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Analytical theory of coherent radiation and radiation friction in laser-plasma collisions
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We develop an analytical theory of coherent (scaled quadratically with the number of particles) radiation and
coherent radiation friction in a head-on collision of a dense charged particle bunch with an intense laser pulse.
‘We demonstrate that the low-frequency coherent radiation in the forward and backward directions dominates the
energy-momentum losses of a mildly relativistic bunch and can result in a substantial enhancement of the overall
radiation friction as compared to the incoherent case. We derive the scaling laws for the average momentum
losses of the bunch over the collision with respect to laser intensity, pulse duration, and particle bunch parameters,
and show their robustness with respect to laser polarization and the shape of the particle distribution in the bunch.
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I. INTRODUCTION

When charged particles collide with a laser pulse, they
emit electromagnetic radiation losing energy and momentum.
From classical viewpoint, this effect, conventionally called
radiation reaction or radiation friction (RF) [1-3], can be
formally described by introducing a RF force Fgrg into the
equation of motion,

P _Fy+ R, M)
where F; = e(E + [v x B]/c) is the Lorentz force; E and B
are the electric and magnetic fields; e, p and v are the charge,
momentum, and velocity of the particle.

RF has been recently observed experimentally in laser-
particles collisions [4-6] and it is foreseeable that RF can
be important in practical applications of strong laser-plasma
interaction, such as electron and ion acceleration [7-15],
generation of waves in a rarefied plasma [16,17], or strong
magnetic fields in a dense plasma [18,19]. It also modifies the
spectrum of radiation itself [20-23].

Assuming B ~ E, classical description is valid as long as
the quantum parameter y ~ Z—E, which measures the ratio of
the electric field in the particle rest frame to the critical field
of quantum electrodynamics (QED) E.; = m?c? /eh [24,25], is
small [26,27]. Here m and y are the particle mass and Lorentz

*Contact author: egelfer @ gmail.com
"Present address: Deutsches Elektronen—Synchrotron DESY,
Notkestr. 85, 22607 Hamburg, Germany.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2470-0045/2026/114(2)/025209(12)

025209-1

factor. In what follows, we assume the classical regime y < 1
of radiation and radiation friction.

Several expressions for the RF force have been proposed
in the literature [1,2,28,29]; see also the review in Ref. [30].
The one introduced by Landau and Lifshitz (LL) [2] is now
commonly accepted as a convenient approximation for the
description of RF in the classical regime [31,32].

It is conventionally believed that RF is relevant in inter-
actions of ultraintense lasers with ultrarelativistic particles;
see the reviews [27,30-32]. Indeed, according to the estimates
[9,20] based on the LL approach, RF is substantial for

R=uadyo,T 21, p=—-=, )
3 AL

where ag = eEy/mwyc is the amplitude of the dimensionless
field strength; w;, Az, and T are the frequency, wave-
length, and duration of the laser pulse; and r, = €*>/mc? ~
2.8 x 10713 cm is the classical electron radius. For an opti-
cal petawatt class laser p ~ 1078, w, T ~ 10 — 100, so that
Eq. (2) can be satisfied only for ag > 1 and/or y > 1.

However, Eq. (1) and the condition equation (2) have been
derived under the assumption that the particles emit radiation
independently and incoherently. This assumption might not be
fulfilled for a dense particle bunch [33-36]. Since the energy
of the emitted coherent radiation scales with the number of ra-
diating particles N as N? [33—43], the coherence can strongly
enhance RF.

Here we investigate coherently enhanced RF in a head-on
collision of a charged particle bunch with a plane wave laser
pulse. We provide a detailed derivation of the analytical theory
of the effect and demonstrate its robustness with respect to the
models in use for the laser pulse and the particle bunch.

In the companion Letter [44] we summarize the main
physical results, provide their numerical validation with three-
dimensional particle-in-cell (PIC) simulations, confront the
coherently enhanced RF with the ordinary incoherent one, and
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FIG. 1. Illustration of the laser-bunch collision geometry; k; —
laser wave-vector; v—velocity of the particles; n—direction of
radiation.

discuss the prospects for experimental observation of coherent
RF in such a setup.

The paper is organized as follows. In Sec. II we derive
an analytical approximation for the radiation spectrum of a
bunch of charged particles. To this end we follow the approach
of Ref. [35] but, whereas there the main focus was on the
high-frequency part of the radiation spectrum, here we mostly
consider radiation at small frequencies, which contributes
most to the energy and momentum transfer in the regime of
coherently enhanced RF. In Sec. III we derive an amount of
momentum lost on average by a particle in a dense bunch.
First we discuss the known result for a single particle, then
calculate the momentum losses assuming the coherent radia-
tion is dominant. In Sec. IV we discuss the obtained analytical
results with an emphasis on their robustness with respect to
the laser polarization and the bunch shape. Section V sum-
marizes our findings. The Appendix supports the discussion
of Sec. IV by providing a detailed calculation of RF for an
alternative bunch shape.

