instance, requires both vorticity and
strain. The strength of each such configuration, given by
the magnitude of the gradients, is quantified by the tensor
invariants. It follows that the invariants will bound the en-
ergy fluxes. The method of bounding the flux given known
invariants is demonstrated on the simplest case, the strain
self-amplification flux in eigenvalue form,

M s = —CuSh) = -2 2.

We seek the maximum of the eigenvalue sum, Zi A?, subject
to the incompressibility constraint, ) ; A; = 0, and the known
invariant, Qg = —3 Y, A2. This is readily achieved by con-
structing the Lagrange multiplier,

1 _
_ 3 _alt 2
L= Ei A —a Ei Y ,3(2 E,» A +Q5>.
Taking derivatives to find the maxima gives

Ly, =30 —a+Br =0.

Lo=) 2=0,
Iﬁz—%ZA?—Qg:O.

These can be solved simultaneously, but it is easier to recog-
nize that all of the eigenvalues must satisfy the same quadratic,
which can have at most two distinct roots. Let these roots be
a and b, and take A; = A, = a and A3 = b without loss of
generality. Substituting into the constraints yields

2a+b=0, 2a°+b =-20s,

so that b= —2a and then a =+ %QS, b=$2,/%@.
Substituting these back into the objective Y ;A gives a
maximum of

3 3
[ —0s | —0s 2 = \3/2
2| - T +12 T —ﬁ(_QS) .

Reintroducing the scale dependency, we obtain the bound on
the energy flux,

2 = \3/2

— (-0 . (30)
V3 (=09)

In general, a local mechanistic flux term can be bounded
above by

1.t 2
|HL,SSS| St

ITxyz| < K161V (5x Ox ) (3y Oy )(3202), 31
where

—1 X symmetric,
Ix = S . .
1 X antisymmetric,

and the constant K takes values listed in Table I for each term
and is found using the same Lagrange multiplier approach as
above. The second invariants of the coarse-grained gradient
tensors therefore act as an envelope for the possible energy
flux. This is our first main result. Given values of the tensor
invariants of the velocity and magnetic field gradient tensors,
we can say with certainty that the contribution to energy flux
will not exceed the corresponding bound.

These bounds can be visualized from the simulation data
by showing either how the invariants are constrained by a
fixed flux value, or how the flux is bounded by fixed invariant
values. To visualize how a specific flux level restricts the
allowed invariant values, we filter for high-activity regions
where |TT| > I,. Since the bound gives the maximum flux
achievable for a given set of invariants, any point in the filtered
data must possess invariants large enough to support at least
IT,in. Points whose invariants are insufficient to reach ITy;,
are therefore absent from the filtered data, leaving a cleared
region demarcated by the bound evaluated at IT;,. This is
shown for the HIK’SZJ ; term in Fig. 2(a), where the data are

filtered at |Hf{'§l ;1 2 0.5 and the red dashed line shows the
bound evaluated at this threshold. From Eq. (B2) and Table I,
this bound is given by
2

V3
The data are filtered solely by the flux threshold, with
the bounding line then overlaid. The close agreement
between the data boundary and the theoretical bound demon-
strates that the filtered data naturally saturate the bound.

To visualize the flux ceiling, we fix a maximum value for
one or more invariants, Q < QOmax. Any point satisfying this
condition has a theoretical bound no greater than that evalu-
ated at Onax. Consequently, when plotting the flux against the
remaining invariants, this bound acts as a ceiling, and every
flux value in the filtered set lies below it. This is demonstrated
for I'Iffgm, where the data are restricted to Qg < (Qg) and
the corresponding bound overlaid. From Eq. (B2) and Table I,
this bound is given by

(—05)0y. (32)

M.t
|HL,SJJ <

2 - _
T 50| < Ezﬁ(—QS)l/z(QQ) (33)
In both cases, the theoretical bounds are seen to be obeyed
and tight.

