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Spectral properties of non-Hermitian real random matrices with long-range correlations
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We investigate the spectral properties of non-Hermitian real random matrices whose entries exhibit long-
range correlations decaying as |r − r′|−α . We find a progressive breakdown of the circular law, controlled
by the decrease of α. In all cases, the radial eigenvalue density decreases away from the origin. At α > 1,
an effective radius, reminiscent of the circular law, is retrieved, while instead, for α < 1, the eigenvalue
distribution broadens with matrix size, and its spectral radius grows like a power law, with exponents numer-
ically consistent with the predictions of the extended central limit theorem for the magnitude of fluctuations.
The case α = 1 appears as a case with self-similar eigenvalue density and a slowly growing spectral radius.
Long-range correlations also enhance clustering of real eigenvalues and slow the resorption of the Saturn effect.
These results reveal a correlation-driven transition and suggest the emergence of a new universality class for
correlated non-Hermitian random matrices.
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I. INTRODUCTION

Long-range correlations are ubiquitous across physical
systems [1–3] in the form of power-law decay of the two-
point function. In statistical mechanics, they are a hallmark
of criticality [4]. They also appear in statistical analysis of
financial markets or seismic data, and when applying detrend-
ing techniques [5,6]. Often, such systems can be represented
under matrix form—for instance, when embedded on a dis-
crete square lattice. One may naturally wonder, therefore,
about the properties of these random matrices with intricate
correlations. They are often studied via their spectrum, as it
contains relevant properties for many applications, such as
diffusion, connectivity, robustness, and community structure
[7,8]. Random matrix theory [9] has developed a powerful
toolbox to investigate the laws of the spectra of matrices with
random independent (and often identically distributed, de-
noted i.i.d.) entries. It resulted in the celebrated (semi)circular
laws, Marcenko-Pastur distribution, and intricate mappings
to electrostatic problems through log-gases [10]. While these
frameworks have demonstrated their analytical efficiency and
robust universality, their extension to objects with nontrivial
sparsity [11], block structure [12], and correlations [13,14]
remains challenging, with complex networks [15] being a
paradigmatic example.

The goal of this paper is to investigate how the spectrum of
matrices, representing two-dimensional (2D) lattices of linear
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size L, with Gaussian entries

P(Mi j ) ∝ exp

(
−LM2

i j

2

)
, (1)

is affected by long-range correlations,

〈MrMr′ 〉 ∼ |r − r′|−α, (2)

where r = (i, j) [r′ = (i′, j′)] and 0 < α < 2 with respect to
the i.i.d. case, called the Ginibre ensemble [16].1 This exercise
is typical when evaluating the range of validity of statistics
theorems: the universality of the central limit theorem (CLT)
is known to hold for small-range correlations [17]. Instead,
for centered stationary sequences (X1, . . . , Xn, . . .) with co-
variance 〈XiXi+n〉 decaying slower than 1/n, such as 1/nα with
α < 1, the order of the fluctuations of

Sn =
n∑

i=1

Xi (3)

is n1−α/2 (or
√

n log n for α = 1). The distribution of Sn might
also be non-Gaussian.

The sampling of matrices following Eqs. (1) and (2) turns
out to be a nontrivial task when the system size becomes
large, because to sample from such an ensemble, one needs
to store covariance matrices with L2 × L2 elements. However,
Ref. [18] proposed an efficient technique that allows us to
sample very large matrices—the computational bottleneck
then becomes finding the eigenvalues of non-Hermitian matri-
ces, which amounts, in practice, to O(L3) [19]. This technique