II. RADIATION OF A PARTICLE BUNCH COLLIDING
WITH A LASER PULSE

We start with a general formula for the radiation emitted
by a bunch of N particles colliding with a laser pulse; see
Fig. 1. Assuming the waist w of the laser pulse is much
larger than both the laser wavelength and the radius of the
bunch, w > A;, R we consider the laser pulse as a plane wave
pulse propagating along x axis, for which the vector potential
A(¢) depends solely on its phase ¢ = w(t — x/c) (wr is the
laser frequency). Then it is convenient to parametrize particle
trajectories and momenta by the phases ¢; = w.(t — x;/c),
where j (1 < j < N) labels the particles. In these terms the
angular-frequency distribution of the radiation can be written
in the form [3]

ac¢ w?
dodQ  4nlwlc
2
N 64 .
X3 [t x oy e g,
j=1 P
€)]

where (¢p;) = ¢;/wp + [xj(¢;) —nrj(¢;)]/c; n and w are
the direction and frequency of the emitted radiation; e;,
r;(¢;), and p;(¢) are the charge, coordinates, and momenta
of the jth particle of the bunch; and p_ = ymc — p, is the
light-front momentum conserved along the trajectory in a
plane wave field.

A. Initial phase of a particle in a bunch

Consider the trajectories of particles colliding head on with
a plane wave laser pulse. Assuming the same initial momenta
of all the particles [45], it follows from the equation of motion
without RF that the phase dependence of the particle momenta
is the same for all particles,

pj(®;) = p(d;)). 4)
Next, from dr;/d¢; = cp/w;p— we obtain

% cp(9))

wrLp—

d¢’, ()

r; =r;(@) +r@)), r(¢j)=f$

where ¢ is a (common for all the particles) initial value of the
phase.

By substituting Egs. (4) and (5) into Eq. (3) we find that
Eq. (3) can be factorized [33,35,46],

c=[>e| . (©)

where d€WV /dwdQ is the single-particle radiation spectrum
corresponding to Eq. (3) with N =1 and ®; = a)[xj(é) —
nr;()1/c.

For practical reasons it is more convenient to express the
phase shifts ®; of the particles through their initial positions
r? =r;[¢;(t)] at a given common time #, rather than rj(qg)
at a common phase. Let us choose the initial time #, such that
all the particles are still outside the pulse moving freely with
the initial momentum p, = —po; i.e., xj(gb):xj(@ — po(¢ —
#)/wrp—. Then up to a common constant term we have

N Po Polo
xj(p) = x?(l — p—) + =,

e Cd5<1>
dodQ ~ dwdQ’

r @) =r). ()

Finally, taking into account that in the relativistic case pg &
p—/2, from Eq. (7) we arrive at

®; = o[(1 —cosO)x)/2 —nyr9 ]/c. 8)
Here x), r9 | are the particle initial longitudinal and transverse
coordinates.

Note that the factor 1/2 in the longitudinal contribution
was missed in previous works [33,35]. It appears due to
the fact that the laser pulse propagates toward the particles
and does not appear in a static field, e.g., for synchrotron
radiation [46].

B. Coherent and incoherent contributions

Consider now factor C that relates single- and multiple-
particle spectra in Eq. (6). Representing C = )", €/®= %
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FIG. 2. Coherence factor (a) and radiation spectrum of a single particle (b) for a head-on collision of electrons with a plane wave laser
pulse; w; is the fundamental harmonic of the backward radiation defined in Eq. (21); R = A, pg = Smec, T ~ 50 fs.

and decomposing the sum to N diagonal and N(N — 1) off-
diagonal terms [46] we get

C=N(—-a)+Na, 9)
where o = [(¢/®)|? is the modulus squared average of the
particle initial phase factor. The terms N(1 —«) and N%«
correspond to the incoherent and coherent parts of the radia-
tion, respectively. The second (coherent) term is dominant for
aN > 1. In what follows we will call « the coherence factor.

For a given initial density distribution n(r?) of particles in
a bunch the coherence factor @ can be calculated as

1 . 2
a:‘ﬁfyuwwmmw>, (10)

where N = f n(@x®)dr’. In particular, for a Gaussian den-

sity distribution n(x, r ) = ng exp(— @;—22)2 — ;—iz) employed in
Ref. [44] we have
o = 678“:—>22(Lzsin4 %+4R23in2(-))' (11)

It is worth noting that o ~ 1 for a small bunch such that
R, L < X\, where . = 27 c/w is the wavelength of the emitted
radiation. This means that the radiation is fully coherent in all
directions and N particles of charge e can be replaced with
a single particle of charge Ne. If R and/or L 2, then « has
a global maximum « = 1 at § = 0 (forward radiation) and,
depending on R and L, an additional peak at & = 7 (backward
radiation). It is easy to see that in the Gaussian case this
additional peak appears if L < 2+/2R. However, for L >> A
its contribution is strongly suppressed; see Fig. 2(a).

C. Single-particle radiation in forward and backward directions

According to Egs. (6) and (9), the N-particle spectrum is a
product of the coherence factor (10) and the single-particle
spectrum dEY /dwd$. While the coherence factor can be
calculated analytically at least for simple shapes of the particle
bunch, the single-particle spectrum in a finite laser pulse in
general has to be evaluated numerically [47—49]; see the result
of such evaluation in Fig. 2(b).