While repeated application of the triangle inequality yields
valid upper bounds for the combined fluxes, these are gen-
erally not realizable because the constituent terms cannot
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FIG. 2. (a) Joint PDF of (Q;, —Qs) for data filtered by |H'K f] ;1 = 0.5, with the red dashed line corresponding to bound Eq. (32). (b) Joint
PDF of ([T} ‘45q], —Os) for data filtered by Op < (Qg), with the red dashed line corresponding to bound Eq. (33). Obtained using numerical
simulations of freely decaying, incompressible 3D MHD turbulence, performed with a pseudospectral code [47] in a periodic cubic domain of
size [0, 27 ]? filtered at scale ¢ ~ 477. Simulation details are in Appendix A.

simultaneously saturate their individual limits. By formulat-

ing the exact optimization problem, we find that the least

upper bound for the Inertial term features a bifurcation at

Qq =9|0sl.

F0(Qa + 05)(=05)"* if Qo > 910s]

NE S S Q = NIE)

§0°(Qa —305)"? if Oq < 910s|-
(34)

1.t
I <

The crossover at Qg = 9|Qs| marks the transition between a
triaxial strain-dominated configuration and an axisymmetric
vortex-tube configuration as the tightest constraint on the en-
ergy flux (derivation in Appendix B 3). While the bound in
Eq. (30) is essentially a restatement of the fact that S has
three real eigenvalues, the bound in Eq. (34) is nontrivial in
the sense that its form is not the consequence of an eigenvalue
restriction on the velocity gradient tensor A alone. This bifur-
cation behavior is shown in Fig. 2(a), with a schematic of the
bound in Fig. 2(b) included to aid interpretation. The filtered
data closely follow the appropriate branch in each region.
Also shown is the weaker bound obtained via the triangle
inequality, |H£e| < |l'[[L’ESSS| + |HlL’éSQ| (dashed black line),
which is visibly less tigHt than the optimized bound.

We close this section by noting two physical consequences
of the bounds. First, when X,Y,Z €[S, J], the large-scale
dissipation rates directly limit the available energy flux via
Eq. (28). For example, Eq. (30) becomes

1 D\
.| < —62(—"> . (35)
| Lsssi > o 73 »
In the inertial range, we know that @, <« IT [14], so the
energy flux greatly exceeds the dissipation rate, yet it remains

bounded above it via the factor (@,/v)*? in the example
above. This is not contradictory since, for small v, this factor

can remain large even when @, itself is small. Second, when
X.,Y,Z < [8, 2], Eq. (31) must be dimensionally consistent
with Kolmogorov scaling in the infinite Reynolds number
limit. Since Qx ~ |Viz|?, the bound scales as

(S 3
M| ~ &(|\Val)? ~ % ~e,

recovering the Kolmogorov scaling in configuration space, as
required.

B. Energy flux proxy
1. Hydrodynamic case

The hydrodynamic terms in the inertial flux are composed
of single field contributions and may therefore be written
explicitly as functions of the invariants. In particular, the flux
of kinetic energy due to strain self-amplification and vorticity
stretching are fully captured by the third invariants of the
velocity field through

My 'sss = 3¢°Rs, (36)
M} 50 = C(Rs — Ra). (37)

These follow immediately from the definitions of the tensor
invariants (see Sec. IID). In hydrodynamics, therefore, the
energy flux is simply a function of the third invariants of 4;;
and §;;. In other words, the energy flux is uniquely determined
from the structure of the underlying flow as captured by the
tensor invariants.

