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Large deviation properties of minimum spanning trees for random graphs
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We study the large-deviation properties of minimum spanning trees for two ensembles of random graphs with
N nodes. First, we consider complete graphs. Second, we study Erdős-Rényi (ER) random graphs with edge
probability p = c/N conditioned on being connected. By using large-deviation Markov-chain sampling, we can
obtain the distribution P(W ) of the spanning-tree weight W down to probability densities as small as 10−300. For
the complete graph, we confirm analytical predictions with respect to the expectation value. For both ensembles,
the large-deviation principle is fulfilled. For the connected ER graphs, we observe a remarkable change of the
distributions at the value of c = 1, which is the percolation threshold for the original ER ensemble.
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I. INTRODUCTION

Graphs and networks [1–6] are ubiquitous in modeling
systems such as chemical molecules, disordered materials,
energy grids, spread of diseases, and social networks. Graphs
can be analyzed in many ways, like the calculation of con-
nected components, graph diameter, resilience to node or edge
removal, communities, minimum matchings, spectral prop-
erties, and many more; all these have found applications in
physical systems.

Here, we are concerned with the fundamental analysis of
ensembles of random graphs, which has been addressed to
some extent in the literature. For example, for the distribution
P(S) of the size S of the largest component of random graphs,
there exist analytical [7] and numerical results [8,9] covering
the distribution over the full support, i.e., including the large-
deviation properties, where the probabilities are exponentially
small. In a similar way, the distributions of the graph diameter
of random graphs have been studied analytically [10] and
numerically [11]. There are also problems where, for given
graphs, optimized subgraphs are constructed. For example,
for graph matchings, subsets of pairs of connected nodes are
considered, with a weight W given by the weights of the edges
connecting the pairs. Here, results are known concerning the
expectation value of the weight [12–14]. Also, the large-
deviation behavior of the distribution P(W ) for complete
graphs has been obtained from replica and cavity calculations
[15]. With respect to numerical results, the high-probability
part of the distribution P(W ) has been addressed [16].

Here, we consider a different type of subgraph, namely
spanning trees, which are subsets of edges of a graph such that
all vertices are connected to each other by exactly one path.
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Being a tree, for N nodes the spanning tree has N − 1 edges. If
the edges carry weights, like distances or costs, the minimum
spanning tree is, among all spanning trees, the one where the
sum W of the weights of the tree edges is a minimum.

The study of optimum trees dates back [17] to the works
of Fermat and Torricelli in the 17th century. In practical
applications and research, spanning trees have found many
applications, e.g., to set up transportation networks [18], re-
construct evolutionary trees [19], cluster data [20], detect
communities [21], determine patterns in images [22], and
many more. In statistical physics, among several other appli-
cations, spanning trees have been analyzed by counting [23]
or enumerating [24] them. Also, spanning trees have been
used to analyze atomic deposition structures on surfaces [25],
avalanches in sandpile models [26], transport [27] and other
technical networks [28], stock markets [29,30], and fractal
properties of percolation clusters [31–33]. Finally, spanning
trees have also attracted the attention of mathematicians,
where we use some of the work [34–40] for comparison with
our results below. In particular, the behavior of the distribution
P(W ) of weights has been addressed in a few cases [36,38],
yet without explicitly calculating the distribution or the related
rate function. Furthermore, we are not aware of numerical
studies of P(W ) addressing the tails of the distribution.

In this work, we numerically study the distribution P(W )
of the weights of minimum spanning trees for two random
ensembles, where we address the distribution over a large
range of its support, down to exponentially small probabilities.
The first ensemble consists of complete graphs, where the
edge weights are randomly, independently, and identically
distributed (iid) uniformly in the interval [0,1]. For this case,
the expectation value of W in the limit of a large number
N of nodes is known [35]; it is also known that the prob-
ability of deviating from this value decreases exponentially
with N . But details about the distribution are not known. The
second ensemble we consider consists of Erdős-Rényi (ER)
random graphs conditioned on being connected; again, the
weights are iid uniform in [0,1]. Here, to the best of our
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knowledge, nothing is known about the distribution P(W )
at all, not even numerically. The approach we use utilizes a
Markov-chain Monte Carlo large-deviation sampling [8,41]
of random graphs, which allows us to access the tails of the
distributions down to exponentially small probabilities such
as 10−300. This means we can obtain the distribution over
a very large range of its support. This ability is useful to
verify the so-called large-deviation principle [42,43]. Also, we
hope that our study motivates more analytical work, possibly
involving approximation techniques, which can be compared
to our results.

The paper is organized as follows. In Sec. II, we introduce
minimum spanning trees, the graph ensembles we use, the
quantities we measure, and mention previous results that are
relevant to our work. Next, in Sec. III, we explain the algo-
rithms we have used to obtain the distribution of spanning-tree
weights over hundreds of decades in probability density. In
Sec. IV, we present our results before we finish with a sum-
mary and outlook.

II. MODELS

A graph G = (V, E ) consists of N nodes i ∈ V and M
undirected edges {i, j} ∈ E ⊂ V (2). For each edge {i, j} ∈ E ,
the nodes i and j are called adjacent. The edge is said to be
incident to these two adjacent nodes. The degree of a node
i ∈ V is the number of nodes adjacent to i. A sequence P =
(i1, . . . , il ) of nodes, where all pairs ik, ik+1 of consecutive
nodes are adjacent, is called a path of length l − 1; the two
nodes i1 and il are called connected by the path P. If a path
connects a node with itself, i.e., i1 = il , the path is called a
cycle. A graph that does not contain a cycle is called acyclic.
If all nodes in a graph are connected, the graph is also called
connected. Here, we consider weighted graphs, i.e., each edge
{i, j} ∈ E is assigned a real-valued weight wi, j .

