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Investigating the dynamics of vibroimpact self-sustaining systems is of immense scientific interest, because
systems that undergo vibroimpact interactions can be found in various engineering contexts. Repercussions
and associated noise are prevalent in mechanical engineering. Conversely, in a self-sustaining system including
viscoelastic material, the damping component is influenced not only by the current time and position, but also by
previous states. The memory property of viscoelastic materials is determined by an exponential relaxation func-
tion and noise. Based on this viewpoint, this study investigates a self-sustained birhythmic vibroimpact oscillator
with improved memory damping subjected to correlated noise. In the beginning, the nonsmooth transformation
is implemented to eliminate the discontinuity in the vibroimpact oscillator. The detailed feature space analysis
reveals that the correlation time and vibroimpact coefficient can effectively control the oscillator’s rhythmic
characteristics. To identify the maximal birhythmic zone in parameter space, select an approximate restitution
coefficient and correlated noise intensity. In a stochastic environment, decreased noise intensity reduces the
essential quantity of the vibroimpact coefficient and control parameters required for birhythmicity. The Rayleigh
oscillator is a traditional nonlinear dynamics paradigm, and varying the nonlinear Rayleigh parameters together
with vibroimpact coefficients enables control of the nonlinear dynamic multirhythmic system. The reported
results demonstrate how the strength of correlated noise, correlation time, restitution coefficient, and system
characteristics influence the transition from one potential well to another, and Monte Carlo simulation is used
to confirm the stochastic generalized method’s effectiveness. Furthermore, for this self-sustaining system, the
method of recurrence plots is employed for numerical time series analysis, and the impacts of the restitution

coefficient and noise correlation time on recurrence quantification have been demonstrated.

DOI: 10.1103/xfdr-m6j4

I. INTRODUCTION

External disturbances can cause nonlinear behavior in en-
gineering systems, such as chattering, impacts, and collisions
[1]. Engineering practice frequently involves impacts, which
are necessary for some applications but avoided in others
[1-4]. For example, while the interaction of various structural
components is required for some processes, such as riveting
and hammering, the contact between rotor and stator is prob-
lematic. Impacts are a commonly studied topic in mechanics
and applied mathematics [3-7]. The impact’s nature should
be taken into account when choosing the model formulation.
A birhythmic system is a nonlinear dynamical system that
supports two distinct, coexisting stable oscillatory states under
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the same set of parameters. Birhythmic systems give efficient
and valid models of a wide range of vibrating systems that
occur when their components hit with stiff impediments or
with one another. There are two approaches for modeling
impact effects: the classical impact model [5] and the Hertzian
contact model [6-9]. The classical impact model, which is
often used in dynamical systems, considers the impact event
to be instantaneous by approximation, and the rebound ve-
locity after the instantaneous event is generally smaller in
magnitude. Furthermore, the Hertzian contact model provides
solutions to systems’ behavior that cannot be found by the
traditional impact model. However, it can only handle fully
elastic impact and is not relevant for scenarios when inelastic
impact is present [11]. Multirhythmic systems are common in
biological and engineering applications, especially in mecha-
nisms with inflexible impediments, clearances, or gaps [10].
It is of general interest to explore the dynamic behaviors
of vibroimpact systems because of their importance in ma-
chine and device optimization design, noise suppression, and
reliability testing. Vibroimpact systems differ from standard
vibrating systems in that they involve impact contact, resulting
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in nonsmooth, nonlinear effects that require extensive model-
ing and processing.

To perform numerical simulations of impact vibrations in
a nonlinear dynamical system such as the one employed in
this research, standard ordinary differential equation solvers
are typically utilized in conjunction with event-handling sub-
routines. Smoothed discontinuities in impact force models
can be used directly with typical ordinary differential equa-
tion solvers [12-14]. Nonlinear dynamics can be studied
using a wide range of mathematical techniques and method-
ologies [13]. Noise can affect oscillatory motion [15,16],
leading to transitions comparable to those between stable
points [17]. There is a significant body of literature on friction
stochastic multirhythmic systems and vibroimpact stochastic
systems. Many analytical approaches for smooth stochastic
multirhythmic systems, such as stochastic averaging and path
integration, become useless due to velocity jumps [11,18].
Wang et al. [18] studied the critical transition problem for
a stochastically forced birhythmic vibroimpact model with
improved memory damping regime effect. Ivanov [19] pro-
posed a nonsmooth coordinate; in [20-24], the writers used
an approximate method called stochastic averaging to study
the response and bifurcation of vibroimpact multirhythmic
systems. Zhu [25] employed the exponential-polynomial clo-
sure approach to investigate the stochastic response of a
vibroimpact system driven by external Poisson noise ex-
citations. Vibroimpact events are common in mechanical
engineering, often resulting in noise, wear, and complex dy-
namic responses. To capture these phenomena, vibroimpact
self-sustaining systems have been widely researched as non-
linear models with practical applications. Within nonlinear
dynamics, the Rayleigh oscillator is a standard model for

J

X+ wéx +Z(x, %) = pulcr — cx? + ax* — %% + u'2 £ (1),

Xp=—TX;, x=A,

where x is the displacement state variable, and its overdots
stand for differentiation with respect to time f, which form
velocity and acceleration state variables of the oscillator. wy
represents the linear undamped natural frequency of the oscil-
lator. o, B are the nonlinear control parameters that determine
the amplitude and stability of oscillations, ¢; and ¢, tune the
Rayleigh damping coefficients, controlling nonlinear energy
dissipation damping, and w modulates the nonlinearity of
damping. The birhythmic oscillator, which combines mod-
ifying parameters (primarily « and B) with a displacement
state variable, is suitable for modeling several biological pro-
cesses. Improved memory or viscoelastic damping Z(x, x)
encompasses both the historical and current stages of mo-
tion, based on the viscoelastic property of the material. The
constitutive calculation model is chosen as Z(x(z), x(t)) =
f(; p(t —t)[hx(t") + gx(¢')]dt’, where h and g reflect the ve-
locity and displacement feedback gains, respectively. p(¢) is
the relaxation function defined as p(t) = ¢ exp(’T’), where
A is the relaxation time with a non-negative value, and
¢ denotes its magnitude, which can be either positive or

investigating oscillatory regimes. Birhythmic systems, which
have two distinct stable oscillatory states, are particularly
interesting, as are multithythmic dynamics, in which many
rhythms coexist. These multithythmic reactions can be reg-
ulated and controlled by altering the nonlinear Rayleigh
parameters as well as the vibroimpact coefficients. This work
looks into how such parameter variations affect the dynamics
of vibroimpact self-sustaining systems, perhaps revealing new
insights into their controllability and engineering applications.
Previous studies on friction-damped and vibroimpact stochas-
tic systems have mostly focused on bifurcation. Inspired by
these points of view, this paper explores the significance of
noise parameter values, vibroimpact coefficients, and non-
linear parameters on escape time, residence time, mean first
passage time, time series, recurrence plot measurements, and
so on in the vibroimpact stochastic Rayleigh systems with
memory damping. The remainder of the article is structured
in the following manner. Section II provides an explanation
of the system and its simplification. Section III describes
the near-stationary solutions. Section IV provides an example
to demonstrate the usefulness of the proposed strategy and
discusses stochastic bifurcation. Finally, Sec. V contains our
conclusions.