We remark that substituting Eq. (36) into the bound
Eq. (30) gives

_ 2 _
IRs| < m(—Qst, (38)
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FIG. 3. (a) Joint PDF of second invariants (Qq, —Qs) with data filtered by the local inertial energy flux |l'[’L’Z| > 0.5, with the corresponding
bound Eq. (34) plotted as a blue dashed line for Qg < 9|Qs|, a red dashed line for Qg > 9|Qs|, and the point of intersection (bifurcation
point) as the green marker. The black dashed line is the bound given by the triangle inequality. Simulation data are filtered at scale £ ~ 47n.
(b) Schematic of energy flux bound in Eq. (34) for filter scale £ = 1. The bounded region for Qg < 9|Qs| is shaded light blue, and the bounded

region for Qg > 9|Qs| is shaded light red.

recovering the condition A = 24—7R§ + 03 < 0, where A is the
discriminant of the characteristic polynomial of 8. This must
be satisfied for any real symmetric matrix, so in this case the
energy flux bound is identical to the fundamental constraint
on the strain-rate tensor.

2. General case

The general energy flux term Hf’éyz cannot be expressed

uniquely in terms of the invariants, since it may contain
mixed-field derivatives. However, the flow strain-rate invari-
ants are related to the general energy flux under the conditions
set out below. In Sec. IID 3, it was shown that R takes the
sign of, and is proportional to, the intermediate eigenvalue
Az. In Sec. IIC, it was shown that the behavior of a general
local flux is governed by the empirical distribution of the
directional cosines, cos(v;;). In particular, in the case of a
strong preferential alignment with the intermediate eigenvec-
tor, cos(y/2;) ~ 1, the flux is well-approximated by

Xt A '
M sy & Chap;.

Consider the particular case for the flux Hi{ S[ ;- From Eq. (22),
we have 11; = 1|j|> and C = —¢%, s0

Hﬁfj! ~ _}T€2|j|2)‘2'
Thus the intermediate eigenvalue A, will determine the sign
of the flux and be proportional to its magnitude. In this case,
both Rg and I'IK’SZJ ; have the same dependence on 1, and
so Rs will be a proxy for the energy flux. The stronger the
preferential alignment with the intermediate eigenvector, i.e.,
the closer cos?(;2) is to unity, the better Rg becomes as a

predictor of the local energy flux. Since the magnitude of the
flux is proportional to the intermediate eigenvalue, we can use
observations (i)—(iii) from Viete’s formula for the eigenvalues
(cf. Sec. I D 4) to inform the expected energy flux in (Rs, Os)
space. That is, we expect the magnitude of the energy flux
to scale with (—Q;)!/2, and the flux to take its extrema on
the discriminant line Ry = :t%(—QS)W 2 for a fixed Og. We

further expect the magnitude to be smallest near the Ry = 0
line. These relationships constitute what we call the invariant-
flux proxy. This is our second main result.

To illustrate this, we examine the statistics of Hffgm and

HK ’SKJ ;> both of which admit the simplified tensor-angle form
(see Sec. IIC). In this form, the flux depends only on the
alignment of the vorticity and current density vectors with the
strain-rate eigenvectors, reducing the statistical description
from nine directional cosines to three. Figure 4 shows the
mean energy flux in strain-rate invariant space (R, Q) for the
vorticity stretching mechanism [Fig. 3(a)] and the current fila-
ment stretching mechanism [Fig. 3(b)], at filter scale ¢ ~ 47n
corresponding to the middle of the inertial range, where 7 is
the Kolmogorov dissipation scale (see Appendix A). The sign
of (H’L'fzgm) in Fig. 3(a) follows that of Ry, the flux is weakest
near Rg = 0, the strongest values occur near the discriminant
line, and the magnitude grows with increasing —Qs. This
is precisely the behavior predicted by the framework above,
under the condition of strong preferential alignment of the
vorticity with the intermediate strain-rate eigenvector. That
this condition is well-satisfied is confirmed by Fig. 5(a), which
shows the PDFs of the alignment cosines between the vorticity
and the strain-rate eigenvectors. The vorticity aligns strongly
with the intermediate eigenvector associated with X,, while
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FIG. 4. Ordering of averaged energy fluxes in the flow strain-rate invariant space (Rs, Os) for (a) energy flux due to vortex stretching

