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Promotion of cooperation in deme-structured populations with growth-merging dynamics
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The spatial structure of populations may promote the emergence and maintenance of cooperation. Cooperation
in the prisoner’s dilemma is favored under specific update rules in evolutionary graph theory models with one
individual per node of a graph, but this effect vanishes in models with well-mixed demes connected by migrations
under soft selection (each deme contributing independently of its productivity). In contrast, experiments and
models involving cycles of growth, merging and dilution have shown that spatial structure can favor cooperation.
Here, we reconcile these findings by studying deme-structured populations under growth-merging-dilution
dynamics, corresponding to a clique (fully connected graph) under hard selection (each deme contributing in
proportion to its productivity). We obtain analytical conditions for the cooperator fraction to increase during
deterministic logistic growth, and to increase on average under dilution-growth-merging cycles, in the weak
selection regime, where fitness differences between genotypes are small. Furthermore, we analytically express
the fixation probability of cooperators under weak selection, yielding a criterion for cooperators to have a higher
fixation probability than neutral mutants. Finally, numerical simulations show that stochastic growth further
promotes cooperation. Overall, hard selection is essential for cooperation to be promoted in deme-structured

populations.
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I. INTRODUCTION

Understanding the emergence and maintenance of coop-
eration is an important question in biology. As cooperative
behavior benefits other individuals but entails a cost for the
cooperator individual, noncooperators tend to be advantaged
by natural selection. Nevertheless, cooperation is often ob-
served in nature, from microorganisms to animals [1-5]. This
apparent paradox is known as the dilemma of cooperation [6].
In particular, bacteria interact by secreting various molecules,
some of which are public goods, i.e., shared resources that
bring a metabolic cost for the producers, but benefit all other
bacteria in the population, including nonproducers (cheaters)
[6,7]. Different mechanisms may explain the evolution of
cooperation under some conditions. One of them is kin se-
lection [8—11]: if individuals that are genetically related to
cooperators benefit most from cooperation, then it can be se-
lected despite its cost. Another one is spatial structure, which
has been investigated theoretically [6,12—19] and experimen-
tally [20-22]. Since genetically related individuals are often
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closely located in spatially structured populations, the ability
of spatial structure to enhance cooperation is related to kin
selection [23].

In evolutionary graph theory, a simple and minimal model
of cooperation in spatially structured populations is the pris-
oner’s dilemma game [24-26], played on graphs with one
individual per node [27]. It was shown that cooperation can
be favored by natural selection in the prisoner’s dilemma
game in some graph structures [12,13]: a cooperator is then
more likely to take over the structured population than a
neutral mutant. However, these results strongly depend on
the update rule that specifies how individuals divide, die,
and replace each other (e.g., death-birth or birth-death).
Recently, we developed general models of structured pop-
ulations [28,29], where each node of the graph comprises
a well-mixed deme (i.e., subpopulation) instead of a single
individual. Our models do not involve choosing an individual-
level update rule connecting the birth, death, and migration
events of individuals, which impacts fixation probabilities
[30-32]. Such a level of description is difficult to justify
for microbes, unlike deme-level protocols that can be set
experimentally [33]. The deme-level demographic scheme
nonetheless shapes evolutionary outcomes, as we show here.
In Ref. [34], we studied the evolution of cooperation in
these models under soft selection, namely, when each deme
contributes a number of individuals independent of its com-
position. We showed that cooperation is not favored by
spatial structure in this case: a cooperator is less likely to
take over the structured population than a neutral mutant
[34]. However, previous studies that considered populations
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undergoing cycles of growth in subpopulations, merging of all
subpopulations, and bottlenecks yielding new subpopulations
demonstrated that the total fraction of cooperators can in-
crease in time [6,14—17,20-22]. This occurs due to Simpson’s
paradox [20]: if there is sufficient heterogeneity of compo-
sition between subpopulations, the fraction of cooperators
can increase overall, despite its decrease in each separate
subpopulation, which results from the individual cost of coop-
eration, because subpopulations with more cooperators grow
faster than others.

