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In this work, we investigate the autonomous charging process of a quantum battery coupled to a structured
reservoir composed of two qubits, each locally coupled to its own bosonic thermal bath. Moreover, the reservoir
interacts with a charger—battery architecture through three configurations: (I) direct coupling between reservoir
qubits and battery; (II) collective coupling among the reservoir qubits, charger, and battery; and (III) a collective
coupling between the reservoir qubits and charger together with a local charger—battery interaction. However,
by using incoherent and coherent initial states, we analyze the stored energy, ergotropy, and charging power of
the battery, and derive upper and lower bounds on the extractable work in terms of the free energy of coherence
and the correlations exchanged between subsystems. Our results show that global and local coherences, as well
as total correlations, act as quantum resources that enhance autonomous charging. Additionally, we demonstrate
that the free energy stored in the quantum battery splits into contributions from coherence and correlations,
providing numerical evidence that supports the derived ergotropy bounds. Importantly, this work highlights how
structured reservoirs enable autonomous and resource-enhanced quantum battery operation.

DOLI: 10.1103/x2s1-27k1

I. INTRODUCTION

In recent years, the world has shown increasing interest
in quantum technology applications [1,2]. Quantum batteries
are among the most promising applications in the context
of quantum thermodynamics [3,4]. They have been studied
in various scenarios. For instance, Farina ef al. presented a
model based on coherence-driven quantum batteries in contact
with a thermal reservoir, exploring several battery and charger
configurations [5]. Moreover, Andolina et al. analyzed dif-
ferent classifications and combinations of quantum harmonic
oscillator batteries in the context of charger-mediated energy
transfer [6]. More recently, Ref. [7] investigated the physical
mechanisms governing ergotropy in quantum batteries, em-
phasizing the roles of coherence, population inversion, and
incoherent ergotropy. In particular, the authors showed that the
ergotropy is bounded from below by the incoherent ergotropy
and from above by the stored energy of the quantum battery,
while also highlighting the influence of purity and energy-
level populations on charging performance. Other studies have
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investigated quantum battery performance in superconducting
qubits [8—10] and topological quantum batteries under the
influence of the Zeno effect [11].

Furthermore, engineered reservoirs for optimal coherence-
driven charging have been discussed in [12,13]. Moreover,
the impact of non-Markovian dynamics under strong cou-
pling on optimal charging with engineered reservoirs has
been explored in [14]. More recently, engineered collective
dissipation has been shown to generate symmetry-protected
dark and metastablelike sectors in open quantum batteries,
providing a mechanism for enhancing ergotropy and charging
power through dissipative protection [15]. Importantly, in all
the aforementioned works, the focus has been primarily on
the charging process itself, without emphasizing the role of
correlations or coherence in the charging dynamics. Most
studies have considered energy storage assisted by external
work in coherence-driven charging [16-20].

In the context of reservoir engineering [21-23], the reser-
voir acts fundamentally as a dissipative mediator, inducing
energy transfer between charger and battery. It also enables
analysis of wirelesslike charging processes and the effects
of Markovian and non-Markovian dynamics in quantum
many-body systems [24,25]. Additionally, dissipative charg-
ing based on population inversion directly from the bath has
been demonstrated autonomously in [26].

In our framework, we consider a theoretical model of a
structured reservoir consisting of two qubits, which inter-
act with a charger-battery architecture. We investigate the
Hilbert space structure of the reservoir qubits, charger, and
battery based on the global resonance condition between the
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subsystems. Three scenarios are analyzed: The first scenario
is a direct coupling between the structured reservoir qubits
and the battery; the second scenario is a common coupling be-
tween the structured reservoir qubits, charger, and battery; and
the third scenario is a common coupling between the struc-
tured reservoir qubits and the charger, with a local interaction
between the charger and battery.

These three scenarios are examined for two types of initial
states, namely, coherent and incoherent initial states. This
allows us to highlight the effect of correlations in the semiclas-
sical case and the role of coherence in the quantum regime.
Moreover, we study the impact of the structured reservoir
and each scenario on the charging process by evaluating the
ergotropy, stored energy, and charging power of the quantum
battery. Additionally, we provide a theoretical bound on the er-
gotropy based on the free energy stored in the coherence of the
subsystems. Numerical results are presented for each scenario
with the corresponding bounds on the battery’s ergotropy.
This allows us to make a comparison between scenarios and
identify the most efficient configuration for quantum battery
charging.

This distinguishes our work from previous contribu-
tions [6,8,11,12,14,16-20]. First, we investigate the impact
of structured reservoirs and their qubits on the charger—
battery system, allowing the quantum battery to be charged
autonomously in each scenario without external work. Sec-
ond, we investigate the role of coherence, population, and
Hilbert space structure as quantum resources on the charging
process in each scenario. In particular, we focus our attention
on a structured reservoir consisting of two quantum subsys-
tems that participate coherently in the dynamics and generate
correlations through resonant many-body interactions. Con-
sequently, the charging process is not purely environment
mediated but arises from coherent energy exchange under
global resonance. In addition to the theoretical model of the
structured reservoir—charger—battery system, we study the the-
oretical bounds on ergotropy and the impact of correlations
as a resource used to enhance the charging of the quantum
battery. Finally, we establish upper and lower bounds on the
ergotropy for each scenario.

Our study interfaces with a growing literature on quantum
batteries, ergotropy, and the role of coherence and popula-
tion. In fact, Alimuddin er al. studied the effect of passive
states structure on optimal charging, emphasizing that the
limits of the state depend on extractable work [27]. More-
over, Francica ef al. showed that quantum coherence can
affect ergotropy and derived coherence-based bounds [28],
while Touil et al. discussed the effect of classical correlations
on quantum ergotropy [29]. However, Biswas et al. further
connected ergotropy extraction to free-energy bounds with po-
tential applications in open-cycle engines [30]. More recently,
Castellano et al. generalized the notion of local ergotropy to
extended settings, refining how work can be locally extracted
in multipartite systems [31].

Our paper is organized as follows. In Sec. II, we discuss
the Hamiltonian model and the dynamics of our theoret-
ical framework, including the proposed three scenarios of
interaction between the structured reservoir and the charger-
battery system in Sec. IT A. Scenarios I-III are presented in
Secs. TA1-ITA3. In Sec. II B, we analyze the theoretical

framework of the charging process, energy storage, and er-
gotropy of the quantum battery. The free energy of coherence
and bounds on ergotropy of a quantum battery are discussed
in Sec. II B 2. The numerical results are presented in Sec. III,
where the stored energy, ergotropy, and charging power are
analyzed in Sec. IIT A. The role of coherence and population
on the charging of the battery is examined in Sec. III B. We
finish with a conclusion and perspectives in Sec. V.

II. THEORETICAL MODEL
AND GENERAL FRAMEWORK

The model of interest consists of a quantum battery,
denoted by B, connected to a quantum charger, C. The
battery—charger system is coupled to a structured reservoir,
which consists of two qubits, S; and S5, each interacting with
its own bosonic thermal reservoir, R; and R;, respectively.

Note that many types of reservoirs can be used for R; and
R;. Particularly, we choose bosonic reservoirs as an illustra-
tive example in this work. However, fermionic or squeezed
reservoirs can also be considered [32,33]. In fact, we aim to
investigate the role of correlations between the qubits in the
structured reservoir, rather than focusing on the specific nature
of the reservoirs.

In our work, we will focus on the system given as
S=351®S5,®C ® B, which is characterized using the fol-
lowing Hamiltonian (with 7z = 1 and K = 1):

2

Hs=Y) Hs,+ Y H,+Hun,, (1)
m=1 n={C,B}

Hs, = ws,64 65, (m=1{1,2)), )

~

H,=w,6 6"

n n>’

(n = {C, B}), 3

where ﬁsm and H, are the free Hamiltonians, and ws, for
(m = {1, 2}) and w, for (n = {C, B}) are the energy spacings
of the qubits S, and n, respectively. The raising and lowering
operators are defined as 6{5 = [1){; (0] and 6, = [0)(; (11,
acting on the computational basis states of the respective
qubits. In the following subsection, we shall investigate the
Hamiltonian Hlma for @ = {I, II, III}, which describes the in-
teraction Hamiltonian corresponding to scenarios I-III. This
Hamiltonian defines the interaction between the qubits of
S. Then, we shall consider the proposed three scenarios, as
illustrated in Fig. 1. After analyzing the dynamics of S, we
will discuss each scenario based on the form of Hlma in the
Sec. ITA.