HQZQSQ and (b) energy flux due to current filament stretching l'[ﬁ o

filtered at scale £ &~ 47n. The color bars are shown on their natural scales

to emphasize the inherent difference in magnitude between the two fluxes. Red and blue color scale indicate positive and negative energy fluxes,

respectively. The thick dashed black line is the discriminant line Ry = 4

alignment with the extensive and compressive eigenvectors
is considerably weaker. This behavior is well-documented in
hydrodynamic turbulence [31,32] and has also been observed
in situ in MHD turbulence [35].

The current filament stretching term in Fig. 3(b) displays
the opposite sign convention, with (HZK’S(U) following the
opposite sign of Ry due to the negative prefactor in Eq. (22).
The ordering of the flux with the invariants remains visible

410 ————— 77—
__ -Al .
_)\2
3.0l )\3 ]

PDF

(a)

%(—QS )*/2 [cf. Eq. (38)]. Simulation details are in Appendix A.

but is notably weaker than for the vorticity stretching term,
suggesting poorer geometric alignment. This is confirmed by
Fig. 5(b), which shows that while the current density still
tends to align with the intermediate eigenvector, the prefer-
ence is weaker and the contributions from the extensive and
compressive eigenvectors are more significant. Consequently,
localized violations of the invariant ordering are expected and
indeed visible in Fig. 3(b).

1.2 s
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FIG. 5. PDFs of the alignment cosines of the angle 6 between the eigenvectors (with eigenvalues );) of the strain-rate tensor and
(a) vorticity, (b) current density, both showing preferential alignment with the intermediate eigenvector (eigenvalue X,). Simulation details

are in Appendix A.
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FIG. 6. Ordering of averaged local total energy flux in the flow
strain-rate invariant space, (HISHD’ZKRS, Os)). Red and blue corre-
spond to forward and backward energy flux, respectively. The thick
dashed black line is the discriminant line Ry = :l:%(—Qs)y2 [cf.
Eq. (38)]. The minimum count in each bin is 10. Simulation details
are in Appendix A.

The result above depends on the convenient property that
in the approximation to the general flux, H)L(,’ﬁyz ~ Chapj, j
is a constant, independent of the local strain-rate topology. In
general, the local flux depends on ;. If this fluctuates unpre-
dictably for a given (Rg, Os), the invariants cease to describe
the energy flux accurately. There are two ways to overcome
this restriction and thereby generalize the result: (i) if u; is
statistically independent of the local strain-rate topology, or
(ii) if u; is a known function of (Rs, Qs). Condition (ii) is
simply the statement that the local energy flux, IT ~ Ci, .,
is a known function of (Rs, Os), and hence the invariants are
proxies for the flux under preferential alignment. Condition
(i) allows us to make strong statements about the conditional
average of the general energy flux IT} % in the (Rs, Os) plane,

(5| (Rs, Os)) ~ Chz(|(Rs. Os)). (39)

The eigenvalue A, is outside the expectation since it is
determined exactly by (Rs, Os). Under condition (i), the con-
ditional average (u j|(RS, Os)) is simply the global average,
(1;), a constant in (Rs, Os) space. The averaged flux in in-
variant space is then approximated by

(H)y(é\(lésv 0Os)) ~ Chalu,), (40)

which has the same form as the Hﬁ{ ’SZJ , term, and hence the
relationship with the strain-rate invariants is identical to the
discussion above.

To illustrate the applicability of this general relationship,
Fig. 6 shows TTY'"">¢ averaged in (Rs, Qs) space. Despite
H?HD > being a general flux term not restricted to the sim-
plified vector-angle form, the averaged flux displays the same
ordering with the strain-rate invariants as before: the sign
follows that of Rg, the magnitude grows with —Qs, and
the strongest values occur near the discriminant line. This

confirms that conditions (i) and (ii) are well-satisfied on aver-
age for the constituent fluxes, so that the strain-rate invariants
serve as reliable proxies for the general energy flux under
conditional averaging.

