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The correspondence between quantum and classical behavior has been essential since the advent of quantum
mechanics. This principle serves as a cornerstone for understanding quantum chaos, which has garnered
increased attention due to its strong impact in various theoretical and experimental fields. When dissipation
is considered, quantum chaos takes concepts from isolated quantum chaos to link classical chaotic motion
with spectral correlations of Ginibre ensembles. This correspondence was first identified in periodically kicked
systems with damping, but it has been shown to break down in dissipative atom-photon systems [Phys. Rev.
Lett. 133, 240404 (2024)]. In this contribution, we revisit the original kicked model and perform a systematic
exploration across a broad parameter space, reaching a genuine semiclassical limit. Our results demonstrate that
the correspondence principle, as defined through this spectral connection, fails even in this prototypical system.
These findings provide conclusive evidence that Ginibre spectral correlations are neither a robust nor a universal

diagnostic of dissipative quantum chaos.
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Quantum theory has raised a series of intriguing questions
since its early development. One key idea is how quantum
mechanics aligns with the predictions of classical mechanics,
which led to the formulation of the correspondence principle
[1,2]. The systematic observation of chaotic motion in non-
linear systems [3], along with its implications for engineering
and complex systems [4-7], has sparked a growing interest
in understanding how this phenomenon translates into quan-
tum mechanics, giving rise to the fruitful field of quantum
chaos [8—11]. The impact of quantum chaos on both theo-
retical and experimental topics of current interest, such as
thermalization [12,13], quantum metrology [14], quantum in-
formation [15-18], and high-energy physics [19-22], among
others [23], has motivated the study of dissipative quantum
systems [24-26], where the chaotic motion in the classical
limit is characterized by the emergence of chaotic attractors
[27-31].

Traditionally, the correspondence principle links classical
chaotic motion in isolated systems with universal spectral
correlations, as suggested by the quantum chaos conjecture
[32,33]. In contrast, classical regular motion corresponds to
uncorrelated energy spectra [34]. A key advancement in for-
mulating a correspondence principle in dissipative systems
involved extending the correspondence principle established
in isolated systems to the periodically kicked top with damp-
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ing [35]. These studies demonstrated that the presence of a
chaotic attractor in the classical limit corresponds to cubic
level repulsion in the Liouvillian spectrum of a Floquet op-
erator with complex phases, similar to what is seen in Ginibre
ensembles of non-Hermitian Gaussian random matrices [36].
In contrast, simple attractors correspond to linear level re-
pulsion in the Liouvillian spectrum. These two relationships
were recognized as the dissipative quantum chaos conjecture
[35,37,38].

The description established by the dissipative conjecture
has inspired the application of the spectral analysis to define
quantum chaos in dissipative many-body quantum systems
[38—43], which lack a classical limit, and categorize these
systems based on their symmetries [44—47]. Subsequent stud-
ies have been conducted to pinpoint specific behaviors of the
Ginibre spectral correlations in quantum evolution [48-50],
while others have attempted to detect these correlations exper-
imentally [51]. However, dissipative atom-field systems with
a well-defined classical limit have detected that the descrip-
tion of the dissipative conjecture fails [52], raising questions
about the reliability of its predictions. Alternative frameworks
for understanding dissipative chaos have also been proposed,
using properties of steady states [53—61] or focusing on dy-
namical signatures [59,62,63].

The previous discussion provides a perspective on the per-
plexing nature of what dissipative quantum chaos entails. In
this work, we investigate the periodically kicked top with
dissipation [35] that inspired the formulation of the dissi-
pative quantum chaos conjecture. A variety of research has
been conducted in this system, including studies of quantum
dynamics [64,65], classical motion in presence of dissipation
and pumping [66], semiclassical analysis [67-70], and alter-
native methods for modeling dissipation, such as stochastic
methods [71-74] and non-Hermitian Hamiltonian approaches
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[75-81]. The characteristics of non-Hermitian Hamiltoni-
ans have led to useful correspondence principles between
quantum and classical dynamics [82—-85]. The latest studies
of the kicked top have shown a connection between dissi-
pative classical chaos and measures of quantum complexity
[86]. Moreover, the kicked top in absence of dissipation is
a paradigm of classical and quantum chaos [87-94] and has
been the subject of fruitful research, including mixed-type
phase space dynamics [95,96] under the Berry-Robnik pic-
ture [97-99], scarring [100-102], entanglement [103-113],
localization [114], fractality [115-117], as well as experimen-
tal realizations [104,105,118-120] and metrological aspects
[121].