Here, we reconcile the results of Ref. [34] with those of
Refs. [6,14-17,20-22]. As in Ref. [34], we use our general
model of structured populations [29], which accounts for
cycles of growth and dilution-migration, and we consider indi-
viduals that interact via a prisoner’s dilemma game played in
each deme of a structured population. However, we consider
that all demes are merged before a new bottleneck state is
formed for each deme by sampling from the merged pop-
ulation, as in Refs. [16,17]. Since demes contribute to the
next bottleneck state proportionally to their grown sizes, this
model implements a simple case of hard selection, where each
deme contributes a number of individuals proportional to its
productivity [35-37]. Given the symmetry between all demes,
this structured population can be viewed as a clique graph
(or fully connected graph) with hard selection. This stands in
contrast with Ref. [34], where soft selection was assumed.

We analytically determine the time evolution of the coop-
erator fraction during a deterministic logistic growth phase,
in the weak selection regime, where the fitness differ-
ences between genotypes are small (a distinct notion from
the hard versus soft distinction above, which regards how
demes contribute). We interpret our result as a multilevel
Price equation [38,39], featuring a trade-off between within-
deme dynamics, where cooperators are disadvantaged, and
between-deme dynamics, where demes with more cooperators
are advantaged. We determine a criterion for the cooperator
fraction to increase during the growth phase. Next, we an-
alytically express the expectation value of the variation of
the overall cooperator fraction in the structured population,
over a full cycle of dilution-growth-merging under weak se-
lection. This allows us to define an effective fitness parameter
that determines whether the overall cooperator fraction is ex-
pected to grow on average over the dilution-growth-merging
dynamics. An important condition for this to happen is that
deme bottleneck sizes should be small enough. Then, we
analytically determine the fixation probability of cooperators,
assuming weak selection but without assuming large demes.
We obtain a condition for the fixation of a cooperator to be
more favorable than that of a neutral mutant. Finally, using
numerical simulations, we explore the impact of stochastic
growth on our results, and find that it facilitates the promotion
of cooperation.

II. MODEL AND METHODS

A. Spatially structured population with cycles of growth,
merging, and dilution

We model spatially structured populations on a fully con-
nected graph (or clique) with D nodes, each one comprising

a well-mixed subpopulation, also known as a deme. We
consider two possible types of individuals: cooperators and
defectors (or cheaters). As we are interested in the emergence
of cooperation, we denote cooperators by M (mutants) and
defectors by W (wild-type), and their respective fitnesses by
fu and fyy . Fitnesses are understood as their maximal growth
rates in the exponential phase.

In a recent study [34], we investigated the evolution of
cooperation in deme-structured populations on graphs, using
models we introduced in Refs. [28,29]. We assumed that
demes are connected by migrations under soft selection (i.e.,
migrations are not affected by deme size). This gave rise to
a separation of scales where cooperation had an impact only
within demes, and not at the scale of the population. As a
result, cooperation was not advantaged by spatial structure.
Here, we extend the model of deme-structured populations
on graphs from Ref. [29] to a specific case of hard selection,
where migrations are proportional to the size of the deme of
origin after growth, and we investigate the evolution of co-
operation in this case. Specifically, the structured population
undergoes three-step cycles of deterministic logistic growth
with carrying capacity K within each deme, merging of all
demes, and dilution and formation of new demes, as follows.

B. Growth in each deme

Starting from a bottleneck with B individuals, each deme
undergoes a logistic growth phase during time ¢, with a car-
rying capacity K > 1. To describe cooperation in a minimal
way, we model interactions between individuals in a deme
with the prisoner’s dilemma game, as in Ref. [34], and in-
spired by evolutionary game theory models on graphs with
one individual per node [13,40]. The payoff matrix reads

p b—c —c 1
N I
where b > ¢ > 0. Here, b models the benefit brought by inter-
acting with a cooperator, while ¢ models the individual cost of
cooperation for a cooperator. If a cooperator interacts with a
defector, the cooperator receives a payoff —c < 0 whereas the
cheater receives a payoff b > ¢ > 0. If two cooperators inter-
act, they both receive a payoff b — c. Finally, if two defectors
interact, the payoff is zero.

