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Lindblad many-body scars
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Quantum many-body scars have received much recent attention for being both intriguing nonergodic states
in otherwise quantum chaotic systems and promising candidates to encode quantum information efficiently.
So far, these studies have mostly been restricted to Hermitian systems. Here, we study many-body scars
in many-body quantum chaotic systems coupled to a Markovian bath, which we term Lindblad many-body
scars. They are defined as simultaneous eigenvectors of the Hamiltonian and dissipative parts of the vectorized
Liouvillian. Importantly, because their eigenvalues are purely real, they are not related to revivals. The number
and nature of the scars depend on both the symmetry of the Hamiltonian and the choice of jump operators.
For a dissipative four-body Sachdev-Ye-Kitaev (SYK) model with N fermions, either Majorana or complex,
we construct analytically some of these Lindblad scars while others could only be obtained numerically. As an
example of the former, we identify N/2 + 1 scars for complex fermions due to the U (1) symmetry of the model
and two scars for Majorana fermions as a consequence of the parity symmetry. Similar results are obtained
for a dissipative XXZ spin chain. We also characterize the physical properties of Lindblad scars. First, the
operator size is independent of the disorder realization and has a vanishing variance. By contrast, the operator
size for nonscarred states, believed to be quantum chaotic, is well described by a distribution centered around a
specific size and a finite variance, which could be relevant for a precise definition of the eigenstate thermalization
hypothesis in dissipative quantum chaos. Moreover, the entanglement entropy of these scars has distinct features
such as a strong dependence on the partition choice and, in certain cases, a large entanglement.

DOI: 10.1103/x15w-zchv

I. INTRODUCTION

Quantum scars [1], originally discovered 40 years ago, are
eigenstates of quantum chaotic systems whose wave functions
are strongly localized along an unstable periodic orbit. The
initial concept of quantum scars emerged from the studies of
classical-quantum correspondence in single-particle systems,
such as quantum billiards, which exhibit distinct semiclassical
limits and have been directly observed [2] in experiments.
More recently, the study of scars has received an important
boost in the context of many-body quantum systems. In this
case, due to the absence of a clear semiclassical characteriza-
tion (see, however, Refs. [3–9] for recent developments along
this line), quantum many-body scars [10–14] were identified,
both theoretically and experimentally, by nonthermal oscil-
latory dynamics for some specific initial conditions related
to the existence of towers of states with an equally spaced
spectrum.
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More generally, many-body scar states can be defined as
analytical eigenstates of a system. Typically, one observes the
coexistence of eigenstates that are given by an explicit analyt-
ical expression and eigenstates that can only be obtained nu-
merically which show typical characteristics of chaotic states
such as avoided level crossings and eigenstate thermalization.
The coexistence of these two types of states was first identified
in three- and four-anyon systems in a harmonic well [15–17],
while the discovery of integrable many-anyon states goes back
much further [18]. Related questions were discussed in the
context of partial algebraization of the spectrum [19,20].

In a closely related development, it was found [21,22] that
it was possible to engineer quantum chaotic Hamiltonians so
that specific eigenstates violate the eigenstate thermalization
hypothesis (ETH) and therefore could also be considered as
quantum scars. Indeed, one of the main theoretical motiva-
tions to study many-body scars was concerning the conditions
for the violation of the ETH and more generally with the pro-
cess of thermalization in closed quantum many-body systems.

Another major interest in quantum scars comes from quan-
tum information applications [23,24]. Thermalization, which
is generic in many-body quantum chaotic systems, is fast,
which makes it difficult to use them for encoding and manip-
ulating quantum information. Many-body localized systems
do not suffer from this problem, but their low entanglement
is a serious drawback for quantum information applications
that typically require ample entanglement resources. In prin-
ciple, it is plausible to expect that quantum scars are also
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configurations with low entanglement. However, it has been
shown that this is not always the case. The so-called rainbow
scars [25–27] can have an entanglement entropy (EE) that
satisfies a volume law [26]. More interestingly, the level of
entanglement can be modified [27], at least to some extent,
by tuning the parameters of the model; see Ref. [28] for a
recent review.

So far, the discussion has been restricted to Hermitian
systems. However, in the aforementioned quantum informa-
tion setting, the unavoidable measuring protocol makes the
dynamics effectively non-Hermitian. The same applies if we
consider the effect of an environment which is described
by a similar formalism [29]. Therefore, a natural and rather
fundamental problem to investigate is the existence and char-
acteristics of quantum scars in this more general setting.

The literature [24,30–35] on this problem is still rather
scarce. The skin effect [32] has been employed to identify a
scarred eigenstate in a non-Hermitian projected spin model.
The same model was used [31] to characterize non-Hermitian
scars as states with low EE and leading to revivals. Very
recently, Refs. [36,37] reported the existence of revivals due
to many-body scars in a Lindblad setting. Moreover, the
steady state of a vectorized Lindbladian at finite temperature,
a thermofield double (TFD) state, has been characterized as a
many-body scar [38]. However, even basic questions like the
characterization of many-body scars in dissipative quantum
systems and their entanglement features are still poorly under-
stood. Below, we generalize the definition of the TFD scar of
Ref. [38] to more general states anywhere in the spectrum and
provide an extensive study of the properties of these states.

The main goal of this paper is to address the above ques-
tions by providing a detailed description of scars in vectorized
Liouvillians that describe the dynamics of many-body quan-
tum chaotic systems coupled to a Markovian bath. This would
open research avenues in dissipative quantum chaos where
even basic questions such as its very definition [39] or the
precise role and meaning of the ETH [40–44] are still being
debated. In the context of quantum information, it would al-
low for a more precise assessment of the potential of quantum
scars as entanglement resources once the unavoidable process
of measurement is considered.

For these purposes, we shall employ the so-called
Lindbladian Sachdev-Ye-Kitaev (SYK) model [45–50] that
describes the dynamics of an SYK model [51–58] in contact
with a Markovian bath. The SYK model is zero dimensional,
which makes it possible to reach larger sizes while keeping
[58–60] all distinct features of many-body quantum chaos.
Moreover, it is a toy model for holography [57,58]; in a certain
region of parameters, our results may thus have a gravity dual
interpretation. We shall see explicitly that the main results of
the paper are not specific to the SYK model but also apply
to other strongly interacting systems such as spin models. We
start with the definition and general discussion of scar states.

II. VECTORIZED LINDBLADIAN
AND MANY-BODY SCARS

We explore the existence and characterization of many-
body scars in quantum chaotic systems coupled to a
Markovian bath. The time evolution of the density matrix of

the system ρ̂ is governed by a Liouvillian L of Lindblad form
[61,62]

∂t ρ̂ = L(̂ρ ) = −i[Ĥ, ρ̂] + μ
∑

α

(
L̂αρ̂L̂†

α − 1
2 {L̂†

αL̂α, ρ̂}),
(1)

where Ĥ is the many-body quantum chaotic Hamiltonian, and
L̂α are the jump operators that characterize coupling to the
bath with strength μ. To study the evolution of the density
matrix, we follow the standard procedure [63] of writing the
rows of the matrix as successive columns. This is known as
the operator-state mapping, i.e., an operator Ô in the original
Hilbert space H is mapped to a state |O〉 in a doubled Hilbert
space H2 = H ⊗ H∗ ≡ HL ⊗ HR, where ∗ stands for the dual
space. The resulting Liouvillian, usually referred to as the
vectorized Liouvillian, is given by

L = −iH0 + HI , (2)

where H0 = HL − HR, and HI represents the dissipative term.
Here, HL and HR can also be interpreted as the Hamiltonian
on the backward and forward Keldysh contours, respectively.
For specific choices of Ĥ , such as a SYK model, this general
construction may be dual [64] to a weakly perturbed global de
Sitter geometry in two dimensions, which might be unstable
toward the formation of Keldysh wormholes [65]. The precise
form of HL, HR, and HI depends on the choice of the mapping
(i.e., vectorization). We discuss different possibilities below,
which we show to correspond to distinct basis choices for the
doubled Hilbert space.