It is also instructive to examine the PDFs of the strain-
rate invariants conditioned on the sign of the local energy
flux, which reveals how forward and inverse energy transfer
is linked to the flow structures described by the (Rg, Os)
plane. Figure 7 shows these conditioned PDFs for the local
kinetic energy flux l'IIL’e. There is a strong correlation between
the sign of the flux and the sign of Rg, confirming that the
third strain-rate invariant is a reliable predictor of the direc-
tion of local energy transfer, consistent with the framework
developed above. The red dashed lines show the averaged
eigenvalue lines, given by
A2

where a = —,
Al

(41)

Rs = (=05)?a(1 + a)(1 + a + a*) 7,

where each line corresponds to a distinct flow topology
(see Dallas and Alexakis [34] for details), with a evaluated
using the conditional averages a = (A;)/(A1). These lines al-
low us to assess whether the structures driving the forward
and inverse cascade are qualitatively different. For the forward
cascade of kinetic energy in Fig. 7, the mean eigenvalue ra-
tios are (A1) : (A2) : (A3) =~ 1:0.15: —1.15, consistent with
the simulation results of Dallas and Alexakis [34] and rea-
sonably close to the universal 3 : 1 : —4 ratio reported for
hydrodynamic turbulence [31] for the bulk of the distribution.
For the inverse cascade in Fig. 7, the ratios are (A{) : (A2) :
(A3) = 1:—-0.09 : —0.91. The sign change in (X,) is the key
distinction, with the forward cascade associated with biaxial
stretching structures, while the inverse cascade is associated
with biaxial compression. In both cases, the ratios lie closer
to the two-dimensional flow limit (Rg = 0) than is typical of
hydrodynamic turbulence.

IV. DISCUSSION

This work has established two complementary relation-
ships between the tensor invariants and the scale-filtered
energy flux in MHD turbulence. First, the energy flux is
bounded above by a function of the local invariants, with the
least upper bound obtained by solving the exact optimization
problem. Second, under conditions of preferential alignment
and statistical independence of w; from the local strain-rate
topology, the strain-rate invariants serve as proxies for the
local energy flux, with the sign of the third invariant Rs being
a reliable predictor of the direction of energy transfer. Both
results were confirmed against simulation data, with the theo-
retical bounds shown to be tight and the conditional averaged
flux in (Rg, Qs) space displaying the predicted ordering.

The most immediate application of these results is to
multispacecraft observations, where the tensor invariants can
be estimated from the velocity and magnetic field gradients
computed across spacecraft separations at scale £ [37,50]. The
relationships established here allow the conditional statistics
of the invariants to be used in place of direct flux estimates,
providing a previously inaccessible probe into energy transfer
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FIG. 7. Joint PDF of the flow strain-rate invariants (Rg, Os) conditioned on the sign of local kinetic energy flux Hﬁ’z. Red dashed lines
correspond to eigenvalue ratio lines given by Eq. (41). The thick dashed black line is the discriminant line Ry = :I:%(—Qs )32 [cf. Eq. (38)].

Simulation details in Appendix A.

from in situ measurements. Comparison with existing cas-
cade rate estimators, such as the local energy transfer (LET)
method [51,52], would provide a useful consistency check.
A practical consideration for such an application concerns
the filter kernel. The effective filter implicit in interpolating
gradients across spacecraft positions is not Gaussian, as re-
quired for the results in this paper. A follow-up study will
rigorously extend the methodology and results of this paper
to the multispacecraft case. In particular, anisotropy of the en-
ergy flux can be probed using an anisotropic filter kernel [19]
such as the one implicit in multispacecraft observations. The
results derived here are therefore applicable with modifica-
tion to multispacecraft measurements, and further in directly
addressing the anisotropy of energy transfer in the solar
wind.