In a well-mixed deme, each individual interacts with all
other individuals. Denoting by k the number of cooperators, [
the number of defectors in a deme, and N = k + [ the deme
size, the total payoff of any individual of type M or W is

k—1 N —k

nM(k,N):(b—c)N —Cc——

9

C
1 N—1
Ny = bF @)
aw(k,N) = b——o.
W N—1

We assume that an individual’s fitness depends linearly on the
payoff it receives, such that the frequency-dependent fitnesses
Ju(k,N) for a cooperator and fy(k, N) for a defector are
given by

fuk,N)=1—w + wmy(k,N),
fwlk,N)y=1—w + wmy (k, N), 3)
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with w the intensity of selection. We interpret fitness as
growth rate in the exponential phase, and focus on the weak
selection regime w < 1.

For t € [0, ¢], the numbers of cooperators and defectors
satisfy the following ordinary differential equations:

dk k+1
ot —ka<l _ l>,

dr K
dl k+1
— =1 1——). 4
e fW( K) €]

Rewriting Eq. (4) in terms of deme size N and of cooperator
fraction x = k/N leads to

dN—[l— + w(b — c)x]N l—N
e w4+ w c)x < E),

dx _ 1 b 1 N 5
E——wx( —X)(m*"(f)( —E> ()

Note that dx/dt < 0 since b > ¢ > 0. Hence, in each deme,
the fraction of cooperators decreases during the growth phase.
Also note that the carrying capacity K does not depend on the
cooperator fraction: if growth time is long enough, all demes
reach the same size K.

In the weak selection regime w < 1, the solution of this
system of nonlinear ordinary differential equations can be
expanded as (see Ref. [41] Sec. 1.1 for details)

=

. K T[(b — c)xg — 1] 2
N = e (1 R . ) +Ow?),
x(1) = x5 — wxp(1 —x0)|:r(c —b)

+ bin <B(K— 1)e” —l—B—K)
KB-1)
—cln (Wﬂ + Ow?), (6)

where x denotes the initial proportion of cooperators. While
these equations hold within a deme, we also consider the
overall fraction of cooperators in the structured population,
denoted by X (), which is the average of cooperator fractions
in each deme, weighted by their sizes.

C. Merging and dilution modeling hard selection

After the growth phase, we assume that all demes are
merged to form one well-mixed population, and then new
demes are formed by sampling from this well-mixed popu-
lation, resulting in a new bottleneck state, see Fig. 1. This
process was previously considered in Refs. [14,20]. Specif-
ically, after merging, the system is brought back to a new
bottleneck state of D demes, each of size B by a dilution step,
where each deme is formed by sampling B individuals from
the merged population. As the grown population is assumed
to be large (K > B), we employ sampling with replacement.
Hence, the new bottleneck state of each deme is formed by
a binomial law with B trials and a probability X' = X (¢) of
sampling a mutant.

This merging and dilution process can be viewed as a
particular case of migrations with hard selection in a clique.

Growth

FIG. 1. Representation of one full cycle of growth-merging-
dilution of the model for D =3 demes. Blue markers represent
cooperators, while red markers represent defectors. The initial state
of the demes is shown on the left. The demes first undergo a
local growth phase, followed by a merging where all individuals
are put together. Then, the dilution step consists of three binomial
samplings that determine the new bottleneck compositions of the
three demes.

Selection is hard because each deme contributes to the next
bottleneck state proportionally to its size after growth. To
make the link explicit, consider a migration step on a clique
graph of grown demes, followed by a local binomial sam-
pling in each of them. In a clique, migrations occur with
equal probability from one deme to another. Here, we assume
that migrations from each deme to itself also have the same
probability, yielding a probability m;; = 1/D for an individ-
ual in deme i to migrate to deme j, for all i and j. Let
us denote by N/ = N;(t) [resp.x; = x;(¢)] the size of deme
i (resp. the fraction of cooperators in that deme) after the
growth phase. Assuming that grown demes are large enough
for all fluctuations to be neglected, during the migration step,
N/m;; = N}/D individuals, including N/xjm;; = N/x;/D mu-
tants, go from deme i to deme j. The fact that these numbers
are proportional to the grown size N; of the deme of origin i
illustrates that the process comprises hard selection. After this
migration step, all demes have the same size ) ; N//D and the
same mutant fraction X' = ). N/x// >, N!. Then, binomial
sampling is performed locally in each deme to retain only
B individuals per deme, with a probability X’ of sampling
a mutant. Note that this corresponds to the usual sampling
method in structured Wright-Fisher models [42], and is one
of the sampling schemes considered in Ref. [29] (under the
name “local binomial”).