However, as shown above, see also Ref. [44], for a large
bunch (of size larger than the emitted wavelength at least
in one dimension), the coherent radiation narrowly peaks
around the backward and/or forward direction. Therefore, for

analytical evaluation of the coherent radiation spectrum, it
is enough approximate the single-particle spectrum in these
directions, where it can be cast in the form [35,50]

etw?

dg(l)
dwd 2

) 2
v/\A(qs)eif;(‘IthU(¢))d¢‘ , (12)

= 4222
0=0.1 4mscwy p”.

where v(¢) = 0 for 6 = 0 (forward radiation) and v(¢) =
2wrx(¢)/c for 0 = m (backward radiation). Here

20 pé
X(§) = — ﬂ¢+m§/ A (y)dy
p- 2p2 )

L

is the longitudinal coordinate of the particle and A(¢) =
eA(¢)/mc is the dimensionless vector potential.

In particular, the forward radiation spectrum is propor-
tional to the spectrum of the incident laser pulse. For an
incoming circularly polarized pulse of duration 7 with a
Gaussian temporal envelope,

mcay
A=

e—¢2/(wLT)2{O, cos ¢, sin ¢}, (13)
e

the forward scattered spectrum,

deW
dwd 2

eZwZ T2 mza%cz _ (w—owp)*T?
e 2

R , (14)
90 8rc  p

is also Gaussian, centered at the laser carrier frequency wy.
For the backscattered radiation we have

dEM 3 e2p3§2 . o) 2
dwdQ2 |,_, T Ax2m2e3 /A(¢)e do| ,
¢ ~
ﬂ@=ﬁ(¢+/ A%wm¢> (15)

where ¢ = (mc/p_)?w/wy. The integral in Eq. (15) can be
evaluated by the stationary phase approximation [35,51,52].

Representing Eq. (13) in terms of complex exponentials,
we observe that for a long pulse w, T >> 1 each of the phases
if(¢) £ i¢ in Eq. (15) has two stationary points,

2
Lay

1
¢y = to, T Ehll_g

; (16)
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FIG. 3. Single-particle radiation spectrum in backward direc-
tion evaluated numerically (blue) and its analytical approximation
Eq. (19) (orange). Other parameters: ayp = yp =5, T = 67 fs, A, =
1 um. Inset: the same plot zoomed in near the first maximum w;.

2
¢ = to, T /%m _i“_o : (17)

Since for all real ¢ the points ¢ are imaginary and such
that |Im¢i| > |Im¢i|, their contribution is exponentially sup-
pressed and can be neglected. In contrast, stationary points
(16) are real in the range 1/(1 + a(z)) < ¢ < 1, which corre-
sponds to

and

X pProg Pl
Outside the range (18), in particular, for > w, all the saddle
points are purely imaginary and the radiation spectrum falls
out exponentially. Such high frequencies are, however, irrele-
vant to the coherent effects of our primary interest here.
Applying the standard formula for the stationary phase
approximation, we arrive at

dem
dwd Q2

2
e- T
~ ——— (I +sinn),
o= 4dmc v

O <oKL, (19)

where

=
|

T
= 02);* |:2v(a) —wy) + V27Ta(2)a) erf(%)],

2
wag

v=_,/2In (20)

)
Wy — W

and erf(z) = (2//7) [ e~t’d is the error function.
Approximation (19) is compared to the numerically evalu-
ated backward radiation spectrum in Fig. 3. It is seen that this
approximation works reasonably well to the right of ®, where
it diverges because the saddle points q&jr and ¢! merge at the
origin, making the second derivative of the phase vanishing.
Nevertheless, Eq. (19) still remains reasonably accurate even
at w = wy, the position of the first maximum of the spectrum
(see the inset in Fig. 3); hence it can be used to estimate w;.

To this end we write w; = ®(1 + §) assuming § < 1 and
require (w;) = %, where n(w) is introduced in Eq. (20). A
straightforward calculation gives

1/ 3z \**
2 ZCL)LT

and it is seen that the implied assumption § < 1 indeed holds
foror T > 1.
Finally, from Eq. (21) in the same approximation w7 > 1

we obtain
1/ 37 \??
2
% 14+ = , 22
w; ~ wrk |: +2<2a)LT> (22)
and, by virtue of Eq. (19),
deM 2382 (20, T\ @)
dodQ2|y_, ,—,, € 4 37 '
_ P
where £ = — = o

D. Coherent radiation of a particle bunch

At this point, we approximate the angular-frequency distri-
bution of the coherent radiation of the particle bunch by

d 5coh ~

[¢9]
~ aN? d€é
dwd 2

dwdQ|,_y .

(24)

where the coherence factor is defined in Eq. (10) and we
replace the exact single-particle spectrum with the spectrum
equation (14) of forward scattering for 0 < 6 < /2 and with
the spectrum equation (19) of backward scattering for 7 /2 <
0 <.

Comparing the approximation equation (24) with Eq. (6),
where the single-particle spectrum is evaluated numerically,
as in Fig. 2(b), we find that they match very well [53]; see
Fig. 4. As discussed, the coherent radiation is concentrated
near the forward and backward scattering directions. In the
forward direction, only a narrow frequency band at w &~ w;,
contributes to the spectrum. All this is in clear correspondence
with the structure of the single-particle spectrum in the for-
ward direction; see Eq. (14) and Fig. 2(b). In the backward
direction, the largest contribution comes from the fundamental
harmonics wy; see Eq. (21).

