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Non-Markov random telegraph processes with arbitrary nonlocal memory
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We study random dichotomous stationary ergodic processes with nonlocal in-time memory. These processes
are characterized by a conditional transition probabilities distribution containing an integral term involving the
memory function, which takes into account the past of the process. For the first time, we present a method for
solving the integro-differential equation, which connects the arbitrary memory and pair correlation functions
in an analytical closed form. Conditions of stationarity for the telegraph process with exponential memory are
found. It is shown that the pair correlation function of this process can be of two types: either exponentially
decreasing with two different decrements or oscillating with exponentially decreasing amplitude.
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I. INTRODUCTION

Markov processes are the most fundamental represen-
tations of random systems dynamics. According to the
definition, the dynamics of Markov systems is determined
only by their current state, representing the local memory
of the system. Despite this limitation in the description of
the dynamics of the systems, the Markov processes cover a
wide range of phenomena. These include such concepts as
the Wiener and dichotomous processes. The state space of a
Wiener process is infinite and, in this sense, is maximal; the
state space of dichotomous processes is minimal and consists
of only two values.

Until the middle of the last century, the Markov processes
were generally accepted and natural models for describing
random phenomena [1–3]. However, in the 1960s, the sit-
uation changed, and the theory of processes with nonlocal
memory began to be increasingly included in modern meth-
ods of studying random systems [4–11]. While the discrete
non-Markov systems are naturally represented by higher-
order Markov chains, the description of continuous-time
non-Markov processes can be obtained by means of limit-
ing transition when the distance between discrete random
events tends to zero. It is precisely this scheme for describ-
ing random dichotomous processes that was implemented in
Ref. [12], where the conditional transition probabilities dis-
tribution (CTPD) containing an integral term involving the
memory function (the kernel of the integral term) of the
process was obtained. Let us note here some terminological
inconsistencies in the definition of random sequences with
memory and processes with memory. If the former are called
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higher-order Markov chains, then the latter are called non-
Markov processes.

The CTPD defines the correlation properties of the pro-
cesses with given memory functions. The pair correlation
functions of the telegraph processes Tx(t ) with two exactly
solvable examples of memory functions were analytically ob-
tained in Ref. [12]. The authors of this work proposed two
extreme forms, short and extended, for the memory function.
The short-term memory form considers a single point located
at a distance T from the current time. At the other extreme,
a finite-length stepwise memory function can be used as an
approximation for long-term memory.

The relation between the correlation and memory functions
is a rather complex integro-differential equation [see Eq. (4)].
If in Ref. [12] the solution to this equation was presented in a
recurrent form with respect to the parameter T , in this work,
we propose a general method for solving this equation in a
closed analytical form for an arbitrary memory function. In
some sense, the method developed here is similar to the Green
function method for solving ordinary differential equations.
If the kernel of the integral equation is exponential, then this
equation can also be solved by the standard Laplace transform
method. In this exponential memory case, the condition of
process stationarity is found, and it is demonstrated that the
pair correlation function can be of two types: either exponen-
tially decreasing or oscillating with exponentially decreasing
amplitude.

The structure of this paper is as follows. In Sec. II, we
present some general definitions and provide a brief descrip-
tion of the approaches used and the relevant previous results.
An equation connecting the memory function and the two-
point correlation function of the process is reproduced from
Ref. [12] in a slightly different form in Sec. III. In Sec. IV,
we present the main result of this paper: the general analytical
solution of the equation for the correlation function. Section V
contains the particular solution to the integro-differential
equation with exponential memory function. The stationarity
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of the process under study is considered in Sec. VI. The last
two sections contain discussions, conclusions, and an outline
for further research.

II. BASIC DEFINITIONS

Here we outline the procedure for obtaining the dynamical
equation for the telegraph process Tx(t ) with memory, and
present the relation between the memory function m(t ) and
correlation function K (t ); the reader can find a more de-
tailed and slightly different way of deriving these equations in
Ref. [12].