III. RESULTS

A. Cooperation can be transiently promoted on the graph
during a growth phase

We first ask whether the overall cooperator fraction can
increase during a growth phase. To address this question,
starting from Eq. (6), we express the excess overall cooper-
ator fraction AX(t) = X(tr) — X (0) in the population during
growth (for T € [0, t]); see Ref. [41] Sec. 1.2.1. We obtain, in
the weak fitness intensity regime w < 1,

AX (1) = w[AX, (1) — AX,(T)] + O(w?), with  (7)

(b —¢)
1 B_ot’

AX,(t) = Var(x;) .
X—B¢

and (8)
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AXp(7) = (x(1 — X)) [T(C —b)

B(K —1)e* +B—K
+bln<( )’ + )

K(B—1)

el (M)] ©)
K

where x; denotes the initial fraction of cooperators in deme
i, for 1 <i < D. Here, averages over demes are denoted by
(. =(/D)} ;(.), and the variance in the initial cooperator
fraction across demes is Var(x;) = (xiz) — {x;)2. To first order
in w, Eq. (7) is a multilevel Price equation [38,39,43—45] (see
Ref. [41] Sec. 1.2.4 for details), which involves a trade-off
between two terms:

(1) AX,(t) = 0 corresponds to between-deme selection.
Cooperators bring a collective benefit to a deme’s growth,
and demes that start with more cooperators grow faster,
thereby yielding a larger contribution to the overall cooperator
fraction. The greater the heterogeneity in the initial deme
compositions, the stronger this effect is.

(2) —AX,(t) corresponds to within-deme selection. It sat-
isfies —AX,(t) < 0, see Ref. [41] Sec. 1.2.2. Qualitatively,
this is because cooperators are disadvantaged within each
deme due to the cost of cooperation, and have a lower fitness
than cheaters (see Model and Methods), yielding a decrease
in the cooperator fraction in each deme.

The overall cooperator fraction grows if AX(t) > 0, i.e., if
the global benefit of cooperation is greater than the local cost,
thatis AX, (1) > AX,(7).

Figure 2 shows a situation where AX(7r) > 0 transiently,
while x;(t) decreases in each deme i [e.g., in deme 1, see
Fig. 2(a)]. We further observe that our analytical approxima-
tions in Eq. (6) and Eq. (7) agree well with numerical results
in the weak selection regime.

Figure 2(b) further shows the time evolution of AX, and
AX,. We observe that the between-group selection term AX,
transiently exceeds the within-group term AXj, leading to
AX (1) > 0. Later, AX, decreases and tends to zero as deme
size tends to their carrying capacity K [see Fig. 2(a)], and
the size contrast between demes vanishes. We then have
AX(t) < 0. In this model, if there is sufficient heterogene-
ity in the initial cooperator fractions across different demes,
and if demes have not reached saturation by the end of the
growth phase, then the resulting contrast in deme sizes can
yield AX(t) > 0. This situation is known as Simpson’s para-
dox: global cooperator fraction increases even though local
cooperator fraction decreases in each deme, i.e., Ax;(1) =
xi(t) — x;(0) < O for all i. Such an effect was previously de-
scribed in experiments and in modeling studies [6,14—17,20—
22]. In particular, models with cycles of growth, merging,
and dilution were investigated in Refs. [6,14—17]. While the
advantage of cooperation was investigated in these previous
studies, our analytical resolution of the dynamics in the weak
selection regime allows us to analytically predict the transient
advantage of cooperation and to quantitatively interpret it
as a trade-off between intrademe and interdeme dynamics.
The transient nature of the benefit of cooperation is due to
growth saturation. Indeed, in Ref. [41] Sec. 2.1, we consider
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FIG. 2. Growth phase: evolution of the fraction of cooperators in
a deme and in the population. (a) Excess fraction Ax;(t) = x;(t) —
x1(0) of cooperators in one deme, namely, deme 1, and size N, of
this deme, versus growth time 7. We show the numerical solution of
Eq. (5) and the analytical approximation of Eq. (6), obtained in the
weak selection regime. We indicate the long-time asymptotic value
Axy im of Axy, obtained from Eq. (6), and the carrying capacity K
(horizontal dotted lines). (b) Excess fraction AX (1) = X(t) — X (0)
of cooperators in the total population versus growth time t. As in
panel (a), we show the numerical solution and the analytical ap-
proximation, here given by Eq. (7). In addition, we show the two
terms from Egs. (8) and (9) into which AX(7) can be decomposed.
We also show the largest time 7y > 0 such that AX(t) > 0 (vertical
dotted line). In both panels, results are obtained for a population of
D =5 demes, each with initial size B = 20 and carrying capacity
K = 1000, using initial compositions x;(t = 0) = 1/10, x,(0) =
1/4, x3(0) = 1/2, x4(0) = 3/4 and x5(0) = 9/10, fitness intensity
w = 1073, benefit b = 10, and cost ¢ = 1.