The approximation equation (24) fails in two major cases.
First, for R, L < A the coherent radiation is no longer nar-
rowly concentrated in the forward or backward directions,
so the single-particle radiation spectrum d€"/dwd 2 has to
be found by a fair numerical evaluation of the integral in
Eq. (3). Second, the single-particle estimate equation (19) for
the backscattering spectrum fails for < wy; see Fig. 3. Since
this is not vital for our consideration here, we will present a
refined analytical calculation of the single-particle spectrum,
which resolves this issue, in a forthcoming publication [54].

III. MOMENTUM LOSS OF A SINGLE PARTICLE
AND A BUNCH OF PARTICLES

Now let us turn to RF acting on particles in a laser pulse. As
a measure of RF we use the amount of momentum taken away

025209-4
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FIG. 4. Per-particle radiation spectrum of the Gaussian particle bunch [see Eq. (11)] of length L = 0.1A;, radius R = 0.5A;, n = 0.01n,,
and Lorentz factor y =5, colliding head on with a plane wave laser pulse with the Gaussian envelope equation (13), ap =5, o, T = 157
(50 fs). (a) numerical evaluation of Eq. (6), (b) analytical estimate equation (24).

from the particles by radiation. We start with a known case of
a single particle colliding with a pulsed plane electromagnetic
wave. Then we consider a bunch of particles and express its
momentum loss using the light-front momentum conservation
in terms of contributions associated with forward and back-
ward scattered coherent radiation.

A. Single particle

For a laser pulse taken as a plane wave solution of the
Maxwell equations, such as, e.g., Eq. (13), the equation of
motion (1) with the RF term in LL form can be solved exactly
[9]. In particular, for the light component p_ = ymc — p| of
energy momentum in a circularly polarized pulse, we have

_(¢) = P=0 : 25
PO S e [P =
where p_ is the initial value of p_, a(¢) = eE(¢)/mwLc
is the dimensionless field strength (note that we direct it
along the electric field rather than along the vector potential),
¢ = wr(t — x/c) is the phase, and n was defined in Eq. (2).
The exact expression for longitudinal momentum pj is more
involved, see Ref. [9], but in the relativistic case it can be
roughly approximated simply by p; ~ —p_/2.

Assume that RF is moderately strong, that is, Apy/po
<« 1, where pg = p(—0o0) is the initial value of p|. Then we
immediately obtain

Apjt ~ 21 R po, (26)

where R was defined in Eq. (2). The factor V27 comes due
to the specific profile of the laser pulse envelope defined in
Eq. (13). Note that up to this numerical factor Eq. (26) agrees
with the condition equation (2) for the significance of RF.

The same result also follows from the calculation of the
total energy radiated by the particle. Using the expression
dS,(,}l)/dt = —2r./3mc(dp,/dtdp" /dT) for the total radiated
power [3], where p* is the 4-momentum of the particle and
is its proper time, one obtains [55]

[o.¢]
Elol = Hie / ya*p-dg. 27
—00
Assuming y > 1, y > ap, and Ap| < po, the quantities y
and p_ remain almost constant and can be taken out of the

integral. Furthermore, since an ultrarelativistic particle actu-
ally radiates almost along its propagation direction [26], we
have Ap| ~ 51(013 ~ 2umc?y? f a*(¢)d¢, in agreement with
Eq. (26).

B. Particle bunch

Next, consider the average momentum loss (Apy) =
AP /N of a particle in a bunch, where AP is the total mo-
mentum loss of the whole bunch. Since it is a priori unknown
how the RF force is modified to account for coherent radiation
of the bunch, we calculate the momentum taken away by
the radiation by means of the energy-momentum conservation
using the coherent spectrum derived in Sec. II.

It is worth noting that we cannot calculate the energy loss
of particles by the integration of the N-particle spectrum equa-
tion (6) over the solid angle and frequency. Indeed, the energy
of the emitted radiation is taken not only from the particles
but also from the laser pulse. On the other hand, the light cone
momentum of the electromagnetic field PEM changes from
zero (for a plane wave laser pulse) to a positive value after
scattering. Its increase is provided solely by the particles and
AP_ = —APEM, where P_ and PEM denote the combination
P_ = &/c — Py evaluated for the particle bunch and for the
electromagnetic field, respectively. Assuming for simplicity
that the particles are relativistic both before and after the
collision with the laser pulse and therefore py = —p_/2, we
get [56]

T [ T dé .
(Apy) ~ —/ da)/ d0———(1 —cosB)sinf, (28)
cN 0 0 dwd2
where, assuming the coherent radiation is dominant, we ap-
proximate the N-particle spectrum by Eq. (24). The structure
of the approximated coherent radiation spectrum equation
(24) suggests calculation of the forward and backward con-
tributions to RF, corresponding to fon/ *d6 and Oﬂ/ *d6 in
Eq. (28), separately.

Consider first the forward contribution. For a long pulse
wr T > 1, only a narrow band of frequencies close to the laser
frequency w;, contributes to the integral over w, which thus
casts to

- n? nad}
(Ap]) ~ mcmn—cy—ozwLTg, (29)
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where yy is the initial y factor of the particles in the bunch,
n and n, = mw; /4me? are the density of the bunch and the
plasma critical density, respectively, and it is taken into ac-
count that N = 73/?nRL /2.

The remaining integral over 6 takes the form

p [TH 2

G = —/ xe T TPYELTPY (30)
4 0

where x = (wL/A;)sin>(0/2), p = 8w R*/LA;.