One of the main concepts of our consideration is the
higher-order (N-step) Markov sequence. Its CTPD [13–15]
describes the probability of finding the r-th element xr = a af-
ter N symbols xr−N , ..., xr−1 in the binary, a = {0, 1}, Markov
sequence. This distribution function completely determines
the random chain as well as all its statistical properties and
can be written in the following form [16–18]:

P
(
xr = a

∣∣xr−1
r−N

) = pa + (2a − 1)
N∑

r′=1

F (r′)(xr−r′ − p1),

p0 + p1 = 1. (1)

If the values of F (r) and pa are such that the function
[Eq. (1)] belongs to the interval (0; 1) for any set of xr−1

r−N and
a, then the constructed sequence is ergodic. In what follows,
we consider only this type of sequence.

For such sequences, due to the ergodicity, the parameter
pa plays the role of the one-point probability for the ele-
ment xr to take the value a, pa = P(xr = a). We use the
concise notation xr−1

r−N = xr−N , ..., xr−1 for a subsequence of
N random symbols. The so-called memory function F (r′) de-
scribes the strength of influence of the previous symbols xr−r′

(1 � r′ � N) upon a generating one, xr , and is related to the
correlations in the sequence.

Starting from Eq. (1), we can show that the continuous-
time telegraph processes can be considered as a generalization
by means of limiting transition of the discrete-time random
Markov sequence. Introducing a specific presentation of the
function F (r),

F (1) = 1 − β�t, F (r � 2) = m(r�t )(�t )2, (2)

the constants,

p1 = λ0

λ0 + λ1
, β = λ0 + λ1, (3)

and going to the limit �t → dt → 0 in Eqs. (1) and (2), we
obtain two equations (for a = 0 and a = 1) for CTPD of the
telegraph process Tx(t ) with memory,

dP(xt+dt = a|xt = 1 − a; xt ′<t )

=
[
λ1−a + (2a − 1)

∫ ∞

0
m(τ )(xt−τ − p1)dτ

]
dt . (4)

In what follows, we call m(τ ) the memory function of
the telegraph process Tx(t ). Note that the λ0- and λ1- terms
also describe memory effects. However, unlike the integral
nonlocal memory m(τ ), this λ-memory is local.

Similarly to the discrete chain [Eq. (1)], the sufficient con-
dition of the ergodicity of the process is the requirement of
positivity of the probabilities in Eq. (4) for any a and prehis-
tory xt−τ . The consequences of this condition are considered
in more detail in Sec. VI.

III. EQUATION FOR THE CORRELATION FUNCTION
OF THE TELEGRAPH PROCESS WITH MEMORY

An important statistical characteristic of a random process
is the correlation function. To get the relation between the
memory and the correlation functions, we start by obtaining
a similar equation for the random discrete Markov chain with
memory using the well-known definition of the correlation
function,

Kr = (xi − p1)(xi+r − p1) = xixi+r − p2
1

= x0P(xr = 1|x0) − p2
1. (5)

It is convenient to write the expression for the CTPD, Eq. (1),
in the form

P
(
xr+1 = 1|xr

r−N+1

) = p1 + (1 − β�t )(xr − x̄)

+
N∑

r′=1

m(r′�t )(xr−r′ − x̄)(�t )2. (6)

Multiplying Eq. (6) by x0 and averaging over the ensemble
of random sequences, we derive an equation for the correla-
tion function of the random sequence,

Kr+1 = (1 − β�t )Kr +
N∑

r′=1

mr′Kr−r′ (�t )2, r > 0. (7)

A relation similar to Eq. (7) was obtained earlier by averaging
over the coordinate r along the chain (see Ref. [19]), or by
the variational method [18]. The coincidence of the results
of two methods for averaging follows from the ergodicity
of the sequences under study. It is important to note that
for averaging the expression x0P(xr+1 = 1|xr

r−N+1) over all
variables, other than x0, the expression P(xr+1 = 1|xr

r−N+1)
becomes the conditional transitional probability distribution
P(xr+1 = 1|x0). This conclusion is true only for a special
linear additive type of CTPD [Eqs. (1) and (6)] (see an ex-
planation in the Appendix in Ref. [20]). As a consequence,
we get x0P(xr+1 = 1|x0) − p2

1 = Kr+1.
Note that the similar equation for the correlation function is

also valid for the autoregressive random sequences (see Yule-
Walker equations in Refs. [21–23]).