A Hamiltonian analog of Eq. (2) with iHL → HL,
−iHR → HR, and HI Hermitian, was introduced [26,27] to
construct so-called rainbow scars [25]. Similarly, many-body
scars can also be constructed for the Liouvillian L Eq. (2) as
follows. The TFD state at infinite temperature [66]

|0〉 = 1

D

D∑
i=1

∣∣sL
i

〉∣∣sR
i

〉
, (3)

where |sL
i 〉 (|sR

i 〉) are the eigenstates of HL (HR), and D is the
Hilbert space dimension, is an eigenstate1 of H0 = HL − HR,
with eigenvalue zero due to the relative minus sign between
HL and HR. Contrary to the Hermitian setting of Ref. [26],
where one needs to introduce the relative sign by hand, here,
it is inherent to the Lindblad formalism that describes a single
system coupled to a bath.

If the TFD is also an eigenstate of the interacting part HI ,
then it becomes an eigenstate of the whole Liouvillian. The
TFD corresponds to the vectorization of the identity matrix,
and hence, it is an eigenstate of HI with real eigenvalue μλ

if
∑

α[L̂α, L̂†
α] = λ1. If λ = 0, the TFD corresponds to the

steady state of the Liouvillian, which always exists in the
spectrum.

The above example shows a trivial example of a scar
[38]. Inspired by it, we define a Lindblad many-body scar

1The term eigenstate is used throughout this work to refer to the
eigenmodes of the vectorized Liouvillian. They are equivalently
eigenoperators of the Lindblad equation in the original Hilbert space
due to the operator-state mapping.
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as a simultaneous eigenstate of H0 and HI in Eq. (2) whose
eigenvalue is the same for an entire family of Liouvillians
[38]. For example, if the Liouvillian is disordered, the latter
restriction guarantees that the eigenvalue of the scar state is
independent of the disorder realization. However, in general,
the scarred eigenvector will depend on the disorder real-
ization. For concreteness, we will focus only on the case
where the scar vanishes under the action of H0, and hence,
its eigenvalue is completely determined by the dissipative
part HI . The same definition can be formulated in the orig-
inal operator language of the Lindblad equation [38]. Let
Ô be the operator that corresponds to the vectorized state
|O〉. Here, |O〉 is a scar if Ô satisfies the following two
conditions:

(i) [Ĥ, Ô] = 0,

(ii)
∑

α (L̂αÔL̂†
α − 1

2 {L̂†
αL̂α, Ô}) = ηÔ,

where η is a constant. We thus have that L[Ô] = μηÔ.
In the remainder of the paper, we will restrict our atten-
tion to Hermitian jump operators L̂α = L̂†

α that satisfy L̂2
α =

a1 with constant a, in which case HI is Hermitian, and
the TFD becomes the steady state. In this case, condition
(ii) simplifies to

(ii’)
∑

α L̂αOL̂α = η′Ô,

for some real constant η′ related to η by a shift.
The main feature of the scar states is that their eigenvalues

can be obtained analytically and do not depend on the details
of Ĥ . To see this, first note that for any matrix, the real and
imaginary part of the eigenvalues are related to expectation
values of the Hermitian and anti-Hermitian parts of the ma-
trix. Indeed, for an eigenstate |k〉, let L |k〉 = λk |k〉, where
L = −iH0 + HI is decomposed into its Hermitian part HI and
anti-Hermitian part −iH0 and λk = ak + ibk with ak , bk ∈ R.
Then this leads to −i 〈k| H0 |k〉 + 〈k| HI |k〉 = ak + ibk , and
because ak and bk are real and H0 and HI are Hermitian,
it follows that ak = 〈k| HI |k〉, bk = −〈k| H0 |k〉. This is not
helpful for generic eigenstates of the Liouvillian. However,
scar states are also eigenstates of H0 and HI individually,
and therefore, the eigenvalues of scar states can be obtained
without diagonalization. Because of condition (i), we have
bk = 0, and by condition (ii’), ak = μη for any choices of
H0 consistent with condition (i). In Sec. IV, we will see that
this construction relates to the operator size in open quantum
systems.

Our definition of Lindblad scars is related to that of coher-
ent many-body eigenstates considered in Ref. [67]. Indeed,
we can relax condition (i) to [Ĥ , Ô] = ωÔ with real ω, al-
lowing for oscillatory scar states. If we then set η = 0, we
obtain nonsteady eigenstates that survive in the long-time
limit (the system does not relax to a steady state). Such
eigenstates are similar but not identical to dark states [68,69]
and decoherence-free subspaces [70,71] since they typically
correspond to isolated eigenvalues and do not span a subspace
of the underlying Hilbert space of the isolated system. More-
over, we note that the phenomenology of scars with η 
= 0 and
η = 0 is markedly different because of the decay induced by
the finite real part of the eigenvalues when η 
= 0. In the re-
mainder of the paper, we will consider only ω = 0, as required
by condition (i); we emphasize that these Lindblad scars are,
in general, not related to revivals, oscillatory dynamics, or
decoherence-free subspaces.

As an illustration of the above analysis, we now identify
many-body scars in a SYK model coupled to a Markovian
bath for both Majorana and complex fermions.

III. LINDBLAD SCARS IN THE SYK MODEL

A. Dissipative Majorana SYK model

We first investigate the Lindbladian Majorana SYK model
[45–50] described by the Liouvillian Eq. (1) with

Ĥ = −i
q
2

∑
1�i1<i2···<iq�N

Ki1i2···iqψi1ψi2 · · · ψiq , (4)

where ψi are Majorana fermions, {ψi, ψ j} = δi j , Ki1i2···iq are
Gaussian random couplings with zero mean and variance
2q−1(q − 1)!N1−q/q, N is even, and q is an even integer.
The Markovian bath enters in the Lindblad equation through
the jump operators, which we choose as L̂i = ψi. Because
L̂†

i L̂i = 1/2, the term {∑α L̂†
αL̂α, ρ̂} is simply an overall shift

of the Lindbladian.
The vectorization of the Liouvillian is not unique. While

different vectorization schemes correspond to unitary trans-
formations of the Liouvillian and therefore leave, e.g., the
spectrum invariant, they give rise to different partitions of the
many-body Hilbert space and, therefore, affect quantities that
are sensitive to them such as the size discussed in Sec. IV and
the EE discussed in Sec. V. We start this section by precisely
discussing different choices of vectorization.