A spanning tree T = (V, ET ) for a given graph G = (V, E )
consists of the set V of nodes and an acyclic subset ET of E
that connects all nodes, i.e., a tree that spans the graph G. The
total edge weight of a spanning tree is the sum

W (T ) =
∑

{i, j}∈ET

wi, j, (1)

of the weights of the edges of the tree. The minimum spanning
tree (MST) of graph G is a spanning tree whose weight W (T )
is minimal; we denote the MST’s weight for this given graph
as

WG = min
T

W (T ). (2)

Note that, in general, the minimum spanning tree may not be
unique, but for the ensembles we consider here, this is the
case, so we can speak of the MST.

Here, we do not consider just single specific given graphs,
but ensembles of fixed or random connected graphs with, in
any case, randomly chosen edge weights. This means that the
minimum spanning tree weight W is a random variable and
will be described by a probability distribution with density
P(W ). If we denote the probability density of obtaining a
certain graph G, which is meant to include the edge weights,

by Q(G), one has

P(W ) =
∑

G

δWG,W Q(G). (3)

Note that, since the weights are continuous variables, the
∑

G
actually also involves an integral, but we keep the summation
for simplicity. Obtaining, i.e., numerically estimating P(W ),
including the low-probability tails, is the purpose of this work.

The first ensemble we consider consists of weighted com-
plete graphs G = (V,V × V ), where only the weights wi, j are
iid uniform random variables in [0,1], i.e.,

wi, j ∼ U (0, 1).

For this ensemble, the expectation value 〈W 〉N was ob-
tained analytically [35] in the limit of infinite graph size
N → ∞ as

〈W 〉N → ζ (3)/D where ζ (3) =
∞∑

k=1

1/k3 = 1.202 . . . . (4)

This actually holds for arbitrary distribution functions F (wi j )
of non-negative edge weights, where D = F ′(0) > 0 is the
probability density at 0. In the present case with a uniform
distribution on [0,1], we have D = 1. This is compatible with
a previous result [34] that 〈W 〉N � 2(1 + log n/n). Recently,
the finite-size corrections of 〈W 〉N have also been calculated
[40]. With respect to the distribution, the typical part becomes
Gaussian in the limit of large N with variance about 1.6857
[37]. Concerning the tails, which are our main concern here,
it has been shown [36,38] that the deviations from the typical
value decrease exponentially with the graph size N , i.e., fulfill
the large-deviation principle; see the end of this section.

Second, we study a special ER [44] random graph ensem-
ble. Standard ER random graphs with parameter p ∈ [0, 1] are
constructed as follows. One starts with a set of N vertices,
then iterates over the N (N − 1)/2 possible pairs of nodes and
adds each edge {i, j} ∈ V (2) with probability p. Of particular
interest are sparse ER graphs with p = c/N , where c denotes
the average degree of a node in the graph.

To study MSTs, we require the graphs to be connected.
Thus, the second ensemble consists of ER random graphs con-
ditioned on being connected. Technically, depth-first search
[45] is used to verify connectedness. If a graph is not con-
nected, it is discarded in the analysis. Note that for small
values of c, typical ER graphs are not connected. Here, the
Markov chain Monte Carlo (MCMC) approach presented be-
low is more efficient for generating connected ER random
graphs.

In large-deviation theory [42,43], one considers the prob-
abilities P(X ) for random quantities X . The tails of P(X )
describe the large deviations from the typical values of X .
Here, we consider X = W , and the corresponding intensive
quantity w = W/(N − 1). Often these deviations are, for large
values of N , exponentially small in N as

P(W ) 
 e−N�(w), (5)

with the rate function �(w), which often depends on the
intensive quantity. This form of the distribution has a very
specific dependence on the system size N , separated from the
intensive quantity w. Using the small-o notation, this means
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that

P(W ) = e−N�(w)+o(N ), (N → ∞). (6)

The so-called large-deviation principle holds if, loosely speak-
ing, the distribution has the form of Eq. (5) and the empirical
rate function

�N (w) ≡ − 1

N
ln P(wN ), (7)

converges to �(w) as N → ∞. Due to the logarithm, both
the normalization and the subleading term of P(W ) become
additive contributions to �, which go to zero as N → ∞.

III. ALGORITHMS

An MST can be conveniently calculated by using Prim’s
algorithm [18,45]. It begins with a randomly selected node i,
which is the first node of the tree. Then the algorithm treats i
and all subsequent nodes added to the tree in the same way: all
edges adjacent to it are added to a priority queue. Iteratively,
the current minimum-weight edge {k, l} is pulled out of the
queue. At least one node of the edge will already belong to
the tree. It is checked whether both nodes k and l belong to
the tree. If yes, the edge is disregarded. If not, say k is in the
tree but not l; l is added to the set of tree nodes. Also, the edge
{k, l} is added to the tree edges, and all other edges incident
to l , except {k, l}, are inserted into the priority queue. When,
during the selection from the priority queue, m edges with the
equal (smallest) weight appear, the degeneracy is broken by
randomly selecting one with probability 1/m. As mentioned
above, due to the real-valued edge weights, there will be no
degeneracy here. The algorithm stops when all nodes belong
to the tree. The running time of Prim’s algorithm as described
above is of the order of O(M log N ).