The geometric factor G includes the entire dependence of
the forward contribution to RF on the sizes R and L of the
bunch. To simplify Eq. (30) further, consider three cases:

(1) R,L <« Ar: the whole argument of the exponential in
Eq. (30) is small; by replacing the exponential with unity we
obtain

n’R°L

403
(2) p>1 and R 2 Ay in this case the effectively

contributing x < p '« 1 and hence px*Ar/(nL) <

(Az/R)*/(8m?) « 1. Therefore we can retain just the last
term in the exponential in Eq. (30), thus arriving at

GR LKL A~ ; €Y

R? LA

— > LRZ M|~ ——; 32

g(LAL > LER L) 3272R? 32)

(3) p < 1 and L 2 Az: here the effectively contributing

x < 1 and we can retain just the first term in the exponential
to obtain

R? 2R?
g(LAL < 1,LZ AL) N (33)

In the case of Eq. (31) the whole bunch emits as a single
macroparticle; hence the coherence of the scattering becomes
maximal and the forward contribution to the momentum loss
is naturally proportional to the number of particles in the
bunch N ~ nR%L. Note, however, that in this case the radiation
angular distribution is no longer narrow as assumed and hence
the overall accuracy of Eq. (29) is poor.

If either R = Ay or L = Ay, then the interference of ra-
diation of all particles is constructive inside a cone with an
opening angle 30 < 1 and destructive elsewhere, implying
that the radiation is coherent only inside this narrow cone. The
value of 66 can be identified by demanding the coherence fac-
tor equation (11) essentially nonvanishing for w ~ wy ; that is,
80 ~ Ar/R for R?/LA; > 1 and 80 ~ /AL /L for R* /L1, <
1. Since (Apy) ~ 86* for 80 < 1, see Eq. (28), this way we
deduce Eqgs. (32) and (33) up to constant numerical factors
directly from Eq. (31).

From Egs. (32) and (33) it follows that the geometric factor
G of a large bunch (either R = A or L = A;) has a maximum
at a certain value of the parameter p ~ R?/LA;; see Fig. 5. Let
us estimate it for a thick bunch with L 2 A, . First, observe that
for p > 1 the geometric factor is suppressed as G o< p~! « 1.
If p < 1, then the second term in the exponential in Eq. (30)
can be neglected, as only x < 1 effectively contribute to the
integral due to the first term therein. Therefore,

g~4n|:1 \/:pe erfc(ﬁ>:|, (34)
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FIG. 5. Geometric factor G, Eq. (30), vs bunch width R for three
values of the bunch thickness L.

where erfc(z) = 1 — erf(z) is the complementary error func-
tion. The numerical maximization of Eq. (34) provides

R2
— =~ 0.05. (35)
L

G"~0.03 at

Direct evaluation of the integral equation (30) confirms the
estimate of its maximum and the optimal shape R ~ /LA, ;
see Fig. 5.

The geometric factor equation (30) can be expressed in a
closed form as

_ VAB( — e + /mBletfi(B) — erfi(A)])

g , (36
2/27eP /B — A (36)
where A = mL?/[2A/2(16R? — L?)] and B=

427R? /(A v/16R* —L?) and erfi(z) is the imaginary
error function.

Now let us turn to the backward contribution (A p’l’ ). Sub-
stituting Eqgs. (6), (11), and (19) into Eq. (28) and replacing
cosf — —1,sin(0/2) — 1, we obtain

V7T n o} RPLT

“T6n. o

7= f oo Grrseg L s odo oo )

2
Vv wy

(Ap}) ~m 7,

where n and v are defined in Eq. (20). Here the integra-
tion over frequency effectively starts from the vicinity of the
position w; of the first peak in the single-particle radiation
spectrum as defined in Eq. (21) (see Fig. 3 and its discussion).
On the opposite side, integration formally extends to infinity,
but Eq. (3) in use is valid only for w < w,. Nevertheless, under
quite a weak condition, w,L/c > 1, the integrand falls out
exponentially already within the applicability range, so that
we can still use Eq. (3) integrating up to infinity.

As repeatedly emphasized, for our analytical approach we
assume that the radiation is emitted in a narrow angle; i.e.,
a short angular range contributes to the integral. As sug-
gested by Eq. (37), this is indeed the case, if w;R/c > 1.
Then, expanding sin 8 & 7 — 6, integrating over 6, and using
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w a)le"z/z (which is valid for w < w,), we get
c2 00 w%sz,vz
I~ e 2 (1 +sinn)dv. 38
F /0 ( ”) (38)

The resulting integral in Eq. (38) can be approximated an-
alytically assuming the bunch is thick enough. In this case
the effectively contributing v are small v < ¢/(wL), so that
we can expand ¢ ~ 1 4+ 1v? and 5 ~ w,Tv?/3. Finally, ex-
panding also sinn and assuming w;L/c 2 1 and w,L/c 2
(w,.T)'/3, we obtain

ao T a3 n -=L
0 Y
————e i, 39)

is the wavelength of the fundamental

b\ ~
(AP”) ~ mc
where A; &~ w
0
harmonic of the backward radiation.