the case of continued exponential growth. In that case, when
cooperation is promoted during growth at the scale of the
full population, the effect increases over time, because the
difference between the sizes of demes with a larger and a
smaller fraction of cooperators keeps increasing. Note that in
the presence of growth saturation, if the carrying capacity in-
creases with the cooperator fraction, the benefit of cooperation
can increase for longer growth times [14—17,19]. Here, for the
sake of simplicity, we have assumed that K does not depend
on population composition.
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FIG. 3. Impact of the benefit-to-cost ratio and of the variance in deme compositions on the evolution of cooperator fraction during growth.
We show a phase diagram, representing whether AX > 0 or AX < 0, as a function of the benefit-to-cost ratio b/c and the variance Var(x;) of
the initial deme compositions, for two different durations of the growth phase. The separation between zones, namely, AX = 0, is given by
Eq. (18) of Ref. [41]. Results are obtained for a population of D = 5 demes, each with initial size B = 20 and carrying capacity K = 1000,
using different initial compositions with mean (x;) = 0.5, fitness intensity w = 1073, cost ¢ = 1, and growth phase durationst = 2 and ¢t = 4.5.
The inset shows the analytical approximation for the total population size Z,D=1 N; versus growth time 7, using Eq. (6) and the same parameter

values, for b = 10.

For a given growth time ¢ and for given initial deme com-
positions, Eq. (7) can be used to compute the threshold value
of the benefit-to-cost ratio b/c beyond which cooperation
is promoted in the structured population during growth; see
Ref. [41] Sec. 1.2.3. The smaller the variance in the initial
deme compositions, the larger b/c must be for cooperation
to be favored during growth; see Fig. 3. Assuming that the
variance in the initial deme compositions is large enough
and the growth time not too short, one can show that this
threshold value of b/c increases with time (matching the two
cases shown in Fig. 3), and that cooperation becomes impos-
sible beyond a certain growth time; see Ref. [41] Sec. 1.2.3.
Qualitatively, this is because of the saturation of demes, as
the carrying capacity K is here assumed to be independent of
cooperator fraction, which entails that cooperator-rich demes
lose their advantage of being larger as saturation is reached.

B. An effective fitness parameter determines if cooperation
is favored on average under cycles of dilution-growth-merging

So far, we determined the conditions that favor coopera-
tion during a given deterministic growth phase. Let us now
consider a full cycle of dilution-growth-merging, which in-
volves a stochastic dilution step via binomial sampling, and
ask whether cooperation is advantaged on average during such
a cycle. For this, we consider the expectation value under
the binomial law used for sampling of the difference AX’' =
X, —X,_, in overall cooperator fraction, taken between the

end of the growth phase of one cycle (say cycle n — 1) and the
end of the growth phase of the next one (n). It can be expressed
as (see Ref. [41] Sec. 1.3 for details)

E[AX] = ws(t)X,_,(1 =X, )+ Ow?,  (10)
where s(¢) is an effective fitness that depends on time and on
model parameters:

D—1 t(b—c)

© B—1
S = —
DB 1+ e B

+bm<mk—na+B—K>
KB-1)