To estimate the distribution P(W ) in the high-probability
region, direct sampling is straightforward: one generates K
graph samples and determines the weight of the minimum
spanning tree WG for each sample G. Each graph G occurs
with its natural ensemble probability density Q(G), which
includes the edge weights and, for the ER ensemble, the struc-
ture of the graph. Therefore, by calculating a histogram of the
values for W , an estimation for P(W ) can be obtained. Also,
the mean or the variance can be estimated rather accurately.
Nevertheless, with this direct sampling, P(W ) can only be
measured in a regime where P(W ) is relatively large, about
P(W ) > 1/K . Unfortunately, the distribution usually decays
exponentially with the system size N when moving away from
its typical (peak) value. Thus, even for moderate system sizes,
the distribution remains unknown over most of its support.

To estimate P(W ) for a wider range of weights, including
very small probability densities of the order of 10−100, we
use a different approach [8,41,46]. Here, we display only the
main ingredients of the algorithm; for a pedagogical introduc-
tion, see Ref. [47]. The basic idea is to generate graphs with
a modified density that includes an additional exponential
(Boltzmann) factor exp(−WG/θ ), where θ is a temperature-
like parameter that controls the weight. More precisely, using
the natural probability density Q(G) for a graph, the modified

density is given by

Qθ (G) = 1

Z (θ )
Q(G) exp(−WG/θ ) , (8)

where Z (θ ) is a suitable normalization that involves the inte-
gral over all possible assignments of the edge weights and,
for ER graphs, the sum over all possible graphs. We de-
note this combined sum and integral for short as Z (θ ) =∑

G Q(G) exp(−WG/θ ).
Now, one needs to sample graphs G according to the mod-

ified density Qθ (G). Since we are not aware of a method to do
this directly, we generate Markov chains by using standard
MCMC simulations. The Markov chain is given by graphs
G(0), G(1), . . ., i.e., the current configuration at step t is given
by an instance G(t ) of a graph, with weights. We use the
Metropolis-Hastings algorithm [48–51], which is applied here
as follows. At each step t , a candidate graph G∗ is created
from the current graph G(t ) by first copying G(t ). Next, the
candidate graph G∗ is modified slightly. Different techniques
are used for the two different graph ensembles:

(1) In the case of complete graphs, an edge {i, j} is se-
lected randomly, with uniform probability 1/M, where M =
N (N − 1)/2. The weight of the selected edge is changed to a
new random value with uniform probability in the range [0, 1].

This weight change is performed in total for a certain num-
ber nc of edges; for details on how nc is chosen, see Sec. IV.

(2) In the case of ER random graphs, a node i is selected
randomly with uniform probability 1/N . All edges adjacent
to i are removed. Then, for all pairs i, j, new edges {i, j} are
added with probability p = c/N , and their weights are drawn
uniformly from the range [0, 1].

Here, for each graph, only one change is performed be-
cause each change involves O(N ) potential edges [52].

If, in the ER case, the candidate graph G∗ is not connected,
it is immediately rejected. This means that the initial graphs
also need to be connected. Therefore, most of our simulations
begin with a complete graph, even for the ER ensemble.

Note that these steps for generating the candidate graph
G∗ are done with respect to the original statistics of the two
ensembles. This ensures that the sampling involves the factor
Q(G) in Eq. (8).

Next, if a connected candidate graph G∗ is created, we
calculate the weight WG∗ of its minimum spanning tree.
The candidate graph is accepted (G(t + 1) = G∗) with the
Metropolis probability

p = min{1, e−[WG∗ −WG(t )]/θ }. (9)

In case the candidate graph is rejected, the current graph is
kept, i.e., G(t + 1) = G(t ). Thus, this Metropolis step ensures
that the bias factor exp(−WG/θ ) is included in the MCMC
sampling. Since the construction of G∗ is according to Q(G),
this completes the sampling according to Eq. (8).

In practice, the temperature parameter θ allows us to
bias the sampling toward graphs with larger or smaller MST
weights. An infinite temperature leads to acceptance of all
configurations, which gives access to the typical values. Pos-
itive (negative) θ allows us to sample graphs with smaller
(larger) MST weights than the typical one.

By construction, the algorithm fulfills detailed balance. It
is also ergodic, since within M or N steps, respectively, each
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FIG. 1. Equilibration of the Markov chain: time series W (t ) for
ER graphs with N = 512 and c = 5 for two different initial config-
urations, a complete graph (all wi j = 1) and a path graph (all wi j

near 0).

possible graph may be constructed. The graphs G(t ) at the
beginning of the Markov chain will resemble the initial graph
G(0) and not represent typical graphs with respect to Qθ (G).
Thus, one has to discard the first part of the Markov chain, i.e.,
equilibrate the simulation. To check equilibration, we monitor
the time series W (t ). The simplest idea is to consider the time
series equilibrated if no systematic trend is visible anymore,
only fluctuations. This is particularly well visible if one starts
two independent runs with initial configurations that lead to
very different initial weights W (0), such that the time series
will converge to the equilibrium range from different sides.
As an example, we consider the ER ensemble with N = 512
and c = 5. For one initial graph, we take the complete graph
with all weights set to wi j = 1. Thus, W (0) = 511. For the
other initial graph, we start with a path graph of 511 edges
where all weights are randomly close to zero. Here, W (0) is
about 0.2. The resulting time series W (t ) are shown [53] in
Fig. 1 for two different temperatures, θ = −0.1 and θ = −1.
In the first case, equilibration takes some time, more than 105

steps, while for θ = −1, equilibration is reached faster.
Another way to investigate the equilibration progress of the

MCMC simulations is to calculate correlations with the initial
configuration of the form

C(t ) = 〈W (0)W (t )〉0 − 〈W (0)〉0〈W (t )〉0

〈W (0)2〉0 − 〈W (0)〉2
0

, (10)

where the average 〈. . .〉0 is over different initial graphs and
weights, and over different stochastic histories of the MCMC
simulation. The result for ER random graphs with N = 512
and c = 5, averaged over 100 independent runs, is shown in
Fig. 2. After some time, the measured weight is practically
decorrelated from the initial one. Again, it is visible that for
the temperature parameter θ = −1 the Markov chain evolves
faster compared to θ = −0.1. Note that, when looking at C(t ),
the timescales to reach C(t ) ≈ 0 are somewhat smaller than
those needed to observe equilibration when looking directly
at W (t ), as shown in Fig. 1.