Let us represent the total average momentum loss due to
coherently enhanced RF in the form

(Aphy e ¥
(AP”) <APH )(1 + U), v <Ap‘}‘c) 471Q , (40)

where (A pﬁ ) is defined in Eq. (29). For a thick bunch, L > A,
the backward radiation is suppressed, v < 1, and only for-
ward radiation contributes to RF.

Being proportional to the particle density, the effect is
essential for a dense bunch with n ~ n, (for an optical laser
n. ~ 10> cm™3) or a few orders of magnitude lower; see
the companion Letter, Ref. [44]. Quasimonoenergetic bunches
with n ~ 10'® — 10! cm™3 have been already obtained exper-
imentally [57-59] and some ways to generate bunches with
n ~ 10*! cm~3 and even higher have been discussed in, e.g.,
Refs. [60-65].

Three-dimensional particle-in-cell simulations reported in
the companion Letter (Ref. [44]) demonstrate high accuracy
of the approximation equation (40) for (Ap)) < po. If this
inequality is violated, this means that RF is so strong that it
significantly perturbs the particle motion. In such a case the
expressions for the single-particle radiation spectra equations
(14) and (19) obtained by neglecting the effect of RF on the
particle trajectories are no longer valid, at least quantitatively.

IV. DISCUSSION

In order to compare the effect of coherently enhanced RF
equation (40) with the known single-particle result equation
(26), let us write their ratio as

(Ap)) 7 n d+v)g
ApﬁL 16 n. upyy

The denominator contains p, which for an optical or in-
frared laser is small, p ~ 108 —10"°. Asa consequence, RF
can be coherently enhanced at low frequencies by orders of
magnitude [35] by using mildly relativistic particle bunches.
This is clearly seen by comparing the single-particle radiation
spectrum in Fig. 2(b), which corresponds to the per-particle
incoherent contribution, to the actual total radiation spectrum
in Fig. 4.

(41)

On the other hand, due to the presence of the Lorentz factor
in the denominator of Eq. (41), for ultrarelativistic bunches the
incoherent contribution to RF always overcomes the coherent
one. This is explained by the fact that for ag = 1 and y > 1
the incoherent single-particle spectrum is much broader, ex-
tending up to frequencies @ < ag(af + v )wr; see Fig. 2(b)
and Refs. [3,26,66]. Further comparison of the properties of
ordinary and coherently enhanced RF can be found in the
companion Letter [44].

Next let us study the sensitivity of our results with respect
to the simplifications in use, such as the assumed circular
polarization (CP) equation (13) of the laser pulse and the
specific (Gaussian) density profile of the particle bunch.

For an arbitrary elliptical polarization,

2
A= mi‘lo /me—q’z/m”l{o, cosg, esingl,  (42)

the single-particle spectrum in the forward direction (12) co-
incides with the CP result equation (14), i.e., is independent of
polarization ¢. As for the backward spectrum, one can demon-
strate [54] that for ap >> 1 in the vicinity of the first harmonic
o ~ w; that mostly contributes to the coherent radiation,

o= 11—\’
) RS =1-= —2 )
o 2\1+¢

(43)

dem
dwd 2

¢ dEM
T dwd D

O=m

where d€1 /dwdQ|5Z! is the single-particle backward spec-
trum for CP; see Eq. (19).

Thus, since the coherence factor « is obviously indepen-
dent of ¢, the effect of polarization on the coherently enhanced
RF is given by

(Ap)) 14+ R.v
(Ap§P) 1+v

) (44)

where (Apj) is the momentum loss in an elliptically polarized

pulse, (Ap{*) is the CP result equation (40), and the ratio
between the backward and forward contributions v in the CP
case was defined in Eq. (40).

According to Eq. (44), for a thick bunch such that the
backward contribution is negligible, v <« 1 and RF is inde-
pendent of polarization. In the opposite case v >> 1 the effect
for the linear polarization ¢ = 0 is approximately twice as
weak than for CP. This is in agreement with the results of PIC
simulations shown in Fig. 6; see the companion Letter [44] for
the description of the numerical approach.

To check the dependence on the initial density profile of the
bunch, we consider an alternative bunch model of a uniform
cylinder of length L and radius R. The analytical calculation
follows the same lines as for the Gaussian density distribution
equation (11) in Secs. II and III; see the Appendix for details.
We found the results for these two density distributions quite
similar, meaning that the effect is robust with respect to the
particular shape of the bunch, which is hard to control in
experiments anyway.

In particular, the forward contribution to RF can be repre-
sented by the same equation (29) as in the Gaussian case, but
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FIG. 6. Dependence of the momentum loss on laser polarization.
Parameters: ap = yp =5, T =~ 17fs, R =2A,,n = 0.1n,.

with a different geometric factor,

LIt A 2
G, = n—3/2/zq J(y/2px(1 — 2-x)) sin® xdx s

x2(1 — ;—zx) '

where p and x are the same as defined below Eq. (30). It is
about twice as large as the Gaussian one but otherwise behaves
similarly, see Fig. 7, in particular, reaching its maximum at
R?/L); ~ 0.05, as in Eq. (35).