1Here, the correlations are neither sparse (as in, e.g., [13]) nor
constant across a small number of groups of pairs of entries as in
[14]. Instead, they cover a large range of values dependent on matrix
entries distance.
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FIG. 1. Ginibre against correlated matrix. (a) A 512 × 512 Ginibre matrix: no large-scale structure emerges. (b) Matrix of the same
dimension with long-range correlations, controlled by α = 0.1. Values in both matrices are displayed on the same color scales. (c) Spectrum
of the Ginibre matrix: each eigenvalue corresponds to a point; the dotted circle corresponds to the asymptotic limiting boundary given by the
circular law. Note that the density seems almost uniform, except around the real axis Imλ = 0, where eigenvalues are attracted by the line and
deplete its surrounding: the “Saturn effect.” (d) Spectrum of the matrix shown in (b). The density is not uniform, but steeply decreasing with
distance to λ = 0, and its eigenvalues are not contained in the red circle.

can be summarized in the following way: consider an i.i.d.
Gaussian sequence (ur ), the correlation function,

C(�) = (1 + �2)−α/2, (4)

and its Fourier transform S(q). Then, the inverse Fourier
transform of the sequence ηq = √

S(q)uq, where (uq) are the
Fourier transform coefficients of (ur ), yields the searched ma-
trices (Mi j ). It is important to note that this convolution-based
method imposes periodic boundary conditions. An example
for L = 512 and α = 0.1 can be seen in Fig. 1 and compared
to a Ginibre realization. Figures 1(a) and 1(b) display the
matrix entries on a common color scale. By construction,
the marginal distribution P(Mi j ) is identical in both cases.
The difference between the two panels lies instead in their
spatial correlations: the correlated matrix exhibits long-range
structure, with extended regions where neighboring entries
take values in a similar range, whereas the Ginibre matrix
is spatially uncorrelated. This clustering produces a stronger
visual contrast in the correlated case, even though the un-
derlying marginal distribution of entries is the same in both
ensembles.

II. REAL GINIBRE ENSEMBLE

The real Ginibre ensemble was introduced in [16] and
turned out to be the most challenging ensemble—analytically
speaking—among the “Gaussian“ ones. It was found that
when the entries have variance 1

L , the eigenvalues fill the
complex plane according to the circular law

ρ(z) = 1

L

L∑
i=1

δ(z − λi ) −−−→
L→∞

1

π
1|z|<1 (5)

when L goes to infinity [20]. The joint distribution of eigenval-
ues, conditioned on the number of eigenvalues, was computed
in [21]. It was found, in particular, that the probability of
having L real eigenvalues was non-null and of order 2−L(L−1)/4

[22], while the average number of real eigenvalues is
√

2
π

L (to
leading order) [23]. The probability of finding k real eigen-
values was computed in [24]. Correlation functions for real
and complex eigenvalues were derived in [25,26] through the
derivation of Pfaffian kernels. Extremal statistics, fundamental
in the context of May’s instability [27], were investigated
in [28–32]. In particular, Ref. [28] showed that the spectral
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FIG. 2. Two-dimensional histogram of eigenvalues of 512 × 512 matrices for α = 0.1 (a), α = 1 (b), and α = 1.9 (c). The histograms
were computed by computing the spectra of 5 × 104 matrices. Note that the spectra exist far beyond the limit imposed by the circle law, in all
cases, as well as the scale of the real eigenvalues when α � 1. (d)–(f) Empirical distribution of the modulus of the eigenvalues P(|λ|) divided
by 2π |λ| for each value of α and for L varying between L = 32 and 512. The baseline is the limit circle law P(|λ|)/2π |λ| ∼ 1λ<1. At α < 1,
the tail of the distribution broadens, while it narrows for α > 1. The case α = 1 appears as a self-similar case, as the densities collapse far
from |λ| = 0. Spectra were computed by sampling 5 × 104 matrices. Insets: zoom on the 0 < λ < 1 region. A histogram with log-spaced bins
is displayed in log-log scale. The lines represent a power law of exponent −1.

radius converges to a Gumbel law. See also a recent review
[33] on the real Ginibre ensemble.