Rewriting Eq. (7) in the form,

Kr+1 − Kr

�t
= −βKr +

N∑
r′=1

mr′Kr−r′�t, r > 0, (8)

and taking the limit �t → dt → 0, we obtain an integro-
differential equation for the correlation function Kr → K (t )
of the random telegraph process Tx(t ),

dK (t )

dt
+ βK (t ) =

∫ ∞

0
m(τ )K (t − τ )dτ, t > 0. (9)

This equation can be obtained not by passing to the limit
�t → 0 in Eqs. (7) and (8), but by directly using the
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continuous time equation [Eq. (4)] describing the telegraph
process Tx(t ).

The solution to Eq. (9) is subject to the initial condition

K (0) = x2 − x2 = λ0λ1

(λ0 + λ1)2
, (10)

and, according to the definition [Eq. (5)], the parity of the
correlation function,

K (−t ) = K (t ). (11)

The initial condition, Eq. (10), for the correlation function
of a telegraph process with memory coincides with the initial
condition of a telegraph process without memory, since at
the initial moment of time t = 0, the past is absent for both
processes.

It is necessary to emphasize that Eq. (9) can also be used
for solving an inverse problem of finding the unknown mem-
ory function m(t ) when the correlation function K (t ) of the
process is given. Once m(t ) is calculated, we can generate
the telegraph process with an arbitrary prescribed correlation
function using the conditional transition probability distribu-
tion, Eq. (4), as was done in Ref. [18] for random additive
higher-order Markov sequences.

IV. SOLUTION TO THE EQUATION
FOR THE CORRELATION FUNCTION

In this section, we obtain the closed-form solution to
Eq. (9) for the telegraph process Tx(t ) with arbitrary memory
function. First, let us introduce a modified [by the Dirac delta-
function δ(t )] memory function,

M(t ) = m(t ) − 2βδ(t ), (12)

which takes into account both the local and nonlocal memory.
Thus, Eq. (9) acquires a simpler form,

dK (t )

dt
−

∫ ∞

0
M(τ )K (t − τ )dτ = 0, t > 0. (13)

Then, we introduce an auxiliary function V (t ), which
obeys the same equation [Eq. (13)] as K (t ) at positive
time t ,

dV (t )

dt
−

∫ ∞

0
M(τ )V (t − τ )dτ = 0, t > 0, (14)

but satisfies different conditions at t = 0 and negative t :

V (0) = 1, V (t < 0) = 0, (15)

instead of Eqs. (10) and (11).
One can see that the linear form of the correlator,

K (t ) =
∫ ∞

0
χ (t ′)V (t + t ′)dt ′, (16)

with an arbitrary function χ (t ′), satisfies Eq. (13). Due to
the property of the function V (t < 0) = 0, the specific form
of the weight function χ (t ′) = χ0V (t ′) gives the boundary
condition, Eq. (11). The coefficient χ0 can be found from
Eq. (10). So, as a result, we have an expression for K (t ) via
the function V (t ),

K (t ) = χ0

∫ ∞

0
V (t ′)V (t + t ′)dt ′, (17)

where

χ0 = K (0)

/ ∫ ∞

0
V 2(t )dt = λ0λ1

(λ0 + λ1)2
∫ ∞

0 V 2(t )dt
.

(18)

Applying the Laplace transform,

V̂ (z) =
∫ ∞

0
exp (−zt )V (t )dt, (19)

to Eq. (14), we obtain the function

V̂ (z) = 1

z − m̂(z) + β
. (20)

Applying the reverse Laplace transform to Eq. (20), one
can find the function V (t ), which, together with Eqs. (17)
and (18), present the solution to Eq. (9) in the integral ana-
lytical closed form.

