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We propose a computational strategy that incorporates time-lagged sampling into the reverse process of
diffusion-based machine learning models. This approach aims to maintain ensemble diversity and prevent
ensemble collapse related to underestimation of uncertainties, particularly in situations with limited ensemble
sizes. We demonstrate the method’s effectiveness using the Lorenz 96 system as a theoretical testbed, focusing
on its highly nonlinear regime without explicitly resolving multiscale interactions. Our approach facilitates stable
forecast-analysis cycles at small ensemble sizes without requiring covariance inflation or localization by en-
hancing the ensemble representation of uncertainties inherent in diffusion models and stochastic dynamics. The
proposed models maintain superior temporal coherence. While the probability density function is narrowed under
severely undersampled ensembles, stochastic variants recover distributional accuracy as ensemble size increases,
whereas deterministic variants show persistent limitations but provide substantial computational efficiency. The
method generalizes successfully to systems with increased multiscale complexity and maintains stable long-term
performance without drift. Results indicate that active diversity preservation in ensemble generation can enable
robust data assimilation in undersampled situations, with potential applications in geophysical flows, plasma

systems, and turbulence modeling.

DOI: 10.1103/xq7z-9¢cg5

I. INTRODUCTION

Recent studies suggest that state-of-the-art machine learn-
ing techniques can produce forecasts that are comparable to,
or in some cases exceed, those from traditional numerical
weather prediction (NWP) systems, when evaluated using
specific performance metrics (e.g., Refs. [1,2]). The gain of
the data-driven approach might be also highlighted in the
context of its speed-up for a high-resolution prediction sys-
tem requiring enormous degrees of freedom to represent a
dynamical system properly. However, recent studies also dis-
cuss actively on the limitation of machine learning techniques
especially regarding to its ability to capture extreme events
such as high-impact weather (e.g., Refs. [3-6]). Also, con-
cerns have been raised about the blurry ensemble mean and
the corresponding power loss at high-frequency scales [1,2,7].
Models may systematically under- or overpredict certain vari-
able states, leading to misrepresented uncertainty estimates.
These challenges pose significant difficulties not only for
physical models but also for data-driven approaches, and they
affect both ensemble prediction and the data assimilation
process. Moreover, the performance of the ensemble data
assimilation depends on the structure of the ensemble as well
as the dynamic characteristics of targeting systems [8]. This
study investigates strategies to address these challenges for
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a highly nonlinear system, by employing a diffusion-based
machine learning model within a simplified ensemble data
assimilation platform. To isolate model performance, we de-
liberately omit ensemble inflation and covariance localization,
allowing the analysis to reveal intrinsic model characteristics
unmasked by common data assimilation tuning techniques.

Time-series prediction models for physical values in var-
ious fields can be applied across a wide range of domains,
such as traffic, transportation, air quality, energy consumption,
financial markets, and weather and climate, provided they are
trained on the relevant data. Depending on the nature of data,
the focus can shift to spatiotemporal correlations, the coupling
of different components, and functional dependencies, and so
on. In this study, we concentrate on the prediction of highly
nonlinear dynamic systems and the application of data-driven
models for the purpose related to the spatiotemporal correla-
tions. One of the most prominent examples of such systems
is the Lorenz *96 model [9], a simplified theoretical emula-
tor of a global weather or climate system. The Lorenz *96
model is widely used as a testbed to examine how well new
algorithms handle dynamics that exhibit nonlinear and chaotic
behaviors. The system is regarded as a simplified framework
for real-world atmosphere in which multiscale motions inter-
act in a complex manner. For example, a single-time scale
model has been developed by parametrizing the fast time-
scale motions into a machine learning model that solves only
slow motions of the Lorenz 96 system [10]. Also, a fully
connected neural network model was implemented [11] to
explore whether machine learning-based models could rival
conventional physical models in global weather forecasting,
without needing to account for the interaction between slow
and fast motions.
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Meanwhile, the use of machine learning models as pre-
dictive tools within an ensemble data assimilation framework
has been explored, and their forecasting performance has been
evaluated [12,13]. However, it remains questionable whether
machine learning models can capture extreme local events
or dynamical instabilities with rapid transitions with limited
size of ensembles in this framework. It could be challeng-
ing for data-driven models to generate outputs that include
states with low probability of occurrence. Ensemble-based
data assimilation methods such as the ensemble Kalman fil-
ter (EnKF) are known to suffer from sampling errors and
rank-deficient background error covariance estimates when
the ensemble size is small relative to the state dimension (e.g.,
Ref. [14]). These limitations are conventionally mitigated
through covariance inflation and localization, whose con-
figuration typically requires extensive case-by-case tuning.
Meanwhile, the impact of model dynamics on performance
is considered significant, and such a study is essential for
the development of accurate and robust EnKF [8]. Therefore,
investigating how machine learning models affect the perfor-
mance of ensemble data assimilation in simplified setups like
the Lorenz ’96 system could provide valuable insights for
more complex, real-world applications such as weather pre-
diction, climate modeling, fluid dynamics, and other chaotic
systems. It would also be important to explore how machine
learning models can be designed to optimize the ensem-
ble by effectively capturing uncertainties in the generated
predictions.