II. ANALYTICAL ESTIMATES FOR THE PROPOSED
SELF-SUSTAINED VIBROIMPACT MODEL

A. Definition of the self-sustained model

We studied the following version of a generalized Rayleigh
oscillator to add better memory damping, a typical nonsmooth
condition (vibroimpact constraint), and a random contribution
to the oscillator. The system is regulated by the equations

x> A,

ey

(

negative. f(t) represents the Gaussian correlated noise, whose
statistical features can be characterized as < f(t) >=0, <
fOfe—1t)>= gexp(_"T_”), where D and t are the cor-
related noise intensity and correlation time, respectively. The
second equation of Eq. (1) defining the vibroimpact constraint
is composed of four elements: the position of rigid wall A; the
subscripts x, and x, refer to the velocities of the system pre-
ceding and following, respectively, the instant f5 of impacts
r, with 0 < r < 1 illustrating the degree of energy loss when
impact occurs and is known as the restitution coefficient.

B. Nonsmooth transformation

To convert the vibroimpact constraint, a mirror image
transformation must be used in conjunction with this unilat-
eral constraint. The nonsmooth transformation is proposed as
follows:

x=x; = |V| =VsgnlV),
¥ =x3 = Vsgn(V), )

X=X, = ngn(V),

054214-2



DYNAMICAL INVESTIGATION OF A MULTIRHYTHMIC ... PHYSICAL REVIEW E 114, 054214 (2026)

where sgn(V') is the signum function of V, such that

-1 if V <0,
sgn(V) = 0 ifv=0,
+1 if V> 0.

Obviously, the transformation Eq. (2) maps the domain x > 0 of the original phase plane (x, x) onto the whole phase plane
(V, V), and makes the transformed velocity V continuous when r = 1. Substituting Eq. (2) into Eq. (1), the equations of the new
variables can be written as follows:

V + &V +sgn(V)Z[sgn(V)V + A, sgn(VI)V] = ulc; — V> +aV* — VOV + u!Zsgn(V) f(t) — Awdsgn(V), t #ta,
V,, = rVn, r =1n. )

Here, the second equation of Eq. (3) is a constraint equation. Clearly, at ¢ = ¢, there is a discontinuity in the velocity due to the
impact when r # 1. The change in the velocity when y(f4) = 0 (at impact) is given by

Vi = V)8t —ta) = (1 = r)V8(t — 1p), “4)

provided |Vp| < |V| < |Vn|. Since V(1) ~ V(ta) + V(#)(t —t5) in a small time interval after impact and V (¢p) = 0, it follows
that one can approximate

8t —ta) ~ [V(@®)IS(V). )

Here, the function §(.) must be interpreted as some distribution function such that when applied to a smooth enough function
¢(t), one gets ffooo @(s)8(s —t)ds = ¢(t™). In other words, the function §(.) implies that the velocity is approximated to be just
prior to the impact. Note that the conventional interpretation of §(.) as a Dirac-delta function implies that §(.) takes the value
exactly at t = 5 and would lead to difficulties, as there would be a discontinuous factor V|V| at V = 0. The transformation in
Eq. (5) leads to modeling the effect of impact as a dissipation term, given by the approximation

(1 =Vt — 1) = (1 = VIV [5(V), 6)
given that |V,,| < |V| < |V,,|. This transformation allows “ignoring’ the impact condition. Because of the velocity discontinuity,
the impulsive damping can be interpreted to occur shortly before the velocity leap, and it is justified when (1 — r) is small,
i.e., when the coefficient of restitution is close to unity. Equations (4)—(6) contain more considerations on the distribution-based

interpretation of differential operations with nonsmooth functions. Equations (3)—(6) can be combined into a single equation of
motion in the form

V 4+ ajV +sgn(V)Z[sgn(V)V + A, sgn(V)V] = pulc; — V2 +aV* — VOV + u!sgn(V)f (1)
— (1 =r)VIVIS(V) — Awdsgn(V). (7)

C. Stochastic averaging approach

For tiny VI losses, random disturbances, and mild damping, Eq. (7) can be approached as a quasiconservative system with
the answer that follows:

Vi =V(t) = A(t)cos (1),
Vo = V(t) = —A@)@sin (1),
&) = art +0, (8)

with A, ¢, and 0 being random processes. Therefore, the IMDR term can be calculated with small delay ¢’ (see the Appendix for
more explanation),

sgn(V)Z[sgn(V)V; + A, sgn(V))Va] = AM@*A% + D)~ e ([e7*(@rsin(@t) — cos(@t) + A1 (A)) + 11gV;
+ [A@* — e (@sin(@t) + r@>cos(@t)) |V,
+[1 — e7"/*(cos(@r) — rdsin(@t))]hVs
+ [e ™ (rcos(@t) + @ 'sin(@t) + Ax(A)) — AlgVa), 9)

in which A(A), A»(A) denote the bounded functions of the VI constraint. As the system is confronted with excitations for a
long time period, enhanced memory mechanism control adds to damping and stiffness, which is commensurate with the physical
properties of viscoelastic materials [Eq. (9)]. The system equation has been shortened to

Vi + @&*Vi 4+ Awdsgn(V)) = pler — Vi 4+ aVy — BV + n 'A% (@° 2 + 1) 'ge — w hag (@2 + 17!
— 1N = )VaI8(VDIVa + ! Psgn(Vi) f (1), (10)
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where @ = M@°A> 4+ 1) [he A + ¢ gl + a)g. Setting A to the origin of unilateral constraint, potential energy £,(V;) and total
energy E of the converted system are expressed as

Y AT P _ 1.,
EWV) = [ dlxdx=0VE E=E,(i)+ Vi (1)
0

Based on this, one can obtain the equations for the amplitude A and the phase angle 6 from Eq. (10) as

dA

T = —M,BA75)65in8¢ + uaA55)4sin6¢ — uczA3d)zsin4¢ + uclAsinqu + Az(d)zkz + 1)71g§Asin2¢
—hAL(@* A% + 1) 'Asin’¢ — @' !/ *singsgn(Acose) f (1),

do 6~6 - 7 44 .5 2~2.:3 :