A commonly used [47] set of left and right Majorana
fermions is given by

χL
k = ψk ⊗ 1, χR

k = P̂ ⊗ ψk, (5)

where the parity operator P̂ = 2N/2iN (N−1)/2 ∏N
k=1 ψk anti-

commutes with all ψk (i.e., P̂ is the �5 matrix for the
Euclidean N-dimensional gamma matrices that represent the
fermions). With this representation, the left, right, and inter-
action terms in the Liouvillian read [47]

HL = −i
q
2

∑
1�i1<···<iq�N

Ki1i2···iqχ
L
i1 · · · χL

iq , (6)

HR = −i
q
2 (−1)q/2

∑
1�i1<···<iq�N

Ki1i2···iqχ
R
i1 · · · χR

iq , (7)

HI = iμ
∑

i

χL
i χR

i − Nμ

2
. (8)

We can construct a different set of Majoranas by the unitary
transformation

U = exp(iπ P̂/4) ⊗ Ĉ, (9)

with Ĉ the unitary charge conjugation matrix satisfying
ĈψkĈ−1 = ψ∗

k . This gives the Majorana fermions

χ̃L
k = UχL

k U −1 = iP̂ψk ⊗ 1, (10)

χ̃R
k = UχR

k U −1 = P̂ ⊗ ψ∗
k . (11)

The left-right coupling can be rewritten as

U iχL
k χR

k U −1 = −(P̂ψk ⊗ 1)(P̂ ⊗ ψ∗
k )

= (ψk ⊗ 1)(1 ⊗ ψ∗
k ) ≡ ≈

χ
L

k

≈
χ

R

k , (12)
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where we have introduced the pseudofermions

≈
χ

L

k = ψk ⊗ 1,
≈
χ

R

k = 1 ⊗ ψ∗
k . (13)

These left and right fermions anticommute among themselves,
but all left fermions commute with all right fermions. How-
ever, this not problematic because the Liouvillians in the two
representations are related by a unitary transformation. The
interaction HI thus reads

HI = μ

N∑
k=1

≈
χ

L

k

≈
χ

R

k − Nμ

2
. (14)

It is clear that HL and HR can also be rewritten in terms of
these pseudofermions∑

i1�···�iq

χL
i1 · · · χL

iq =
∑

i1�···�iq

≈
χ

L

i1 · · · ≈
χ

L

iq , (15)

(−1)
q
2

∑
i1�···�iq

χR
i1 · · · χR

iq =
∑

i1�···�iq

≈
χ

R

i1 · · · ≈
χ

R

iq . (16)

All vectorization schemes give the same results for quantities
that are basis invariant, such as the spectrum. However, as
we will see in Sec. V, it is advantageous to use these pseud-
ofermions for the calculation of the EE.

The SYK Hamiltonian commutes only with the parity op-
erator (and trivially with itself), and hence, Ô = Ĥ , P̂, and
Ĥ P̂ satisfy the scar condition (i). Moreover, they also satisfy
condition (ii’) ∑

α

ψαP̂ψα = −N

2
P̂, (17)

∑
α

ψαĤψα =
(

N

2
− q

)
Ĥ , (18)

∑
α

ψαĤ P̂ψα = −
(

N

2
− q

)
Ĥ P̂. (19)

This allows the construction of three more scar states in addi-
tion to the identity operator: P̂, Ĥ , and P̂Ĥ , with eigenvalues
−Nμ, −qμ, and −(N − q)μ, respectively.

The same calculation can be done in the vectorized model.
For instance, the parity operator is mapped to the left parity
PL = 2N/2iN (N−1)/2 ∏N

k=1 χL
k , acting on the TFD |0〉. Then

i
∑

k

χL
k χR

k PL|0〉 = i
∑

k

χL
k PLχR

k |0〉

=
∑

k

χL
k PLχL

k |0〉 = −N

2
PL|0〉, (20)

where in the second step, we have used operator reflection
[47]. Considering the constant term of the vectorized opera-
tor, we find a scar state with eigenvalue −μN . The second
scar Ô = Ĥ can be implemented in a similar fashion for the
vectorized operator

i
∑

k

χL
k χR

k HL|0〉 = i
∑

k

χL
k HLχR

k |0〉

=
∑

k

χL
k HLχL

k |0〉 =
(

N

2
− q

)
HL|0〉.

(21)

Considering the constant term in the vectorized Liouvillian,
this gives a scar state with eigenvalue −qμ. Similarly, the last
symmetry gives an eigenstate with eigenvalue −(N − q)μ.
We thus have found four scar states

|0〉, PL|0〉, HL|0〉, HLPL|0〉. (22)

Note that (HL )2 and higher powers of HL do not satisfy the
symmetry relations (ii’). Therefore, there are no additional
scars in the dissipative Majorana SYK model.

To numerically confirm the analytical results, we computed
the spectrum of the dissipative Majorana SYK model with
linear jump operators for N = 12 and μ = 0.1, see Fig. 1
(left). The eigenvalues of the scar states are denoted by red
crosses and blue circles and occur at the locations explained
before.

B. Dissipative complex SYK model

To find a richer structure of scar states, we consider the
complex SYK Hamiltonian with U (1) symmetry. To this end,
we introduce the projection operator into a sector of fixed
charge (i.e., particle number) n

P̂n = P̂ 2
n = P̂ †

n . (23)

Explicitly, let us consider complex fermions ai = (ψ2i−1 −
iψ2i )/

√
2, whose number operator

N̂ =
N/2∑
i=1

a†
i ai =

N/2∑
i=1

(
1

2
− iψ2i−1ψ2i

)
(24)

has eigenvalues n = 0, . . . , N/2. The projection operator onto
the sector with charge n is given by

P̂n = 1

N/2 + 1

N/2∑
s=0

exp

{
2π is

N/2 + 1

(
N̂ − n

)}
, (25)

and the complex SYK model is then obtained by summing
over the projection onto all sectors

Ĥc =
N/2∑
n=0

P̂nĤ P̂n. (26)

In a representation where the number operator is diagonal,
we conjecture that this Hamiltonian agrees with the antisym-
metrized complex SYK Hamiltonian introduced in Ref. [72].
This can be shown analytically for q = 2, while for q = 4, we
only have numerical evidence. The jump operators are chosen
the same as in the Majorana case, namely, L̂i = ψi. It is crucial
that the jump operators do not respect the U(1) symmetry. If
they did, the whole Liouvillian would have a strong [67] U (1)
symmetry, and the symmetry operator would lead to block
diagonalization of L instead of inducing a scar.

If the number operator of the kth complex fermion is
given by

n̂k = a†
kak = 1

2 − iψ2k−1ψ2k, (27)

then we define the p-tuple operator as

N̂p =
∑

k1 
=k2 
=···
=kp

(
n̂k1 − 1

2

)(
n̂k2 − 1

2

)
· · ·

(
n̂kp − 1

2

)
.

(28)
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FIG. 1. Spectrum λ of one realization of the SYK Liouvillian with linear jump operators, with q = 4 and N = 12 (left and middle) and
of the XXZ spin model (right). Nonscar states are denoted by gray dots. Left: Majorana SYK Hamiltonian Eq. (4), which has two parity
(red crosses) and two HL scars (blue circles). Middle: Complex SYK Hamiltonian Eq. (26), which displays N/2 + 1 U (1) scars (red crosses)
and two HL scars (blue circles), which are fully characterized in the text, as well as 14 degenerate other scars (green circles) for which we
could not find a full characterization. Right: The XXZ model in Eq. (52) with weak dissipation (note the scale of the y axis). In this case, we
only found the U (1) scars (red crosses). All scar eigenvalues have zero imaginary part and an analytically determined real part that does not
depend on the disorder realization of the Hamiltonian.