Our analysis of the kicked top with dissipation examines
a broad parameter space and reveals that the expected cor-
respondence between quantum and classical behavior is not
entirely valid. This provides conclusive evidence of the lim-
itations of Ginibre spectral correlations as an overall test of
dissipative quantum chaos.

Quantum kicked top. A periodically kicked top with dis-
sipation [35,64] is represented with the Markovian Lindblad
master equation [24-26], setting i = 1,

dp

— =L0p=—ilH®, pl+ Ap = (A —iL@)p, (1)
where £(¢) is the Liouvillian operator, L(t)p = [H(t), p] =
Lop +Lip ), 8 — n), and the dissipation process is chosen

as occurs in the theory of super-radiance [122]

~

Ap =—<2J_pf+ (Jd_, pY), 2)

where I' is the dissipation strength. The terms Lo p =
[Ho.1, p] come from the unitary dynamics represented by the
time-dependent Hamiltonian

A(t)=Ho+H ) 8¢ —n), 3)

where Hy = pfZ + (ko/(2j ))JAZ2 is a precessional motion
around the z axis controlled by the parameters p and ky. The
term H, = (k1/(2 j))ff is a rotational motion around the y axis
that appears periodically with unit period and is modulated by
the kick strength k. The Dirac delta function in Eq. (3) repre-
sents the periodic kick. The operators Jy, y,; and Je=Ji £ lJ
are usual angular momentum operators.

The operator J? with eigenvalues j(j + 1) is a conserved
quantity due to the commutation relations with the Hamilto-
nian in Eq. (3), the Floquet operator F' = ¢~#1¢=ifo_ and the
Liouvillian in Eq. (1), [A (1), J*]1 = [F, J*1 = [L(), J*] = 0.
The angular momentum basis | j, m,) provides a Hilbert space
with finite dimension 2j + 1 and a Liouville space with di-
mension (2j + 1)%. The parity symmetry of the Hamiltonian
system appears as a weak symmetry [123,124] in the dissipa-
tive system, [D, 77] [F ﬁ] = 0, where IT = ¢V:+iD s the
parity operator, Pp = [pI1", and D is the dissipative Floquet
operator that provides a kick-to-kick stroboscopic description
of the density operator
ol p(A—ilo) 5

,bn-&-l = len = Pn- (4)

Classical limit of the kicked top. The classical limit of
the periodically kicked top with dissipation is obtained by a
mean-field approximation for the expectation values of the
angular momentum operators (fx,y’z) = Tr(,bfx,y,z),

Jo=— |:p + koJ. — kyiJ, Z8(t - n):| +DJ, ()
= (p+koJ )y + T I, J,, (6)

Jo=—kidody Y 8t —n) =T (7 + 7). )

where we used the evolution law 8,J, . = £¥(t)J, . and
decoupled expectation values (J}fy) ~ (fx)(fy). The classi-
cal variables J, . = lim j_,oo(fx,y,z) /Jj represent an angular
momentum vector in the Bloch sphere, J = (J,,J,,J;) =
(cos ¢ sin B, sin ¢ sin B, cos 6), with conserved unit magnitude
|J| =1

The Hamiltonian dynamics can be recovered by switching
off the dissipation strength I' in Egs. (5)—(7), or by a mean-
field approximation for the expectation value of the quantum
Hamiltonian in Eq. (3) with Bloch coherent states of minimum
uncertainty, |a) = e®+~"/)|j —j), obtaining the classical
Hamiltonian

H() = tim O
j—00 J

=Hy+H ) 8t—n), (8

where Hy = pJ; + (ko/2)J7 and H, = (k;/2)J;}. The classical
variables J; , . = limj_>oo(a|fx,y,z|oz) /j provide the Hamilton
equations of motion J'x,y,z = {Jry H@)}.

The nonautonomous dynamical system in Eqs. (5)—(7) rep-
resents two processes of the classical motion. In the first
process, dissipation takes place continuously before the kick
and we can set k; = 0 in Eqgs. (5)—(7). The evolution of this
reduced dynamical system provides the solution J, .. The
second process is discrete and is defined by the action of the
kick (k; # 0) as a rotation around the y axis of the previous
solution, Jy , . = R(kiJy)J .. The last two processes allow
us to define a kick-to-kick stroboscopic description for the
dissipative classical motion in the same spirit as occurs with
the Hamiltonian motion

T = cos (kiJ2)J2 + sin (kJ)J ©)
.Ztl+1 — J;)z7 (10)
T = —sin (ki J2)J! + cos (kyJ7)J2 (11)

In the Supplemental Material [125], we present an alternative
classical description that considers dissipation as a decoupled
process from the unitary evolution [64,69,70].