The total density matrix, namely, ps(0) takes the following
compact form:

ps(0) = ps,,(0) Q) pu(0),

n={C.B}
Ps1,(0) = ps,(0) ® ps,(0) + g, (0), 4

where ps,,(0) denotes the initial state of the structured
reservoir qubits Sy and Sy, while p5”(0) defines the initial
correlation operator between S; and S,. If the two qubits are
initially uncorrelated, then pg’ (0) = 0. Moreover, p,(0) de-
notes the initial state of the qubit n = {C, B}. In our treatment,
we consider that each qubit, namely, S| and S,, is weakly
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Scenario I11

Scenario I

Scenario I1

R1 RZ

FIG. 1. Schematic representation of the three interaction scenar-
ios between the structured reservoir qubits S; and S,, charger C, and
quantum battery B. (a) Scenario I: direct coupling between S, and
B. (b) Scenario II: Common coupling between S, — C — B system.
(c) Scenario III: Common coupling between S;, — C, together with a
local interaction between C — B. Each reservoir qubit S,, is in contact
with its own bosonic thermal reservoir R,, (m = 1, 2).

and resonantly coupled to its corresponding reservoirs, R;
and R,, respectively. However, since R; and R, are bosonic
thermal reservoirs, the evolution of pg(¢) is described using
the following local Markovian-master equation [34-36]:

2
%i)s(t) =—i| Y Hy, + Y Hps@t) |+ Ls,[ps)].
m=1 n={C,B}

(&)
where [ -, -] denotes the usual commutator. The first term
on the right-hand side of Eq. (5) gives rise to the free evo-
lution of the system under its free Hamiltonians. Indeed, it
corresponds to the reversible (unitary) evolution of the system
S. The second term represents the interaction between the
subsystems of S and the dissipative interaction of qubits S,
with their respective reservoirs R,,. This term accounts for
the irreversible (nonunitary) evolution of the total system S,
which is given as

2
L, (OIP@)] = —i[Hin,, ps@)] + Y DT [ps(1)],

m=1

DIl [ps(t)] = Yin (7im (Tk,,, ws,) + 1) D [Bs(t)]

+ Vi Tk, » s, ) D5 [ps (1)1,

DI [ps(0)] = 6 fs(1)65 — %{a;i&;;, ps®)},  (6)
where Ty, for m = {1,2} denotes the temperatures of the
reservoirs, while y,, are the decay rates of the reservoirs R,,,
which set the timescale of dissipation. Under the resonance
condition, namely, rotating-wave approximation [37] and in
the weak-coupling limit approximation, this description is
valid and it provides that y,, < ws,. However, the quan-
tity 71,,(Tg, , ws, ) represents the average number of quanta

m m

(bosons) in the reservoir R,,. In fact, it is given as
1
ws, *
exp (ﬁ) -1
For the sake of simplicity, we consider that T, =Tz, =T
throughout the paper. In the following, we investigate the
interaction Hamiltonian Hp,, to define each scenario of the

interaction between structured reservoir qubits, charger, and
battery coupling.

flm (TR,” ) wSm) =

A. Quantum battery and structured reservoir scenarios

Structured reservoirs play an important role in the study
of backflow effects and energy transfer in the battery—charger
system and auxiliary (ancilla) qubits of the structured reser-
voir [38—41]. In our case, the structured reservoir consists of
two bosonic reservoirs and two qubits, namely, S; and S»,
which interact with the external charger—battery system. Here,
the exchange of correlations between the subsystems and the
transfer of coherence play an important role in the control and
enhancement of the charging process. Then, we will inves-
tigate the Hilbert space of the system S =S, ® S,  C® B
qubits to realize the proposed three scenarios of the interac-
tion Hamiltonian Hj,, between the structured reservoir qubits
S12 = 51 ® S, and the charger-battery subsystem.

1. Scenario I: Common interaction between Sy, and the battery

For this scenario, we consider that the quantum battery B
is in direct contact with the qubits Sy, as illustrated in Fig. 1
(scenario I). In fact, we aim to investigate a common interac-
tion between S, S,, and B. In this scenario, such an interaction
allows the quantum battery to be charged autonomously from
S1» without any external work and charger. In this scenario,
the main goal is to induce transitions from the state |Og, 15,0p)
to |1g,0s,15), which effectively drives the battery from its
passive state |Op) to the active one |15) through a population
inversion, under the resonance condition between S, and the
battery. Indeed, it satisfies the following condition:

wp = w5, — Ws,, Ws, > Ws,, )

which physically corresponds to the exchange of excitation
between the subsystem qubits S = S} ® 5> ® B. Therefore,
the interaction Hamiltonian for this scenario, namely, Hlm,
takes the following form:

Hin, = g1[ |05, 15,08) (15,05, 15| + H.c.], (3)

where g; is the coupling between B and Si;. In this con-
figuration, S}, acts as a filter for the decoherence effects of
the reservoirs R; and R, on the quantum battery. Also, it is
used in the context of autonomous quantum thermal machines
in [42,43]. Note that the coupling coefficient satisfies g < wp
to ensure the validity of the weak-coupling limit in the master
equation already given in Eq. (5).

An experimental realization of this scenario has been re-
ported by McKay er al. [44]. Indeed, they provided a practical
method for controlling the parameters with high precision in
superconducting qubits. These techniques can be applied to
the qubits Si, S, and B using, for example, three coupled
transmon qubits via a tunable bus resonator in a supercon-
ducting cavity [45].
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2. Scenario II: Common interaction between S,
and the charger—battery system

In this scenario, we analyze the case of a common interac-
tion between S),, C, and B, as illustrated in Fig. 1 (scenario
II). This common interaction between the structured reservoir
qubits, charger, and battery, which corresponds to a collec-
tive excitation exchange represented as a four-body correlated
transition, enables simultaneous energy transfer along the
chain S;,—C—B. In fact, we realize a common interaction
between the total system qubits to drive the transition from
|0s,15,1¢0p) to |15,05,0c15) under the following resonance
condition:

ws, — ws, = W — Wc, &)

where wg, > ws, and w¢ < wp, which physically corresponds
to the exchange of excitation between the total system qubits
S. In this scenario, Sy, filters the decoherence effects of R;
and R, on the charger-battery system. Then, the corresponding
interaction Hamiltonian, namely, Hﬁm“ is

ﬁlntn = gz[ |OS1 1521COB><1510520c13| + H.C.], (10)

where g, denotes the coupling between S, and the charger—
battery system. In the weak-coupling limit, this interaction
satisfies the condition g» < (ws, — ws,). This scenario can
also be applied in the context of autonomous quantum ther-
mal machines for entanglement generation [46]. Moreover,
it can be used in the case of quantum many-body systems
for engineering four-qubit coherent interactions [47]. For the
experimental implementation, the qubits S;, S,, charger and
battery can be connected via a tunable coupler or a multimode
resonator [48], which allows the control of multiqubit interac-
tions through tunable couplings [49].

3. Scenario II1: Common interaction between Sy, and the charger,
and local charger-battery interaction

Now, let consider a common interaction between
S1» and charger to drive the transition from the state
[0s,15,0¢) (05, 15,0c| ® Ip to  [15,0s,1¢) (15,05,1¢] ® Ip.
Moreover, the interaction between charger and quantum
battery biases the transition from Ig, ® |1c0p) (1c0p| to
Is,, ® |0c1g) {(Oc1p| under the following resonance condition:

wp = Wc = Ws, — Ws,, W5, > Wg,. (11

Physically, the condition in Egs. (11) corresponds to the
sequential transfer of energy from S, to the charger, and
from charger to quantum battery, mediated by the interaction
between Si; and C. This scenario gives rise to a collective
interaction between S, = S; ® S, and C, which is similar to
scenario I, and the local coupling between charger and battery.
More precisely, in this scenario, we highlight the effect of
including the charger system as a part of the structured reser-
voir on the charging process of quantum battery B. Hence,
the corresponding interaction Hamiltonian Hyy, is given as
follows:

ﬁlntm = g'i[ ‘051 1520C> <151 OSZ lc’ + HC] ® IB
+ kZs, ®[|1c0p) (Oc1p| + H.c.], (12)

where,g; and k are the respective coupling strengths for the
Sip-charger and charger—battery interactions. In this case,

S12 ® C filters the decoherence from R; and R, before it
reaches the battery. Moreover, we should note that these cou-
plings satisfy the conditions g3 <« ws, — ws, and k K wg, —
ws, , ensuring the validity of the weak-coupling approximation
in the local master equation. For the experimental implemen-
tation, the collective coupling between Sj, and the charger
through a shared resonator (similar to scenario I), with g3
is controlled via flux bias or frequency tuning, while the
charger-battery coupling is locally used as a direct capacitive
link or fixed-frequency transmons connected via a tunable
coupler [44,45].