FIG. 2. Decorrelation of the Markov chain: time series C(t ) for
ER graphs with N = 512 and c = 5 for random initial configurations,
averaged over 100 runs.

Note that, for θ = −0.1, the observed weights W (t ) are
close to the maximum possible value W = 511, and exhibit
only small fluctuations. Thus, for the simulations used to
obtain the distributions, we attempted to reach such extreme
values of the weight, i.e., the far tails, by suitably chosen
temperature values.

For equilibrated Markov chains, in the limit of infinitely
long, or at least long enough, simulation time, the distribution
of graphs follows the density as given by Eq. (8).

The probability distribution for W at temperature θ is the
quantity that is actually estimated when sampling the MST
weight W by the MCMC simulations. It is given by a sum
over all graph structures and an integral over all weight as-
signments leading to the MST weight WG = W (again using∑

G as an abbreviation),

Pθ (W ) =
∑

G

δWG,W Qθ (G)

= 1

Z (θ )

∑

G

δWG,W e−WG/θQ(G)

= e−W/θ

Z (θ )

∑

G

δWG,W Q(G)

= e−W/θ

Z (θ )
P(W )

⇒ P(W ) = eW/θ Z (θ )Pθ (W ). (11)

Thus, the target distribution P(W ) can be estimated from
Pθ (W ) at finite temperatures, up to the normalization constant
Z (θ ). Note that for a finite sample of graphs, each selected
temperature θ will lead to an observation of values of W
within a specific range and will therefore allow us to estimate
P(W ) there. A bias toward smaller (larger) values of W is
obtained when positive (negative) temperatures are used. In
both cases, temperatures with large absolute value |θ | cause
sampling of the distribution close to its typical value, while
temperatures with small absolute value are used to access the
tails of the distribution. Thus, performing the simulations for
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a suitably chosen set {θ1, . . . , θnθ
} of nθ temperatures allows

us to estimate P(W ) over a large range, possibly over its full
support.

The normalization constants Z (θ ) can be computed by
comparing histograms from neighboring temperatures. The
basic idea is that Eq. (11) holds for arbitrary temperatures θ .
Thus, for two temperatures θ1 and θ2, one has

eW/θ1 Z (θ1)Pθ1 (W ) = eW/θ2 Z (θ2)Pθ2 (W ), (12)

which allows one to determine the ratio Z (θ1)/Z (θ2). In prac-
tice, this can be done if one has pairs of close-by temperatures
chosen such that the obtained histograms overlap sufficiently,
by a couple of bins. Since Eq. (12) is not fulfilled exactly
by the data, the relative normalization constants Z (θ1)/Z (θ2)
can be obtained by requiring that the rescaled histograms for
close-by temperatures exhibit a minimum squared difference
for those bins of W where both histograms have sufficient
statistics. This means the histograms are “glued” together.
The range of covered W values can be extended iteratively
by choosing additional suitable temperatures and gluing the
resulting rescaled histograms to each other. For details, see
Refs. [8,46].

IV. RESULTS

We have performed simulations for complete graphs and
connected ER graphs with varying connectivity c for different
numbers N of nodes in the range N � 512. For both ensem-
bles, the weights are uniformly distributed in [0,1]. First, we
consider the results for the complete graphs; in the second
subsection, we consider the ER graphs.

For both ensembles, we have empirically determined
suitable sets of temperatures such that for neighboring tem-
peratures the resulting histograms of W overlap in at least
four bins. The temperatures with the lowest absolute value
|θ | were chosen such that equilibration of the MCMC was
possible within a few hours. More details are given in the
corresponding subsections.

A. Complete graphs

For complete graphs, the number of temperatures for all
sizes N = 32, 64, 128, 256, and 512 ranged from 22 to 24,
i.e., did not change much with system size. For the sampling
with basically no bias, we have chosen θ = 105 for all sizes
N . For positive temperatures, addressing the left tails of the
distributions, the values were selected in the range [0.1, 4].
To address the right tails of P(W ), the temperature range
for the smallest size N = 32 was [−4,−1]. Thus, θ = −1 is
the upper negative temperature we could equilibrate within
a reasonable time. This value decreases with system size. For
the largest size N = 512, only the range [−4,−2] could be ad-
dressed. Note that the number nc of weights that are changed
in each MCMC step to generate a candidate graph G∗ depends
on both the temperature θ and the size N , where generally the
number of changed entries grows with size N . We have chosen
nc such that about 50% of all candidate graphs were accepted,
respectively. For example, for the largest size N = 512, we
changed nc = 8192 entries in each MCMC step at θ = 105,
while for θ = −2, we changed only nc = 64 entries.

FIG. 3. Average spanning tree weight W as a function of the
number N of nodes for the complete graph. The horizontal line
indicates the limiting value obtained analytically; see Eq. (4), while
the upper solid curve represents Eq. (14). The lower solid curve
indicates a fit to Eq. (13).