Several limitations of the present study should be noted.
The simulations were conducted to extract key geometric fea-
tures of MHD turbulence seen in more sophisticated modeling
and observations. Tailoring the numerical setup to specific
physical environments would yield more quantitative predic-
tions. For example, modeling the solar wind would require the
inclusion of a background magnetic field, and the effects of
compressibility, extended MHD, and anisotropy would remain
to be addressed. The present analysis was performed at a
fixed filtering scale in the inertial range, and a systematic
study of how the conditional flux statistics and the tightness
of the bounds vary across the inertial range and into the
dissipation range would be a natural extension of this work.
Moreover, the simulations in this paper are freely decaying,
which may not be reflective of true MHD turbulence in real-
world environments. A systematic analysis of the effects of
numerical forcing on the quantitative predictions of the energy
flux ordering by field topology would therefore be highly
valuable. Combining these suggested analyses would in-
crease the overall applicability of the framework elucidated in
this paper.
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APPENDIX A: SIMULATION DETAILS

We perform 3D freely decaying incompressible MHD
simulations using the GHOST pseudospectral code [47]. The
simulations are conducted in a periodic cubic domain of size
[0, 27713, with random-phase initial conditions [53]. A ratio of
kmax/ky > 1.5 is maintained to ensure sufficient resolution of
the dissipative scales, corresponding to a viscosity and mag-
netic diffusivity of v =7 = 1.6 x 1073, The grid resolution
of N = 5123 results in a maximum resolved wave number of
k =~ 170 due to the standard “two-thirds” de-aliasing rule used
by the code. Analysis is performed at the time of maximum
dissipation when the turbulence is in a fully developed state.
The simulation is run without a background field, By = 0. Fig-
ure 8 shows the isotropic magnetic and kinetic energy spectra
and the same spectra compensated by the Kolmogorov scaling
k=373, The Iroshnikov-Kraichnan scaling k=3/? (not shown)
exhibits a less extended inertial range. The simulation results
in the main text are filtered in the middle of the inertial range,
corresponding to wave number k£ ~ 15 from the spectra. The
filter scale in units of the Kolmogorov dissipation scale n
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FIG. 8. Simulation energy spectra for kinetic energy (solid) and magnetic energy (dashed), plotted (left) log-log and (right) compensated
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is then
27 [k

~ 1T a4,
1.5/ kmax

12
n

APPENDIX B: MATHEMATICAL DETAILS
1. Derivation of vector-angle form

Both the current filament stretching and vorticity stretching
terms share a general form involving the triple contraction of
the symmetric strain-rate tensor, S; j» with two antisymmetric
tensors that form the dual tensors for a vector x. Using the
dual tensor relation, X; = —%ei jkXk, the contraction of the
antisymmetric tensors expands as

5 112 -
XX = 7(1%]70;; — XiX;),

after invoking the identity €€ jkn = 8;j8mn — 8indp;. Con-
tracting this with the resolved strain-rate tensor yields

3T % 122§ 15 ==

SijXiXje = z|%|"Sii — 38 %iX;.
The first term vanishes due to incompressibility, leaving the
quadratic form

SiiXaXy = —18;%%; = —1x" 8.

Because the strain-rate tensor S is real and symmetric, it can
be diagonalized as § = QAQ”, where A = diag(Ai, A2, A3)
is the diagonal matrix of real eigenvalues and Q is an
orthogonal matrix whose columns are the corresponding or-
thonormal eigenvectors. Substituting this decomposition into

the quadratic form gives
'8k =x"(QAQ )X = (Q"®) AQ"%).