III. NUMERICAL INVESTIGATIONS

A. Eigenvalue density

Figure 1 shows the location of eigenvalues for one real-
ization of the long-range correlated matrix ensemble, with
α = 0.1 and L = 512. Some features of the distribution im-
mediately appear: (a) the eigenvalues do not fill approximately
uniformly the unit circle (displayed in red), but instead show
a density decaying with the magnitude of the eigenvalues |λ|;
(b) its edge is not sharply decaying at |λ| = 1, instead several
eigenvalues are located far from the boundary. This can be
better understood by inspecting the eigenvalue density, shown
in Fig. 2. Three behaviors emerge: at α > 1, a bounded law
with rescaled radius2 re(α) ≈ 1.4 at α = 1.9 is recovered [see
Figs. 2(c) and 2(f)]; instead, for α < 1, the radial eigenvalue
distribution is heterogeneous, with a marked peak at |λ| = 0,
and it broadens with increasing L. The case α = 1 emerges
as an essentially self-similar limiting case [see the collapse of
the modulus density in Fig. 2(e)]. However, we find that for all
0 < α < 2, in the vicinity of λ ∼ 0, the number of eigenvalues

2The effective radius re is defined, when it exists, as the character-
istic scale delimiting the bulk of the spectrum, i.e., the radius beyond
which the eigenvalue density sharply decays.

at distance r (more precisely, in an interval [r, r + dr]) is
approximately constant (see the insets of Fig. 2), whereas for
the circular law it increases proportionally to r. This behavior
indicates a strong accumulation of eigenvalues near the origin.
In particular, since the number of eigenvalues per annulus
is constant, the associated two-dimensional density scales as
r−1, revealing a singular peak at λ = 0.

The distribution of λ does not tell the full picture as
the distribution of eigenvalues in the complex plane is not
isotropic: close to the real line Im(λ) = 0, there is a discrep-
ancy of eigenvalues and they are typically lying on the real
line; furthermore, the range of the real eigenvalues typically
overshoots the spectral radius—this is called the Saturn effect,
and it vanishes when L → ∞ in the Ginibre case. It is clearly
visible in Figs. 2(a) and 2(b). For α > 1, we retrieve a situ-
ation similar to the Ginibre case, for which the discrepancy
disappears rapidly.

B. Spectral radius

A quantity of interest is the breadth of the distribution of
eigenvalues, λm = max |λi|. It plays a particular role in con-
trolling the equilibrium of large dynamical systems ẋ = f (x)
for which the Jacobian around an equilibrium can be written
J = −dI + A, where d is the self-regulation term while A de-
scribes the interactions and is often modeled as random. Then,
the stability condition of such equilibrium can be written

λm < d, (6)
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FIG. 3. Distribution of the spectral radius λm when varying, for α = 0.1 (a), α = 1 (b), and α = 1.9 (c). The position and scale of the
distribution vary with L for α � 1, while the distribution shrinks around a limit value [re(α = 1.9) ≈ 1.4], corresponding to an effective radius
for a distorted circle law, at rate L−1/2 when α > 1. (d)–(f) Skewness γ1 against matrix size L when varying α. Horizontal lines correspond to
the skewness of baseline distributions: Gumbel (γ1 ≈ 1.14), Tracy-Widom for β = 2 (γ1 ≈ 0.22), and β = 1 (γ1 ≈ 0.29). The values of λm

were computed from 5 × 104 realizations.

where λm typically scales as
√

L in the case of uncorrelated
matrices. This is the so-called May’s stability criterion, which
inspired a large body of work in ecology [27,34,35] and
more recently has found applications in the study of large
economies [36].

The phenomenology observed for the tails of the distribu-
tion of λ in Fig. 2 can be better understood by looking at the
distribution of λm, shown in Fig. 3. For α > 1, the scale of
the distribution decays with L, as illustrated in Fig. 3(c). More
precisely, the standard deviation σ (λm) decays following the
scaling law σ (λm) ∼ L−1/2. For α � 1, the situation changes
as the position and the scale of the distribution of λm vary
with L [see Figs. 3(a) and 3(b)]. Plotting the average spectral
radii as a function of the system size, as shown in Fig. 4 (main
panel), we find that they follow scaling laws

〈λm〉 ∼ Lγ . (7)

Measuring directly these exponents (γ̃ , orange points in the
inset of Fig. 4), we find a good agreement with the exponent
predicted for the fluctuations in the extended CLT (blue line),