We have chosen a generative diffusion model that is known
to be adept at reconstructing detailed information for target-
ing systems, based on its specific implementations in diverse
fields (e.g., Refs. [5,15,16]). Especially, the use of diffusion
models for time-series prediction has garnered significant
attention across various fields [17]. Among the generative dif-
fusion models for time-series prediction models, we adopt the
denoising diffusion-based probabilistic spatiotemporal graph
forecasting method (DiffSTG) [18] as the basis for our ap-
proach, taking advantage of its ability to capture complex
spatiotemporal dependencies within the data. Since the pre-
dictions of diffusion models are heavily dependent on the
reverse sampling process, we concentrate on optimizing the
process for better representations of uncertainties in ensem-
ble predictions. These challenges can affect the stability and
accuracy of ensemble data assimilation, especially in situa-
tions with small ensembles. Our focus is particularly directed
toward the potential issues of exposure bias due to the dis-
crepancy between training and inference [19]. To increase the
possibility of capturing samples in the distribution of probable
outcomes, we transfer the concept of the lagged average fore-
casting (LAF) suggested by Refs. [20,21] aiming for stable
estimation with sparse data [22]. More information on the
customization of the model for the purpose of this study can
be found in Sec. II. Additionally, detailed explanations of the
multilevel Lorenz *96 systems and the parameters chosen for
the tests are provided in Sec. II. The data assimilation process
is also introduced in this section. In Sec. III, improvements
by the approach in the sampling process will be described. In
Sec. IV, we offer a discussion on the generation of ensem-
ble for diffusion-based machine learning models with limited
ensemble size.

II. METHODS
A. Modifications to DiffSTG

We have customized the DiffSTG [18] to reproduce the
Lorenz *96 dynamics in an ensemble framework. Major cus-
tomizations include (i) random shifting of the denoising step
positions from which states are sampled during the reverse
processes of denoising diffusion implicit models (DDIM) [23]
and denoising diffusion probabilistic models (DDPM) [24],
(i1) addition of attention mechanism [25] for the learning of
temporal patterns, and (iii) the use of data and predictions in
unnormalized form. Neither the input features nor the model
outputs undergo normalization; all values are retained in their
original scale. Here, we focus on describing the change by
the (i) random shifting, which is implemented to enable more
diverse state sampling since generative outputs from a diffu-
sion model is highly dependent of the scheduling of reverse
processes. This strategy is also important for capturing both
short- and long-term dependencies in prediction by sequen-
tial sampling with temporal correlation. First, we describe
the sampling process applied in Ref. [18] and explain the
approach (i) that we have implemented for this study in the
following section. For reference, a summary of the nota-
tion used throughout this study is provided in Table II of
Appendix A.

B. Sampling process

The DiffSTG framework provides options for both DDPM
and DDIM reverse processes [18]. In our framework, the re-
verse (denoising) process is used to generate forecast samples
of the future system state. The sampling of the reverse process
is explained here in a general description as given by [23]:
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Here, x;, , is the sample state generated from X, by the reverse
process fori = {1, ..., T'}. We emphasize that the index i, and
the associated step variable #;, labels the discrete steps of the
diffusion denoising process only; it bears no correspondence
to the physical time ¢ of the Lorenz ’96 system, which evolves
continuously and whose temporal evolution is described sep-
arately in Sec. II C. The reverse process thus transforms noise
into a forecast sample at a fixed physical time, rather than
advancing the system forward in physical time. In the forward
process, Gaussian noise B, is added at each step, and the
scaling parameter is defined as oy, := 1 — B, in such a way
that ¢p = 1 and ar = 0. To predict xy, we use eg"), asetof T
functions with trainable parameters 6. Random noises can be
given by the product of o;, and the standard Gaussian noise
€, ~N(0,1) to make the generative process probabilistic
in DDPM. Meanwhile, setting o;, = 0 can increase sampling
efficiency by generating samples from latent variables with
a fixed procedure [23]. In this special case, the generative
process becomes deterministic, and thus it is called denoising
diffusion implicit models (DDIM). Furthermore, if a subset
sequence s = {1, ..., t}, where T < T is used instead of the
full sequence with T iterations, the generative process can
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FIG. 1. Example of the proposed sampling strategy. Each panel shows trajectories of eight ensemble members during the reverse denoising
process (x axis: reverse process step #;, y axis: state value of x,, at grid point k = 20) at integration time step 100. Standard approaches
[(a) DDPM, (b) DDIM] sample all ensemble members from a single fixed position (circles at rightmost step), while the proposed methods
[(c) LAFDDPM, (d) LAFDDIM] sample from randomly distributed positions (circles at various steps), thereby enhancing ensemble diversity.

be further accelerated. By this non-Markovian way, sampling
proceeds only at a smaller number of steps than those used in
the forward process to approximate a Gaussian distribution.