The average spanning-tree weight for the complete graph is
shown as a function of the graph size in Fig. 3. A convergence
to the analytical result equation (4) is well visible, confirming
our simulations. Note that there exist exact results [54], and
generalizations to other edge-weight distributions [39], for
small graphs N � 9. The result, 199462271

184848378 ≈ 1.07906, agrees
with the five leading digits of our simulation data. We have
fitted a power-law function,

Wavg(N ) = W ∞
avg + bN−c, (13)

resulting in W ∞
avg = 1.20211(2), b = −2.349(5), and c =

1.418(1). As visible from the figure, the finite-size depen-
dence of the weight follows the power-law very well. It has
been predicted by Cooper et al. [40] that the finite-size behav-
ior of the expectation value W (N ) exhibits the form

W (N ) = ζ (3) + c1

N
+ c2 + o(1)

N4/3
. (14)

Thus, the first two corrections are of order N−1 and N−4/3, and
there are higher-order corrections that decrease more quickly
than N−4/3, but it is unknown how fast. The constants were de-
termined [40] as c1 = 0.0384956 . . . and c2 = −1.7295. We
have included this function without a free parameter in Fig. 3.
Here, the agreement is worse, showing that the additional
corrections o(1)N−4/3 are significant.

Next, we consider the full distribution P(W ). In Fig. 4,
it is shown for the complete graph with N = 256 nodes. By
using the large-deviation approach, we are able to reach the
tails of the distribution to values of the probability density as
small as 10−300. Because the distribution is supported only on
positive values of W , we attempted to fit it using a general-
ized extreme-value distribution with shape parameter ξ > 0,
but the fit did not converge. Still, the right tail resembles
an exponential, but is slightly bent. A fit of the right tail
to a stretched exponential e−λ(W −W0 )β (not shown) yields an
exponent β = 1.22(2).
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FIG. 4. Distribution of spanning tree weight W for the complete
graph with N = 256 nodes.

Next, we analyze the rate function equation (7), which is
shown for different numbers N of nodes in Fig. 5. Note that
for N = 512, for the far tail of the distribution, the MCMC
simulations do not fully equilibrate. Thus, we cannot use
this part of the data, and we are restricted here to somewhat
smaller values of W . While for small values of N , some
finite-size effects are visible, the curves, at least for values of
W up to about 6, collapse onto each other for N � 128. This
means that the convergence of the empirical rate function to
a limiting rate function is compatible with the data. Still, we
cannot say much about the shape, but the compatibility of the
tail with a stretched exponential means that the right part is
compatible with a power law,

φ̃(W ) = l (W − W0)β, (15)

with the same exponent β = 1.22(2) as mentioned above.
Now, we want to understand what makes rare graph realiza-

tions exhibit particularly large or small MST weights W . For
the complete graph, the graph structure is fixed, so it must be

FIG. 5. Rate functions φ(W ) for the complete graph for different
values of the number N of nodes. The line shows the result of a fit of
the data for N = 256 to the power-law equation (15).

due to the specific edge weights, i.e., the N (N − 1)/2 weights
of each graph G. For this purpose, we have evaluated several
quantities for the largest considered size N = 512 and for each
statistically independent graph G = (V, E ) encountered in the
MCMC simulation:

(1) The mean weight

W mean
G = 2

N (N − 1)

∑

{i, j}∈V

wi, j, (16)

where the mean is taken over all edges of the graph.
(2) We have for each node i ∈ V determined the minimum

weight wmin(i) = min j wi, j among all edges that are incident
to the node. We take the average over all nodes, arriving at

W min
G = 1

N

∑

i

wmin(i). (17)

Since each node is connected to all other nodes by at least
one edge, (N − 1)W min

G forms a lower bound and, as we will
see, also provides a good approximation of the MST weight
WG.

(3) Since each spanning tree consists of N − 1 edges,
we have stored the weight W N−1

G of the (N − 1)th smallest
weight in each graph G. This is obtained by first sorting the
N (N − 1)/2 weights {wi, j} in ascending order w∗

1 < w∗
2 <

. . . < w∗
N (N−1)/2 and then taking

W N−1
G = w∗

N−1, (18)

(N − 1)W N−1
G might serve as a good upper approximation

for WG, but it is not a strict upper bound.
(4) Finally, we also store the variance

W var
G = 2

N (N − 1)

∑

{i, j}∈V

(
wi, j − W mean

G

)2
, (19)

of the weights of each graph to see whether all edge weights
get concentrated around certain values.

We now analyze these quantities as a function of the MST
weight W of each graph G. For this purpose, we show the av-
erages of W min

G , W N−1
G , and W mean

G conditioned on WG = W , by
using bins, in Fig. 6. For better comparison, these averages are
displayed as a function of w = W/(N − 1), i.e., the average
weight of an edge in the MST. One sees a strong correlation
of W with W min

G and W N−1
G , and indeed W/(N − 1) lies well

between them. The observed linear correlation coefficients are
0.9997 and 0.9971, respectively. A scatter plot (not shown)
reveals that the values of W min

G and W N−1
G are concentrated

near their typical values, conditioned on W . For a typical
random graph, the MST weight is about 0.002, indicated by
the vertical line in the figure. The N − 1 smallest edge weights
are below a weight of 0.004. This means that basically the
smallest weights contained in the graph actually contribute to
the MST, although the edges in the MST cannot be chosen
independently. On the other hand, each complete graph con-
tains many more edges, most of which do not contribute to the
MST. As shown in the inset of Fig. 6, a typical edge weight
is always close to the average weight of 0.5, but one can
indeed observe a clear but weaker correlation, with a linear
correlation coefficient of 0.9946. The mean, conditioned on
large MST weights, is 0.509, only slightly larger than the
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FIG. 6. Average of W min
G , W N−1

G , and (inset) W mean
G , each condi-

tioned on the value W of the MST of G (for space-saving reasons,
we do not repeat the labels for the inset). The line indicates the di-
agonal WG = W/(N − 1). The vertical line near W/(N − 1) = 0.002
indicates the typical edge weight of an MST, corresponding to P(W )
exhibiting a peak near W = 1 in Fig. 4 for N = 512.

unconditional mean of 0.5. A similar weak effect can be seen
for the empirical variance (not shown), where we observed
a clear linear correlation coefficient of −0.9637, which re-
sults from a small decay of the variance from 0.0839 for
W/(N − 1) = 0.0005 to 0.0805 for W/(N − 1) = 0.018.