Classical and quantum dissipative chaos. Chaotic mo-
tion in dissipative classical systems is described by the
appearance of chaotic attractors through different routes, such
as period-doubling cascades, intermittency, or quasiperiod-
icity [4-7,27-31]. The motion inside the chaotic attractors
generates an exponential divergence of the initial condi-
tions, which can be identified with Lyapunov exponents
h = lim,_, o limg, o2~ In(8(t)/80) [126—128], where §(¢) =
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|x; () — X»(¢)] is the separation in phase space of two trajec-
tories at time ¢ and 8o = §(0).

The dissipative quantum chaos conjecture relates the pres-
ence of chaotic attractors in the classical dynamics with a
level spacing distribution described by the Ginibre unitary
ensemble (GinUE) distribution [35,36,38]

o]

Painve(s) = [

k=1

T +k, s2) & 252K +e=s

-
K TA+K9)

12)

where I'(k,z) = [ ®dtt*"le™" is the incomplete Gamma
function. The spacing s; = |gp — | is defined as the min-
imum Euclidean distance between a reference eigenvalue ¢y
and its nearest neighbor ¢~ in the complex plane. On the
contrary, when simple attractors appear in the classical dy-
namics, the spacing distribution agrees with a 2D Poisson
function [35,38]

Poop(s) = %se—mz/“. (13)

The GinUE distribution is normalized with a first mo-
ment given by 5 = [~ ds s Painug(s) & 1.1429. For numerical
comparisons, we scale the GinUE distribution, ﬁGinUE(S) =
5PGinUE(Ss), to ensure that its first moment is also normalized,
fooo ds s Pginug(s) = 1. The limit s — 0 provides the power
of level repulsion, Pg(s) sP, which is determined by the
exponent §. In this way, linear (cubic) level repulsion, 8 = 1
(B = 3), identifies a regular (chaotic) dissipative quantum sys-
tem [8,35,37].

Quantum analysis of the kicked top. We begin with the
spectral analysis of the kicked top with dissipation by consid-
ering the complex eigenphases ¢, of the dissipative Floquet
operator defined in Eq. (4). The eigenphases are given by
the eigenvalue equation D)) = Aelhi)) = e¥|Ag)). As oc-
curs in isolated systems, the complex eigenphases need to be
unfolded to remove system specific behaviors [38,44,129].
To avoid this procedure, we use the complex spectral ratio
introduced in Ref. [40]:

o (011(\] N Dk

Ao
where NN stands for the nearest neighbor and NNN for the
next-to-nearest neighbor of the reference eigenphase ¢;. The
average of the quantities ry = |Z;| and 6y = Arg(Z;) pro-
vide limit values for numerical comparisons. The averages
(r)opp =2/3 and —(cosf)pp = 0 are obtained using the
2D Poisson distribution. For the GinUE distribution, we get
(r)inue ~ 0.74 and —(cos 0)ginug ~ 0.24.

Next, we present the analysis of the complex spectral ratio
for the kicked top with dissipation and use the parameters
considered in Ref. [35]. We restrict our study to the dissipation
region 0 < I" < 0.4. For dissipation strengths I > 0.4, the
numerical eigenvalues A; collapse to the center of the unit
circle and the corresponding eigenphases ¢, are basically
random numbers below the machine precision (see the Sup-
plemental Material [125] for complementary information).

In Ref. [35], an ensemble average for the parameter k, was
considered to minimize quantum fluctuations caused by the
small system size examined. In this analysis, we avoid the
ensemble average and instead reach the semiclassical limit

Zk = rie (14)
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FIG. 1. System size analysis in the kicked top with dissipation.
[(al)—(a3)] Average (r) and [(b1)—(b3)] average —(cos ) from the
complex spectral ratio in Eq. (14) as a function of the kick strength
k. Each column identifies a different case: ky = 0, ko = 10, and
ko = 20. [(c1)—(c3)] Average (r) and [(d1)—(d3)] average —(cos 6)
as a function of the parameter k. Each column identifies a different
case: k; = 1073, k; = 1.5, and k; = 8. In all panels, we show the last
averages for different system sizes j = 10, 30, 60, 80. The horizontal
blue (red) dashed line represents the limit of a quantum system de-

scribed by 2D Poisson (GinUE) statistics. System parameters: p = 2
andI' =0.1.

by increasing the system size j. Additionally, we consider
different values of the parameter ky to analyze its effect on
the system. In Figs. 1(al)-1(a3), we show the average (r)
as a function of the kick strength k; for three cases: ky = 0,
ko = 10, and ko = 20. Figures 1(b1)-1(b3) show similar plots
for the average —(cos #). In Figs. 1(c1)-1(c3) and Figs. 1(d1)—
1(d3), we present the corresponding averages as a function
of the parameter k for three cases: k; = 1073, k; = 1.5, and
k; = 8. In all cases, we show the averages for different system
sizes. We identify how the numerical results deviate from the
2D Poisson and GinUE statistics for small system sizes. By
increasing the system size, the numerical results converge to
the expected statistics.