The performance of diffusion-based models can be sub-
stantially affected by the design of the reverse process [16,26].
In particular, diffusion models tend to have higher sensitivity
to the later stages of the reverse process, where minor predic-
tion errors can significantly affect overall accuracy [19]. This
sensitivity has been attributed to exposure bias, which can be
alleviated by using iterative sampling strategies such as the
“time-shift sampler” [19].

Building on these insights and motivated by the lagged
average forecasting (LAF) framework, we propose a sampling
strategy that enhances ensemble diversity while maintaining
computational efficiency. In the ensemble data assimilation
context, where multiple realizations are needed to represent
prediction uncertainties, it is natural to leverage the stochastic
nature of the diffusion process by sampling from different
stages of the reverse process. Our approach randomly selects
a reverse process time step to sample from at each prediction

time [Figs. 1(c) and 1(d)]. Specifically, instead of sampling
from the same fixed reverse process time step at each pre-
diction [Figs. 1(a) and 1(b)], we randomly vary the sampling
time step at every prediction. This design addresses two key
considerations: First, it mimics the LAF principle of collect-
ing samples from different denoising lead times to account
for flow-dependent error growth in dynamical systems. Sec-
ond, it increases ensemble diversity by exposing the model to
different stages of the denoising process, thereby reducing the
impact of stage-specific biases.

The proposed sampling strategy requires negligible com-
putational overhead. Through a simple yet effective redesign
of the sampling procedure, it can be applied to both DDIM
and DDPM frameworks. For DDIM in this study, we use
ten sequences (t = 10 < T = 50), chosen to reduce com-
putational cost while retaining sufficient reverse steps for
accurate prediction. By organizing ensemble predictions
through samples drawn from distinct steps of the reverse
process at each cycle, we effectively simulate the LAF ap-
proach within the diffusion model framework, ensuring that
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FIG. 2. ML model development hierarchy. Starting from the base
DiffSTG model, we customize it for the Lorenz 96 system (DDPM
and DDIM), then develop two variants with new sampling strategies:
LAFDDIM (DDIM-based) and LAFDDPM (DDPM-based). The lat-
ter two constitute our main contributions.

the ensemble captures a reasonable distribution of prediction
uncertainties.

In summary, our proposed models are developed through
a hierarchical approach, as illustrated in Fig. 2. We begin
with DiffSTG, a foundation diffusion model from the litera-
ture, and customize it for the Lorenz "96 system (Sec. 11 C).
From this intermediate model, we develop two variants with
sampling strategies: LAFDDIM, which employs DDIM-based
sampling, and LAFDDPM, which uses a modified DDPM
approach. These two models constitute the main contributions
of this work.

C. Dynamic system

The two-level system of Lorenz 96 model [9] consists
of a governing equation for slow (x) and fast motions (y),
respectively.

7
dxy hc
2k ) — F_ — -
o =N 11 — X—2) — X + b ;)’j,k
dyjk he
F7e —cbyjr1c(Vjs2k —Yj—1k) — CYjk + - e (2)

Spatial positions are indexed by k and j, ranging from 1 to
K =40 and J = 10 for the slow and fast motions, respec-
tively, in this study. The numerical parameters chosen for this
study are listed in Table I. Among this set, F is the large-scale
forcing term that modulates the characteristics of the dynam-
ical system, and it is set to a value of 20.0 to develop highly
nonlinear behavior in the slow-scale motions. For small values
of the external forcing, the Lorenz *96 system exhibits diurnal
or seasonal cycles with quasiperiodicity [27], whereas with
F = 20.0 it demonstrates highly complex behavior (see Fig. 1
in Ref. [13]). The time series data for training is obtained from
the numerical integration of Eq. (2) with the initial condi-
tion x;(t =0) = 8.0 and x,(t =0) = 0.0 for k =2, --- , 40.
Equation (2) is temporally discretized by the fourth-order
Runge-Kutta method [28] with a time-step size of At = 0.001
in model time units (MTUs) [9] (see Table I). The numerical
solutions are provided as datasets for training and validation
of a machine-learning model [11]. A time-series of predictions

TABLE I. List of parameters of the two- and three-level Lorenz
’96 systems.