Note that the resonance conditions between the sub-
systems, given in Eqs. (7), (9), and (11), correspond to
energy-matching relations between the initial and final many-
body states connected by the interaction Hamiltonian HIntc.
These conditions ensure energy conservation during the ex-
change of excitations among the subsystems in all scenarios
(I-III), and thus describe excitation transfer within the total
system of qubits S. This dynamics can be effectively described
within a two-level subspace spanned by the resonantly con-
nected collective states, leading to identical Rabi frequencies
up to a rescaling of the effective coupling.

In the following sections of the paper, we analyze the
impact of each scenario on the charging process, as well as the
influence of coherence and memory effects on the maximum
work extracted from the battery over time.

B. Charging process: Stored energy, ergotropy,
and contributions from coherence and populations

The interaction Hamiltonian, namely, I-?Intu plays a central
role in the dynamics of the total system S. Specifically, accord-
ing to Ls,, (t)[p(t)] in Eq. (6), the commutator —i[I-AIlma, Ps(0)]
governs both the generation of correlations and the redistri-
bution of coherence among the subsystems S;, S», C, and B
over time. However, note that the structured reservoir qubits,
S; and S,, do not eliminate decoherence, but they modify
the effective dissipative channels. In particular, the interaction
Hamiltonian facilitates the generation of correlations between
the subsystems.

Based on this framework, we analyze the charging process
of the quantum battery in each scenario (I-III) by evaluating
the stored energy, ergotropy, and free energy of coherence.
Furthermore, we examine the bounds on quantum ergotropy
and the influence of global and local coherence, as well as
correlations, during the charging process.

1. Energy storage and ergotropy of the quantum battery

The energy stored in the quantum battery B over time,
namely, Ep, is a key quantity used to highlight the energy
transmitted to the quantum battery [50]. Mathematically, it is
defined as follows:

Ep = Tr{Hpp}. 13)

Note that the above energy in Eq. (13) can increase over
time, which does not necessarily mean that the battery is
charged. Physically, it represents only the stored energy. In-
deed, the quantum battery can be charged only if its state
is active (nonpassive) [27], meaning that work can be ex-
tracted from it. To analyze the maximum extractable work
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from the quantum battery, we use the concept of quantum er-
gotropy [31], that is, &g, which defines the difference between
the stored energy and the energy of the quantum battery in its
passive state, namely, Ep, . Indeed, the ergotropy is defined as
follows [31]:

&g = Ep — Ep,, (14)

where Ep, is the energy of the quantum battery in its passive
state, which takes the following form:

EBPss = Tr{HB IbBPss }, (15)

where pp, denotes the passive state of quantum battery [31].
Mathematically, the energy of the ground state of the quantum
battery is taken as zero, while the energy of the excited state is
wgp. Then, the spectral decomposition of the quantum battery
state is given as

1
e =Y Vil (Wil (16)
i=0
where ¥ (t) < Yo(¢) and |;) are the eigenvalues and eigen-
vectors of pg. Then, the corresponding passive state already
given in Eq. (15) is defined as

1
Doy = Wi li) (il (17)
i=0

The ergotropy of the quantum battery in Eq. (14) can also
consist of two contributions [28-30,51]. The first contribution
is the so-called population ergotropy £, which represents the
maximal extractable work due to the population distribution
of quantum battery B, while the second contribution gives rise
to the coherence ergotropy, namely, £S5, which reflects the
maximal extractable work due to the quantum coherence of
the quantum battery. Mathematically, the ergotropy in Eq. (14)
can be expressed as follows [28]:

Ep = EF + &5, (18)
where

ES =Ep—&F, (19)

EF = Ep — Eg,, (20)

where Ep, = Tr{Hppp,. } defines the energy of the passive
state pp,, of the fully dephased state of the quantum bat-
tery [52], denoted pp. Mathematically, it is given as

1
pp =) (ilsli) li) (il 1)
i=0

For each subsystem, p, for x = {S, S», C} denotes the cor-
responding incoherent state. In the following part, we shall
describe the bounds on the quantum ergotropy and the impact
of global and local coherence on the charging process of
quantum battery.

2. Free energy of coherence and bounds
on quantum battery ergotropy

As demonstrated in Eq. (14), the ergotropy can originate ei-
ther from the population or coherence of the quantum battery.

In the literature, the energy stored in coherence is quantified
using the free energy of coherence, namely, W (p) [29,30,52].
Indeed, for any state p, the quantity W(p) is mathematically
defined as follows:

W(p) = F(p)— F(p) = KgTC(p), (22)

where F(p) and F(p) represent the free energies of the state
p and its fully dephased state p, respectively, while C(p)
is the relative entropy of coherence [53], which quantifies
the coherence of p. Mathematically, the free energy of p is
defined as [50]

F(p)=E — KgTS(p), (23)

where £ = Tr{,f)ﬁ } is the energy of p with Hamiltonian H,
and S(p) = —Tr{p log, p} is the von Neumann entropy. Here,
T denotes the reservoir temperature and Kp is the Boltz-
mann constant. However, the relative entropy of coherence in
Eq. (22) is defined as [53]

C(p)=S(p) —S(p). (24)

In our scenario, the free energy of coherence of battery,
namely, W (), bounds the coherence ergotropy £5 as [28,29]
(see Appendix A 1)

0 < & < W(ps) := KpT C(Ds). (25)

This result implies that the maximum extractable work
from coherence is bounded by the free energy of coherence. It
represents the maximal work that can be stored in coherence,
indicating that the full coherent energy cannot be extracted
due to decoherence effects induced by the reservoir. Note that
Eq. (25) is not universal since it depends on the inequality
given in Eq. (A1). However, note that more universal bounds
include the contribution based on the free energy stored with
respect to the equilibrium state [28,54-56]. Our bound high-
lights the contribution of global and local coherences, as well
as the exchange of correlations between the subsystems with
respect to the production of ergotropy. In addition, note that
the bound in Eq. (25) directly characterizes the maximum
extractable work associated to coherence. However, in our
theoretical model, the energy transfer is mediated by the
structured reservoir qubits S; and S,, as well as the charger
C. Therefore, this bound does not fully capture the global
coherence, local contributions of the subsystems, or correla-
tions generated by the interaction Hamiltonian between them.
Now, by using Eqgs. (18) and (25), one can show that the total
ergotropy of the quantum battery is also bound as

& < Ep < KsTC(pp) + & (26)

Thus, there are two bounds on the quantum battery er-
gotropy, namely, an upper bound £ < KpT C(pp) + Ef and a
lower bound given as &g > £5. This implies that the minimal
value of the ergotropy is min&p = £4, while the maximal
value is max & = KpT C(pp) + Ef.

Note that if the ergotropy of population is zero,
the ergotropy is bounded between min&z =0 and max
Ep = KT C(pp). Conversely, for an incoherent state where
KpT C(pg) = 0, the ergotropy arises solely from the popu-
lation, such that & = Sg . These results are also provided
in [29,30,52], which give the upper and lower bounds of the
ergotropy.
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Moreover, the global and local coherence of the subsys-
tems, i.e., structured reservoir qubits S, = S| ® S, charger,
and quantum battery, which represent continuous resources
for the charging process [Eq. (26)]. The difference between
global and local coherence, namely, AC(ps) is defined as
follows:

2
AC(ps) = C(ps) — Y _Clps,)— Y Clpn) =1Is — I,
m=1 n={C,B}
27)

where I is the conventional mutual information [57] of the
total system S, describing the correlations (quantum and clas-
sical) between the subsystems S, S,, C, and B. It is given as

2
I=Y"8(s)+ Y S(G)-Sps), (28
m=1

= n={C,B}

while Iy in Eq. (27) gives rise to the conventional mutual
information of the fully dephased state of the total system S,
describing correlations due to the populations in the subsys-
tems of S. This approach is also discussed in [29,30], where
mutual information is used for quantum systems with only two
subsystems.