T = —uBA°@’sin’ pcos¢p + uaA"d"sin’ pcosp — e, A sin’ pcosg + pcisingcosep

+ 22(@° 2% + 1) grsingcosg — hal (@*2% + 1) singcosp — @ A7 !/ *cospsgn(Acosd) f (7). (12)

The stochastic averaging method [26] approximates (A, ) as a two-dimensional random diffusion process, allowing for the
mean drift coefficient and mean diffusion coefficient of the Fokker-Planck-Kolmogorov (FPK) equation to be obtained after
combining over the time frame of oscillations (27 /@). The Ito equation of the amplitude A(#) can be given,

dA = m(A)dt + o (A)dW(t), (13)

where W (¢) denotes a normalized Wiener process, and m(A), o (A) represent the mean drift and mean diffusion coefficients,
respectively,

m(A )———ﬁ 0A7 iosza)“AS—éc ,ua)A + ClHA
16 8 2
1 A uD
—/\2 D* 22+ 1) gt A — —has (@A + DA — @1 — S
@R DA @A DA e =0 T e
2 nD
A) — 14
o ( ) 67)2(1—’-772) ( )

The Langevin equation (13) of the Brownian motion of the particle in a three-well potential can therefore be approximated by

dUA)  [uD

A=— T ~2Wl, =G(A) + Wl, (15)
where
dUA)
GA)=— , 16
A) A (16)
and the effective pseudopotential U (A) is given by
35 5 3 1
U(A 22 BLaSAS — 4A6 1 2 At — o A2
@) = T002PH% gg X H@ AT+ Hand 4H
A? uDIn(A)
- (Mg —OA+ (1l — ) — — ————. 17
de g T oA el =N - S T e {17
The stationary oscillating states are achieved for U (A)/9A = 0, with the associated amplitude equation reading
+ ﬁ[ 280B8@°A° + 320a@*A* — 384c,@°A% + 512¢1]
b (% — hA0)A — (1 —r) P (18)
2(0*A2 + 1) 2(1 +12)atA
Along the same line, one can derive the FPK equation for the amplitude in the form
PAD L a0 + - o, ), (19)
=——[m ——o
ot 2 9A?

054214-4



DYNAMICAL INVESTIGATION OF A MULTIRHYTHMIC ...

PHYSICAL REVIEW E 114, 054214 (2026)

Solving Eq. (19), one obtains the stationary probability density function (PDF) for the amplitude in the form

PA) N, fA 2m(v)d
= eX —dav
2@ Pl o)
N,0%A(1 2 35(1 2
i S L ( +r)exp ——( +r)ﬂ&)8A8
) 512D
51413 6 3047 ., A+ .,
T atAt — T a2 a2A
T ~%p ¢ 6p V4 T Top 9@
(1+TZ) 242 ~2 ) 3 A2(1‘|‘7«'2)
—— (A — W hAL)AT — l—r)——— |, 20
ZMD(®2A2+1)(w 8¢ — @"hAg) @ (1 —r) nD (20)
where N, is the normalization constant which satisfies
© @A(1 + 72 35(1 + 72 51 + 72 3(1 472 1 472
N, = / eAlrr) )exp BESlCh ) ),3508148—1——( ki )acDGAG— +7) )025041444-—( T )6‘1(7)21‘\2
o D 512D 48D 16D 2D
-1
1 2 1 2)A?
_UHT) e — A’ — a3 — A s 1)
2uD(@?A% + 1) urD

By executing %

the equation,

= 0, the extrema A,, of the distribution expression from Eq. (20) are controlled by the positive real roots of

35(1 2 5(1 2 3(1 2 1
1= 20T s 2UAT) pege  AUETD) gage L AFTD g2
64D 8D 4D D
1 2 1 242
_UFT) arer — oA’ — 2071 — AT 22)
uD(@*A% + 1) uDm
Then, the stationary PDF of the total energy E = E,(A) = 1@®”A? can be retrieved so that
P(E) = P(A) a4l _Fa) (23)
N dE| @%A
A=E; \(E)

The initial approximation for the combined probability density of displacement and velocity can be determined as follows:

P(E)

_ KowO(l + tz)

ua)(z)(l +1%)

P(x1,x) =

T(E)

_1~=2.2,1.2
E=30°x{+35x3

2
2
_ 32<xg . _)
,
0

n 32
—a
3

with T(E) = Z.

@

III. CRITICAL TRANSITIONS ANALYSIS

Next, we are able to discover the viable transition even-
tualities of the oscillator consistent with Eq. (1) on the basis
of numerical strategies to help in getting rid of limitations on
analysis. The consequences of the Rayleigh damping variant,
VI constraint, viscoelastic force, and correlated noise at the
differences of the SPDF from one shape to any other can be
elaborated with the parameter reference value ¢; = 1.0, ¢; =
—1.0, wp=1.0, ¢ =-0.01, A =1.0, r=0.95, o« =3.0,
B=125 D=0.7 h=0.0, g=1.0, and u = 0.01, unless
otherwise specified.

2nD

ko?(14+12) . (prm X3
_|_0Twplsm T—a)p x%+w—2(2) ,

512D

2
exp 256 x7 + —22
@
3 4
2 2
X2 2 %
2] _5 22
5) i)

(24)

(

A. Birhythmic properties and effect of vibroimpact coefficient
on pseudopotential

This section summarizes the dynamical attractors of the
birhythmic vibroimpact oscillator with improved memory
damping regime and correlated noise excitation. The param-
eters « and B determine whether the system depicted by
Eq. (1) has one or three limit cycles (if three limit cycles are
achieved, two are stable and one is unstable). The unstable
limit cycle is the separatrix between the basins of attraction
of the two stable limit cycles with differing frequencies. In
Fig. 1, we show the bifurcation lines that contour the region of
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0.03

0.025 -

0.02

. Monorhythmic zone

0.0151
0.01

0.005

Birhythmic zone

0 0.05 0.1 0.15 o 0.2 0.25 0.3 0.35

FIG. 1. Domain of existence of three limit cycles in plane
(o, B). The parameter values are ¢; = 1.0, ¢; = —1.0,w9 = 1.0, ¢ =
—0.01,A=10,r=1.0,D=0.0,h=0.0,g=1.0,and u = 0.01.

birhythmicity in the parameter (o, 8). In this figure, we
present both birhythmic and monorhythmic regions. To an-
alyze the effects of the control parameter on the amplitude
response A(a) or A(B), we again consider stationary oscilla-
tions from the amplitude equation defined in Eq. (18) to derive
the resulting amplitude as a function of the control parameter.
This is shown in Fig. 2, where there appears a sudden jump:
The amplitude response shows multiple limit solutions for low
o and B. Figures 2(a) and 2(c) compare numerical simulation