Note that such a large range of values W/(N − 1) ∈
[0, 0.018] can only be accessed with a large-deviation ap-
proach. With direct sampling of, say, 106 graphs, one would
be able to observe values and therefore measure correlations
for about W/(N − 1) ∈ [0.002, 0.003].

B. Erdős-Rényi graphs

For the connected ER ensemble, we studied the same set
of system sizes N ∈ {32, 64, 128, 256, 512} as for the com-
plete graphs. We have investigated five different values of
the connectivity, namely, c = 0.5, 0.7, 1.0, 2.0, and 5.0. This
includes two values in the nonpercolating regime c < 1, one
at the critical connectivity, and two in the percolating regime
c > 1, for the standard ER graphs. We again had to choose
the number nθ of temperatures and the actual values, which
were chosen in the same way as described in Sec. IV A. For
convenience, we used the same temperature parameters for
all five values of c. For N � 256, nθ = 19 temperatures were
sufficient, while for N = 512, we needed nθ = 30 different
values. The range of temperatures where equilibration was
possible within a reasonable time again depended on the size
N . Clearly, for all system sizes we again considered a large
temperature θ = 105 for basically unbiased sampling. For the
smallest size N = 32, the positive temperatures were selected
as θ ∈ [0.01, 1], while the negative temperatures were taken
from the interval [−1,−0.01]. These intervals gradually be-
came smaller with growing size N . For N = 512, finally, we
considered θ ∈ [0.05, 1] and θ ∈ [−1,−0.1]. As mentioned,
in each MCMC step, exactly one node was selected randomly,
and all adjacent edges were randomly recreated, including the
weights.

FIG. 7. Average spanning tree weight W as a function of the
number N of nodes for the connected ER ensemble. The lines in-
dicate fits to a linear function with slope a. The inset shows the slope
a as a function of the connectivity c.

The resulting behavior in the ER ensemble can be richer
than in complete graphs, since not only the edge weights but
also the graph structure vary. We first analyze the mean MST
weight, denoted by W as well for simplicity, as a function of
the number N of nodes. Since the connected ER ensemble is
sparse, the number of available edges to construct an MST is
much smaller, of the order O(N ). Thus, doubling the size of
the graph will basically double the weight of the MST; hence,
W , being the sum of N − 1 weights, should scale linearly with
N − 1. This is well visible in Fig. 7. We have fitted the data for
each value of c to a linear function W = a(N − 1). For small
values of c, the original ER graphs contain cN/2 edges, which
is smaller than N − 1, the number of edges required to form a
spanning tree. Hence, the connected ER ensemble will usually
contain N − 1 edges or a few more, despite the small value of
c. Thus, almost all edges are contained in the spanning tree,
which means that, because the average edge weight is 1/2, W
will be about (N − 1)/2, i.e., a = 1/2. As shown in the inset
of Fig. 7, the obtained values of a are indeed close to 1/2
for small values of c. Note that the value c = 1, which is the
percolation transition point of the standard ER ensemble, does
not show any special behavior here.

Next, to investigate the actual distributions, we consider the
rate functions φ(w) with w = W/(N − 1) being the spanning-
tree weight per edge. The result for c = 0.5 is shown in Fig. 8.
The empirical rate functions for different sizes collapse almost
onto each other, so a convergence to a limiting rate function in
the limit of large graph sizes can be expected, and the large-
deviation principle is fulfilled.

As mentioned above, the restriction to connected graphs
means we expect that there are basically graphs with N − 1
edges for c = 0.5, such that almost all edges contribute to the
spanning tree. Thus, the spanning tree weight is very simply
almost given by the sum of N − 1 random numbers that are
iid in [0,1], i.e., W/(N − 1) is almost the average weight of
these numbers.

For a first simple comparison, we consider the region
of higher probabilities. From the central limit theorem, we
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FIG. 8. Rate functions φ(w) for the connected ER graph with
c = 0.5 for different values of the number N of nodes. The black line
shows the rate function φU01 for the average of N − 1 iid random
numbers distributed uniformly in [0,1]. The green line shows the
result of a fit of the data for N = 512 in the high-probability region
to a parabola equation (20).

therefore expect that the typical part of the distribution is
Gaussian exp(−(w − wp)2/(2σ 2)), centered about the mean
value 0.5 and with variance σ 2 = 1/(12(N − 1)), with 1/12
being the variance of the uniform distribution in [0,1]. This is
clearly reflected in the shape of the rate function. Indeed, a fit
to a parabola

φ̃(w) = l (w − w0)2, (20)

in the range w ∈ [0.3, 0.7] yields a good fit; see Fig. 8.
Here, we find w0 = 0.489(1) and l = 6.08. The differences
to the expected values w0 = 0.5 and l = 12/2, respectively,
are likely due to the finite size of the system. For example, the
variance behaves like 1/(12(N − 1)), but for the rate function
we divide by N instead of N − 1. The result of the fit confirms
the expectations about the shape of minimum spanning trees
in this low-connectivity region.