These operators commute with Ĥc [condition (i)] and are acted
on by the jump operators as [condition (ii’)]∑

k

ψkN̂pψk =
(

N

2
− 2p

)
N̂p, (29)

where p takes the values 0, 1, . . . , N/2, resulting in N/2 +
1 scar states with eigenvalue −2pμ. For the vectorized
Liouvillian, they are given by

LN L
p |0〉 = −2pμN L

p |0〉. (30)

Then the U(1) scar states of the vectorized Liouvillian are
given by N L

p |0〉. We note that the p-tuple operators can be
expressed as linear combinations of powers of the number
operator

N̂p =
p∑

k=0

cpkN̂ k, (31)

with cpk combinatorial factors that can be calculated recur-
sively. Indeed, the operators N̂p defined in Eq. (28) satisfy the
relation

N̂p+1 =
(
N̂ − N

2

)
N̂p − p

4
(N − p + 1)N̂p−1, (32)

with initial conditions N̂0 = 1 and N̂1 = N̂ − N/2. For N2

and N3, we obtain

N̂2 =
(
N̂ − N

2

)2

− N

4
, (33)

N̂3 =
(
N̂ − N

2

)3

−
(

3

4
N − 1

2

)(
N̂ − N

2

)
. (34)

As was the case for Majorana fermions, there is an ad-
ditional scar state at both −qμ and −(N − q)μ, which are
given by

HL
c |0〉, HL

c PL|0〉, (35)

respectively. The existence of these scars still follows from
Eqs. (18) and (19). Indeed, the projectors P̂n discard

noncharge-conserving terms from H but do not change the
number q of Majorana operators in each term in Ĥc. Therefore,
the commutation relation with HI is left unchanged, and these
scars also exist in the U(1) conserving system.

Are these the only scar eigenstates of the Lindbladian com-
plex SYK model? We performed numerical checks for N =
12 and selected the scar states by the requirement that they
are joint eigenstates of HL − HR and HI . To obtain disorder-
independent eigenvalues, they must be eigenstates of HL −
HR with eigenvalue zero, so a necessary requirement is that
the eigenvalues of L are equal to {−Nμ, (−N + 2)μ, . . . , 0}.
When these states are nondegenerate, they are also eigenstates
of HI and are scar states with the same eigenvalue. When they
are degenerate, a complication arises since they can be linear
combinations of scar and nonscar states. To disentangle the
scar and nonscar states, we determine the singular values of
〈α|HI − 2kμ|2k〉, with |2k〉 the eigenstates of L with eigen-
value 2kμ and |α〉 a complete set of states. Only the states
corresponding to singular value zero are scar states. Following
this procedure, we find a single scar eigenstate for all −2pμ
except for −qμ, −(N − q)μ, and −Nμ/2. At −qμ, there are
two scar eigenstates given by N L

1 |0〉 and ĤL
c |0〉, as discussed

above. The same applies for the two scars at −(N − q)μ.
However, we find an N-dependent number of additional scars
in the middle of the spectrum, i.e., at −Nμ/2. For N = 12,
we find 15 scar states at −Nμ/2, and for N = 16, there are
19 scars also at −Nμ/2, with both numbers including one
U(1) scar. Because of the degeneracy, they cannot be separated
from the U (1) scar state. As an example, we present in Fig. 1
(middle) a scatter plot of the eigenvalues of the complex SYK
model Eq. (26) with linear jump operators for N = 12 and
μ = 0.1.

IV. CHARACTERIZATION OF LINDBLAD
SCARS BY OPERATOR SIZE

So far, we have not analyzed the properties of the eigen-
states of scar states, which we expect to behave qualitatively
differently from the surrounding quantum chaotic eigenstates.
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FIG. 2. Operator size, Eq. (38), of the eigenstates for one realization of the vectorized Liouvillian of the Majorana SYK model Eq. (4) for
N = 12, q = 4, and μ = 0.1 as a function of the real part of the eigenvalues Re[λ]. Scar states are denoted by red crosses and blue circles and
nonscar states by gray dots. Left: Operator size average, Eq. (41). There is a simple linear relation between the size of the eigenstates and the
real part of the corresponding eigenvalues, as expected. Right: Operator size variance 
S2 = 〈S2〉 − 〈S〉2. Only the scar states have a distinct
vanishing variance since they are shared eigenstates of the Liouvillian and the size operator.

In this section, we address this issue by showing that the
operator size, which is a popular indicator of quantum chaos
[73–80], provides a sharp distinction between the Lindblad
scars introduced earlier and the rest of the eigenstates, which
in the SYK model, are expected to be quantum chaotic.

In a fermionic system, the operator size is a measure of
the (average) number of Majorana operators in an expansion
of the operator in the basis of Majorana strings. A Majorana
string of size p is given by

�n = 2p/2ψn1 · · · ψnp, (36)

with n1 � n2 � · · · � np. It satisfies the orthogonality relation
Tr[�n�m] = δnm. Hence, the set of all 2N possible strings
forms a basis of the space of operators on the Hilbert space
H1, and any operator can be expressed as a linear combination
of these basis operators. The size operator S can be defined as

S (Ô) =
N∑

k=1

[Ô, ψk]±ψk = N

2
Ô ±

N∑
k=1

ψkÔψk, (37)

where we choose the anticommutator when the number
of fermions in O is odd. We immediately see that the
vectorized S

S = N

2
− i

∑
i

χL
i χR

i (38)

satisfies S = −HI/μ for HI given by Eq. (6) with our choice
of jump operators Li = ψi. Hence, it follows that condition
(ii’) is equivalent to Ô being an eigenstate of the size superop-
erator. More precisely, we have that

S (�n) = p�n, (39)

i.e., the Majorana strings are the eigenvectors of the size
superoperator with eigenvalue p (the length of vector n).

A generic operator Ô is not an eigenstate of the size opera-
tor. In this case, we can define its size as

〈S〉Ô = Tr[Ô†S
(
Ô

)
]

Tr[Ô†Ô]
. (40)

Denoting the normalized right eigenstates of the vectorized
Liouvillian by |α〉, the size of this state is given by

〈S〉 = N/2 −
N∑

i=1

〈α|χL
i χR

i |α〉. (41)

Here and below, we use the notation 〈·〉 for the expectation
value 〈α| · |α〉 of state |α〉.

In Fig. 2, we depict results for the average and variance
of the size Eq. (41) for the Liouvillian of the q = 4 SYK
Hamiltonian Eq. (26) with linear jump operators and μ = 0.1.
Since the real part of the eigenvalues λ of L is equal to the ex-
pectation value of HI , we find that the size is a linear function
of Re[λ], see Fig. 2 (left). Therefore, the size cannot be used
to distinguish scar from nonscar states. However, since scars
are shared eigenstates of the Liouvillian and the size operator,
the variance of the scar states vanishes, while for the nonscar
states, it is positive (see Fig. 2, right) and can thus be used
to distinguish scar states from nonscar states. Their number
agrees with the discussion in Sec. II.

To characterize scar states further, we can eliminate the
dependence of the operator size on the real part of the eigen-
values by separating the size contribution into different parts,
e.g., odd and even Majoranas. Specifically, in the complex
SYK model, we define

So = N

4
− i

N/2∑
i=1

χL
2i−1χ

R
2i−1, (42)
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FIG. 3. Expectation values of Se − So, Eq. (44) (left), and (Se − So)2, Eq. (45) (right), for one realization of the vectorized Liouvillian
of the Majorana SYK model, Eq. (4), for N = 12, q = 4, and μ = 0.1 as a function of the real part of the eigenvalues Re[λ]. Scar states are
denoted by red crosses and blue circles and nonscar states by gray dots. Only the parity scars have vanishing moments of Se − So because they
are simultaneous eigenvalues of Se and So.