(blue lines) with analytical results (black lines) to validate
the analytical approach’s results. Birhythmicity allows for the
change of two stable attractors with clearly different periods
(or frequencies) and amplitudes of oscillations by varying
the perturbation or control parameters appropriately. Jumps
arise when nonlinear damping and control parameters («, )
change the balance of energy input and dissipation. When
damping is weak, the oscillator can maintain two separate
rhythms. The unstable branch serves as a threshold dividing
basins of attraction, which explains why modest parame-
ter changes cause rapid alterations. The stable and unstable
limit-cycle amplitudes are numerically determined using the
fourth-order Runge-Kutta method [solving Eq. (1) without
noise], as shown in Fig. 3. We plot the velocity as a function
of position for different parameters («, 8) of the existence
field of three limit cycles. We observe that the system’s be-
havior varies as the parameters change. These figures indicate
the struggle between self-sustaining Rayleigh energy input;
here, the unstable cycle is the trajectories within it decay
to the small-amplitude rhythm, while those outside increase
toward the large-amplitude rhythm. Generally, the region of
existence of three limit cycles, a condition for birhythmicity,
decreases with the increase of the nonlinear parameter; see
Fig. 4(a), and increases when the correlation time increases;
see Fig. 4(b). We can remark that for this system [Eq. (1)],
the value of the control parameter where the birhythmicity is
presented can be more than 50; this was not the case for the

20

FIG. 2. Amplitude versus control parameter « [(a) and (b)] and S[(c) and (d)]. Corresponding to (b) and (c), the solid line denotes the
stable solution, and the dashed line represents the unstable branch. In (a) and (c), the blue lines and the black lines correspond respectively to
the numerical results and the analytical result. The other parameter values are: ¢; = 1.0, ¢; = —1.0, wy = 1.0, ¢ = —0.01, L = 1.0, r = 1.0,

D =0.0,h=0.0,g=0.0,and u = 0.001.
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* (o B)=(0-1, 0.002)°
6 .

Velocity
o

—2t ,

-4+ 4

—6f ]

-8 . . . . . . .
-8 -6 -4 -2 0 2 4 6 8

Position

8 T T T T
sl (0, B) =(0.255, 0.0184) ]

Velocity
o

—2} ,

4t ,

s ,

_8 . . . . . . .
-8 -6 -4 -2 0. 2 4 6 8
Position

(o, B)= (0.17, 0.004)

Velocity
o

Position

(s B)=(0.288, 0.0256)

Velocity
o

-2t ]

-4} 4

s ,

-8 . . . . . . .
-8 -6 -4 -2 0 2 4 6 8

Position

FIG. 3. Corresponding phase space plot showing the location of the stable limit cycles (solid lines) along with the unstable limit cycle
(dotted lines) for different control parameters taken in the birhythmic zone when the parameter values are: ¢; = 1.0, c; = —1.0, @y = 1.0,
¢ =-001,2=10,r=1.0,D=0.0,h=0.0,g= 1.0, and . = 0.001.

birhythmic Van der Pol system. Finally, in Fig. 5, we represent
the bifurcation diagram for the system parameter plane (r, D)
when the control parameter is taken in the birhythmic zone
[Fig. 5(a)] and in the monorhythmic zone [Fig. 5(b)]. A higher
restitution coefficient results in reduced energy loss at im-
pact, which promotes the coexistence of many rhythms. Noise
strength works as a destabilizing factor: little noise main-
tains birhythmicity, whereas excessive noise pushes escape
between wells, reducing the birhythmic region. The effect
of (o, B) taken in the monorhythmic region in the domain
of (r, D) where the system is birhythmic is shown, and we

250

: é (a)
200 Mo b

-~ 20 40 o 60 80 100 120

can conclude that the coupling of noise and the vibroimpact
system can reduce the monorhyhmicity to a birhythmicity.
This occurs, see Fig. 5, for high values of the parameter r and
D, close to the disappearance of the birhythmic region. We
display in Figs. 6 and 7 the variation of the pseudopotential
versus the amplitude A for the sets of parameters (o, 8), for
different values of the vibroimpact coefficient r (Fig. 6), for
different values of C; [Fig. 7(a)], and for different values
of C, [Fig. 7(b)]. For the free-colored noise self-sustained
birhythmic vibroimpact system, i.e., D = 0, the shape of
the pseudopotential shows the double well characterizing the

500

400

3001

2001

100

0 20 40 60 80 o, 100 120 140 160

FIG. 4. Nonlinear parameter (a) (when t = 0.12) and correlation time (b) (when u = 0.01) effects on the domain of existence of three limit
cycles in plane (c, 8). Parameter values are ¢; = 1.0, ¢c; = —1.0, wp = 1.0, = -0.01,A =1.0,» =0.95,D = 0.1, h = 0.0, and g = 1.0.
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birhythmic behavior and for almost all control parameters
(o, B), the depth of potential in Az is widely bigger that the
one in A;, meaning that for a variation of almost all the
parameters of the system, it will be highly unlikely within the
explored parameter range for this potential well to disappear.
The depth of the well represents the system’s stability, with
a deeper well resulting in a more effective energy barrier.
Increasing the vibroimpact coefficient, we discover that the
two wells endure, despite the influence of r, for attractors
(o, B) = (0.17, 0.0035), but the depth in A; disappears from
a value of C; and C,. However, stability is compromised as the
wells go shallower.

B. Transition rate

1. Vibroimpact and correlation time effect on escape time
Jfrom the periodic attractors

At nonzero-colored noise intensity (D # 0.0), because of
the bistability of the potential present for a low setting value
of the random force, two cases appear in Figs. 6 and 7.
When the system is trapped at the minimum, the effective
potential moves from left to right (or in the opposite direction)
depending on the initial condition. During the escape, the
vibroimpact system under colored noise excitation crosses the

10 r=0.85| "_20
=VU. (a)

.....

10 10.5 11 11.5

Pseudopotential, U(A)

5 ~_=-
L L L L L

4 6 8 10 12 14
Amplitude, A

1.0,¢c, = -1.0, wp = 1.0, ¢ = —-0.01, A = 1.0, © = 0.01, = = 0.0001,

unstable limit-cycle amplitude A, (i.e., |A| > A», respectively,
|A| < A;) with an activation energy provided by the random
force, which is equivalent to the depth of the left (respectively,
right) well of the bistable potential.