To also compare the tails, the rate function of the average
of N − 1 iid U (0, 1) random numbers can be calculated. This
is the correct model for a tree, where all edges contribute
to the spanning tree; see above. To obtain the rate function
of a random variable (RV) SN using the Gärtner-Ellis theo-
rem [43], we need the scaled cumulant generating function
λ(k) = limN→∞ ln 1

N E [eNkSN ], where the expectation E [·] is
taken with respect to the N random variables {Xi} contribut-
ing to SN . For the average SN = 1

N

∑
i Xi, where all RVs Xi

are the same X , we have λ(k) = limN→∞ ln 1
N E [ek

∑
i Xi ] =

ln E [ekX ]X , where E [·]X is the average of the random variable
X . For the uniform distribution U (0, 1), this yields λ(k) =
ln

∫ 1
0 dx ekx = ln((ek − 1)/k). By using the Gärtner-Ellis the-

orem, one has φ(s) = supk (ks − λ(k)). We have performed
this maximization numerically for many values of s ∈ [0, 1];
the result, which we denote as φU01, is also shown in Fig. 8.
A very good agreement with the numerical data is visible; the
small differences are likely because graphs with more than

FIG. 9. Rate functions φ(w) for the connected ER graph with
c = 5 for different values of the number N of nodes. In the inset, the
same data is shown on a double log scale. The line shows the result
of a fit of the data for N = 512 to a power-law equation (15).

N − 1 edges also contribute, in particular for small values
of w.

We have also considered c = 0.7 and c = 1 in the (for the
original ensemble) nonpercolating and critical region; here,
the behavior is very similar.

For larger values of c, the shape of the distribution changes.
In Fig. 9, we show the rate functions for the largest value
of c = 5 we have considered. The function is clearly not
symmetric. For larger values of N , no significant finite-size
dependence is visible, indicating that a convergence as N →
∞ exists and therefore the large-deviation principle also holds
here. In the intermediate regime, w ∈ [0.3, 0.7], we have fitted
a power-law equation (15) yielding an offset w0 = 0.19 and
an exponent β = 1.92(2), which is close to but significantly
different from 2. This matches the fact that for small values of
c, a parabolic shape β = 2 was found, while for the complete
graphs corresponding to c → ∞ in Sec. IV A, a much smaller
exponent was obtained.

Note that for larger values of w, the data bend upward;
thus, a growth with a larger exponent is possible. Such a
change in the behavior of rate functions, sometimes termed
“phase transitions,” has also been observed for the rate func-
tions of other random systems like those described by the
Kardar-Parisi-Zhang equation [55].

To investigate more how the shape of the distribution
changes when varying the parameter c, we analyze the
skewness

γ1 = 〈(W − 〈W 〉)3〉
σ 3

, (21)

where σ 2 is the variance 〈(W − 〈W 〉)2〉. The result is shown
for different numbers N of nodes in Fig. 10. For values c � 1,
the skewness is very close to zero, indicating a very symmetric
distribution. Only from c = 1 onward, a gradual increase is
visible. Thus, for values of c that correspond to the percolat-
ing phase in the standard ER ensemble, the MST weight of
the connected ER ensemble exhibits a significant asymmetric
distribution.

024314-8



LARGE DEVIATION PROPERTIES OF MINIMUM … PHYSICAL REVIEW E 114, 024314 (2026)

FIG. 10. Skewness γ1 as a function of the connectivity parameter
c for the connected ER ensemble, for different system sizes N .

Finally, we investigate how the structure of the graphs
influences the MST weight. Similar to the results for the
complete graph, we show in Fig. 11 the average graph weights
W min

G , W N−1
G , and W mean

G , for the case c = 0.5, conditioned
on a value of the weight W/(N − 1) per MST edge. Again,
we see that the average edge weight is between W min

G and
W N−1

G . Compared to the complete graph, see Fig. 6, the upper
value W N−1

G is farther away from W/(N − 1). The reason
is that for the connected ER graphs of such a small value
of c, as discussed above, almost all edges contribute to the
MST. Thus, W N−1

G will be close to the upper limit of w = 1
for typical graphs and for atypical graphs with larger MST
weights, as visible in Fig. 11. Only for atypically small values
of W , W N−1

G is likely smaller. Also, since almost all edges
contribute to the MST, the average weight W/(N − 1) of the

FIG. 11. Average of W min
G , W N−1

G , and (inset) W mean
G , each condi-

tioned on the value W of the MST of G for ER random graphs with
c = 0.5 (for space-saving reasons, we do not repeat the labels for the
inset). The line indicates the diagonal WG = W/(N − 1). The vertical
line near W/(N − 1) = 0.49 indicates the typical edge weight in an
MST for this value of c.

FIG. 12. Average of W min
G , W N−1

G , and (inset) W mean
G , each condi-

tioned on the value W of the MST of G, for ER random graphs with
c = 5 (for space-saving reasons, we do not repeat the labels for the
inset). The line indicates the diagonal WG = W/(N − 1). The vertical
line near W/(N − 1) = 0.23 indicates the typical edge weight in an
MST for this value of c.

MST is very similar to the average edge weight W mean
G in the

graph, as visible in the inset.
The corresponding results for c = 5 are displayed in

Fig. 12. Since more edges are present in the graph, but the
graph is still sparse, the results look somewhat in between
the results for c = 0.5 and for the complete graph. Again, the
sparseness here leads to a high influence of the mean edge
weight W mean

G of G on the MST weight W . We do not display
results for the other values of c that we have studied in the
same way, because they are intermediate between the two
cases presented so far.