γ = 1 − α

2
. (8)

We find that the difference is attributable to finite-size effects,
and when fixing γ , a scaling form,

〈λm〉 ∼ Lγ (1 − k L−ω ), (9)

is found to describe well the observed variations. Examples
of fits are shown in the main panel of Fig. 4 (dashed lines),

and the measured finite-size exponents ω̃ are shown in the
inset (green points). In the case α = 1, the position of the
distribution instead displays sub-power-law behavior

〈λm〉 ∼
√

log L (10)

also consistent with the CLT prediction. Beyond its first two
moments, higher-order moments and the full distribution of
the fluctuations of λm are of interest. The skewness is shown
as a function of matrix size in Fig. 3. In the cases α �= 1, while
there is a clear departure from the Tracy-Widom ensembles,
the skewness values remain close to, but distinct from, the
Gumbel skewness, which is expected asymptotically in the
Ginibre case. Instead, when α = 1, the skewness increases
with L and largely overshoots these values, pointing towards
different extreme statistics phenomenology.

C. Eigenvalue spacing ratio

Beyond density, level spacings are typically of interest as
they characterize, for instance, quantum chaos (see [37] and
references therein). While the distribution of distances be-
tween consecutive levels s = λi+1 − λi suffices for Hermitian
ensembles, there is no natural ordering in the complex plane,
and one needs to employ other means. The ratio

z = λk − λNN
k

λk − λNNN
k

, (11)
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FIG. 4. Scaling law for the spectral radius. Main panel: measured
average spectral radius 〈λm〉 as a function of system size for two
values of α given in the legend. The error bars represent the 95%
confidence interval on the average. The dashed line represent the
fit given by Eq. (9). The averages are computed over 5 × 104 real-
izations. Inset: measured scaling γ̃ (orange points) and finite-size ω̃

(green points) exponents as a function of the correlation exponent α.
Blue line: extended CLT exponent γ = 1−α

2 . The error bars represent
the 95% confidence interval on the measured exponents.

where λ(N)NN is the (next-to)-nearest-neighbor eigenvalue,
was introduced in [37] as an observable for level spacing in
the complex plane. Here, we compute separately the statis-
tics of spacing for the real eigenvalues and strictly complex
eigenvalues. Figure 5 displays the density of the magnitude of
ratios for the real eigenvalues (red curve), complex eigenval-
ues (blue curve), and of the arguments (purple curve, insets),
and they are compared to equivalent Ginibre ensembles (black
curves).

The mean spacing ratios 〈r〉 = 〈|z|〉, quantifying the ten-
dency for eigenvalues to cluster (r ∼ 0) or show level
repulsion (r ∼ 1), reveal distinct behaviors for the complex
and real sectors. In the complex case, the density is consis-
tently similar between the correlated matrices ensemble and
Ginibre, and also when varying α and L. The average is
about 〈r〉 ≈ 0.71 − 0.74. In contrast, the real sector shows
r systematically smaller (〈r〉 = 0.42 − 0.49) than for the
Ginibre ensemble (〈r〉 ≈ 0.49 − 0.50), which is a sign of
enhanced clustering of eigenvalues on the real line. This dis-
parity decreases as α → 2 and also when L increases. Instead,
the distribution argument θ = arg z varies significantly when
varying α and L. θ reflects the preferred alignment direc-
tions of neighboring eigenvalues, and it quantifies deviations
from rotationally symmetric distributions. For the real Ginibre
ensemble, the mean 〈cos θ〉 is slightly negative, with a de-
creasing trend, from 〈cos θ〉 ≈ −0.11 at L = 32 to ≈ −0.20 at
L = 256. Instead, for α = 0.1, 〈cos θ〉 ≈ 0.21 > 0 at L = 32
before decreasing to ≈ −0.11 at L = 256. Similar patterns,
of lower amplitudes, can be found for ensembles with higher
values of α. However, at any α, the argument of the ratios
converges to the Ginibre distribution.