Knowing the depth of the bistable potential’s wells, the
transition time from one well to the other is computed by
taking the average of a series of times 7; required for the
system to move from one attractor to another under the in-
fluence of correlated noise. For each series, the integration
starts at# = 0, and the system is initialized in one well. Using
the finite-difference approach with the time step, we estimate
the time 7; by numerically integrating equation (15). The
system’s random movement caused by noise indicates that
the transition or escape occurs with probability one in a finite
amount of time. The inverse of Kramers’ escape rate is the
escape time expressed by the following expression:

T; = exp % (25)
Thus, 7; corresponds to the average transition time of the
system from an attractor with limit-cycle amplitude A; to an
attractor with limit-cycle amplitude Az, and T3 corresponds
to the reverse case. For a set control parameter («, §) taken
in the birhythmic region in Fig. 1, we present in Fig. 8 the
average escape time (on a logarithmic scale) as a function of

_____ (b)

r=0.85

Pseudopotential, U(A)

-5 . . . . . . . .
0 1 2 3 4 5 6 7 8 9

Amplitude, A

FIG. 6. Effects of the vibroimpact coefficient on the pseudopotential U(A), Eq. (17), for two different control parameters («, 8): («, B) =
(0.09,0.001) (a) and (&, B) = (0.17,0.0035) (b). The parameter values are ¢; = 1.0, c; = —1.0, wy = 1.0, { = —0.01, A = 1.0, D = 0.02,

n=20.01,7r=0.1,h=0.0,and g = 1.0.
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the inverse of the correlated noise intensity D’ for a low-noise
strength and in the both transitions (A; — A3, A3 — A;). It
is observed that the logarithm of the average escape time
obtained starting from simulations for the limit-cycle ampli-
tudes A and Aj increases exponentially with the reverse of
the intensity D of the correlated noise. With the parameter
sets («, B), we find that the variation of the average escape
time strongly depends on the nonlinear coefficients and the vi-
broimpact coefficient and, for high values of correlation noise
intensity, the depth of the well of potential with the limit-
cycle A; decreases significantly, and the system will leave it
quickly. For different values of the vibroimpact coefficient, the
logarithmic average escape time from one attractor to another
is not a linear function of the inverse correlated noise intensity.

2. Residence time

In Fig. 8, it is also observed that for large values of the
intensity of the correlated noise, the system escapes quickly
from the attractor with limit-cycle A;.

Figure 6 does not show the duration of the system in a
specific attractor. The average persistence time or residence
time on the attractors is provided below. The vibroimpact sys-
tem can spend short or extended periods of time in attractors
with stable limit-cycle amplitudes A; or Az, depending on the
correlated noise intensity. For example, because the well in
Aj is deeper, the system spends considerably more time in the
limit-cycle attractor A3 due to the high energy barrier. The

residence times Rs; and Rs3 indicate the relative stabilities of
attractors in A; and As, respectively. To measure the various
escape times or transition times from one well to the other, we
found the average persistence or residence time Rs; 3 on the
attractors with limit cycle amplitude A; 3 as

2 (U(Az)—U(A1)>
Rs) = |+—e——exp | ———=
U(ADIU (A2)| D
Rss = 2—” exp (M) (26)
U(A3)|U (A2)| D

This preamble helps to numerically verify the residence time
analysis. In reality, the quantities Rs; are both numerically ac-
cessible by direct simulations of the entire model equation (1)
and analytically predicted by Eq. (17) via Eq. (26). Correlated
noise can significantly alter the dynamics of a deterministic
system. Figure 9 illustrates how correlated noise strength af-
fects residence time. In this figure, we plot the residence time
in both transitions, in both analytical (solid lines) and numeri-
cal (dashed lines), and we remark that for the set vibroimpact
value, when correlated noise intensity increases, the residence
time in the transition A; — A3 decreases and the other one
in the transition A3 — A; increases. Regarding Fig. 9, it is
important to note that the agreement between numerical and
analytical results is fairly good in all the transitions. The com-
bined effects of correlation time and vibroimpact coefficient
on residence time are presented in Fig. 10. We confirm that for
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a vibroimpact system, the transition between the two opposite
cases where one attractor is overwhelmingly dominant (i.e.,
a change of 2 orders of magnitude of the relative residence
times) occurs within a very narrow change of the vibroim-
pact coefficient and correlated noise parameters. Stronger
correlated noise supplies more energy to the system, help-
ing it overcome pseudopotential barriers between attractors.
This accelerates transitions and reduces residence times in
one rhythm. Longer correlation durations indicate that noise
disturbances remain, occasionally resonating with the oscil-
lator’s inherent frequency and encouraging escapes. Higher
restitution coefficients reduce dissipation during hits, allowing
the system to store more kinetic energy and switch rhythms
more quickly.

3. Mean first passage time

A bistable system is a foundational theoretical model for
understanding nonequilibrium phase transitions, which have
many important properties in nonlinear stochastic systems.
In this regard, a bistable gadget is technically based on re-
search into the statistical features of a bistable model. The
average first-passage time in bistable vibroimpact systems
with weak damping caused by correlated noise excitations is
investigated. The mean first-passage time can characterize a
nonlinear vibroimpact system’s transient behavior under cor-
related noise excitations. This study examines how correlation
time, vibroimpact coefficient, and potential asymmetry affect

mean first-passage time (MFPT) in an asymmetric bistable
vibroimpact system with additive correlated noise at both
crossings. Numerical results presented in Fig. 11 show how
the correlation time and vibroimpact coefficient affect the
MFPT in the same way; the coupling strength and asymmetry
of the potential affect the MFPT in the same way. Increased
correlation time improves the escape rate; however, increased
vibroimpact diminishes the escape rate. So, for three values of
vibroimpact, we plot the mean first passage time as a function
of correlation time when noise intensity is 0.2.

4. Vibroimpact and correlated noise effects on energy barrier

In nonequilibrium vibroimpact systems without a bona
fide potential, energy barriers are evaluated indirectly. Af-
ter computing Kramers’ escape time, Eq. (25) yields the
maximum height of the potential barrier (energy of acti-
vation). The effective activation energy is determined by
low-correlated noise intensity asymptotes; nevertheless, in-
cluding high-correlated noise strength points (i.e., locations
where the relationship is not linear) in the computing process
can have an impact on the accuracy of numerical-simulation
results. In the reverse interpretation of Kramers’ reasoning,
the effective activation energy is the slope of the logarithm
of the escape time function of the reciprocal of the correlated
noise intensity [27] for very low-correlated noise strengths.
This approach uses the barrier of the effective potential AU, 3
to summarize system behavior during escape times. Indeed,
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by adapting a straight line through the data points in the linear
part of Eq. (25) and measuring its slope (in Fig. 8), we obtain
an evaluation of AU, and AUs, the respective activation ener-
gies necessary for the system to escape from the attractor with
limit cycles A; and A3. Here, we collect the simulations of Eq.
(1) with numerical simulations proposed in [26] to confirm
the analytical results. We begin by investigating the low-noise
behavior to check that the pseudopotential approximation is
valid, as shown in Fig. 12. The numerical simulations have
been performed to retrieve the escape rate, analogous to Eq.
(26) from numerical simulations of Eq. (1). This prediction

of the theoretical analysis, as summarized by Eq. (17), is con-
firmed in Fig. 12, where we plot numerical (dashed blue lines)
and analytical (solid black lines) energy barriers AU; and
AUsj as a function of the vibroimpact coefficient [Fig. 12(a)]
and correlation time [Figs. 12(b) and 12(c)]. When the effect
of vibroimpact is presented, decreasing and increasing lines
denote AU; and AUjs, respectively. When the influence of
correlation time is displayed, growing and decreasing lines
denote AU, and AUs, respectively. We consistently observe
a similar pattern for both analytical and numerical outcomes.
Figure 13 illustrates the 3D plot of these energies.