Notation Definition Value

K Grid numbers for x 40

J Grid numbers for y 10

I Grid numbers for z 10

h Strength of the coupling between 1.0
spatial scales

b Relative magnitudes of the coupled 10.0
variables x and y

c Relative evolution speed of the coupled 10.0
variables x and y

e Relative evolution speed of the coupled 10.0
variables y and z

F Large-scale forcing applied to the 20.0
system

g Damping parameter 1.0

x1(t=0) Initial condition for the training 8.0
simulation

Xp0(t =0) Initial condition for the test simulation 8.0
(TRUTH)

At Time step size 0.001 MTUs

at each spatial and temporal grid is prepared for training [29],
producing a dataset consisting of 1.6 x 10° time sequences,
each containing 40 grid-point states. Only the large-scale
states x;, is used for training and the machine-learning model
predicts x; (f > 0) without explicitly solving the smaller scale
states y; k.

To evaluate the model’s performance, a test dataset is
generated by numerically integrating Eq. (2) with a spatially
shifted initial condition, serving as ground truth (TRUTH)
for comparison. Specifically, the training dataset uses x;(t =
0) = 8.0 with all other grid points set to zero, while the
test dataset (TRUTH) uses xyo(t = 0) = 8.0 with all other
grid points set to zero. This spatially shifted initial condition
tests the model’s ability to generalize beyond the training
distribution.

The introduction of an additional scale of motion increases
the system’s complexity, and extending it to a three-level
system can be formulated as [30]:

7
dxy hc
T =X1 (k1 — Xp2) — X3 + F — " Zyj,kv

dyjx he
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The three-tier extension was originally developed to investi-
gate the effects of reducing numerical precision to different
degrees on different spatial scales, as part of research into
more efficient computational methods for weather and climate
modeling [30]. It has since been proposed as a useful testbed
for novel methods, including machine learning approaches
[31].
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Building on this framework, we address a fundamental
challenge in machine learning for chaotic systems: general-
ization across different levels of multiscale complexity. We
train a model exclusively on time series of the slow x variables
from the two-level system [Eq. (2)], learning their effective
dynamics without explicit knowledge of the fast-scale forcing
from y. This trained model is then evaluated also on the three-
level system [Eq. (3)], where x experiences forcing from a
two-tier cascade (y and z) rather than a single fast scale.

Although both systems produce chaotic x dynamics with
similar amplitudes and timescales, the spectral and statistical
characteristics of the effective forcing, which represents the
net influence of smaller-scale variables on the largest-scale
dynamics, differ due to the intermediate-scale interactions.
This setup tests whether the model captures robust dynamical
features that generalize across different forcing structures, or
remains limited to the specific forcing statistics of its training
environment.

D. Ensemble square root filter (EnSRF)

The use of machine learning models as forecast models for
data assimilation has been explored [12]. Building on this, we
aim to extend the investigation to assess the predictive skill
and performance of a diffusion model within an ensemble data
assimilation framework. In this study, serial ensemble square
root filter (EnSRF) [32] is used for the data assimilation pro-
cess. Each forecast ensemble x! is updated using the model
dynamics:

x/ = M(x?), 4)

n

where x is the nth assimilated member state from the previ-
ous cycle and M represents a dynamical model, which may
either be numerical or based on machine learning techniques.
In this study, M is realized either by a numerical integration
of the Lorenz '96 system (PHYS) or by the diffusion-based
forecast model described in Sec. IIB and Fig. 2 (DDPM,
DDIM, LAFDDPM, and LAFDDIM).

The ensemble forecast mean X/ and perturbations X/ are
calculated as:

|
of — Z f 5)
X x/,
N n=1
and X/ = [x{ - .., x{, —x/1 when N is the ensemble

size. The analysis step updates the ensemble using the in-
novation, i.e., the difference between an observation and
the forecast projected into the observation space, y° — Hx/,
where y’ represents the observation vector and H the obser-
vation operator, which maps the model state (x/) space to
the observation space. The EnSRF is a deterministic square
root filter: unlike the stochastic ensemble Kalman filter, it
updates the ensemble without adding random perturbations to
the observations. In this study, a single observation is available
at every grid point, and the serial EnSRF processes these
observations one at a time in the order of the grid index,
while the framework itself admits an arbitrary number and
configuration of observations. The kth step of the serial update
therefore corresponds to processing the observation at the kth
grid point, and we use the subscript k consistently for the grid
point, its observation, and the associated serial update step.