Let us note that the Fourier transform K̃ (ω),

K̃ (ω) =
∫ ∞

−∞
exp (−iωt )K (t )dt, (21)

of the solution [Eq. (17)] can be expressed in terms of the
Fourier transform Ṽ (ω) of the function V (t ):

K̃ (ω) = χ0Ṽ (ω)Ṽ (−ω)

= χ0

(iω − m̃(ω) + β )(−iω − m̃(−ω) + β )

= χ0

|iω − m̃(ω) + β|2 , (22)

where

m̃(ω) = m̂(iω), m̃(−ω) = m̃∗(ω). (23)

The possibility of such a representation is related to the fact
that the integral in the definition of the correlation function,
Eq. (17), can be written in a form

∫ ∞
−∞ that in turn is related

to the vanishing of the function V (t ) for negative values of the
argument t .

Also note that in a certain sense, the function V (t ) in
Eq. (16) plays the same role as the Green function in the
theory of ordinary differential equations, since this function
V (t ) represents the solution of the original integro-differential
equation [Eq. (9)] in the form of a linear functional, Eq. (16).

Obviously, Eq. (9) and its solution can be generalized for
the telegraph processes x′(t ) with arbitrary levels a0 and a1

instead of the case a = {0; 1} by the linear transition x′(t ) =
a0 + (a1 − a0)x(t ). This leads to the same transform for the
process parameter x̄ and to the correlator

K ′(t ) = (a1 − a0)2K (t ). (24)

Using this relation and Eq. (22), one can find the corre-
sponding memory function m(t ) and construct the telegraph
processes x′(t ).

Another way to solve this problem is to rewrite Eq. (4) for
CTPD and all consequent relations directly for the telegraph
process with a = {a0, a1}, but we do not do this here so as not
to complicate the equations.
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V. SOLUTION WITH EXPONENTIAL
MEMORY FUNCTION

In this Section, as an example, we present the solution
to Eq. (9) for the telegraph process Tx(t ) with exponential
memory function,

m(t ) = α exp(−kt ), k > 0, (25)

whose Laplace transform is

m̂(z) = α/(z + k). (26)

Then, from Eq. (20), we get

V̂ (z) = z + k

(z + β )(z + k) − α
. (27)

The correspondent function V (t ) is the sum,

V (t ) = A1 exp (z1t ) + A2 exp (z2t ), (28)

where the poles z1 and z2 are the roots of the denominator in
Eq. (27):

z1,2 = 1
2 [−(k + β ) ±

√
D], D = (k − β )2 + 4α. (29)

From the expressions for residues of the function V̂ (z) at the
points z1 and z2, we find the constants A1 and A2,

A1 = z1 + k

z1 − z2
, A2 = z2 + k

z2 − z1
. (30)

From Eqs. (17) and (28), we can conclude that the correlator
K (t ) has the following form:

K (t ) = χ0[B1 exp (z1t ) + B2 exp (z2t )], t � 0, (31)

where

B1 = − A1A1

z1 + z1
− A1A2

z1 + z2
, B2 = − A1A2

z1 + z2
− A2A2

z2 + z2
,

(32)

and the coefficient χ0 is given by Eq. (18). Note that the
coefficients B1, B2, z1, and z2 are, in general, complex. Despite
that, due to the symmetric properties of the coefficients A1, A2,
the correlator [Eq. (31)] is real, according to the definition.
The solution to Eq. (31) can be verified directly by substituting
it into Eq. (13).

Another simple method of obtaining the solution to Eq. (9)
for the telegraph process Tx(t ) with exponential memory func-
tion is based on the use of the Laplace transform. However,
this method works only in the case of an exponential memory
and is not general.