(B(e’ - 1)+K)]
—clhh|{ ——— ) |.
K

The effective fitness s(¢) features an interplay between
between-deme selection [first term, nonnegative, coming from
the expectation of AX, in Eq. (7)] and within-deme selection
[second term, nonpositive, coming from the expectation of
—AX,, in Eq. (7)]. Equation (10) shows that, assuming 0 <
X,_, < 1, cooperation is favored on average over one cycle of
dilution-growth-merging (i.e., E[AX'] > 0) if and only if

P@—m

(11)

s(t) > 0. 12)

For brevity, we henceforth omit the explicit time dependence
of 5. For s to be positive, the dilution step needs to generate
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enough variance in the initial deme compositions to yield
a Simpson’s paradox scenario during the subsequent growth
phase. For this, it is important that the bottleneck size B is
small enough, as the expectation value of the variance of deme
compositions just after dilution is inversely proportional to
B (see Ref. [41] Sec. 1.3). While this point was previously
highlighted [6,14-17,20,21], here we provide an analytical
condition for cooperation to be favored on average under cy-
cles of dilution-growth-merging. Note that it can be expressed
as a threshold value of the benefit-to-cost ratio b/c beyond
which cooperation is favored; see Ref. [41] Sec. 1.3.2. Study-
ing s also allows us to investigate extreme parameter regimes;
see Ref. [41] Sec. 2.2. In particular, for large growth times,
all demes saturate at the carrying capacity and cooperation
cannot be promoted. Conversely, in the limit of large carrying
capacities, the promotion of cooperation is not transient but
increases, as exponential growth continues. Finally, for large
bottleneck sizes, cooperation cannot be promoted, because
small bottlenecks are needed to obtain contrast across demes
after the dilution step.

While we derived Eq. (12) by focusing on one cycle, this
condition does not depend on the precise cycle considered
(e.g., on the initial cooperator proportions in each deme at
the beginning of it). Hence, it is a general condition, valid
for any cycle throughout the dynamics and for any number of
cycles. In our model, cooperation can be favored in a clique-
structured population with weak selection, under repeated
cycles of dilution, logistic growth and merging, if and only
if Eq. (12) is satisfied. Hard selection, implemented here by
merging and dilution, plays a fundamental role, as it allows the
promotion of the collective benefit of cooperation. Indeed, it
is via this mechanism that larger demes contribute more to the
next bottleneck state. Furthermore, the benefit of cooperation
is maintained across cycles through stringent dilution events
that yield large compositional variance between demes at each
bottleneck.

C. Analytical calculation of the fixation probability
of cooperator mutants under weak selection

If cooperation appears through a mutation, it will first be
present in a single individual, whose lineage will thus initially
be subject to strong finite-size fluctuations (known as genetic
drift). In the present model, where growth is deterministic,
stochasticity arises from the dilution step, which is modeled
by binomial sampling. What is the probability that coopera-
tors ultimately take over the whole population, starting from
any initial population composition, e.g., from a single cooper-
ator mutant? To address this question, we need to go beyond
averaged dynamics and to perform a stochastic treatment of
the system under successive cycles of growth, merging, and
dilution. A challenge is that we cannot assume that deme sizes
are large, given that small bottlenecks and strong variance
are necessary for cooperation to be favored on average. This
precludes the use of the branching process approximation
[29,46,47] or of the diffusion approximation [48] at the scale
of demes, since they both require B > 1 to hold. Hence, we
perform a calculation of the fixation probability in the weak
selection regime w <« 1, without making any assumption
on B.

Let us denote by i, the initial number of cooperators in
each deme k € {1, ..., D} at a bottleneck, and introduce i =
(i1, ..., ip). Our goal is to determine the fixation probability
pi of cooperators starting from any initial population compo-
sitioni. We have p(, .0y = 0and ps,.. ) = 1. Let P,_,; be the
probability of sampling j = (ji, ..., jp) cooperators to form
each deme’s new bottleneck upon a dilution step, after growth
and merging, if the previous bottleneck had i = (iy, ..., ip)
cooperators. Since the dilution step is assumed to proceed
through independent binomial samplings (i.e., with replace-
ment), we have