Let the transformed vector be denoted ¥ = Q” %. Because Q is
an orthogonal matrix, this operation represents a pure spatial

rotation into the eigenbasis of the strain-rate tensor that pre-
serves the vector magnitudes, |¥’| = |¥|. The ith component of
the rotated vector in this eigenbasis is then the projection of X
onto the ith eigenvector,

X; = |x] cos(6x,i),

where 6, ; is the angle between the vector X and the ith eigen-
vector of S. The quadratic form then reduces to a scalar sum
over the eigenvalues,

3
8% =x"A¥ = %7 ) Aicos*(By,).
i=1

Reintroducing the appropriate constants, we obtain the exact
vector-angle formulations for the vorticity stretching energy
flux,

3
| :
bl = Z£2|c:>|2 > i €08 (0.), (B

i=1

and the current filament stretching energy flux,
1 3
il = _£—1z2|j|2 Z A cos?(6).
i=1

This recovers Eqs. (B1) and (22) (main text) as required.
We note that in the incompressible case, the current filament
stretching term would be

3
1, - <
n%@=fm%w&—ZMwﬂ%»

i=1
1 3
2,32 2
i ?21 Li(1 = cos*(0},)),

with a similar form for the vorticity stretching term.
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2. Equivalence of general tensor-angle form
and vector-angle form
We show that the vector-angle forms of the fluxes HIL’EQ <0

and Hﬁ’{ ’SEJ ; in Egs. (B1) and (22) are equivalent to the general
tensor-angle form in Eq. (23) (main text). Both forms are well
known [11,29,54], but their explicit connection has not, to the
best of our knowledge, been shown before. We include it here
for completeness. This is shown for the vorticity stretching
term, but the current filament stretching term is mathemat-
ically identical. Start with the tensor contraction term in
the flux definition, S;;YyxZj, and substitute ¥ = Z = . Let
M;; = QuS2jx. We can rewrite this product as a standard ma-
trix multiplication,

M;; = Qu (=) = —(2%);;.
Since the square of an antisymmetric matrix is symmetric, M
is symmetric, so the “symmetric part” required by the defini-
tion of Eq. (23) is the matrix itself. We need the eigenvalues
of M = —Q°. Using the definition €;; = —%ei_,-ka)k, the action
of the operator —R7 on a vector x is

—Q%x = }T[|w|2x — (@ - x)w].
By inspection, one eigenvector is parallel to the vorticity,
u, || w, with corresponding eigenvalue ©; = 0, since

Q%0 = i[|o|*® — [0*w] = 0.
The other eigenvectors are then perpendicular to vorticity,
uy3 L o, with eigenvalues p, = uz = }‘lwlz, since
—Q%x, = }T|w|2xl.

The tensor-angle form in Eq. (23) expanded out is

3
M g5 = € Z Al cos* (W) + pa cos*(Yin)

i=1
+ w3 cos*(Pi3)].

Substituting these eigenvalues into this sum gives

3
Hffgm = Z A [0 + %|w|2(C052(%2) + COSZ(’#B))}
i=1

The angles ;; are measured between the ith strain-rate
eigenvector and the jth eigenvector vector of M. Since the
eigenbasis of M is orthogonal, the sum of squared cosines
between the ith strain-rate eigenvector and the eigenvectors
of M must be unity,

cos® (Y1) + cos*(Yin) + cos*(Yi3) = 1.

We can then replace the perpendicular terms with the vorticity
eigenvector term,

cos? (Yn) + cos* (Yi3) = 1 — cos(¥in).

Here ;; is the angle between the ith strain-rate eigenvector
and the vorticity vector. Denote this angle 6; and expand the
summation

3 3
1
M asq = Zéﬂwﬁ(Z =N cos2<ei)).
i=1

i=1

Due to incompressibility, Y A; = 0, we are left with

3
1
M o5 = 7016l ;Ai cos*(6)).
This is exactly the vector-angle form in Eq.
Equation (22) is recovered similarly.

(B1).