The observation error variance is R, = 0.1 in this study. For
the kth observation, the Kalman gain K} is given by:

a a -1
K = Pi_ Hy (P Hp +Ry) (6)

analysis P!, =
ﬁX,‘(‘_l(X,‘:_I)T, evaluated from the perturbations available
after the previous observation has been processed. The
ensemble mean is then updated with the scalar innovation
i — HiX{_,, given by:

where the error  covariance s

)_(Z = )_(Z_l + K (y]{: — Hk)_(;:_]). (7)

The serial EnSRF updates the ensemble perturbations de-
terministically, without perturbing the kth observation y{, as
given by:

X; = X I — o K Hp), )

where «; is derived from the square root update given by:

—1
o = <1 + R/ (HPY_ BT +Rk)) . ©)

The recursion is initialized with X§ = X/ and X§ = X/, where
%/ and X/ are the forecast ensemble mean and perturbations.
After all K observations have been processed, the final analy-
sis ensemble mean X? and perturbations X“ are obtained. We
conduct observing system simulation experiments to evaluate
the performance of machine learning models in data assimila-
tion. Figure 3 illustrates our overall experimental framework.
The TRUTH, obtained from a single realization of the numer-
ical integration of the full-level Lorenz 96 dynamics is used
to generate synthetic observations of slow variables at every
grid point. These observations are assimilated into ensemble
forecasts using the ensemble square root filter (EnSRF).

Ensemble data assimilation utilizes the Bayesian inference
framework, where observations take parts as likelihood and
ensemble predictions as the prior. At each temporal interval,
the analyzed states of the ensemble members are updated
based on their relative weights, which are determined by the
uncertainties in both the forecasts and observations. These
updated analyzed states are then used as initial conditions
for the ensemble members to generate the next set of predic-
tions. This iterative process, known as the “forecast-analysis
cycle,” progressively reduces the estimated uncertainties of
the ensemble predictions. When the ensemble size is small,
however, sampling errors can lead to underestimation of un-
certainty and ultimately to filter divergence, in which the
ensemble loses its ability to track the true state. In this
study, we do not use any inflation or localization methods
to deal with such sampling errors, since we focus on the
better representation of ensemble variability in the context
of diffusion-based models. The analysis is produced at every
50th time step, which corresponds to a six-hour interval.

III. RESULTS

We first examine the case with ensemble size N = 32
(=K = 40). At this configuration, all tested models produce
accurate analyses through ensemble data assimilation. We
then reduce the ensemble size to N = 20 (<K = 40), where
the numerical model PHYS may experience divergence [8]
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FIG. 3. Data assimilation framework for observing system simulation experiments. We compare against TRUTH is a single realization from
numerical integration of the full-level Lorenz *96 dynamics, generating observations (y). EnSRF assimilates observations to update ensemble
forecasts. The baseline approach (PHYS) uses numerical integration of the full dynamics, while the proposed ML models (LAFDDIM and
LAFDDPM) directly learn to forecast slow variables from data (see Fig. 2). Both approaches operate through forecast-analysis cycles, where

x/ and x* denote forecast and analysis states, respectively.

(see their Fig. 2). Indeed, both PHY'S and DDIM fail to repro-
duce the dynamics properly, while DDPM maintains stable
forecast-analysis cycling (see Fig. 2 for model notations).
When the ensemble size is further reduced to N = 16, even
DDPM sampling struggles to control error growth, as shown
in Fig. 4. For this small ensemble size, we also test the pro-
posed models LAFDDPM and LAFDDIM. Figure 4 compares
the time series of xpo from all tested models against the true
state (TRUTH).

At the start, solutions from all tested models deviate greatly
from TRUTH due to perturbed initial conditions [Fig. 4(a)].
However, LAFDDPM and LAFDDIM quickly capture the
dynamics as forecast-analysis cycling continues, while PHY'S
and DDPM fail to converge. This performance difference is
quantified by continuous ranked probability score (CRPS)
[33] values. While root mean-squared difference provides
pointwise error estimation, CRPS offers additional insight
into how well models represent prediction uncertainties. Al-
though CRPS values from all models start high due to
deliberately perturbed initial conditions, LAFDDPM and
LAFDDIM show rapid error reduction as data assimilation
proceeds. In contrast, CRPS of PHYS and DDPM fluctuates
significantly and remains high throughout [Fig. 4(c)].

When the ensemble size is further reduced to N =8
(KK = 40), LAFDDPM and LAFDDIM continue to perform
well with moderate degradation [Figs. 4(b) and 4(d)]. Both
models keep their solutions in phase with TRUTH and pro-
duce stable forecast-analysis cycles. Although CRPS values
increase compared to the N = 16 case, the error growth re-
mains controlled and substantially lower than that of PHYS
and DDPM, which diverge from TRUTH at this small ensem-
ble size. This indicates that the proposed models (LAFDDPM

and LAFDDIM) maintain reasonable performance even in
severely undersampled regimes.