FIG. 10. Plot of 3D residence times versus correlation time and vibroimpact coefficient for two different values of correlated noise intensity
and in the both transitions (A; — A3 and A3 — A;). The parameter values are ¢; = 1.0, ¢c; = —1.0, wy = 1.0, ¢ = —0.01, A = 1.0, » = 0.01,

h = 0.0, (a, B) = (0.288, 0.0256), and g = 0.0.
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IV. RECURRENCE PLOTS QUANTIFICATION
AND STOCHASTIC BIFURCATIONS: FOKKER-PLANCK
EQUATION OF THE AVERAGED ORBIT
PROBABILITY DISTRIBUTION

A. Correlation time and restitution effect on time series
and recurrence analysis in self-sustained VI system

The techniques in this subsection are illustrated using data
from numerical investigation of System 1 with the set param-
eters: ¢; = 1.0, ¢, = —1.0, vy = 1.0, £ = —0.01, A = 1.0,
D =0.08, h = 0.0, and g = 0.0. Recurrence analysis in non-
linear systems for time series is based on the study of a matrix
Re, whose members are defined as
1:0,~®;

Reij = 0:0i#£D; l,] =1 N, (27)

where ®(x, y) is the state vector, N is the length of the time
series, i and j refer to the row and column of the matrix,
respectively, and ®; ~ ®; are equal to an error of €. These
indices also refer to time t = iAt, where At is the sampling
time. The elements of the matrix Re are determined by com-
paring the state of the system at time i,j, obtained with a
threshold accuracy of €. Thus, formally,

Rejj = 0(e — [|P; — @D, (28)

with ||(.)]| being the Euclidean norm, and 6(e — || ®; —
O =1if € > ||P; — D), O(e — |®; — P;[) =01if € <
[®; — @;|| is the Heaviside function. The graph of the re-
currence plot is obtained by plotting the Re;; elements with

different colors. By this definition, the recurrence plot dia-
gram is always symmetric (i.e., Re;; = Re;;). Note that in
data-based time series analysis, it is important to reconstruct
the phase space of the system by estimating the correspond-
ing time delays and the embedding dimension. This is the
dimension of the homeomorphism of the actual (real) phase
space in which the dynamics of the system are fully described.
In this analysis, without loss of generality, it is assumed
that the homeomorphism is the actual space itself. In other
words, the embedding dimension is equal to 2 (which cor-
responds to the dimension of the state vector ®(x, y)), and
the time delay between x and y can be determined from the
average mutual information. It is important to emphasize that
the choice of € is important, and several techniques for select-
ing the appropriate value of € have been developed in various
research fields such as medicine, mechanics, and recurrence
plot theories. In each case, the choice of the threshold recur-
rence € is not unique, but it largely determines the analysis.
A recurrence plot (RP) is a plot showing, for each time point
J, the times at which the state of a dynamical system returns
to its previous state at i, i.e., when the phase space trajectory
visits approximately the same region of phase space as time
Jj- In simpler terms, it is a plot of X(i) ~ X(jj), showing i on a
horizontal axis and j on a vertical axis, where X is the state
of the system (or its phase space trajectory). By using the
RPs technique on our system, we discovered that the basin
of attraction in Fig. 3 can also be derived by calculating the
probability of recurrence (one of the well-known recurrence
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quantification analysis parameters [28]), which may be uti-
lized to identify the domains

N*‘[()

Z Ri itz (€),

i=0

1
_N—‘L’Q

RR, (29)

where 7y is the set time and N is the total number of points
in the phase space. Our goal here is to provide an estimate
of the possibility that the system returns to its prior structure
after time 19, also known as the tg-recurrence rate. To justify
the choice of embedding and threshold, three checks are per-

(@)

1.0, c; = —1.0, wp = 1.0, ¢ = -0.01, A = 1.0, u =0.01,

formed in Fig. 14 for a representative case in the birhythmic
regime for (o, B) = (0.144,0.005) and r = 0.99. First, the
delay 7 is selected as the first local minimum of the average
mutual information (AMI) between x(z) and x(¢ + 7o) [29].
This minimum occurs at 1o = 1.16 time units as shown in
Fig. 14(a). Second, the embedding dimension is verified using
the false nearest-neighbors (FNN) algorithm of Kennel et al.
[30]. The fraction of false neighbors falls from 94.4 percent
at m=1 to 0.0 percent at m =2 and remains negligible
for m > 2 [Fig. 14(b)], confirming that a two-dimensional
embedding is sufficient and consistent with the dimension

FIG. 13. Plot of energy barriers in three dimensions as a function of the vibroimpact coefficient and correlation time [panel (a) when
A = 0.1] and noise vibroimpact coefficient and A [panel (b) when t = 0.1]. The parameters of the system are: («, 8) = (0.09, 0.001), ¢; = 1.0,
¢ =—-1.0,0=1.0,¢, =-0.01,D=0.2, u =0.01, h=0.0, and g = 1.0.
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of the physical state vector ®(x, x). Although the full state
vector ®(x, x) is available from the numerical integration of
Eq. (1), the recurrence and mutual information analysis of
this section is carried out on the delay-reconstructed vector
D, (t) = [x(2), x(t + 190)], so that the method remains ap-
plicable to a single observable (as would be the case for
experimental time series). Third, the sensitivity of the recur-
rence quantification to the threshold € is tested over the range
€ € (0.10, 0.15,0.20, 0.25,0.30)0 where o is the standard
deviation of the reconstructed trajectory following the fixed
number of neighbors recommendation of Marwan et al. [28].
As shown in Fig. 14(c), the recurrence rate varies smoothly
with € (RR = 0.023 at 0.100 to RR = 0.070 at 0.300), with
no discontinuity indicative of a qualitative change in recur-
rence structure over this range. We therefore retain € = 0.2 for
consistency with the pseudopotential and escape-time analysis
of Sec. III, noting that this choice lies within a stable region
of the (e, RR) relationship.