Now, we choose the maximum system size j = 80 and
present in Figs. 2(al)-2(a3) density plots of the average (r)
as a function of the kick and dissipation strengths (k;, I')
for three cases: kg = 0, kp = 10, and ko = 20. Figures 2(b1)—
2(b3) present similar plots for the average —(cos®). Fig-
ures 2(c1)-2(c3) and Figs. 2(d1)-2(d3) show the last averages
for selected values of I". For ky = 0, we can see an unexpected
behavior for weak kick regions and low dissipation, where
the system captures GinUE statistics around k; = 0, tends to
reach 2D Poisson statistics at k; =~ 1.5, and recovers GinUE
statistics for stronger kick regions. In contrast, when dissi-
pation increases, the system tends to reach GinUE statistics
for all kick strengths. The cases with ky = 10 and ko = 20
show an overall transition from weak kick regions described
by 2D Poisson statistics to strong kick regions that capture
GinUE statistics. Surprisingly, the last transition is irrespec-
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1 0
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FIG. 2. Quantum and classical analysis of the kicked top with dissipation. [(al)—(a3)] Average (r) and [(b1)—(b3)] average —(cos ) from
the complex spectral ratio in Eq. (14) as a function of the kick and dissipation strengths (k;, I'). Panels (c1)—(c3) and (d1)—(d3) show the last
averages for specific dissipation strengths, I' = 0.1, 0.2, 0.3, 0.4. Each column identifies a different case: ky = 0, ky = 10, and ky = 20. In
panels (al)—(a3) and (b1)—(b3), the gray stripes represent the limits (k; — 0 and ' — 0), where the 2D Poisson and GinUE statistics do not
hold. In panels (al)—(a3) and (b1)—(b3), the horizontal blue (red) dashed line represents the limit of a quantum system described by 2D Poisson
(GinUE) statistics. In panels (al)—(d3), we use a system size j = 80 that provides 12961 eigenvalues with positive parity. [(e1)—(e3)] Fraction
of chaotic initial conditions in Eq. (15) and [(f1)—(f3)] average Lyapunov dimension in Eq. (16) as a function of the kick and dissipation
strengths (k;, I'). Panels (g1)—(g3) and (h1)—(h3) show the last quantities for specific dissipation strengths, I' = 0.1, 0.2, 0.3, 0.4. Each column
identifies a different case: ky = 0, kp = 10, and ko = 20. In panels (g1)—(g3), the horizontal blue (red) dashed line represents the limit of a
classical system with simple (chaotic) attractors, while in panels (f1)—(f3), corresponds to the Lyapunov dimension of a point (surface). The
average in phase space takes 1245 initial conditions evolved until 10° periods. We use p = 2 in all panels.

tive of the dissipation strength I', due to the inclusion of the
parameter k.

Classical analysis of the kicked top. The classical analysis
of the kicked top with dissipation, as presented in Ref. [35],
does not consider the effects of phase space contraction
induced by dissipation or those related to the phase space av-
erage of multiple initial conditions. Studying the transition to
chaos in classical dynamical systems requires a well-defined
invariant measure to quantify the fraction of chaos in phase
space [4]. In conservative systems this role is played by the
phase space volume, whereas, in nonconservative systems,
identifying such a measure is far more difficult. For leaking or
absorptive systems, where excluded coordinates break phase
space preservation, conditionally invariant measures can re-
store normalization [130-132]. In contrast, for dissipation
induced by channels in the Lindblad master equation, which
contract phase space, a practical formulation based on such
invariant measures is unclear and still lacking. In view of
this difficulty, and since the phase space volume measure
can correctly capture both the fully regular and fully chaotic
regimes, we define a fraction of chaos in direct analogy with
the conservative case