Se = N

4
− i

N/2∑
i=1

χL
2iχ

R
2i. (43)

To eliminate the dependence on the total size, we will focus on
the observable Se − So in the rest of the section. We consider
the expectation values

〈Se − So〉, (44)

and

〈(Se − So)2〉. (45)

In the Majorana SYK case, see Fig. 3, we observe that the
average and the second moment of Se − So are qualitatively
different for scars and nonscar states. Moreover, the TFD scar
|0〉 is the fermionic vacuum and hence has the same number
of even and odd Majoranas, namely, zero. Likewise, the scar
PL|0〉 is the completely filled state and has the maximal num-
ber N/2 of even and odd Majoranas. Accordingly, both scars
are eigenstates of both Se and So with the same eigenvalue,
and the expectation values in Eqs. (44) and (45) vanish. On
the other hand, HL is a sum of terms that do not have a fixed
number of even (or odd) Majoranas; indeed, there are terms
with 0, 1, . . . , q even (or odd) Majoranas. Therefore, the two
HL scars are not eigenstates of Se and So, and the expectation
values in Eqs. (44) and (45) are finite.

We now turn to the complex SYK case, Eq. (26). For
the sake of completeness, we first study the operator size
and variance without separating the size contribution of the
different parts. We observe, see Fig. 4, a similar pattern as in
the Majorana case, although with a much richer scar spectrum,
which will be discussed shortly. The operator size is still linear
in the real part of the eigenvalues which make it unsuitable
for a general characterization of scars. Likewise, scar states
size have zero variance because the Liouvillian and the size
operator have common eigenstates. Therefore, from now on,

we follow the route of the Majorana fermions and focus on
the more interesting case of computing the size of odd and
even fermion separately. We refer to the previous discussion
on Majorana SYK for further details.

The results depicted in Fig. 5 for Se − So permit a more de-
tailed study of the richer pattern of many-body scars observed
for complex fermions. The predicted U (1) and HL scars have
zero average 〈Se − So〉, Eq. (44), which is the theoretical
prediction. Indeed, the U (1) scars are constructed from the
operators N̂p, Eq. (28), which always have the same number
of even and odd Majoranas. Similarly, the projection in Ĥc

ensures2 that, when expressed in terms of Majorana fermions,
for every term in Ĥc with a given value of Se − So, there exists
another term with the same coupling but opposite Se − So, and
Se(Ĥc) − So(Ĥc) vanishes. Moreover, N̂p is a simultaneous
eigenstate of both Se and So with the same eigenvalue, and
hence, also the variance, Eq. (45), vanishes for the U (1) scars.
On the other hand, while Ĥc has 〈Se − So〉 = 0 on average, it
is not an eigenstate of Se and So, and therefore, the variance
is finite.

Surprisingly, we have found 153 scars at λ = −0.6 =
−Nμ/2 that we have labeled as other scars. These states
are scars because they are eigenstates of −iH0 and HI with
eigenvalue −Nμ/2. However, we could not identify to what
symmetry of SYK, if any, they are related to. Interestingly,
these scars have a varied range of operator size and variance
that reinforces the idea that scars are promising resources for
quantum information applications. We note that the analytical
U (1) scar at the center of the spectrum is also contained

2We can show this explicitly for q = 2 and conjecture it to also hold
for larger q based on the numerical results.

3The U(1) scar at the center of the spectrum is completely mixed
among these states and cannot be identified separately. However, we
can construct it analytically as N L

N/4|0〉.
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FIG. 4. Operator size, Eq. (38), of the eigenstates of one realization of the vectorized Liouvillian of the complex SYK model, Eq. (26),
for N = 12, q = 4, and μ = 0.1 as a function of the real part of the eigenvalues Re[λ]. Scar states are denoted by red crosses and blue and
green circles and nonscar states by gray dots. Left: Operator size average, Eq. (41). Right: Operator size variance 
S2 = 〈S2〉 − 〈S〉2. As in
the Majorana case, see Fig. 2, the mean of the size depends linearly on Re[λ], and the variance of the sizes vanishes only for scars states.

among the other scars and is thus plotted twice. Without
a full characterization of these degenerate scars, we cannot
conclude whether this degeneracy with the U (1) scar is based
on symmetry, but there is a possibility that they are connected
with a symmetry of the SYK model or a feature of the jump
operators. Therefore, they need not be restricted to this model,
although we do not observe them in the XXZ spin chain to be
studied in Sec. VI.

Finally, we address the full distribution of the operator size
〈Se − So〉. For states with a nonvanishing expectation value
(among other scar states but also many other states), it can

be used as a powerful probe of the applicability and rele-
vance of the ETH in many-body quantum dissipative systems.
According to the Hermitian ETH [81,82], we would expect a
Gaussian distribution of 〈Se − So〉 with a mean and a width
that show a smooth variation as a function of the energy (i.e.,
an energy dependence on a scale that is much larger than the
scale of the fluctuations) [83–86]. For non-Hermitian opera-
tors, the spectrum is two dimensional, and the size operator
can have a nontrivial smooth behavior as a function of both
the real and imaginary parts of the eigenvalues. This can be
shown by calculating the mean and standard deviation of the

FIG. 5. Expectation values of Se − So, Eq. (44) (left), and (Se − So)2, Eq. (45) (right), for one realization of the vectorized Liouvillian of
the complex SYK model, Eq. (26), for N = 12, q = 4, and μ = 0.1, as a function of the real part of the eigenvalues Re[λ]. Scar states are
denoted by red crosses and blue and green circles and nonscar states by gray dots. Only the N/2 + 1 U (1) scars are simultaneous eigenstates
of Se and So and hence have vanishing moments of Se − So.
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FIG. 6. Log-log plot of the histogram of the normalized expec-
tation values 〈Se − So〉 (black points) for the nonscar states of the
complex SYK model with N = 12, q = 4, and μ = 0.1 (for 200 re-
alizations). The distribution is computed for a small window around
the center of the spectrum (main) and a window away from the center
(inset) with values as indicated in the figure. A fit by the power law
a/xb (red), with the parameters a and b depending on the window of
eigenvalues, provides a good description of the asymptotic decay of
the distribution. The observed deviations from a Gaussian behavior
suggest that ETH in dissipative quantum chaos may be qualitatively
different from that in Hermitian quantum chaos [81,82].

nonzero size differences as a function of the eigenvalue using
a small bin size and fitting them by smooth functions M(λ)
and σ (λ), in this order. The normalized size difference for a
state with eigenvalue λ is defined by

〈Se − So〉nor = 〈Se − So〉 − M(λ)

σ (λ)
. (46)

As already suggested by Fig. 5 (left), their dependence on the
real and imaginary parts of the eigenvalues is relatively weak.
After normalization to zero mean and unit variance, we can
combine results to form a group of nearby bins to increase
statistics.

After performing this normalization procedure, we find
the distribution shown in Fig. 6 (black dots) for |Re[λ] +
Nμ/2| < 0.0075 (main) and 0.057 < |Re[λ] + Nμ/2| <

0.075 (inset). In both cases, it has a distinct power-law tail (red
curve) with a power that decreases away from the center. Note
that, on average, the value of 〈Se − So〉 vanishes for about
62% of the states.