Two representative time series for four exemplary values
of the restitution coefficient are shown in Fig. 15(a;). The
figure shows the results of two initial conditions, namely,
one around the origin, (xg,xo) = (0.1,0.1) (to target the
small-amplitude LC) represented by the black line, and an-
other far from the origin, (xy, xo) = (6.0, 6.0) (to target the
large-amplitude LC) represented by the blue lines. The time
series plots for different values of the restitution coeffi-
cient clearly depict the presence of birhythmicity in the VI
model. The recurrence rate (RR) is the most straightfor-
ward indicator of RQA, whose definition is 1% > R; j, which
corresponds to the chance that a state would repeat. Illus-

tration of the system free response is shown in Fig. 15 for
the parameters of Fig. 3 for («, ) = (0.144,0.005), r =
0.99 [Figs. 15(a;)-15(cy1)], r = 0.97 [Figs. 15(az)-15(c2)],
r =0.95 [Figs. 15(a3)-15(c3)], and r = 0.93 [Figs. 15(a4)—
15(c4)]. In Figs. 15(b;) and 15(c;), the RPs of both initial
conditions are indiscernible. The graphs corresponding to
the initial condition (xg, yo) = (0.1,0.1) are presented in
Fig. 15(b;), while those for the initial conditions (xg, yo) =
(6.0, 6.0) are shown in Fig. 15(c;), and we note that, as with
limit cycles, RPs are also very sensitive to initial conditions.
States of nonlinearity can be determined using a recurrence
analysis method on a time series data collection, and by de-
ciphering some quantification characteristics of a given data,
the condition of occurrence in the future may be established.
In the absence of correlated noise, Fig. 16 shows how the self-
sustained vibroimpact system’s recurrence rate varies with the
restitution coefficient. The recurrence rate indicates the like-
lihood that the system will return to a previously visited state
after a specific time, providing information about the stability
and predictability of oscillatory dynamics. A higher restitution
coefficient (closer to elastic impact) indicates lower energy
loss during collisions. This permits the system to maintain os-
cillations with a larger frequency, resulting in higher repetition
rates. This figure demonstrates that, in the absence of exter-
nal stochastic forcing, the restitution coefficient can regulate
the degree of regularity in the system’s dynamics. Vibroim-
pact dissipation shapes recurrence parameters and determines
whether the system exhibits strong birhythmic behavior or
wanders towards irregular oscillations. Lower restitution co-
efficients, on the other hand, cause greater dissipation at
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FIG. 15. Response of the vibroimpact system for (o, ) = (0.144, 0.005), ¢; = 1.0, ¢c; = —1.0, wp = 1.0, { = —0.01, L = 1.0, D = 0.0.

(a;): Time series plots when the initial condition is taken near the inner orbit (blue curve) and the other orbit (black curve) when r = 0.99
(ay), r =0.95 (a2),r = 0.92 (a3), and r = 0.90 (a4). (b;) and (c,) correspond to the recurrence plots of the vibroimpact system when the initial
condition is taken respectively near the first orbit and near the second orbit with » = 0.99 (b; and c;), r = 0.95 (b, and ¢;), r = 0.92 (b3, c3),

and r = 0.90 (by, c4).
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FIG. 17. Time series of different transitions, recurrence plots, and mutual information versus delay for different values of correlation time:
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impacts, disrupting periodicity and decreasing the likelihood
of recurrence. Without correlated noise, recurrence behavior
is essentially determined by the balance of self-sustaining
Rayleigh energy input and dissipation during strikes. When
energy loss is small (r = 1.0), trajectories are restricted to
stable limit cycles, resulting in numerous recurrences. When
energy loss is substantial (» < 1.0), trajectories deviate more
strongly, lowering repetition rates and indicating diminished
rhythmic stability.

In Fig. 17(a;), in the both initial conditions (blue line
for the small-amplitude LC) and (black line for the large-
amplitude LC), a sequence of discrete-time data points, which
is listed in order of time, is plotted for four different val-
ues of noise correlation time. We can observe that when
the correlated noise intensity is 0.08, for a very small value
of correlation time, the time series is almost the same for
the both initial conditions and starts to be different when
7 > 0.04. Then, the influence of the correlation time on the
RPs is presented in Fig. 17(b;) for a fixed value of the noise
intensity. Based on the qualitative change in correlation time,
the behavior of a trajectory of a dynamic system in phase
space. The correlation time governs how long random fluctua-

tions remain coherent before decorrelating, and it has a direct
impact on the system’s ability to switch between attractors.
Mutual information, in brief, measures the amount of data
that we acquire by measuring one random variable against
another. Interestingly, very short delay times provide near-
linear reconstructions with substantial correlations between
consecutive phase space points, but extremely lengthy delays
may obfuscate the deterministic structure that connects points
along a single degree of freedom. If the delay period corre-
sponds to a characteristic time in the underlying dynamics, the
reconstruction process may also be affected. The mutual infor-
mation between two attractors versus time delay is plotted in
Fig. 17(cy), and it is shown that for all values of the correlation
time, this mutual information decreases when the delay time
increases. For a delay of 20 ms, for example, the mutual in-
formation is 1.8076, 2.0342, 2.1086, and 2.4081, respectively,
for T = 0.00001, 0.001, 0.1, and 0.5. When noise is nearly
white (extremely short correlation), the perturbations are fast
and unstructured. The system receives regular little kicks, but
these are ineffective at facilitating transitions across possible
barriers. As a result, the time series exhibits prolonged resi-
dence in one attractor with fewer changes. Finally, quantifying
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the dynamics of the multithythmic Rayleigh system using
recurrence plots provides a handy way to compare even the
hidden recurrence aspects of their dynamics. Figure 18 shows
the effect of noise correlation time on recurrence rate. These
dynamics were highly variable since they were discovered to
be quite sensitive to variations in correlation time and restitu-
tion coefficient, which explains their importance in adapting
vibroimpact systems to external inputs. The correlation time
essentially adjusts the memory of the stochastic force. Short
memory (low correlation) creates frenetic but ineffective per-
turbations, whereas long memory (high correlation) generates
organized disturbances that can either reinforce or destabilize
rhythmic states. This explains why the quantity, timing, and
regularity of transitions in the time series are substantially
dependent on correlation time. These figures show that not
only noise strength but also its temporal structure (correlation
time) are important in determining birhythmic transitions. It
demonstrates how correlated noise can operate as a rhythm-
switching regulator, providing a technique for tuning stability
in engineering systems and understanding rhythm variability
in biological oscillators. These findings demonstrate that re-
currence plots are an effective diagnostic tool for detecting
birhythmic and multirhythmic regimes. They present quan-
titative evidence that vibroimpact dissipation and associated
noise are major controllers of rhythm changeover. In practice,
tuning restitution coefficients and noise parameters allows
one to intentionally regulate the predictability, stability, and
variability of oscillatory activity in engineering and biological
systems.