1
fe= —/ dQdPY(Q, P), (15)
Vo Jm

where T is a characteristic function that takes the value Y = 1
if the maximal Lyapunov exponent of an evolved initial con-
dition is positive, or Y = 0 otherwise [133]. The classical

variables J, , . can be transformed to the variables Q and P,
which provide a bounded phase space M = {(Q, P)|Q* +
P> < 4} with volume Vo = [, ,dQdP = 4m (see the Sup-
plemental Material [125] for further details). We utilize the
phase space M linked to the initial conditions to average
the characteristic function Y at time ¢t = O before the phase
space contraction, scaling the average by the initial phase
space volume Vp. In this way, f. = 1 defines a classical sys-
tem completely governed by chaotic attractors, and f, =0 a
system with only simple attractors. Additionally, we use the
Lyapunov dimension [134-137]

k
1

Dy =k+ E hi, (16)
i=1

[Py 1]

where k < N is the largest index of the Lyapunov spectrum
of an N-dimensional system, {h; > --- > hy}, which fulfills
the constriction Zle h; > 0. The Lyapunov dimension con-
stitutes an upper limit to the Hausdorff or fractal dimension
[4,138], which provides a measure of a chaotic attractor. In
the Supplemental Material [125], we present the correspon-
dence between the Lyapunov dimension and the Hausdorff
dimension.

We use the same parameters from the quantum analysis
of the kicked top with dissipation to conduct its classical
analysis. In Figs. 2(el)-2(e3), we show density plots of the
fraction f. in Eq. (15) as a function of the parameters k
and I", for the previous cases: ky = 0, ky = 10, and ko = 20.
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For ky =0, we identify a wide region of regular motion
for weak kick regions, where point attractors or limit cycles
appear. In contrast, the motion is dominated by chaotic at-
tractors for stronger kick regions. The cases with ky = 10
and ky = 20 show a reduction of the regular region for weak
kick regions and low dissipation. In these cases, the classi-
cal transition depends on the dissipation strength, as can be
seen in Figs. 2(gl)-2(g3) for selected values of I', where
the highest dissipation produces a delayed transition to the
chaotic regime. Complementarily, Figs. 2(f1)-2(f3) show den-
sity plots of the average Lyapunov dimension Dy in Eq. (16)
for the presented cases. Figures 2(h1)-2(h3) show Dy for
some values of I'. Regular regions dominated by point at-
tractors show a null Lyapunov dimension, which suddenly
changes to a unit value in regions with limit cycles. After this,
the Lyapunov dimension increases and reaches values slightly
below Dy, = 2, where the regions contain chaotic attractors.

Correspondence principle in the kicked top. There is an
alignment between the quantum and classical perspectives in
the strong kick regions. However, this correspondence breaks
down in the weak kick regions combined with high dissipa-
tion. The disagreement is more evident for the case with ky =
0. The cases with ky # 0 lead to a quantum transition that is
independent of the dissipation strength. This leads to partial
agreement within the weak kick regions when dissipation is
very low (I' < 0.1) and the dissipative system tends to behave
like the isolated one (see the Supplemental Material [125] for
a comparison). However, for higher dissipation, the classical
transition identified in the cases with kg = 10 and ky = 20
clearly depends on the dissipation strength, in contrast to the
quantum transition.

As reported in Ref. [35], for the parameters ky = 10 and
I' =0.1 shown in Fig. 2, the individual case with k; =0
shows an agreement between classical regular motion and
2D Poisson statistics. In contrast, the case with k; = 8
demonstrates alignment between classical chaotic motion and

GinUE statistics. However, for higher dissipation (0.1 < " <
0.4), the quantum-classical correspondence gradually breaks
down in the weak kick region. There is a clear region in
Fig. 2(c2) and Fig. 2(d2), 0 < k; < 2, where the statistics
developed by simple attractors [see Fig. 2(g2) and Fig. 2(h2)]
deviate from 2D Poisson statistics and tend to reach GinUE
statistics. A similar disagreement is identified when compar-
ing Figs. 2(c3)-2(d3) with Figs. 2(g3)-2(h3) for the case with
ko = 20. The mechanism of why a simple attractor could
develop GinUE spectral correlations is still an open question
[52].

Discussion. The study presented in this work demonstrated
that the correspondence principle fails in the kicked system
that inspired the current definition of dissipative quantum
chaos. This is supported by achieving a genuine semiclassical
limit for the quantum system. As a result, Ginibre spectral cor-
relations cannot be used as a test of dissipative quantum chaos.
This observation encourages new approaches to explore this
phenomenon. Important remarks arise in this regard. (1) The
concept of dissipative quantum chaos should be grounded in
a robust framework that incorporates a clear classical inter-
pretation and is not solely based on spectral correlations. (2)
Identifying the quantum fingerprints of classical chaotic struc-
tures appears to be a promising way to address this problem
[139,140].
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