The correlation functions K (t ) of the process Tx(t ) with
different values of memory constant α are presented in Fig. 1.
Let us pay attention to the specific property of the correla-
tion function K (t ) of the process with exponential memory.
Positive values of the parameter α (the upper curve in Fig. 1)
correspond to persistent correlations and result in an upward
shift of the curve K (t ) compared with the case of the absence
of nonlocal memory (the middle curve in Fig. 1). The antiper-
sistent correlations are characterized by negative values of the
parameter α. The correspondent function K (t ) is presented
in Fig. 1 by the lower curve. The points on the upper and
bottom curves are the results of numerical simulations. This

FIG. 1. The correlation functions K (t ) of the telegraph processes
Tx (t ) with exponential memory function m(t ) = α exp(−kt ) for dif-
ferent values of the parameter α. The dashed upper curve (α = 0.3)
corresponds to the persistent correlations, and the solid bottom line
(α = −0.39) presents the case of the antipersistent correlations. The
dash-dotted middle line corresponds to the process without nonlocal
memory (α = 0). The parameters used for the generated processes
are λ0 = λ1 = 1, k = 0.2. The dashed and solid lines present the
correlation functions given by Eqs. (31) and (32), and the points on
the upper and bottom curves are the results of numerical simulations
using Eq. (4). All presented solutions correspond to the same initial
condition, Eq. (10). The length of the process time generation is 105,
and the time step of generation is dt = 10−2.

simulation of process Tx(t ) consists of two steps. First, using
Eq. (4) with a small value dt = 10−2, we generate the random
telegraph process itself, the duration of which is 105. Then we
calculate the correlation function by the standard way using
the constructed process and Eq. (5).

It is seen from Fig. 1 that the correlation functions ob-
tained from the numerically generated telegraph processes
with different constants α are in excellent agreement with
the corresponding results for K (t ) calculated analytically
[Eq. (31)].

VI. STATIONARITY OF THE PROCESS

The stationarity and ergodicity of the process impose the
requirement of positivity of the probabilities in Eq. (4) at
a = 0 and a = 1 for any prehistory xt−τ . Therefore, the pos-
sible values of parameters α and k in Eq. (25) are constrained
by the combinations of parameters λ0 and λ1,

−(λ0 + λ1)min

(
λ0

λ1
,
λ1

λ0

)
<

α

k
< (λ0 + λ1). (33)

These inequalities are sufficient conditions for the station-
arity of the telegraph process Tx(t ).

Note that under these conditions, the real parts of roots
z1, z2 are negative, V (t ) and the correlator K (t ) exponentially
tends to zero at t → ∞ (see Fig. 1).

When the discriminant D in Eq. (29) is negative,

(k − β )2 + 4α < 0, (34)

the roots z1 and z2 in Eq. (29) contain imaginary parts, and the
correlation function oscillates with exponentially decreasing
amplitude (the lower curve in Fig. 1).
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FIG. 2. The colored zone of stationarity for the telegraph pro-
cess Tx (t ) with exponential memory function m(t ) = α exp(−kt ) is
located between two straight lines. The region without dots cor-
responds to the exponentially decreasing correlation function. The
dotted region corresponds to the oscillating correlation function
with exponentially decreasing amplitude. The equations for lines
are shown in the legend; the parameters used here are λ0 = λ1,
β = λ0 + λ1, k = 1.

Figure 2 shows the stationarity and nonstationarity zones
in the (α, β ) plane for the telegraph process Tx(t ) at λ0 = λ1.

VII. DISCUSSION

In this paper, we studied the properties of a non-Markov
version of the telegraph process, whose non-Markov character
comes from the evolution equation containing nonlocal mem-
ory. This type of memory in the form of an integral presented
in the right-hand side of Eq. (9) was previously encountered
in Mori’s work [5], where a generalized form of the Langevin
equation in the stochastic theory of Brownian motion was
considered. In Ref. [6], the Langevin equation for the motion
of a single particle coupled to a heat bath consisting of a
collection of coupled oscillators was also studied and led to
the same kind of memory.