3. Lagrange multiplier optimization: Bifurcation example

We derive_ the bound for the local inefti_al flux
Hf;l = —Eztr(ATAAT). From the expansion tr(ATAAT) =tr
&) — r(SL), working in the eigenbasis of S this second
term can be written

A 00 0 Qi Q3 ?

—tr(§Q) = —tr 0 A O —Qp 0 Q3
0 0 A5 —Q;3 —Q3 0

= (1 + 2222, + (b1 + 23)22, + (b + 23)Q%,
= 0%, — QY — Q.

To maximize this sum subject to a fixed Qg = Q}, + Q}; +
Q3,, all vorticity must be concentrated into the component
corresponding to the most positive coefficient. Since A; 4
A2 + A3 = 0, we take without loss of generality A3 negative
and A3 < Ay < Ay. Then the sum is maximized when Q7 =
Q3, =0, so that Qg = Q3,. This amounts to concentrating
vorticity on the (1,2) off-diagonal component, and the objec-
tive reduces to

F = Z)u? — Oqhs

with A3 being the eigenvalue not paired with the vorticity. The
Lagrangian is

@cy:Zx?—ngs—azx,-—ﬂ(ZA%HQs).

The stationarity conditions are then

333 —a —2Br; =0, (B2)
30 —a —2Br, =0, (B3)
3% — Qg —a —2Br; = 0. (B4)

Subtracting Eq. (B2) from Eq. (B3),
(A1 —22)[B(A1 +22) — 28] = 0.

This factorization yields two distinct cases, creating a bifurca-
tion point. When A; = A,, the constraints give A; = A, = a,

A3 = —2a, and 6a*> = —2Q0s, s0 a = £,/ —Qs/3. The objec-
tive evaluates to

F =2a’ — 8a® +2Qqa = 2a(Qq + Qs).
Taking a = \/—Qs/3 to maximize F gives
2
NE]

F = —=(=05)"*(0q + 05).
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This is the axisymmetric strain configuration with vorticity
aligned along the symmetry axis, corresponding physically to
a vortex tube.

When A; # A, we still have A; + Ay = —A3 by necessity,
$0 288 = 3(1; + A2) = —3X3. Substituting this into Eq. (B4)
allows us to eliminate the multiplier g,

3 —00—a+303=0 = a=06r—0q.
Summing Eqgs. (B2) and (B3), using )»% + k% =205 — A%
and | + A, = —A3 gives

3(—20s — 43) — 2(643 — Og) + 343 =0,

_ - Do — 30

— 605 — 1803 +200 =0 = A} = M

For A; # A, to be real and distinct, we require (A — )2 >0,
)

(A = 22)® = (A + A2)* — 4hiy
=23 — 403 + Os)
= —3x3 — 4Qs.

Substituting the expression for A3 from above gives

M — ) = —% —30g > 0.

This requires Qq < 9|Qs|, so this case is only physically
realizable in the strain-dominated regime. When Qg > 9|Qs/,
A1 and X, become complex and this case is unphysical since
it would violate the physical restrictions on the strain-rate ten-
sor. Using F = A3(313 4+ 305 — Qg ) and substituting 313 =
(Oq — 305)/3, the objective becomes

F=/\3<w+3QS—QQ)

2 _ _
= —§K3(QQ —30s).

Taking A3 = —3v/Qa — 30s (negative to maximize), the ob-
jective becomes
F = 5(0q — 305"

This case has no special symmetry between A; and A,, rep-
resenting a fully triaxial strain configuration with vorticity
not aligned with any principal strain axis. It exists only when
Oq < 9|Qs| as shown above. The crossover at Qo = 9|0s|
marks the transition between a triaxial strain-dominated con-
figuration and an axisymmetric vortex-tube configuration as
the tightest constraint on the energy flux. We note that the
triangle inequality for the local inertial flux would give

2 - _ -
ﬁez(—Qs)l/z(QQ — 0s).
It is straightforward to show that both of the bounds above are
strictly tighter than this triangle inequality.
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