B. Stochastic bifurcations: Fokker-Planck equation
of the averaged orbit probability distribution

A higher correlated noise intensity increases the proba-
bility density of amplitude and the likelihood of stochastic
bifurcation caused by control parameters [26,27]. In this sec-
tion, various degrees of control parameters, the restitution
coefficient, which represents the degree of energy loss of the
system when an impact happens, and noise correlation time
are studied to ensure the dependability and precision of the
suggested approach. The suggested method’s accuracy was
verified by comparing the analytical stationary probability
density to numerical results from the original system (1).
Several techniques and algorithms exist to solve stochastic
differential equations [27], including the implicit midpoint
rule with Heun and Leapfrog approaches, as well as quicker
numerical algorithms like the stochastic version of the Runge-
Kutta approaches and a quasisymplectic algorithm [17,26,27].
The Box-Muller approach generates exponentially correlated
noise-distributed random variables from Gaussian white noise
and two uniformly distributed random numbers on a particular
interval, as outlined in [17]. Whenc; = 1.0, ¢, = —1.0, wy =
1.0, ¢ = —-0.01, u = 0.01, h = 0.0, and g = 1.0 are fixed, all
stationary probability of amplitude A for different correlation
times, control parameters [shown in subcaptions (i)—(iii)] and
nonlinear parameters are shown respectively in Figs. 19 and
20. By fixing the correlation time, the vibroimpact coefficient,
and the nonlinear parameter, an interesting revival and col-
lapse of multirhythmicity with variation of correlation time
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and nonlinear parameter can be detected in Figs. 19 and 20,
respectively. In these figures, the comparison between the
analytical result (solid lines) and the Monte Carlo simulation
(dots) is done, and good agreement between these two simu-
lations is observed. These figures indicate that the influence
of noise correlation time and the nonlinear parameter on the
response of the vibroimpact system (1) exists. For t(u) =
0.1(0.00025), 7 (0.1), the amplitude distribution is, respec-
tively, unimodal and bimodal when (&, 8) = (0.17, 0.004).
With a gradual increase of system parameters, the peaks of
the PDF change considerably, and when the correlation time
is taken in the b-rhythmic region, for example, the bifurcation
has a different behavior (see the case where T = 0.1 and 7
in Fig. 19(a). Concretely, the increase of noise intensity D
leads to the reduction of all stationary PDFs of amplitude,
displacement, and velocity. Figures 21, 22, 23 and 24 show
the effects of the system parameters on the joint probability.

V. CONCLUSION

This research investigates the steady-state behavior and
bifurcation of a nonlinear vibroimpact multithythmic ex-
tended Rayleigh system with friction generated by actual
correlated noise. The nonsmooth transformation simplifies
the vibroimpact self-sustaining system without obstacles, fa-
cilitating the extraction of theoretical results from it. The

transformation transforms a nonsmooth system into a smooth
multirthythmic system with low damping, modest noise inten-
sities, small friction amplitudes, and restitution coefficients
near unity. Stationary probability density functions are found
using stochastic averaging. The PDF distribution of the im-
pact multithythmic system is further investigated in detail,
taking into account parameters such as excitation intensity,
control variables, correlation time, and restitution value. The
proposed methods’ analytical results are confirmed through
comparison with the original nonlinear systems’ simulated
results. Analyzing the stationary response allows exploration
of the stochastic P-bifurcation. The impact of the system
parameter on energy barriers, escape time, residence time,
and first passage time is explained. The combined probability
density functions show that the interaction between friction
amplitude and restitution coefficient can trigger the occur-
rence of stochastic P-bifurcation. Hence, by examining the
crucial transition behavior of the system in this research, we
can uncover when and how the Rayleigh damping variation,
random noise, enhanced memory damping, and restitution
coefficient of nonsmooth constraint act as the tipping point
to indicate the desired dynamic motion of the multirhythmic
oscillator. This helps in comprehending different real me-
chanical vibration processes. In addition to pseudopotential
analysis, escape times, MFPT, and recurrence analysis are
developed to provide a complementary perspective on system
dynamics. Recurrence plots analyze the temporal structure
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FIG. 21. Effect of correlation time on the joint probability, for (¢, 8) = (0.17,0.004),¢c; = 1.0,¢, = —1.0,D = 0.7 wy = 1.0, ¢ = —0.01,
n=0.01,2=0.0,and g = 1.0.
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FIG. 22. Effect of correlation time on the joint probability, for (¢, 8) = (0.17,0.004),¢c; = 1.0,¢, = —1.0,D = 0.7 wy = 1.0, ¢ = —0.01,
n=0.01,2=0.0,and g = 1.0.
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FIG. 23. Effect of nonlinear parameter & on the joint probability, for («, 8) = (0.17,0.004), ¢; = 1.0, ¢; = —1.0, D = 0.7 wy = 1.0,
¢ =-0.01,7 =0.12, h = 0.0, and g = 1.0.
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of oscillations in time series data, while energy-based ap-
proaches measure transitions between attractors. Quantifying
recurrence rates and determinism can reveal minor changes
in stability and predictability that potential-based techniques
can not capture. Recurrence analysis is especially useful for
systems with correlated noise and nonsmooth effects where
trajectories are irregular and standard measurements may not
adequately convey the complexity. Furthermore, we demon-
strated that stable orbits can lead to two coexisting attractors in
the presence of an external correlated noise stimulus, and that
noise and restitution coefficient have a significant influence
on recurrence rate quantification. Low recurrence rates are
associated with poorer stability, as anticipated by pseudopo-
tential analysis, but variations in determinism are associated
with escape time distribution.
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APPENDIX

In this Appendix, we extend the demonstration of Eq. (9),

sgn(V)Z[sgn(Vi)Vi + A, sgn(V)V2] = / cexpl(t' —1)/A1(gA(t )cos(at’ + 6)
0

+ sgn[A(¢)cos(at’ + 0)1gA — hdvA(t )sin(@t’ + 60))dt’

0

t
= / dt'(gecos(@t e ™" Vi + hecos(at e ™V,

+ @hesin(@re V) — &7 ggsin(@r eV,
+ sgn(A(r — 1")cos(@(t —1') + 0))gAe™ /%)
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=A@ 2% + D)7 'c([e7*(@rsin(@t) — cos(@r) + A (A))
+ 1gVi + [1@* — e~"*(@sin(@t) + A@*cos(@t ))]hV;
+ [1 — e *(cos(ar) — A@sin(@r))]hVs

+ [e7"*(Acos(@t) 4+ &~ 'sin(@r) + Ar(A)) — A]gha).
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