This result indicates that the ensemble spread from the
proposed models better represents prediction uncertainties
compared to the numerical approach (PHYS) and the baseline
DDPM. This is consistent with the ensemble samples gener-
ated during the reverse process in Figs. 1(c) and 1(d), which
show enhanced ensemble spread representing better estimated
uncertainties. The proposed sampling strategy prevents ex-
cessive clustering [see Figs. 1(a) and 1(b)] and enhances
variability while maintaining a focused distribution of sam-
ples [see Figs. 1(c) and 1(d)]. This improves the ability to
capture the true state even with small ensembles.

The coherence in the dynamical structure produced by the
proposed method is further investigated through the evolu-
tion of ensemble mean ¥ in space and time, illustrated in
Hovmoller diagrams, which help identify wave propagation
patterns. Using these diagrams, we assess the overall similar-
ity between the true state and model predictions, providing
clear visualization of their temporal and spatial agreement.
Figure 5 shows that the ensemble means ¥ in LAFDDPM
and LAFDDIM reasonably reproduce the wave propagation
pattern of TRUTH, capturing key structural features such as
the location and shape of local extrema, in contrast to the
numerical simulation PHYS and the conventional machine-
learning approach (DDPM). However, the patterns generated
by LAFDDIM tend to be slightly attenuated relative to
TRUTH, suggesting some limitations in reproducing the full
amplitude range. To quantify this behavior, we examine the
marginal probability density functions (PDF) in Fig. 6.

Following the autocorrelation analysis, we subsample the
time series every 274 time steps (the decorrelation timescale)
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FIG. 4. Time series comparison for ensemble size N = 16 (left column) and N = 8§ (right column). (a), (b) Time series of the true state
x20 (TRUTH, black solid) and ensemble mean from PHYS (blue dotted), DDPM (gray dash-dotted), LAFDDPM (orange dash-dotted), and
LAFDDIM (green dash-dotted). (c), (d) Time evolution of continuous ranked probability score (CRPS).

to ensure statistical independence, yielding approximately
1820 effective samples from the extended cycling run of
500 000 time steps for each model. While the proposed mod-
els LAFDDPM and LAFDDIM maintain reasonable ensemble
spread and represent the wave propagation of TRUTH, they
exhibit a narrowed PDF, with extreme values appearing less
frequently than in the truth. The PDF analysis at N = 16 and
N = 8 (Fig. 6) quantifies this behavior and reveals whether it
is mitigated with larger ensembles.

Figure 6 compares the PDFs of xpy from TRUTH and all
tested models. At N = 16 [Fig. 6(a)], LAFDDPM closely
reproduces the overall shape of the TRUTH distribution, with
the peak location well matched but showing slightly elevated
probability density at the center and reduced density in both
tails, indicating mild tail attenuation. LAFDDIM exhibits
more pronounced compression with a noticeably higher and
narrower peak and substantially reduced tail probabilities.
In contrast, PHYS captures the tail regions reasonably well,
particularly on the right side, but with its peak shifted to lower
values. DDPM shows a broader, flatter distribution with a
leftward-shifted peak and overestimated probabilities in both
tails.

At the more constrained N = 8 [Fig. 6(b)], PDF nar-
rowing intensifies across all models. LAFDDIM shows the

most extreme case, with a tall, high peak and severely
underestimated tails. LAFDDPM exhibits a moderately com-
pressed distribution. PHYS and DDPM maintain relatively
good tail agreement despite leftward-shifted peaks. No-
tably, LAFDDPM demonstrates substantial improvement
from N = 8 to N = 16, suggesting that PDF narrowing can
be significantly mitigated with moderately larger ensemble
sizes.

Notably, LAFDDIM’s particularly strong PDF narrow-
ing reflects its deterministic sampling framework. Unlike
LAFDDPM’s stochastic diffusion process, which introduces
randomness at each reverse step, LAFDDIM generates
deterministic samples that systematically underrepresent fluc-
tuations. This results in an attenuated dynamic range that
persists even at larger ensemble sizes (N = 16), where
LAFDDPM substantially recovers distributional accuracy.
The deterministic nature of LAFDDIM thus presents a fun-
damental tradeoff: while maintaining temporal coherence and
computational efficiency, it inherently limits the represen-
tation of extreme values and the width of the long-term
distribution.