While a Gaussian distribution is the broadly accepted ex-
pectation for Hermitian systems, the reach and details of the
ETH for non-Hermitian systems is still under debate [40–44].
Because the nonstationarity of the normalized distribution of
〈Se − So〉nor is negligible for the energy windows for which
the distribution was calculated, we can exclude this as the
cause of the non-Gaussianity. Therefore, these results point
to qualitative differences with respect to the Hermitian case
that deserve further consideration.

V. CHARACTERIZATION OF LINDBLAD SCARS BY EE

The analytical properties and fixed operator sizes of the
U(1) scars imply a rather simple operator complexity. A nat-
ural conjecture stepped further is that the EE of the scars
are subvolume given their simple operator structure. We will
see that, for Lindblad scars, the picture is more complicated
because the EE depends sensitively on the choice of the
partition. A detailed characterization of the entanglement of
the Lindblad scars is important not only for the understand-
ing of the scar itself but also to give insights into quantum
many-body effects such as quantum chaos and information
scrambling. The EE of eigenstate |k〉 of L is defined as

S(k)
� = −Tr

[
ρ

(k)
� log ρ

(k)
�

]
, ρ

(k)
� = Tr�|k〉〈k|, (47)

where � is a subset of the degrees of freedom in the doubled
Hilbert space H2, and Tr� denotes the partial trace over the
complementary degrees of freedom. In practice, to compute
S(k)

� , we bipartition the doubled Hilbert space as H2 = H� ⊗
H� and perform the Schmidt decomposition of |k〉

|k〉 =
∑

ab

K (k)
ab |a〉�|b〉�, (48)

where |a〉� and |b〉� are bases of H� and H�, respec-
tively. With σ� the singular values of the matrix K (k)

ab , � =
1, . . . , min{dim(�), dim(�)}, the EE is given by

S(k)
� = −

∑
�

σ 2
� log σ 2

� . (49)

We considered the following two bipartitions of the degrees
of freedom, which lead to qualitatively different entanglement
patterns:

(1) The intersite partition corresponds to the original bi-
partition of the 2N Majoranas into N L Majoranas and N R
Majoranas, H2 = HL ⊗ HR (i.e., � = L).

(2) For the intrasite partition, we split the L Majoranas into
two subsets HL = HL

A ⊗ HL
B, where A corresponds to the first

N/2 Majoranas and B to the last N/2 Majoranas, and simi-
larly for HR. The Schmidt decomposition is then performed
with respect to the bipartition H2 = HA ⊗ HB (i.e., � = A),
where HA = HL

A ⊗ HR
A and HB = HL

B ⊗ HR
B. For a state |k〉,

the decomposition in Eq. (48) is expressed as

|k〉 =
∑

i1i2;i3i4

K (k)
i1i2;i3i4

|i1i3〉|i2i4〉, (50)

where |i1i3〉 ∈ HL
A ⊗ HL

B and |i2i4〉 ∈ HR
A ⊗ HR

B (see
Appendix for more details).

The choice of partition, and hence the calculation of the
EE, has implicitly a choice of basis (i.e., of representation of
the fermion operators and vectorization scheme) which can
significantly affect the values of the EE. The vectorization of
Eq. (5) introduces an explicit coupling between the two copies
of the Hilbert space and therefore affects the intersite EE. To
avoid the extra spurious entanglement, we choose the vector-
ization of Eq. (13); ultimately, this choice is arbitrary, and the
most appropriate one must be done on a case-by-case basis.

In Figs. 7 and 8, we show the EE for the dissipative
Majorana and complex SYK models, respectively. The EE
of many of the nonscar states is close to the Page value (the
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FIG. 7. EE, Eq. (47), of the eigenstates of one realization of the vectorized Liouvillian of the Majorana SYK model, Eq. (4), for N = 12,
q = 4, and μ = 0.1 using two different partitions of the degrees of freedom. Left: Intersite partition corresponding to the original bipartition
of 2N Majoranas into N L Majoranas and N R Majoranas. Right: Intrasite partition corresponding to a noncontiguous split, see the main text
for details. The EE of scars states is sensitive to both the choice of partition and the type of scars. The TFD scar states (red crosses) are clearly
differentiated from nonscar states (gray dots), but the HL scars (blue circles) have an EE that is within the range of the nonscar states.

value for a typical random state)

SPage =
D2∑

j=D+1

1

j
− D − 1

2D
, (51)

with D = 2N/2 the Hilbert space dimension. On the
other hand, as expected, the scar states have a different

entanglement pattern for the two partitions. This is
particularly visible for the complex SYK model because
of the higher number of scars induced by the U (1) symmetry.
We see that the scars with high entanglement in one partition
have low entanglement in the other. Consider, for example,
the states |0〉 and PL|0〉. Since these states correspond to
the infinite-temperature TFD and its parity reflection, they

FIG. 8. EE, Eq. (47), of the eigenstates of one realization of the vectorized Liouvillian of the complex SYK model, Eq. (26), for N = 12,
q = 4, and μ = 0.1 using two different partitions of the degrees of freedom. Left: Intersite partition corresponding to the original bipartition
of 2N Majoranas into N L Majoranas and N R Majoranas. Right: Intrasite partition corresponding to a noncontiguous split, see the main text
for details. The EE of scars states (red crosses and green and blue circles) has a broad range of values, from above the Page value typical
of a highly entangled random state down to zero entanglement. As in the Majorana case, the EE is sensitive to both the choice of partition
and the type of scars. The U (1) scars (red crosses) are only present in the complex SYK model. We also observe that the EE of each of the
15 degenerate scars that we cannot relate to a symmetry (green circles) is different and does not overlap with the rest of scars, except with one
U (1) scar with the same eigenvalue.
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have maximal entanglement between the L and R spaces;
correspondingly, the intersite EE reaches the maximum value
log D = N

2 log 2. On the other hand, the intrasite EE vanishes
for this state (see Appendix). The other U (1) scars have
larger intrasite EE than the TFD or its parity reflection, but
it is still noticeably less than that of the bulk of the nonscar
states. Since the intrasite EE we consider here coincides with
the operator EE [87–89], this low EE for this partition is an
indication of a simple operator complexity. This is no surprise
if one looks explicitly into the defining expressions [see
Eq. (28)]. By contrast, the definition of the HL scar does not
point to a simple operator complexity. Indeed, its EE is closer
to that of nonscar states and, in all cases, does not vanish.

VI. LINDBLAD SCARS IN SPIN CHAINS

The existence and characterization of Lindblad scars is not
exclusive to the dissipative SYK model discussed previously.
In this section, we show that similar findings also occur in a
dissipative random spin-1/2 XXZ chain whose Hamiltonian
is given by

ĤS = −J
N∑

i=1

(X̂iX̂i+1 + ŶiŶi+1 + 
ẐiẐi+1) −
N∑

i=1

hiẐi, (52)

where X̂i, Ŷi, and Ẑi are the standard Pauli matrices on site
i, we have assumed periodic boundary conditions (X̂N+1 ≡
X̂1, etc.), hi ∈ [−h, h] are random fields, and N is the num-
ber of sites. When h/J is sufficiently small (large), the
model is quantum chaotic (many-body localized) [90]. We set
h/J = 0.5 and 
 = 1.1 so that the system is in the quantum
chaotic phase. The XXZ Hamiltonian also has U (1) symmetry
[ĤS,

∑N
i=1 Ẑi] = 0. We choose the jump operators to be L̂i =

X̂i so that they break the U (1) symmetry in the Liouvillian.
For our calculations, we choose μ = 0.1, which corresponds
to a much weaker dissipation than in the SYK and complex
SYK cases.