FIG. 5. Eigenvalue spacing ratio distributions for L = 32 (top row) and L = 128 (bottom row) for various values of α. The main panels
show the distributions of the magnitude of the ratios r = |z| of real eigenvalues (red curves) and complex eigenvalues (blue curves), compared
to their Ginibre counterparts (black curves). The inset displays the argument θ = arg z distribution. Each curve was computed using the
eigenvalue distribution from 5 × 104 diagonalized matrices, and 5 × 103 for the Ginibre ensembles.
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FIG. 6. (a) Expected number of real eigenvalues as a function of L. Black dashed line:
√

L. (b) Empirical probability for the leading
eigenvalue to be real against matrix size L.

D. Real eigenvalues

The eigenvalues of random matrices are roots of the
associated characteristic polynomials, either real or complex-
conjugated. Regarding the expected number of real roots of
random polynomials, essentially two regimes appear, depend-
ing on the variance of the coefficients. When the coefficients
are i.i.d standard normal, then the number of real eigenvalues
grows like the logarithm of the degree; when the ith coefficient
has variance

(n
i

)
, it grows like the square root of the degree

[38]. This is the case for eigenvalues of random matrices. In
the case of long-range correlated matrices, the number of real
eigenvalues as a function of L is shown in Fig. 6. While their
number remains proportional to

√
L, the prefactor varies from

the Ginibre value
√

2/π , and it increases when α decreases.
In the case of the Ginibre ensemble, the “Saturn effect” is

quickly resorbed and the probability that the leading eigen-
value is real decays with matrix size [28] (the speed of this
decay is not yet well understood to the best of our knowledge).
Given Fig. 2, where the breadth of the real eigenvalues is the
same as that of the complex eigenvalues at large α, and not for
α � 1, we probe the probability that the leading eigenvalue
is real, as shown in Fig. 6. While it decreases notably for
α > 1, the decay rate is lower for α = 1 and even more for
α < 1, with more than half of the leading eigenvalues being
real up to L = 512. This observation raises questions about the
appearance of a novel scale for real eigenvalues when there are
strong long-range correlations: despite their small proportion,
O(1/

√
L), they dominate the high end of the spectrum.

IV. DISCUSSION

We have analyzed numerically the random matrix ensem-
ble defined by Eqs. (1) and (2), and we evidenced deviations
from the Ginibre ensemble, focusing in particular on (a) the
eigenvalue density, (b) the spectral radius, (c) the eigenvalue
spacing, and (d) the real eigenvalue properties. There are se-
rious differences with the Ginibre phenomenology. The most
salient one is the scaling law of the spectral radius when α <

1, with exponents numerically coinciding with those control-
ling the magnitude of fluctuations in the extended central limit
theorem [39]. Given the numerical evidence, we conjecture

the correspondance between these two scaling exponents—
establishing a formal mapping would yield great insight in
the analytical understanding of correlated random matrices.
Such a variation is relevant in the context of the study of
large dynamical systems. Two important applications are as
follows: (i) the stability of large ecosystems, as mentioned
above with May’s instability. Given the stability condition (6),
the correct scaling law for the spectral radius reads

λm ∼ L
1
2 +γ , (12)

a spectral radius growing faster than the naive May predic-
tion λm ∼ L

1
2 . Hence, systems with correlations such as those

described by Eq. (2) could exhibit reduced stability. (ii) Re-
garding the study of neural networks, the spectral radius of
random matrices is relevant for understanding chaotic behav-
iors [40] and also for confronting the problems of exploding or
vanishing gradients in the training of recurrent networks [41].

We hope that this investigation will spark analytical
interest. A promising direction comes from works on cyclic
correlations [13]: from the Green function G, one can derive
the complex eigenvalue density [42]. The difficulty lies in
computing the ensemble average of the Green function G.
For cyclic correlations, writing G as a geometric series and
using a first-order development yields precise predictions of
the hypotrochoidic laws found in this case. Here, correlations
appear at all orders. Estimating G in this case is thus an open
challenge.
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