The PDF analysis may also reflect an intrinsic characteris-
tic of ensemble data assimilation with small ensemble sizes.
When the ensemble is severely undersampled relative to the
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FIG. 5. Hovmoller diagrams from the TRUTH and ensemble (N = 8) mean X from LAFDDPM, LAFDDIM, PHYS, and DDPM (left to

right).

system’s degrees of freedom, forecast uncertainty can be sys-
tematically underestimated and the Kalman gain subsequently
becomes negligible. In PHYS and DDPM, this underestima-
tion is severe enough that the analysis update fails to correct
the forecast, leaving the ensemble unable to track the true
state, while the long-term PDF retains tails comparable to
those of TRUTH. In contrast, in LAFDDPM and LAFDDIM,
the Kalman gain, although smaller than for a larger ensemble,
remains non-negligible. The correction through the analysis
update is smaller than it would be for a larger ensemble
in the early cycles. Consequently, the innovation y° — Hx/
remains non-negligible across cycles, and the analysis update
applies corrections persistently. These sustained corrections
throughout the forecast-analysis cycle reduce the frequency
of extreme values, concentrating probability near the center of
the distribution. In other words, the analysis update is effective
enough to keep the proposed models tracking the true state,
yet unable to fully restore its dynamic range. This limitation
arises because the rank-deficient background error covariance,
inherent to severely undersampled ensembles, constrains both
the magnitude and the structure of each correction. The result
is accurate tracking accompanied by a probability density
function that is paradoxically narrower than for the poorly
performing models.

We note, however, that this narrowing of the probability
density function does not undermine the predictive skill of the
proposed models. LAFDDPM and LAFDDIM closely track
the true state, as shown by the time-series agreement, the

CRPS, and the Hovmoller diagrams in Figs. 4 and 5. This skill
is sustained over the long term, as will be shown in Figs. 7
and 8.

Dynamical performance metrics (Fig. 7) further character-
ize model differences. Point-wise error statistics [Fig. 7(a)]
align with the distributional patterns in Fig. 6: PHYS (Bias
= +40.07, RMSE = 8.37) and DDPM (Bias = —0.10, RMSE
= 7.80) exhibit substantially larger RMSE than the proposed
models, while LAFDDPM (Bias = +0.10, RMSE = 4.47)
and LAFDDIM (Bias = —0.29, RMSE = 4.28) show sub-
stantially lower errors. Lagged correlation analysis [Fig. 7(b)]
reveals the same contrast in a different form: LAFDDPM and
LAFDDIM maintain high temporal correlation with TRUTH
(~0.8 at zero lag), whereas PHYS and DDPM exhibit sub-
stantially lower correlation (*0.2 and ~0.35, respectively)
despite their better tail agreement. This illustrates a funda-
mental distinction: PHYS closely reproduces the attractor’s
statistical structure but shows limited skill in maintaining
phase synchronization, whereas LAFDDPM and LAFDDIM
achieve strong temporal coherence while producing narrowed
PDFs.

To evaluate long-term stability, we examine CRPS evolu-
tion over the extended integration used for statistical analysis
(500000 time steps) at the challenging N = 8 ensemble size
(Fig. 8). For the two-level system [Fig. 8(a)], both LAFDDPM
and LAFDDIM maintain CRPS values consistently below
PHYS, with no evidence of drift or degradation throughout the
integration. This sustained performance demonstrates stable
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FIG. 6. Marginal probability density functions of x,, for (a) N =
16 and (b) N = 8. Colors indicate TRUTH (black), PHYS (blue),
DDPM (gray), LAFDDPM (orange), and LAFDDIM (green). PDFs
are estimated from 500 000 time steps (approximately 1820 indepen-
dent samples based on decorrelation time of 0.274 time units).

forecast-analysis cycling without requiring covariance infla-
tion or localization adjustments.

We further assess generalization capability by testing on
the three-level system [Eq. (3)], where x experiences forcing

from a two-tier subgrid cascade (y and z) rather than the
single fast scale of the two-level system. Figure 8(b) demon-
strates that the proposed models successfully handle this
increased multiscale complexity, maintaining stable CRPS
values comparable to the two-level case despite never having
been directly trained on the three-level configuration. This
successful generalization indicates that the models capture
robust dynamical features that extend beyond the specific
multi-scale forcing structure of their training environment.

IV. DISCUSSIONS

We have investigated diffusion model-based machine
learning algorithms for ensemble data assimilation in highly
nonlinear systems, with particular focus on performance un-
der varying ensemble sizes. Accurately predicting states that
align with observations presents challenges for data-driven
models, especially in systems where extreme events oc-
cur with low probability due to nonlinear dynamics. These
challenges intensify with small ensembles, where traditional
approaches often exhibit degraded performance.

Our evaluation reveals that the proposed machine-learning
models (LAFDDPM, LAFDDIM) achieve robust temporal
correlation and phase tracking even at small ensemble sizes
(N =8, N = 16), significantly outperforming both the phys-
ical model (PHYS) and the conventional machine-learning
approach (DDPM) in dynamical skill. This advantage stems
from the time-lagged sampling strategy, which preserves en-
semble diversity by varying the temporal positions from
which states are sampled during reverse diffusion, thereby
preventing filter divergence. The strategy sustains ensemble
spread without requiring covariance inflation or localization,
enabling stable forecast-analysis cycles even with severe un-
dersampling (N = 8 for a state of K = 40 variables).