The vectorization of the Liouvillian is given by [49,91,92]

L = − i(ĤS ⊗ 1 − 1 ⊗ Ĥ∗
S )

+ μ
∑

α

{
L̂α ⊗ L̂∗

α − 1

2
[L̂†

αL̂α ⊗ 1 + 1 ⊗ (L̂†
αL̂α )∗]

}
.

(53)

Defining

X L
i = X̂i ⊗ 1, X R

i = 1 ⊗ X̂ ∗
i , (54)

Y L
i = Ŷi ⊗ 1, Y R

i = 1 ⊗ Ŷ ∗
i , (55)

ZL
i = Ẑi ⊗ 1, ZR

i = 1 ⊗ Ẑ∗
i , (56)

we can equivalently write

L = −i
(
HL

S − HR
S

) + HI , (57)

with HL
S obtained from ĤS by replacing X̂i by X L

i , etc., and

HI = μ

N∑
i=1

X L
i X R

i − Nμ. (58)

The vectorized Lindbladian has the following discrete sym-
metries: [∏

k

ZL
k ZR

k ,L
]

= 0, (59){
SWAP ×

∏
k

ZL
k ,L + μN

}
= 0, (60)

[SWAP × K,L] = 0, (61)

where SWAP is the operator that interchanges L and R, and K
is complex conjugation. Because of Eq. (60), the eigenvalues
of L + μN occur in pairs {λk,−λk}, while Eq. (61) implies
that they appear as complex conjugate pairs if not real.

Although the operator Eq. (58) resembles HI of the SYK
and complex SYK models, its properties are significantly
different. Its ground state is 2N -fold degenerate, while the
ground state of HI in Eq. (8) is unique. The ground-state
degeneracy of HI is lifted by a nonzero value of J , and
the steady state of −iH0 + HI + Nμ is only well separated
from the rest of the spectrum for sufficiently small values
of ‖(HI + Nμ)‖/‖H0‖. This is the case for our choice of
μ = 0.1, for which ‖HI + Nμ‖/‖H0‖ ≈ 0.05 compared with
0.5 for the corresponding ratio for the complex SYK (compare
the complex SYK spectrum and the XXZ spectrum in Fig. 1).
At this value of μ, about 40% of the eigenvalues of L + Nμ

are purely imaginary.
Due to the U (1) symmetry that is broken by the jump oper-

ators, we expect the presence of U (1) scars. A straightforward
calculation shows that the role of the p-tuple operator N̂p,
Eq. (28), that generates the scars in the complex SYK model
is played by

Mp =
∑

k1 
=k2 
=···
=kp

Zk1 Zk2 · · · Zkp . (62)

Since it verifies the two conditions (i) and (ii’), the scars in the
dissipative spin-chain U (1) are ML

p|0〉 with p = 0, . . . , N/2,
whose eigenvalues are −2pμ

LML
p|0〉 = −2pμML

p|0〉. (63)

Unlike in the SYK model, HL|0〉 is not a scar because the
Hamiltonian has terms with a different number of Pauli matri-
ces: one Pauli matrix in the magnetic field term and two Pauli
matrices in the exchange term. This is confirmed by a scatter
plot of the eigenvalues, see Fig. 1 (left), where the scar states
are shown by the red crosses.

To identify and further characterize these scars, we com-
puted the size and the EE. Paralleling the definition introduced
in Sec. IV, the size operator of spin systems is given by
[73–80]

S
(
Ô

) = −1

4

∑
{�̂i}

(�̂iÔ�̂
†
i − Ô), (64)

S� (Ô) = S (Ô) + 1

2

N∑
i=1

(�̂iÔ�̂
†
i − Ô), (65)

with �̂i ∈ {X̂i, Ŷi, Ẑi}. Here, S measures the number of sites
in which an operator is one of the Pauli matrices, while S�
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FIG. 9. Upper left: Operator size, Eq. (66), of scar states (red crosses) and nonscar states (gray dots) for one realization of the N = 6
dissipative XXZ model, Eq. (52). Upper right: Operator size variance 
S2 = 〈S2〉 − 〈S〉2. Lindblad scar states have vanishing size variance
since they are shared eigenstates of the Liouvillian and size operator. Lower left: Operator size for Pauli X and Z operators, Eqs. (67) and (69).
Scar states have size −Re[λ]/2µ since they only have components from Z operators, so this observable can be used to characterize scar state in
this model. Lower right: Log-log plot of histogram of the normalized operator size for Pauli X and Z operators for nonscar states. We observe
a similar power-law decay as in the SYK case that suggests deviations from the ETH for dissipative quantum chaotic systems.

measures the number occurrences of a specific Pauli operator
� only. After vectorization, they can be written as

S = 3N

4
− 1

4

∑
�i

�L
i �R

i , (66)

SX = N

4
− 1

4

N∑
i

(−X L
i X R

i + Y L
i Y R

i + ZL
i ZR

i

)
, (67)

SY = N

4
− 1

4

N∑
i

(
X L

i X R
i − Y L

i Y R
i + ZL

i ZR
i

)
, (68)

SZ = N

4
− 1

4

N∑
i

(
X L

i X R
i + Y L

i Y R
i − ZL

i ZR
i

)
. (69)

Unlike in the SYK Lindbladian, the size operator for the
spin-chain is not proportional to HI = −2μ(SY + SZ ), so its
calculation is of more interest. Indeed, the results depicted in
the top panels of Fig. 9 show the existence of the U (1) scars
and that their size is markedly different from the nonscar states
and different from those in the SYK model. The variance of
the operator size vanishes only for the U (1) scars, so it can
be employed to identify scars. As was expected, we do not
observe HL scars. Moreover, we do not observe the degenerate
scars reported in the SYK model (green circles).

As in Sec. IV, we define partial size operators similar to
the even and odd size operators of the Majorana fermion
strings. Since HI = −2μ(SY + SZ ), the expectation value of
SY + SZ is given by −Re[λk]/2μ, with λk the eigenvalues of
the vectorized Lindblad operator. All combinations of size
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operators S�i show a systematic behavior as a function of
Re[λk] (which is termed secular variation in Refs. [83,84])
as well as a fluctuating contribution. For μ = 0.1, we could
not find a linear combination of size operators with a neg-
ligible smooth behavior. The combination with the smallest
but still significant smooth behavior of the nonscar states
is N/2 − 〈SX + SZ〉 = 〈∑i Y L

i Y R
i 〉/2, see Fig. 9 (lower left).

Note that 〈SX + SZ〉 = 〈SX − SY 〉 − 〈HI〉/2μ, but 〈SX − SY 〉
has a stronger dependence on λ. Because of the symmetry of
Eq. (60), N/2 − 〈SX + SZ〉 is odd as a function of the real part
of the eigenvalues of L + Nμ/2 and thus vanishes when the
real part of these eigenvalues is equal to zero, which is the
case for about 41% of the states. The U (1) scars are a sum of
strings of Ẑi, so naturally, 〈SX 〉 and 〈SY 〉 are zero (and their
difference is as well), so that 〈SX + SZ〉 = −Re[λk]/2μ for
these states (red crosses in Fig. 9, bottom left). Therefore, this
partial size operator is also suitable to characterize scars.