The fluctuations of the edge weights of the graph are not
the only reason for particularly small or large MST weights.
In the ER ensemble, the number of edges also fluctuates.
For any value of c, the typical number of edges, due to the
restriction to connected graphs, is about max{N − 1, cN/2}.
However, there exist rare graphs that are much denser or, for
c > 2, much sparser. In general, the more edges are available,
the smaller the MST weight will be, because there are more
weights to minimize over. This is visible in Fig. 13, where
the average number M of edges, conditioned on the MST
edge weight W/(N − 1) per edge, is shown for N = 512 and
several values of c. For large values of W , the number of edges
is very small and converges to the lower limit of N − 1, since
the graphs have to be connected. The dependency becomes
more pronounced with increasing value of c. This is reason-
able because for smaller values of c, typical connected graphs
also contain only a few edges. Still, since the value W/(N − 1)
is larger than the mean weight 0.5, these graphs are not only
rare with respect to their structure, but also rare with respect
to their edge weights, as discussed above. For small values
of W/(N − 1), conversely, the number of edges is atypically
larger, so the minimization can lead to lower MST weights.

Also, not only the number of edges, i.e., the mean de-
gree of the nodes, might matter, but also the actual degree
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FIG. 13. Average of the number M of edges conditioned on the
value W of the MST of G, shown as a function of w = W/(N − 1)
for N = 512 and several values of c. The horizontal line indicates
the minimum number N − 1 of edges needed to create a connected
graph. The inset plots show the degree distributions P(k|w) of graphs
conditioned on the values w for (left) c = 0.5, w = 0.2 and (right)
c = 5 and w = 0.5. The lines show the restricted Poisson distribution
equation (22) for c = cw = 2.25, corresponding to M = 576 edges,
and c = cw = 3.5, corresponding to M = 896 edges, respectively.

distributions P(k). In principle, graphs with extreme values
of W could exhibit nodes with atypically high degrees k, i.e.,
hubs, or conversely an atypical number of nodes with very
small degrees like k = 1. Nevertheless, we have found that
the degree distributions are still basically Poisson, as in the
standard ER graphs, with the restriction that nodes of degree
k = 0 do not exist because of the condition that all graphs are
connected. Since the standard Poisson distribution for degree
c is given by p(k, c) = e−cck/k!, and because the probability
for a nonzero degree is 1 − p(0, c), the restricted Poisson
distribution is given by

q(k, c) = p(k, c)

1 − p(0, c)
= e−c

1 − e−c

ck

k!
(k � 1). (22)

Clearly, this is only an approximation; the real degree distri-
butions of ER graphs restricted to connected graphs will have
a more complex structure.

If the degree distribution P(k|w) for graphs conditioned
on specific values of w = W/(N − 1) follows the restricted
Poisson, then the mean degree cw observed for these graphs
should be sufficient to determine the corresponding degree
distribution according to Eq. (22). This is indeed the case, as
the two insets in Fig. 13 show. First, for c = 0.5, the typical
MST weight w per edge is 0.5, as visible in Fig. 8. Here, we
consider graphs with atypically small MST weight densities
w = 0.2. This leads to an average conditioned degree cw =
2.25, which is larger than the typical degree c = 2 needed for
the graph to be connected. In the left inset, one sees that the
measured degree distribution follows the restricted Poisson
for c = cw = 2.25 rather well. Second, for c = 5, the typical
MST weight w per edge is near 0.2, as visible in Fig. 9. Here,
we consider graphs conditioned on having an atypically large
MST weight per edge of w = 0.5. These graphs exhibit an

average degree of cw = 3.5, corresponding to M = 896 edges.
Again, the restricted Poisson for c = cw = 3.5 is rather close
to the observed degree distribution P(k|w). Thus, the average
degree of the sampled graphs, as shown in the main plot of
Fig. 9, is sufficient to at least approximately determine the
actual degree distributions.

In summary, both atypical graph structure and atypical
edge weights influence the observed atypical MST weights in
weighted connected ER graphs.

V. DISCUSSION

We have studied the distribution of the weight of mini-
mum spanning trees for complete graphs and for connected
ER random graphs with connectivity c. With respect to sim-
ple properties such as the expectation value, our results are
compatible with previous analytical studies. By applying
large-deviation approaches, we can obtain the distributions
even in the tails, down to probability densities as small as
10−300. For both ensembles, the results indicate that the large-
deviation property is fulfilled, i.e., away from the typical
values the probabilities become exponentially small with an
exponent proportional to N .

For the complete graph, the behavior of the rate function
of the right tail is compatible with a power-law behavior.
Since the graph structure is fixed, rare MST weights W are
created by rare assignments of edge weights. However, only
the lowest edge weights need to deviate from typical values to
determine W , so the overall mean weight of the graph is only
weakly affected.

In the ER case, for small values of c, the distributions
converge in the center to Gaussians, which makes sense, as
many independent weights contribute. Also, the tails of the
distribution are described well by a rate function describing
the sum of N − 1 independently drawn numbers in [0,1]. Be-
yond the value c = 1, which is the percolation threshold of the
standard ER ensemble, the distributions become asymmetric
and nontrivial tails develop. Here, the values of the edge
weights and the actual number of edges influence the MST
weight and determine whether it is typical, atypically large, or
atypically small.

Clearly, one could analyze more properties, e.g., whether
the variance of the node degrees also plays a likely minor role.
For future studies, one could also consider other ensembles
like scale-free graphs, finite-dimensional disordered lattices,
or general geometric graphs embedded in finite-dimensional
spaces.

Also, it would be of particular interest if our work mo-
tivates other researchers to study the distribution of weights
using analytical approaches, e.g., to obtain the rate functions
and to investigate whether there is a “critical” value wc where
the rate function changes its behavior in the ER case.
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