From a methodological perspective, these findings reveal
several important insights for ensemble-based prediction in
strongly nonlinear, multiscale systems. When computational
constraints limit ensemble size far below the system’s degrees
of freedom, a common situation in complex geophysical,
plasma, or turbulent systems, ensemble diversity preservation

0.8
0.10
8 7.80 —— LAFDDPM
0.05 ; . —— LAFDDIM
0.00 . 0.6 —-— DDPM
0.05 i ) —.— PHYS
8 ] 4.47 450 2
£ 010 2, 5
~0.15 s 5
-0.20 "
-0.25 L
-0.30 0
© S &
& N ((QOQ & S ~100 -7.5 -50 -25 00 25 50 75 100
Na Na Time Lag
(@) (b)

FIG. 7. Statistical analysis from 500 000 time step integration for N = 8. (a) Pointwise error metrics (bias and RMSE) computed from
pooled ensemble members. (b) Lagged correlation computed from ensemble-mean time series.
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FIG. 8. Long-term CRPS evolution demonstrating sustained performance and generalization capability. (a) Two-level Lorenz *96 system at
N = 8 over 500000 time steps. (b) Three-level system with two-tier subgrid cascade, testing generalization to increased multiscale complexity
beyond the training configuration. Line styles: PHYS (blue dotted), LAFDDPM (orange dashed), LAFDDIM (green dashed).

may be as critical as the accuracy of the underlying dynam-
ical model. Our time-lagged sampling strategy successfully
preserves this diversity by varying temporal positions during
reverse diffusion, addressing the sensitivity of diffusion model
predictions to the reverse sampling process. This approach
enhances the model’s ability to track the true state, even when
ensemble size severely limits sampling capacity.

However, our analysis also reveals inherent tradeoffs in
undersampled regimes. Comprehensive statistical assessment
across extended simulations (500000 time steps, effective
sample size ~1820) shows that while the proposed models
maintain superior phase tracking, they exhibit attenuated PDF
tails, with extreme values appearing less frequently than in
the truth. This narrowing arises because the sustained analysis
update in the proposed models, while effective enough to
keep the ensemble tracking the true state, cannot fully restore
its dynamic range under severe undersampling, where the
rank-deficient background error covariance constrains both
the magnitude and the structure of each correction. While
LAFDDPM largely recovers distributional accuracy at N =
16, LAFDDIM shows persistent narrowing even with in-
creased ensembles. The deterministic nature of LAFDDIM
thus presents a fundamental tradeoff: while maintaining tem-
poral coherence and computational efficiency, it inherently

limits the representation of extreme values and the width of
the long-term distribution.

Future work will address two main directions. First,
given the computational efficiency of deterministic sampling
variants, exploring ways to improve extreme value repre-
sentation while maintaining their speed advantages remains
valuable, despite the fundamental constraints in severely
undersampled regimes. Second, extending these methods
to higher-dimensional systems and testing across different
types of nonlinear dynamics will help establish their broader
applicability.
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APPENDIX A: NOTATION SUMMARY

This appendix summarizes the notation used throughout this study in Table II.

TABLE II. Summary of notation used in this study.

Symbol Description

Diffusion model

Xy, Sample state at reverse step f;

t Reverse process step index

B, Noise variance at step #;

o, Scaling parameter at step t;

eé” ) Learned denoising function

oy, Noise standard deviation at step #; (zero for DDIM)

T Total number of diffusion steps (7' = 50)
T Subset sequence length (t = 10 < T = 50)

Dynamical system (Lorenz "96)

X Slow-scale state vector (K = 40)
Xk Slow-scale variable at grid point k
y Fast-scale state vector (J = 10)
z Sub-fast-scale state vector (/ = 10)
t Physical time
Data assimilation
N Ensemble size
M Dynamical model (numerical or machine learning)
x/ Forecast state (generic notation)
x4 Analysis state (generic notation)
x/ Forecast state of the n-th ensemble member
X Analysis state of the n-th ensemble member
X Slow variable (true state or mean over ensemble members)
b Forecast ensemble mean
X/ Forecast ensemble perturbations
y° Observation vector
i Individual observation at grid point k
H, Observation operator for the kth observation
Ry Observation error variance for the kth observation
X! Analysis ensemble mean after processing the kth observation
X¢ Analysis ensemble perturbations after processing the kth observation
x4 Final analysis ensemble mean after all observations are processed
X< Final analysis ensemble perturbations after all observations are processed
P{_,  Analysis error covariance before the kth update
Ky Kalman gain for the kth observation
o Square root update factor for the kth observation
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