Later, the non-Markov random continuous processes de-
scribed by the Mori-Zwanzig equation were studied in
Ref. [21]. As a starting point, the authors used the Markov
Gaussian Ornstein-Uhlenbeck process and introduced phe-
nomenologically an integral memory term depending on the
past of the process into an expression for the higher-order
transition probability function and into the stochastic dif-
ferential equation. This paper also contains an extensive
review of other works where this kind of memory was
discussed. It is surprising that, in such seemingly com-
pletely unrelated phenomena, the memory manifests itself in
equivalent integral forms (in addition to Ref. [21], see also
Refs. [1,22,23]).

In the case of the telegraph process Tx(t ), the integral
memory comes up very naturally from and is explained
by a specific type of conditional transition probability
distribution of the additive Markov chain [Eq. (1)]. The con-
tribution to CTPD of this chain contains only linear terms in

the random variables xr . What is important is that this CTPD
solves the very acute problem of representing the CTPD of
N-step Markov chains with long-range memory. The finite
state space Markov chain of order N is a well-known universal
mathematical model to analyze discrete-valued time series
with long-range memory in many fields of science. In the
general case of nonadditive binary Markov chain of the order
N , the number D(N ) of independent parameters of the chain
increases exponentially with respect to N , D(N ) = 2N . A
random additive higher-order Markov chain is characterized
by the conditional transition probability distribution, Eq. (1),
and contains only D(N ) = N + 1 independent parameters.
In this paper, a similar idea is used for the model of the
telegraph process with nonlocal memory. A wide variety of
functionals dP(xt+dt = a|xt = 1 − a; xt ′<t ) in the left-hand
side of Eq. (4) is expressed in additive form and depends
only on the memory function m(t ). This allows us to obtain
Eq. (9) for the correlation function and consider its analytical
solution.

Similar to how statistical physics uses new methods of
probability theory to solve its problems, the problems of the
curse of dimensionality (in particular of higher-order Markov
chains) are solved using the new field of mathematics known
as the concentration of measure [24]. In the last decades, it
became clear that the proper utilization of these phenomena
in many areas of science might transform the problem of the
curse of dimensionality into the problem of the blessing of
dimensionality [25].

VIII. CONCLUSION

In this paper, the random telegraph processes Tx(t ) with
nonlocal in-time memory are studied. One of the most impor-
tant achievements of this work is the method for solving the
integro-differential equation that links an arbitrary memory
function and a binary correlation function in an analytical
closed form. This method is similar to the method of solving
ordinary differential equations using the Green function.

Conditions of stationarity for the telegraph process
with exponential memory are found. It is shown that
the pair correlation function of this process can be of
two types: either exponentially decreasing with two differ-
ent decrements or oscillating with exponentially decreasing
amplitude.

The analytical results are supported by numerical simu-
lations of the corresponding telegraph processes, both with
persistent and antipersistent correlations. The correlation
functions obtained from the numerically generated telegraph
processes with different parameters of the problem under
study are in good agreement with the corresponding results
obtained analytically.

Future research on the memory-dependent telegraph pro-
cess should involve finding such important characteristics of
the process as its distribution function, the diffusion Fokker-
Planck equation governing the distribution function of the
process, fluctuation and variance of the process, self-similarity
properties for a process with a stepwise memory func-
tion [21,26], as well as the application of the theory developed
here to specific complex physical phenomena. In particular,
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the study of phenomena with a power-law memory function
deserves special interest. The solution to this problem may be
of particular interest to experts.

In this paper, the parameters λ0 and λ1 in Eq. (4) are sup-
posed to be constant. Supposing that λ0 and λ1 are dependent
on time or introducing the specific form of the memory func-
tion, one can describe other important random phenomena,
including Levy diffusion, which is a subject of increasing
interest over the last two decades [27–30].

We hope that the theory presented here can be applied to
the description of different complex phenomena, in particular,
meteorological ones, such as seasonal variability in weather
prediction and/or 24-hour-ahead temperature forecasts (see
Refs. [31,32] in this regard).
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