The bottom right panel of Fig. 9 shows a double-
logarithmic plot of the full distribution of the normalized size
discussed below in a small window around the center of the
spectrum (main) and away from the center (inset). As for the
SYK model, see Fig. 6, we find a deviation from the ETH
behavior, which predicts a Gaussian distribution. However,
according to the ETH, this is the case for an energy window
with a negligible smooth behavior [81,83,84]. As was already
discussed for the complex SYK model, the local dependence
of the mean [M(λ)] and width [σ (λ)] on the eigenvalue λ

has to be eliminated if there is a substantial variation over
the energy window under consideration. We have studied this
dependence on both the real and imaginary parts of λ by par-
titioning the support of the eigenvalues into 100 bins of equal
length and calculating the mean and width for each bin. We
did not find any significant smooth variation on the imaginary
part of λ, but there is an order of one smooth dependence
on Re[λ] + μN . In the region |Re[λ] + μN | < 0.2, where a
bin contains at least 1000 eigenvalues (for 1000 realizations),
the smooth dependence is obtained by fitting (piecewise)
smooth functions M(λ) and σ (λ) to the values of the mean
and width for each bin. For example, for |Re[λ] + μN | <

0.02, we find M(Re[λ]) ≈ 0.45(Re[λ] − μN ) + [(Re[λ] −
μN )/0.092]3 and σ (Re[λ]) ≈ 0.028 + 5|Re[λ] − μN |. For
|Re[λ] + μN | > 0.2, both the width and the mean show large
bin-to-bin fluctuations, and a reliable statistical analysis is
not possible. Because the operator SX + SZ − N/2 vanishes
at Re[λ] = −μN/2, to combine the data near this point into
one histogram, it is important to normalize the distribution of
the sizes to zero mean and unit variance. This can be achieved
by considering the normalized expectation value

〈SX + SZ〉nor = 〈SX + SZ〉 − M(Re[λ])

σ (Re[λ])
. (70)

In Fig. 9 (bottom right), we show the distribution of the nor-
malized sizes for |Re[λ] + μN | < 0.0075 (main) and 0.057 <

|Re[λ] + μN | < 0.075 (inset). Both have power-law tails,
with a power that increases significantly away from the cen-
ter of the spectrum. For the complex SYK model, we also
found a power law but a much weaker dependence on λ

(see Fig. 6). The deviation from gaussianity, which persists
also after proper rescaling, Eq. (70), suggests that ETH for

Lindblad systems, if it applies, is quite different from the
Hermitian analog.

Finally, Fig. 10 shows the EE for the intersite and intrasite
partitions. The results agree with the theoretical expectations
and are qualitatively similar to those found in the Lindblad
SYK model.

VII. CONCLUSIONS AND OUTLOOK

We have identified conditions for the existence of scarred
eigenstates, which we termed Lindblad scars, of the vector-
ized Liouvillians that describe the dynamics of many-body
quantum chaotic systems coupled to a Markovian bath. To
illustrate the generality of our results, we have investigated
in detail two models: a dissipative SYK model and a dephas-
ing spin chain. In both cases, we constructed the scar states
analytically.

An explicit calculation of the operator size has revealed
that many-body quantum scars in these two models have
an operator size given by the real part of the eigenvalues.
Therefore, the size variance vanishes for scars and can be
used to identify them. By contrast, nonscarred states show
a smooth distribution centered around its average and with
a power-like tail, which suggests strong deviations from the
ETH in dissipative quantum chaotic systems. We have also
observed that the entanglement properties of the many-body
scars are to some extent tunable, and for certain partitions, the
EE of scarred states is close to the Page value, which suggests
that these quantum scars are promising candidates to encode
and transmit quantum information.

We have found that Lindblad scars can be determined
from the parity or U (1) symmetry of the Hamiltonian and
the precise form of the jump operators. Therefore, a similar
analysis for supersymmetric SYK models with one or more
supercharges, together with a judicious choice of jump op-
erators, promises an even richer pattern of Lindblad scars.
We have also identified additional scars in the complex SYK
model that, to the best of our understanding, are not related to
these symmetries.

It would be interesting to explore the precise role of these
Lindblad scars in the quantum dynamics, see also Ref. [35].
We recall the many-body scars we have identified are not
related to revivals because they are purely decaying modes,
that is, they have purely real eigenvalues (see Ref. [37] for
a recent account of scars with purely imaginary eigenvalues
leading to revivals). Another avenue for future research is a
more detailed study of the size operator as a probe to charac-
terize the ETH in dissipative many-body chaos for which the
assumption of gaussianity does not seem to apply.
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APPENDIX: SCHMIDT DECOMPOSITION
FOR THE INTRASITE PARTITION

In this appendix, we show that, also for the intrasite parti-
tion, the EE can be expressed as in Eq. (49) and show that the
intrasite EE of the TFD state vanishes.

In this case, a state |k〉 can be decomposed as (note the
ordering of the indices)

|k〉 =
∑

i1i3;i2i4

Ki1i2;i3i4 |i1i3〉|i2i4〉, (A1)

where |i1i3〉 ∈ HL
A ⊗ HL

B and |i2i4〉 ∈ HR
A ⊗ HR

B. The singular
value decomposition of Ki1i3;i2i4 is given by

Ki1i2;i3i4 =
∑

kl

σklUi1i2;klV
†

kl;i3i4
, (A2)

with σkl the singular values, and U and V unitary matrices.
The matrix elements 〈 j1 j2|ρred| j′1 j′2〉 of the reduced density
matrix ρred = TrB|k〉〈k| can be expressed as

∑
j3 j4

〈 j1 j3; j2 j4|k〉〈k| j′1 j3; j′2 j4〉 =
∑
kl;k′l ′

∑
j3 j4

σklUj1 j2;klV
†

kl; j3 j4
σk′l ′U

∗
j′1 j′2;k′l ′V

T
k′l ′; j3 j4 =

∑
kl

σ 2
klUj1 j3;klU

∗
j′1 j′3;kl , (A3)

where in the last equality, we used the unitarity of V . The reduced density matrix is then given by

ρred =
∑

kl

∑
j1 j2; j′1 j′2

σ 2
klUj1 j2;klU

∗
j′1 j′2;kl | j1 j2〉〈 j′1 j′2| =

∑
kl

σ 2
kl |kl〉〈kl|, (A4)

with

|kl〉 =
∑
j1 j2

U T
kl; j1 j2 | j1 j2〉. (A5)

This shows that, also for the intrasite partition, the reduced
density matrix is given by Eq. (49).

Finally, let us use this to calculate the EE of the state |0〉.
Since this state corresponds to the infinite temperature TFD,
it has maximal entanglement between the L and R spaces;

correspondingly, the intersite EE reaches the maximum value
log D = N

2 log 2. If the TFD state

|0〉 =
∑

i1i2;i1i2

|i1i2〉|i1i2〉/
√

D ∈ HL ⊗ HR (A6)

is expanded according to the intrasite partition in Eq. (50)

|0〉 =
∑

i1i2;i3i4

K intra
i1i2;i3i4 |i1i3〉|i2i4〉, (A7)
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only the matrix elements K intra
i1i1;i2i2 = 1/

√
D are nonzero. This

is a projection matrix with only one nonzero singular value
resulting in a vanishing intrasite EE, as found numerically in

Fig. 10. Note that the argument must be modified for parity-
reflected TFD state PL|0〉, which must be perpendicular to the
TFD state.
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