In our case, a general bound on the ergotropy of a quantum
battery can be obtained based on the total relative entropy of
S. Hence, by using Eq. (24), the free energy of coherence of
the total system S is given as follows:

W (ps) = KT C(ps). (29)

Thus, the free energy of coherence of the total system S and
that of the quantum battery B can be expressed as

2
W(ps)=KsT | Y Clps,)+ > Cpw)+1Is—1Is |,
m=1 n={C,B}

2
W(pg) = W(ps) — KgT (Z C(ps,) +C(pc) +1Is — is)-
m=1

(30)

Note that the whole free energy of coherence is given as
the sum of the free energy of coherence of each subsystem,
namely, W (ps) — KgT ( 231:1 C(ps,) + C(pc)), plus the dif-
ference between total and global relative entropy of coherence
of the total system, that is, Is — Is. In our case, we use the
conventional mutual information because we study four inter-
acting subsystems. Therefore, AC(ps) demonstrates that the
ergotropy in our battery is affected by the total correlation
exchange among the subsystems of S.

Moreover, the free energy of coherence of the quantum
battery W (pp) in Egs. (30) highlights the effect of coherence
transfer between the subsystems S, = S| ® S, charger, and
battery. Also, it captures the difference between global and
local coherence as a quantum resource for coherence-based
energy storage. Note that the free energy of coherence con-
sists of the difference between two contributions, namely, the
energy of coherence and the energy of correlations, which are

expressed, respectively, as follows:

W(/A)B) = Wcoh - Wcon

2
Wean = KT (C(f)s) — > Clps,) — C@C)),

m=1

Wcor = KBT(IS - I_S)a (31)

where the contribution W, arises from the exchange of
coherence between the subsystems, the structured reservoir
qubits S1» = S1 ® S, charger, and quantum battery. However,
the correlation contribution by means of W, quantifies the
amount of information and memory effects in the system.
Here, coherence represents the energy stored in coherent
superpositions, while correlations represent the consumed en-
ergy required to preserve information shared between the
subsystems, allowing the control over decoherence effects
from the reservoirs Ry —S; and R, — S, in the external
charger—battery system.

Importantly, in our case, note that the expression in
Eqgs. (30) can be generalized to N reservoirs with N structured
qubits, such that Sy = ®Z=1 S,, as below:

m=1

N
W (pg) = W (ps) — KgT (Z C(ps,) + Cpe) +Is — is),

(32)
where the total state is ps = ®fz=1 Ps, @ pc ® pp. We used
the example with N = 2 only to simplify the dynamics.

Note that energy is stored in the coherence of the quan-
tum battery if and only if the coherence energy exceeds the
correlation energy (see numerical analysis in Appendix A 2).
Accordingly, the bound on coherence-based energy storage is

given as follows:
Weoh > Weor. (33)

Physically, this bound indicates that correlations play two
important roles. For Weon = Weor, all the coherence energy
is consumed by correlations, which then act as an information
reservoir ensuring memory effects (backflow of information
between the subsystems). For Weon, > Weor, correlations act
as a mediator of coherence transfer between subsystems and
enhance work extraction through the contribution of coher-
ence.

The corresponding bound on the ergotropy of the quantum
battery £ is therefore expressed as (see numerical analysis in
Appendix A 3)

51? < SB < 5;_{; + Wcoh - Wcor~ (34)

This bound shows that the total ergotropy of the quantum
battery is influenced by both coherence transfer and popula-
tion excitation exchange. The energy associated with memory
effects is dissipated through the exchange of correlations
between the external subsystems. Compared to the bound
in Eq. (25), the bound in Eq. (34) provides more detailed
information about the maximal and minimal values of the
total ergotropy of the quantum battery. Further, it indicates
that both coherence and correlations enhance the maximal
extractable work of the battery. Moreover, the correlations
generated through the interaction Hamiltonian between the
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subsystems play an important role as a resource for coherence
redistribution and decoherence filtering within the system.

III. RESULTS AND DISCUSSION

In this section, we will investigate numerically the impact
of populations, coherence, and correlations on the charging
process in each scenario (I-III), as well as the validity of
ergotropy bounds provided in Egs. (33) and (34). However,
we study two examples of initial states for each model and
make a comparison between them.

In the first example given for each scenario as I,-III,, we
consider the initial state of the total system S as

ps,(0) = |05, 15,05) (05, 15,05| ~ for (1)
and
ps,(0) =

However, in the second example for each scenario (I, II;,
II), we consider the following state for the S, system:

|05, 15,1c05) (05, 15,1c05|  for 11, and IIL,.

|5,,(0)) = |0s, Ls,) + |15,0s,) ]

Al
V2
while, for the charger system, we assume that the state is given
as below:

1
[Ye(0)) = E[I%) +[1e)l,

and for a quantum battery, we have

[¥8(0)) = |0p) .

where the total initial state for scenario I, is given as

ps,(0) = |5, (0)¥5(0)) (s, (05 (0)]

and the total initial state for scenarios II, and III, is proposed
as

ps,(0) = |5, (009 (0)95(0)) (s, (0) e (0)9r(0)] -

The example of the initial state S, highlights the impact
of population on the charging process, since the initial state
is incoherent (a semiclassical state). Indeed, it is used to
highlight the effects of population inversion [58,59] on the
charging process, as well as the role of classical correlations,
in the absence of any coherence exchange between the sub-
systems. Example S; highlights the effect of coherence on
the charging process, since the structured reservoir qubits are
entangled [60]. In fact, we analyze the effect of quantum
correlation exchange on the ergotropy bound, as well as the
ability of coherence transfer to enhance the charging process.
For each example, note that the battery is initially prepared in
a passive state with zero initial energy.

In our numerical simulation, we set the energy spac-
ing of qubit S, to wg, = 10, and for the other parameter
we use wgs, = 0.5wg,. The reservoir temperatures are set as
Tr, = T, = T = ws,, and the decay rate is chosen as y,, =
0.01ws, for m = {1, 2}. Moreover, we focus on analyzing
the coupling between S;, and the charger-battery system.
Throughout the rest of this paper, the coupling g takes the
values 0.03, 0.05, 0.07, and 0.09 in units of wg,, which are
represented in the plots by red dotted, black dashed, blue

dotted-dashed, and magenta solid lines. For scenario III, the
coupling between charger and quantum battery is chosen as
k=0.03wc.

For these parameters, the condition g/ws, < 0.1 is satis-
fied, which corresponds to the weak coupling limit. Experi-
mentally, this lies within the range of superconducting qubits,
where wg, is given in the order of GHz while the couplings g
and k are in the order of MHz and the timescale in the range
of us —ms. This shows that our theoretical model can be
experimentally realized using superconducting qubits [44,44—
49,57,61].

A. Charging process

In this section, we numerically manipulate the amounts of
ergotropy and energy of the quantum battery already defined
in Egs. (14) and (13), respectively. In addition, we define the
charging power of the battery over time, namely, Pg(¢) as [62]

Ep(1)
Pt

Pp(t) = (35
The above expression of charging power describes how fast
the quantum battery becomes charged over time. Note that we
use the normalized quantities gBE: ) E2© “and PB(') to compare
correctly between the three scenarios in the two examples of
the initial states.

In Fig. 2, we display the dynamics of the ergotropy, stored
energy, and charging power of the quantum battery as func-
tions of time 7. We plot these physical quantities for scenarios
I, I, 11, and I, I, I, in Figs. 2(a)-2(c) and Figs. 2(d)—
2(f), respectively.