V. SUMMARY

We have studied radiation losses of a dense particle bunch
colliding head on with a laser pulse. We developed an ana-
Iytical model, which describes the average momentum losses
of particles in the bunch in dependence on various laser and
bunch parameters, such as laser pulse intensity, duration, and
polarization; and bunch size, density, and initial energy. The
model unfolds the conditions for a strong coherent enhance-
ment of radiation in the forward and backward directions
at low frequencies, thus also for enhancement of radiation
friction. It is shown that the results are marginally sensitive
to laser polarization and density distribution of the particle

0.08 J/“\ —— Gaussian, Eq. (36)
/ \ uniform, Eq. (45)
0.06) | |
@004 |\
0.02
0.00
0 1 2 3 4

R/

FIG. 7. Geometric factors for Gaussian and uniform distributions
of the bunch density.

bunch. Numerical simulations supporting our analytical find-
ings (including the effect of the here neglected momentum
spread of the particles in the bunch) and further discussion
of physical origins of the coherently enhanced radiation fric-
tion, its distinction from the ordinary noncoherent radiation
friction, and the prospects for experimental observation can
be found in the companion Letter, Ref. [44].
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APPENDIX: RADIATION AND RADIATION FRICTION
OF A UNIFORMLY DISTRIBUTED PARTICLE BUNCH

To test the robustness of our results, consider a cylindrical
particle bunch of length L and radius R with a uniform density
distribution n(x, r; ) = ngf (x)0(L — x)6(R — r, ), where 0(x)
is the Heaviside step function. Then for the coherence factor
o = |(e/®)]? we obtain [67]

Yy 16¢*J2 (28 sin 0) sin? (4 sin® §) ’ AD

R212w* sin? 0 sin* %

where Ji(x) is the Bessel function and the initial phases ®;
are defined as in Eq. (8).

Let us calculate the momentum transfer Eq. (28) for a
uniform bunch, again considering the forward and backward
contributions separately. While evaluating the backward con-
tribution (A p’l’| ), we assume that the bunch size is larger than
the wavelength of the lowest backward scattered harmonic
and that the pulse is longer than at least a few laser periods,

oiR/c 21, wL/c21, o> 1. (A2)

Note that this does not necessarily imply that the bunch is
larger than the laser wavelength, as in our setup w; > wy, for
Yo > aop.

Under the conditions (A2) the backward radiation sharply
peaks around 6 = & [35], and, as before, we substitute into
Eq. (28) sin(6/2) — 1, cos§ — —1 and use d€V/dwd
from Eq. (19). Furthermore, in the integral over frequency we
replace the lower limit with w; where starts the single-particle
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spectrum, and the upper limit with infinity due to a fast fallout
of @ o« ™ at high frequencies; see Eq. (A1).
With all the above adjustments we obtain

ANe*3T [ 1+sinn . , wL
(Aph) ~ e / sin? z—cdw, (A3)

w3y

in particular, by taking into account that

/” le(% sin 9) 4

1
: o~ . (Ad)
/2 sin 6 2

for wR/c 2 1, when the angular range 7 —c/wR <6 <
m effectively contributing to the integral in Eq. (A4) is
narrow [68].

To evaluate the remaining integral over frequency, we
change the integration variable to v and observe that, since the
largest contribution comes from the lower integration limit,

we can approximate v ~ /2In(w/&%2wy) for ap > 1, thus

obtaining

2.3 00
(Aph) ~ ‘live—CT/ (1 +sinn)e " sin® Adv, (A5)
w; R2L2E* [ f35
where A = Eza)LLe"z/z/Zc and § is defined in Eq. (21).

In the remaining integral, we assume that &2w;L/c > 1
and average the integrand over the oscillations of sin®> A by
replacing the latter with 1/2. To evaluate the term with sin n
we observe that the main contribution to the integral comes
from frequencies @ < w, and Taylor expand n ~ w, T v3/3.
Furthermore, assuming w; 7 > 1, we see that sin(w; Tv3/3)
undergoes rapid oscillations suppressing the integral unless
v < 1; hence in this term we approximate e~ ~ 1. The other
term is evaluated directly. Thus we arrive at

4
mca, n AL

— 0 LT (T,
28 ryin L D)

1/3
T(t) = t{erfc|:<32—7:) j| + 511/3}7 (A6)

where B = (2/3*3/m) f;jz sinnn~23dn ~ 0.097 and we
took into account that N = wnR?L. Note that for w;, T — 00
we have T (o, T) — w, T.However, in numerical simulations
below we take ;T = 5m (as corresponding to T &~ 17 fs), for
which 7 (o, T) =~ 0.38. For this reason in the sequel we avoid
further simplifications of the function 7 (w.T).

To check the validity of the approximations resulted in
the analytical result equation (A6) we benchmark it against
the numerical evaluation of Eq. (A3). Figure 8 demonstrates
that Eq. (A6) is fairly accurate for L 2 A, and o, T = 57
as used in numerical simulations below. The oscillations in
Fig. 8 clearly appear due to the actual oscillations of the
factor sin’(wL/2c¢) in Eq. (A3) and a small discrepancy
in the mean values arises due to our approximation eV 1
in the evaluation of the term that involves sin 7.