Clearly, one can observe that for I, , Il, 5, the ergotropy,
stored energy, and charging power increase over time as the
coupling strength g increases. In contrast, for scenario III, ;,
these quantities increase as g decreases. A detailed discussion
on the impact of the coupling strength on energy extraction
is provided in Appendix B. Physically speaking, for I, 5, I1, p,
the interaction is common between S, — B and S, — CB and
according to the interaction Hamiltonians of scenarios I and
II given in Egs. (8) and (10). In fact, they bias the following
transitions:

|05, 15,05) —
|05, L, 1c05) —

This implies that the quantum battery is transferred from the
passive state |Op) to the fully active state |15) in both scenarios
I and II. In contrast, if g increases, the ergotropy decreases
in scenario III. The transition from a nonpassive state of
quantum battery to a fully passive state occurs immediately
via a quantum charger. Here, the charger acts as part of the
structured reservoir in the quantum charging setup RS;2C-B.
Moreover, we observe that the plotted quantities decrease
when transitioning from I,, II,, I, to I, I, III,, which
means that quantum battery transfers to the passive state in I,
IL,, 1T, more efficiently than in I, II;, III,. In the next section,
we shall analyze why the battery transfers to the passive state
in I, 11, IIT, more efficiently than in I,, II, 1T, where we
study the effect of population and coherence on the charging
of the quantum battery over time.

|1s1 Os, 13> for scenario I,

|151 0s,0c1 B> for scenario II.
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FIG. 2. Dynamics of ergotropy, energy, and charging power of the quantum battery versus time, namely,
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P50 respectively.
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(a)—(c) correspond to scenarios I, II,, III,, while (d)—(f) correspond to scenarios I, II,, III,. Moreover, g = 0. 03 0.05, 0 07 and 0.09 (in
units of wy, ) for red dotted, black dashed, blue dot—dashed, and magenta solid curves, respectively.

B. Effects of coherence and population on the charging process

In Sec. IIT A, we numerically demonstrated the ability of
each scenario to extract work over time, without providing
any information on the effect of coherence, correlation, and
population on the behavior of the ergotropy. However, to ad-
dress this gap and provide a clearer theoretical understanding,
in this section we analyze the effect of energy of coherence
and energy of populations and correlations on the charging
process in scenarios 1, I1,, and 111, and I, I, and I11,.

As seen in Egs. (19) and (20), the total ergotropy of quan-
tum battery is composed of two parts, namely, the ergotropy
Eg(t) due to the coherence energy and £} (t), which reflects
the exchange of excitation (population inversion). Physically,
this means that we can charge the quantum battery B using two
methods, that is, coherence transfer and excitation exchange
between the subsystems S1, = 51 ® S5, charger C and battery
B over time. Then, in Fig. 3, we examine £5(¢) and &5 (t)
numerically for the two examples S, and S}, in Figs. 3(a)-3(c)
and 3(d)-3(f), respectively. The coherent contribution initially
increases from zero and subsequently exhibits damped os-
cillations due to the competition between coherent energy
exchange and reservoir-induced dissipation.

For the semiclassical state of the total system S, with the
initial state pg, (0), we observe that the coherence ergotropy
vanishes, namely, 5 (¢) = 0 for any value of the coupling g.
However, the population ergotropy £5 () fluctuates between
its maximum and minimum bounds until vanishing for large
values of ¢. Physically, this means that the ergotropy is due
only to the exchange of excitation between the subsystems
over time.

In the presence of coherence in the total system S, with the
initial state pg,(0), we observe that the coherence ergotropy
ES () increases over time for any value of g, with oscillatory
behavior. In contrast, the population ergotropy £ () vanishes
over time. Physically, this indicates that work can be extracted
from the battery only through coherence during the dynamics.

Hence, one can conclude that in the case of example S,,
the total ergotropy is due only to the population contribution,
such that Ep(t) = é'g (t). However, for example, S, the total
ergotropy does not vanish according to coherence only, so
Ep(t) = ES(t). According to Eq. (34), the total ergotropy is
bounded by the population ergotropy and the energies of co-
herence W () and correlations W (f). To analyze these
effects on the charging process, we plot in Fig. 4 the resulting
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FIG. 3. Dynamics of ergotropy of coherence as well as ergotropy of population of the quantum battery, respectively. Moreover, (a)-(c))
correspond to scenarios I, II,,, III,, while (d)—(f) treat scenarios I, II, III,. However, we set g = 0.03, 0.05, 0.07, and 0.09 (in units of ws,)

for red, black, blue, and magenta curves, respectively.

ergotropies for examples S, and S, in Figs. 4(a)-4(c) and
4(d)—4(), respectively.

For the example of the classical state of the total system,
namely, S, in Figs. 4(a)—4(c), we observe that for any value
of the coupling g, the energy stored by means of a battery’s
quantum coherence is vanished, namely, W (pp(¢)) = 0, for
any value of ¢. Physically, this means that no energy is stored
in coherence. Also, this implies that the coherence and cor-
relation energies are equal, Weon(f) = Weor(t). Therefore, the
bound on the energy stored in coherence given in Eq. (33) is
not satisfied.

Importantly, from Figs. 3(a)-3(c), the coherence and popu-
lation ergotropy for the example S, satisfy €5 (1) = Ep(t) and
ég (t) = 0, which is also consistent with the bound in Eq. (34),
where the battery ergotropy is bounded as

EF(t) < Ep(t) < ER ).

Physically speaking, the absence of coherence energy storage
is due to the consumption of coherence energy as correlations
to sustain the memory effects provided by the structured reser-
voir. However, the energy is stored only in the population of
the quantum battery under the probability inversion imposed
by the interaction Hamiltonian in each scenario.

In the case of coherence in the total system S, the results
are reported in Figs. 4(d)-4(f). For any value of the cou-
pling g, the free energy of coherence of the quantum battery

vanishes initially and subsequently increases over time, ex-
hibiting oscillatory behavior. This behavior is due to the fact
that the initial correlation energy is equal to the initial co-
herence energy, i.e., Weon(0) = W,or(0), while the energy
stored in coherence becomes higher than that consumed by
correlations over time. Physically, the presence of coher-
ence, initially, and the initial correlations of the structured
qubits in the quantum reservoir enhance the transfer of co-
herence between the subsystems over time. In Fig. 5, we
analyze the impact of correlation energy W, () and co-
herence energy Weon(¢) on the ergotropy of the quantum
battery, namely, £p(t)/wp. This is illustrated in Figs. 5(a)
and 5(b) and 5(d)-5(f) for scenarios I, II,, III,. Indeed, we
focus on these scenarios rather than (I, II,, III,) because,
for an initially incoherent state, the energy stored in the co-
herence of the quantum battery satisfies W (pp(¢))/KgT = 0,
implying Weon(t) = Weor(t) = 0. Physically, this indicates
that although the interaction between subsystems generates
global coherence and correlations. The latter acts as an infor-
mation reservoir for backflow (memory effects) rather than as
a resource for work extraction.

In contrast, for an initially coherent state, Fig. 5 highlights
that after an initial transient regime in which correlations
build up, where coherence contribution dominates, namely,
Weoh(t) > Weor(t). Consequently, this leads to a positive
ergotropy of the quantum battery, that is, Ep(t)/wp > 0.
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FIG. 4. Dynamics of coherence contribution W, /kgT, correlation contribution W, /kgT and free energy of coherence of quantum battery
W (pg)/ksT . (a)—(c) correspond to scenarios 1, I, I11,; (d)-(f) I, I, I11,.

Physically, this demonstrates that correlations play a dual role,
i.e., they consume initially coherence to establish correlations
among subsystems and subsequently act as a mediator that fa-
cilitates coherence transfer from the structured reservoir to the
battery. This correlation-assisted redistribution of coherence
enhances the charging performance by enabling more efficient
and collective energy transfer processes.

IV. DISCUSSIONS

Our fundamental results show that the correlations between
the subsystems play an important role in the case of structured
reservoirs. Moreover, according to the scenarios presented in
this work, the battery can be charged autonomously without
any external source. Importantly, we showed that the bound
on the ergotropy in Eq. (34) is not universal and is limited
by the inequality in Eq. (A1). Compared to the more general
bound on ergotropy, which describes the bound on coherence
ergotropy with respect to the thermal state in [28], our bound
gives a description of how the contributions of global coher-
ence and correlations between the subsystems affect ergotropy
production in the quantum battery. On the other hand, the con-
tribution of the energy stored in correlations, namely, W, (t)
highlights how correlations contribute to ergotropy production
over time.

The role of the ancillas S; and S, of the structured reser-
voirs still extremely important for redistributing coherence
and correlations between the subsystems over time. As men-
tioned before, the dissipator term in Eq. (6) is described by
two contributions: one is due to the interaction Hamiltonian
between the subsystem qubits ﬁlma while the other contri-
bution is linked to the thermal dissipation induced by the
reservoirs R; and R, acting on S; and S, respectively. The
battery stored-energy flow, denoted by Jp(¢) = %Eg(t), is
composed into two contributions as follows (see Appendix C):

Jp(t) = JE (1) + I2.(t),
JE.(t) = —iTr{Hp[Hin, . D5, (1) ® ps, (1) ® pc(t) ® pp(1)]},

JE (t) = —iTr {Hp[Hin, . Peor(®)]}.

where Hp = Is,5,¢ ® Hp. However, Jff)c(t) denotes the lo-
cal contribution to the energy stored in the battery, while
JB () represents the contribution of correlations to the energy
current of the quantum battery. Therefore, this expression
provides a quantitative measure of the correlation-induced
contribution to the energy flow into the battery. Consequently,
correlations are not introduced only as a qualitative interpre-
tation. In fact, they enter explicitly through the non-product
part peor(f) of the total state. Moreover, note that we do not

identify Jclf)r(t) and W,(t) with the ergotropy itself. But we

034116-10



CORRELATION ENHANCED AUTONOMOUS QUANTUM ...

PHYSICAL REVIEW E 114, 034116 (2026)

20.0
0.4 0.081 ~ 0.30]
17.5
0.25
031 0.06 1 \ 130
® © R 0.201 .'F :E 12.5
3 3 3 AR o
£0.2 < 0.04 S 0.15 ¥ s 100 €
¢ : : AT
'-.\ ) 0.10 f,* § 5
J ) ¥ i y .
0.1 0.021 y H 5.0
0.05 1 /, -,\l_.
H 2.5
0.0 o 0.00 {-=*' / 0.00{ & # o
T T T T T T T T T T T T T T T T T T T T T 0.0
00 02 04 06 08 1.0 0.00 025 050 0.75 1.00 1.25 1.50 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Weorlt) Weor(t) Weon(t)
(a) (b) (c)
20.0
0.4 ~ 0.08 1 £\ 030
\\ l \ il B
. 0.25 /1
03 s, 0.06 I 130
% 0.201 PR
o % © N FARE 125
3 kY 3 3 ¥ | o
0.2 < 0.04 = 0.15 s 3 100 €
3 & e ; \ : "
0.101 ¥ § 75
0.14 0.02 1 / H 50
// / // /, 0.05 4 /r \
-~ 2.5
0.0 - 0.00{ =~ 0.00{ & # 2
00 02 04 06 08 10 12 14 0.00 025 0.50 0.75 1.00 1.25 1.0 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Weon(t)

()

Weorlt)

(f)

FIG. 5. Parametric plots of the battery ergotropy Ep(t)/wp as a function of the correlation contribution W, (¢) and coherence contribution
Weon(t) for the coherent initial-state scenarios I, I, ITL,. (a), (b), (f) E(¢)/wp as a function of W, (¢) for scenarios I, IT,, and I1I,, respectively.
(d), (e), (c) Ep(t)/wp as a function of W, (¢) for scenarios I, IT,, and III,, respectively. The color gradient indicates the time evolution. We set

g =0.09 and k = 0.03 in units of wg,.

used them to understand the effect of correlations and how the
correlation contribution affects and bounds the work extracted
from the quantum battery B.

Moreover, since the reservoir temperature is positive, the
thermal state remains passive, then no ergotropy can be ex-
tracted directly from a single thermal reservoir, as discussed
in [56]. In other words, although the battery can store ther-
mal energy, the extractable work remains zero. In our model,
the situation is fundamentally different because the charging
process is mediated by two thermal reservoirs, namely, R;
and R,, through a structured reservoir architecture involving
the auxiliary qubits S; and S,, as well as the charger C. In
general, by controlling the temperatures of the two reservoirs,
one may generate a virtual temperature and induce population
inversion, which can lead to nonzero ergotropy stored in the
battery. However, throughout the present work we consider
the symmetric case, that is, 7] = 7>. Under this condition, a
direct coupling of the battery to the thermal reservoirs will not
generate any population inversion and therefore no ergotropy
is produced. Then, the battery would simply relax toward
a passive thermal state. Therefore, if the battery is initially
prepared in a passive state, one can obtain

Ep(t) =0, Vr.

If, instead, the battery is initially prepared in an active state,
its ergotropy vanishes at equilibrium, namely,

SB(tequi]ibrium) =0, tequilibrium — +o0.

In contrast, when the structured reservoir qubits (S;) and
(S2) and the charger (C) are included, the battery ergotropy

becomes nonzero and strongly depends on the considered
interaction scenario. This enhancement does not originate
from direct thermal excitation, but rather from the coher-
ent transfer of energy and coherence through the structured
reservoir architecture, together with the temporary storage
of energy in the correlations established among the sub-
systems. Consequently, the structured reservoir acts as a
mediator that enables the generation and redistribution of
useful work resources, leading to a significant enhancement
of the battery charging performance compared to the direct
reservoir-battery coupling case.

Figure 6 shows the normalized time evolution of W (¢),
Weon(t), J5'(t), and Eg(t) for the three charging scenarios.
Since all quantities are normalized by their maximum absolute
values, the figure is used only to compare their temporal
behavior and not their absolute amplitudes.

For the initial states S,, shown in Fig. 6(a), the dynam-
ics is mainly driven by population transfer. In scenarios I,
and II,, the curves exhibit very similar oscillatory behavior,
indicating that both scenarios generate an effective resonant
transfer channel toward the battery. Since the battery remains
incoherent for the initial state S,, its free energy of coherence
vanishes, such that

Wcoh (t) = Wcor (t)

throughout the evolution. Consequently, the battery er-
gotropy originates entirely from the population contribution,
Ep(t) = Sg (1), rather than from coherence. In scenario III,,
the dynamics differs because the charging process occurs
through a sequential mechanism involving the charger. The

(36)
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FIG. 6. Time evolution of the normalized correlation energy, normalized coherence energy, normalized correlation-induced energy current,

and normalized battery ergotropy for the three charging scenarios.

(a) corresponds to scenarios I,, 1I,, and III,, while (b) corresponds

to scenarios I, II,, and III,. The plotted quantities are, respectively, normalized as Weo (t)/ max, |[Weor ()|, Weon(t)/ max, |Weon (t)],
J5(t)/ max, |J5 (¢)|, and Ep(¢)/ max, |Ep(t)|. We set g = 0.05 and k = 0.03 in units of wy,.

more pronounced oscillations of J;*(¢) indicate a stronger
exchange of correlations among the subsystems dur-
ing the charging process. Nevertheless, the battery er-
gotropy remains population-driven, while the charger me-
diates the redistribution and transfer of energy toward the
battery.

For the coherent initial states S5, shown in Fig. 6(b), the
initial coherence in the structured reservoir and charger mod-
ifies the charging dynamics. Compared with Fig. 6(a), the
oscillations become smoother and more persistent. This in-
dicates that the initial coherence contributes to maintaining
the energy exchange between the subsystems over a longer
time. In particular, the behavior of £z(¢) follows the balance
between Weon(t) and W, (), showing that the extractable
work is enhanced when the coherence contribution is not
completely consumed by correlations.

Overall, these results show that correlations do not sim-
ply reduce the charging efficiency. Instead, they mediate the
redistribution of coherence between the structured reservoir,
charger, and battery. When the coherence contribution ex-
ceeds the correlation contribution, the battery can store useful

extractable work. Therefore, the normalized plots provide
numerical evidence that the charging process is governed by
the competition between coherence transfer and correlation
exchange.

V. CONCLUSION

We have developed a theoretical framework to investi-
gate the effect of structured reservoirs on the charging of a
quantum battery through three distinct interaction scenarios.
Our analysis identifies coherence, population, and correlation
exchange as key resources governing the charging dynamics
and the extractable work. Moreover, we derived bounds on the
ergotropy in terms of coherence and correlations for each sce-
nario. In particular, we showed that the ergotropy is bounded
from below by the population contribution and from above by
the sum of the population ergotropy and the coherence energy
stored in the quantum battery, reduced by the energy associ-
ated with correlations between the subsystems. In this regard,
we conclude that coherence serves as a valuable resource
for enhancing the charging process, while correlations play a
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crucial role in preserving information during the non-unitary
evolution induced by the local master equation.

Importantly, we demonstrated that for incoherent initial
states, the ergotropy originates solely from population con-
tributions. In contrast, coherent initial states enable additional
contributions arising from coherence transfer and correlation
backflow. We further derived analytical bounds on the er-
gotropy in terms of the free energy of coherence and showed
their consistency with numerical simulations. In addition, our
results reveal that the interplay between structured reservoirs
and autonomous charging dynamics provides a mechanism for
enhancing quantum battery performance without the need for
external work. In this regard, our approach extends previous
studies by explicitly incorporating the effects of structured
environments and offers a pathway toward experimental re-
alization in superconducting qubit platforms.