For the forward contribution (A pflc ) to the momentum loss,
we obtain an expression similar to the Gaussian case (29), but
with a different geometric factor equation (45). Unlike the
Gaussian case, here the integral representing the geometric
factor G, cannot be evaluated exactly. However, it can still be

(Ap)) ~

FIG. 8. Ratio of the backward contribution to the momentum loss
evaluated numerically via Eq. (A3) and analytically via Eq. (A6) for
w,T = 5.

approximated analytically under further assumptions on the
bunch sizes R and L:

732 R2L
Gu(L KA, RKLA) = ——5, (ATa)
2 A
1 L
Gu(L K AL, R>» ML) = AR (A7b)
R? 1 T,
AL> a0, —>1)=—Y"2 A7
g( Z AL i > ) 372 R (A7c)
R? 2 R? 7L
u L>)\' ’ 1 = C+1 — ),
g( Z AL i < ) ﬁ)»LL< nh)
(A7d)

where C is the Euler constant.

For a thin bunch L « A, we pass from Eq. (45) to
Eqgs. (A7a) and (A7b) by approximating sin®x/x> ~ 1 and
expanding the Bessel function for either small (if R < Ar)
or large (if R > A;) argument, respectively. Again, similar to
the Gaussian case, if both sizes of the bunch are much smaller
than the laser wavelength, then (A pﬁ ) is proportional to N
and independent of the shape of the bunch, simply meaning
that in this case all the particles in the bunch emit coherently
atw ~ wy.

In the opposite case, L = Az, the major contribution to
the integral in Eq. (45) comes from x < 1 due to the factor
sin? x/x2. Physically, this restricts the width of the radiation
angular distribution [35]. Hence we Taylor expand in powers
of A, /mL < 1 and also expand the Bessel function for either
large or small argument with respect to p, thus arriving at
Eq. (A7c¢) or Eq. (A7d). Figure 9 demonstrates the accuracy
of the resulting analytical approximations (A7). Note that
for L <« Ar the geometric factor G, attains its maximum at
R ~ X /3 independently of the value of L (Fig. 9, top), while
for L 2 A, (Fig. 9, bottom) the position of the maximum
increases with L in agreement with Eq. (35).

Figure 10 illustrates the dependence of the coherent RF on
a transverse size R of a bunch with a uniform initial density
as extracted from three-dimensional (3D) PIC simulations
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0.1
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FIG. 9. Comparison of the analytical approximations (A7) for
the geometric factor G (dotted and dashed lines) vs direct numerical
evaluation of Eq. (45) (solid lines) for several bunch lengths L.
Green, orange, blue, and red correspond to L/A;, = 0.1, 0.5, 1, and
10, respectively.

(the numerical approach is described in the companion Letter
[44]). In accordance with Eq. (A7) one can clearly see a
crossover between the small and large R asymptotics where
RF is maximized. Its position at the intersection of the green
and purple curves matches the condition (35). As we have
already noted, the numerical value 0.05 of the constant in
Eq. (35) turns out to be close for the uniformly and Gaussian
distributed bunches. It is worth stressing that whereas the
backward contribution can be actually neglected for small R,
taking it into account for large R considerably improves the
accuracy of the model.

Finally, let us compare the results for the uniform and
Gaussian density distributions. Whereas in the Gaussian case
for L > Ay, where A; ~ A is the wavelength of the first har-
monic in the backward radiation spectrum, the backward

i e PIC

\ ===+ Analytical estimate for a uniform bunch

\ === Analitical estimate, uniform, R?/L\; < 1
Analitical estimate, uniform, R?/LA; > 1

------- Analytical estimate for a Gaussian bunch

0.02 \

1
1
1
1
1
1
P
i
1
I\
1
\
\
\

0.011 ¢

\\\\\\\\\\\

FIG. 10. Normalized particle deceleration (Ap;)/po vs bunch
width R for a cylindrical bunch of uniform density distribution.
Blue dots are extracted from 3D PIC simulations. Dashed curves
correspond to the sum of Eq. (29) + Eq. (A6) with G from Egs. (45)
(black), (A7c) (orange), and (A7d) (green). Red dotted curve corre-
sponds to the Gaussian estimate (29) with G from Eq. (36) multiplied
by a scale factor of 2. Other parameters are ag =5, w, T = 57,
n=0.1n.,and L = A;.

contribution (39) falls out exponentially. For a uniform dis-
tribution it falls out as 1/L; see Eq. (A6). In addition, in
contrast to the former case, its dependence on L actually
becomes oscillatory. The origin of these oscillations can be
understood as follows. Backward radiation from particles in a
slice of thickness X;/2 interferes constructively, but destruc-
tively from such adjacent slices. Therefore, if the thickness
of the whole bunch L = mA|, where m is an integer, then
the backward radiation vanishes, while it is maximal for
L = (m+ 1/2)X,. These oscillations correspond to the fac-
tors sin’[wL sin?(6/2)/2¢] in Eq. (A1) and sin’*(wL/2c) in
Eq. (A3); for simplicity we averaged them out in our final
expression (A6).

For a thick (L > A;) bunch and R?>/LA; < 1 the forward
contribution dominates over the backward one for both uni-
form and Gaussian density distributions. In this regime the
scaling of RF with laser and bunch parameters for both dis-
tributions is in fact quite similar; cf. Eqgs. (33) and (A7d).
Figure 10 demonstrates that for R < /LA, the scaling for
a Gaussian bunch almost perfectly matches the simulation
results for a uniform bunch up to a constant scaling factor.
As for R > /LA, the forward contribution (A p{l ) decreases

as R~2 in the Gaussian case and as R~! in the uniform case,
so that at some point the backward contribution can become
dominant in both cases.
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