Although our analysis focuses on bosonic thermal reser-
voirs, where the underlying mechanism relies on correlation-
assisted energy exchange induced by structured couplings,
different bath statistics may modify transition rates, where
they are not expected to alter the qualitative behavior. How-
ever, nonthermal reservoirs, such as squeezed baths, may
further enhance coherence generation and thus represent an
interesting direction for future research.

Overall, our work generalizes previous results on
coherence-driven and reservoir-assisted quantum batteries
by explicitly incorporating structured reservoirs, memory
effects, and multiqubit Hilbert-space structures. It also pro-
vides experimentally relevant conditions for implementing
autonomous, resource-enhanced quantum battery charging in
superconducting qubit platforms.
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APPENDIX A: DEMONSTRATION OF THE ERGOTROPY
BOUND FOR A QUANTUM BATTERY

1. Theoretical description of Eq. (25)
a. Theoretical framework

The ergotropy of a quantum battery can be decomposed
into population and coherence contributions as [28,54,63]

& = EF + 5.

The coherent contribution is defined as the difference between
the ergotropy of the full state and that of the dephased state.
In fact, it is defined as:

ES =&y — L.

The total ergotropy satisfies the following well-known
free-energy bound:

Es < F(pp) — F(Py).
Similarly, the population contribution satisfies
&5 <F(ps) — F(P§),

where pp and P denote the fully dephased state in the energy
basis and the thermal state, respectively. Subtracting these
inequalities yields the following inequality:

Es < F(pp) — F(pp).

The right-hand side of the above equation corresponds to
the free-energy contribution associated with coherence, which
can be written as

W(ps) = F(pg) — F(pp) = ksT C(pp),

where C(pgp) is the relative entropy of coherence in the energy
eigenbasis. This leads to the following bound:

0 < E5 < kT C(pp).

This bound is a physically motivated upper bound, con-
sistent with the more general results derived in [28], which
incorporate both coherence and population contributions. The
present expression corresponds specifically to the coherence
component of these bounds applied to the battery subsystem.
Moreover, the bound in Eq. (25) is not universal and depends
on the following gap quantities, namely A, (f) and Apop(?)

Awi(t) = F(pg) — F (pg) — &z,
Apop(t) = F(pp) — F(pf) — £F.
The subtraction is valid only under the additional condition
Aoi(t) 2 Apop(t). (AD)

When this condition is not fulfilled, the quantity F(pp) —
F (pp) should be interpreted as the coherent contribution to

the nonequilibrium free energy, rather than as a rigorous upper
bound for &5 (¢).

b. Numerical analysis of the diagnostic gap

Let us consider the scenarios (I, II,, III,) and
(I, 1T, III,), which are described by the initial states ps,
and pg,, respectively. In Fig. 7, we numerically analyze
the validity of the diagnostic gap described by Eq. (Al).
Mathematically, the diagnostic gap is given by

Atot(t) - Apop(l‘) 2 0. (A2)

This condition describes the validity of the bound 0 < é'g <
kgT, C(pp) over time.
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FIG. 7. Validity fraction of the gap diagnostic (A (t) — Apop())
as a function of the normalized coupling strength (g/ws,) for the
three interaction scenarios. For each value of (g), the validity is
computed as the percentage of sampled time points in the inter-
val (t € [0, 20]) satisfying (A () — Apop(t) = 0). This condition
determines the time intervals over which the coherent-ergotropy in-
equality [0 < Eg < kgT, C(pp)] can be consistently evaluated. Panel
(a) corresponds to scenarios 1, II,, and III,,, while(b) corresponds to
scenarios I, II,, and III,. We set k = 0.03 in units of wy,.

For scenarios I, I1,, ITI,, the validity fraction of the di-
agnostic gap is 100% for all values of the coupling. This is
because the ergotropy of the quantum battery is entirely due
to the population contribution, since the initial state is incoher-
ent. Therefore, the bound 0 < 5}_,? < kgT, C(pg) is valid for all
times ¢t € [0, 20].

For scenarios Iy, II, IlI, the validity of the diagnostic
bound depends on the coupling strength g and on the scenario
under study, due to the fluctuations and the exchange of co-
herence and correlations between the subsystems.

Physically, this shows that our bound is not universal and
depends on the initial state, the coupling strength, and the
scenario under study. This is important for highlighting the
contribution of coherence and correlations between the sub-
systems to the ergotropy of the quantum battery.

2. Numerical analysis of Eq. (33)

Equation 33 describes two distinct roles of correlation. In
the case of We.on > Weor, the amount of correlation acts as
a mediator for coherence transfer between subsystems and
enhances work extraction from coherence. In contrast, when
Weoh = Weor, correlation plays the role of an information
reservoir, ensuring memory effects with all coherence con-
verted into correlation.

Numerically, we focus on two cases:

(1) If Weon(t) > Weor(t), work can be extracted from co-
herence, i.e., Eg(t) > 0.

(2) If Weon(t) = Weor(t), no work can be extracted from
coherence, i.e., £§ (1) = 0.

For this purpose, we first consider scenario /, denoted by
I., where the total system S is initially prepared in the state

£s.(0) = |05, 15,%8) (Os, 15,5,

1
Vp) = —
V2
For scenarios II and III, denoted by II. and III., the total
system S is initially prepared in the state

ps.(0) = |05, 15,1c¥p) (Os, 15, 1c¥ml - (A4)

In all scenarios (I, I, III,.), the quantum battery is initially
prepared such that its total ergotropy originates entirely from
coherence. This choice avoids repetition, as the aim of this
section is to analyze numerically the bound in Eq. (33).

In Fig. 8, we present a parametric plot of the coherence-
based ergotropy of the quantum battery, namely EBC(¢), as
a function of the difference between the coherence energy
and the correlation energy, YWcoh(t) — W (¢), in order to
numerically verify Eq. (33).

For all scenarios (I, II., III,.), the initial values are Sg 0) =
0.5 and W,oh(0) — Weor(0) = 1. Over time, the decay in er-
gotropy is accompanied by a decrease in Weon () — Weor ().
When €§(t) = 0, this corresponds to Weon (1) — Weor(2) = 0.

Linking these results to the bound in Eq. (25), one can
obtain W(pp(t)) = Weon(t) — Weor(t), where the condition
W (pp(t)) = 0 implies that the coherence-based ergotropy is
bounded as

(108) + 1)) (A3)

0 < & < W(pp) := KT C(pp) = 0. (A5)

Numerically, we find that Eg(r) =0 coincides with
Weon (1) — Weor(t) = 0, which confirms that Eq. (33) satisfies
explicitly the bound in Eq. (25).

3. Numerical analysis of Eq. (34)

Equation (34) describes the upper and lower bounds of the
total ergotropy of the quantum battery over time, which can
be written as follows:

EXVN (1) < Ep(1) < EF (),
g;PPer(t) — gg(l) + Wcoh(t) — Wcor(t)’
Séower(t) — gg(t) (A6)

this section aims to analyze numerically the upper and lower
bounds of ergotropy of quantum battery over time, where we
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FIG. 8. Parametric plots of ergotropy of coherence of quantum battery £ (¢) as a function of the difference between coherence energy and
correlation energy, Weon(t) — Weor(t), in (a)—(c) using scenarios I, II., III.. We set g = 0.09 and k = 0.03 (in units of ws,).

consider the initial states corresponding to scenarios I, II.,
and III..

In Fig. 9, we investigate numerically these bounds. Ini-
tially, the lower bound vanishes, i.e., 51130‘”‘” 0) = 5{; 0)=0,
while the upper bound takes a finite value, leading to

0 < &) < E™ (). (AT)

Physically, this indicates that the system initially stores a
finite amount of extractable work in terms of quantum coher-
ence, such that W,on(0) > Weor(0). Therefore, the ergotropy
is initially dominated by coherence contributions, while the
population contribution vanishes.

Obviously, the increase of the lower bound reflects the
gradual buildup of population inversion in the quantum
battery. This indicates that the charging process shifts progres-
sively from a coherence-dominated regime to a population-
driven regime, while coherence is partially degraded due to
reservoir-induced decoherence.

For large values of times (t > 10), we obtain

EFT(t) = Ep(t) = EFT (), (A8)
which shows that the total ergotropy originates entirely
from population, i.e., Ep(t) = 5}; (t). This demonstrates
that ergotropy bounds capture both its quantitative evo-

lution and transition from a coherence-dominated to a
population-dominated charging regime.

— &) ggpper(t) gléower(t) £p(t)

£dper ()

APPENDIX B: EFFECT OF g AND k ON THE ERGOTROPY
OF QUANTUM BATTERY

The interaction Hamiltonian ﬁlntu plays a crucial role in
the generation of correlations and the transfer of coherence
between the subsystems, as it governs the system dynamics
through the dissipative term of the master equation in Egs. (6).

Figure 4 provides a direct quantitative illustration of
how the interaction strengths g and k control the charging
performance of the quantum battery through their impact on
correlation and coherence dynamics. As shown in Fig. 4, the
energy stored in coherence increases when g increases for sce-
narios I, and II. In contrast, an opposite behavior is observed
in scenario III,, where the coherence energy decreases as g
increases. This behavior directly affects the total ergotropy
of the quantum battery in agreement with the bound given in
Eq. (34).

In Fig. 10, we further analyze the effect of the cou-
plings g and k on the total ergotropy of the quantum
battery. For scenarios 1,, II,, I, and II,, the increase in
ergotropy is straightforwardly related to the increase in
coupling strength between S;,, charger and battery. This be-
havior is consistent with the ergotropy bounds provided in
Eq. (34).

On the other hand, for scenario III, (k = 0.03 wg,) and
scenario III, (g = 0.03 wg,), a different behavior is observed.
When £ is fixed and g is varied, the ergotropy decreases with
increasing g. Conversely, when g is fixed and k is varied,
the ergotropy increases with increasing k. Physically, this

géower(t) égpper(t) éléower(t)
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FIG. 9. Dynamics of Ez(t)/wp, E57° (t)/wp, and EX¥ (t)/wp in (a)—(c). The panels correspond to scenarios I, I1.., and II,.. The parameters
are set to g = 0.09 and k = 0.03 (in units of ws,). This figure numerically analyzes the validity of Eq. (34).
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behavior arises from the interplay between the collective in-
teraction involving S, and the charger, as well as the local
interaction between the charger and the battery in scenario II1.
This structure provides greater controllability of the charging
process compared to the other scenarios. Finally, note that the
case of g = 0 corresponds to an idealized situation in which
the charger-battery system is effectively isolated from the
structured reservoir, where the decoherence effects induced
by the reservoirs vanish.

Focusing on the maximum ergotropy, we observe that
scenarios [, and II, exhibit identical values, reaching
EF™ ~0.79 for g~ 0.1ws,. In contrast, scenario III,
achieves higher values, with £§** ~ 1 for g = 0.03 ws,, while,
by increasing k, a more efficient charging mechanism is ob-
served.

For the coherent initial state (S,), scenario II, shows
the lowest performance with £g%* & 0.08, while scenario I,
reaches moderate values. The highest ergotropy is obtained in
scenario III, with £5** &~ 0.48 for g = 0.03 ws, and large k.
Overall, these results demonstrate that increasing the charger—
battery coupling k enhances the maximum extractable work.
Whereas, increasing g in scenario III tends to reduce it, high-
lighting the distinct roles of g and k on the charging process.

Notably, in scenarios I, and II,, the interaction Hamil-
tonians describe resonant energy-exchange processes that
effectively reduce to similar Rabi-type oscillations between
collective states. Although, the microscopic transitions differ,
the normalization of the ergotropy (£p/wp) removes the en-
ergy scale, leading to nearly identical dynamics as observed
in Figs. 10(a) and 10(b).

A similar argument can be applied to Figs. 10(e) and 10(f),
where small effective coupling results in slower coherence
transfer and reduced amplitudes. After normalization, the
curves mainly differ by a scaling factor while preserving the
same qualitative behavior.

Overall, this similarity indicates that different interaction
scenarios, despite involving distinct multipartite processes,
give rise to comparable effective energy-exchange dynamics
when expressed in normalized units.

APPENDIX C: DECOMPOSITION OF THE BATTERY
ENERGY CURRENT

In this Appendix, we derive the decomposition of the en-
ergy current stored in the quantum battery into two contribu-
tions: a factorized local contribution and a correlation-induced
contribution. This decomposition provides a quantitative way
to identify how the correlations generated during the dynam-
ics contribute to the energy stored in the battery.

We consider the total system S = S| ® S, ® C ® B, whose
density matrix is denoted by ps(¢). The dynamics of pg(t)
is governed by the master equation introduced in Eq. (5).
In particular, the superoperator Ls,[ps(z)] already defined
in Egs. (6) contains both the coherent interaction between
the subsystems and the dissipative contributions induced
by the reservoirs. Here, the dissipation consists of two parts,
where —i[Hr,,, 0s(t)] denotes the interaction corresponding
to the charging scenario o = {LILIII}, whereas the second
contribution, namely, D!"&1 describes the local dissipative
action of the thermal reservoir R,, on the structured-reservoir
qubit S,,,.

The battery energy is defined as

Ep(t) = Trplpp(t)Hp} = Trs{ps(t)Hg). (C1)

Therefore, the energy current stored in the battery is given as

(C2)

d d_ .
Jp(t) = EEBU) = TrS{EPS(t)HB}-
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Now, by substituting Egs. (5) and (6) into Eq. (C2), one can
obtain

2
Js(t)=—iTesy | D Hs, + > Hy. ps(t) |Hp
m=1 ={C,B}
— i Trs{[Hun,. ps(1)]|Hz}
2
+ ) Trg{ DU [ps(1)]Hp}. (C3)

m=1

The contribution of the free Hamiltonian vanishes because

2
Trsq | D Hs, + Y Hu ps(t) [Hsp =0,
m=1 ={C.,B}

2
Trs{ ps(t)| Hp. Y Hs, + > Hy |t =0.
m=1 n={C,B}

In the last equality, we used the fact that the free Hamiltonians
act locally on different subsystems. Therefore,

2
Hg. Y Hs, + > H,|=0. (C4)
m=1 n={C,B}

Moreover, the dissipators D7 act locally on the structured-
reservoir qubits S, and not directly on the battery. Thus, their
direct contribution to the battery energy current vanishes:

Trs { Dol [ps(1))H5} = 0. (C5)
Hence, the reservoirs affect battery current indirectly through
the time dependence of the total state ps(z), while the direct

energy current entering the battery is generated by the inter-
action Hamiltonian Hyy,,. Consequently,

Jp(t) = —i Trs{[Hin, . ps(t)]Hp}. (C6)

To distinguish the part of the current generated by correla-
tions, we decompose the total state as

ps(t) = ps,, (1) ® pc(t) & pp(t) + peor(t),  (CT)

where the correlation operator is defined the following for-
mula:

Peor(t) = Ps(t) — ps,, (1) @ pe(t) ® pp(1). (C8)

Here, ps,,(¢) denotes the reduced state of the structured
reservoir qubits S; and S,. Therefore, p.o(f) contains the
correlations established between the block Sy,, the charger C,
and the battery B during the charging dynamics.

Replacing Eq. (C7) into Eq. (C6), one can obtain

Jp(t) = —i Trs{[Hin, . D5, () ® pc(t) ® pp(t)|Hs}
— i Trs{[Hin, . Peor(!)]Hap}- (C9)

Accordingly, we define the factorized local contribution to the
battery current as

TRe(t) = —i Trs{[Hin, . Psi,(t) ® pct) ® pp(t)|Hp},

(C10)
while the correlation-induced contribution reads
T3 (1) = —i Trs{[Hin, » Peor(1)|Hap}- (C11)

The total energy current stored in the battery is therefore
decomposed as

Jp(t) = JRE(t) + I (t).

The total variation of the stored energy in the battery is

(C12)

t
AEp(t) = Ep(t) — Ep(0) = / (Y (C13)
0
Using Eq. (C12), this variation can be written as
AEp(t) = AEN°(t) + AES (1), (C14)
where
t
AER°(t) = / JRe(ydt (C15)
0
and
t
AEZ (1) = / (") dr'. (Cl16)
0

This decomposition shows that the energy stored in the bat-
tery can be separated into a contribution generated by the
factorized local dynamics of the reduced states and another
contribution generated by the correlations exchanged between
structured reservoir, charger, and battery. In this regard, J5* (¢)
and AEZ(¢) provide a direct quantitative measure of the
role of dynamical correlations in the autonomous charging
process.
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