D B . A
Piﬁj = 1_[ (Jk> (X/)_/k(l _ X/)B—]k’ (13)

k=1

where X’ = X + AX denotes the overall cooperator fraction
at the end of growth, with X = Zszl ir/(DB) the overall
initial cooperator fraction before growth and AX = AX(t)
given by Eq. (7) with T = ¢. For this Markov chain, the fix-
ation probability p; is the probability of eventually reaching
the absorbing state (B, ..., B) from the initial configuration
i. Considering all possible states after the first step of the
Markov chain, we can write a recurrence relation on p; (which
is the discrete analog of a steady-state Kolmogorov backward
equation):

> Pejp; (14)

Performing a first-order expansion of Eq. (14) in the weak
selection regime (see Ref. [41] Sec. 1.4 for details), we obtain
the following expression for the fixation probability:

pi =X + AX +wsDBX(1 — X)+ Ow?),  (15)

where AX = AX(t) = O(w) is given by Eq. (7) and char-
acterizes the evolution of the cooperator fraction during the
first growth phase, while s is the effective fitness param-
eter defined in Eq. (11) and characterizes the cycles of
dilution-growth-merging. Note that the fixation probability
of defectors, written in terms of the fraction of defectors
Y =1 — X, takes the same form as the one of cooperators
in Eq. (15), but with the opposite effective fitness coefficient;
see Ref. [41] Sec. 1.4.1. Equation (15) is an analytical for-
mula that holds for any initial population composition i in a
spatially structured population undergoing cycles of logistic
growth, merging, and dilution, in the weak selection regime.
It shows that whether cooperation is more or less likely to
take over depends on the first growth phase, via AX, and
on the subsequent cycles of dilution-growth-merging, via s,
in addition to the initial composition, via X. Importantly,
the result in Eq. (15) holds for small bottleneck sizes, con-
trary to results obtained using branching process or diffusion
approximations. Note that our weak selection assumption re-
quires wDB <« 1, which entails that the domain of validity of
Eq. (15) is different from that of a branching process approxi-
mation (which, for fitness intensity w and population size DB,
assumes 1/(DB) « w < 1 and DB > 1) or of a diffusion
approximation [which assumes w ~ 1/(DB) and DB > 1].
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FIG. 4. Fixation of cooperation. We show the fixation probability p of cooperation, starting from a single cooperator in the whole
population, versus the benefit-to-cost ratio b/c, both for our structured population and for a well-mixed (“WM?”) population with the
same total bottleneck size DB and carrying capacity DK. Round markers: numerical simulation (“simu.”) results with deterministic growth
(“det.”); solid lines: corresponding analytical predictions (“ana.”) from Eq. (15). The threshold of b/c beyond which cooperator fixation
is predicted to be promoted (with deterministic growth), given by Eq. (63) of Ref. [41], is shown as a vertical dotted blue line. Cross
markers: numerical simulation results with stochastic growth (“stoch.”). The fixation probability of a neutral mutant, p = 1/(DB), is shown
for reference (horizontal dashed line). Parameter values are D = 5, B = 10, K = 1000 for a structured population; D = 1, B = 50, K = 5000
for a well-mixed population; for both,t =3, w =5 x 10~* and ¢ = 1. Simulation results are obtained over N = 108 realizations.

D. Cooperator fixation can be favored by spatial
structure with merging dynamics

Let us consider as reference neutral mutants, i.e., mu-
tants with no fitness difference from the wild-type at any
frequency, and let us compare cooperators to this baseline.
The fixation probability of cooperators is greater than that
of neutral mutants starting from the same initial proportions
if p; > X. Using Eq. (15), this condition can be expressed
as AX + wsDBX (1 —X) > 0. It allows us to predict the
threshold value of the benefit-to-cost ratio b/c beyond which
cooperator fixation is promoted in our spatially structured
population; see Ref. [41] Sec. 1.4.2.

Figure 4 shows a comparison between our analytical ex-
pression of the fixation probability in Eq. (15) and numerical
simulation results, starting from a single cooperator mutant.
For this, we performed exact stochastic simulations of our
model (with cycles of deterministic growth, merging, and
dilution via binomial sampling), and estimated p; as the pro-
portion of simulations (all starting from i) that reach the
absorbing state X = 1 (as opposed to the other absorbing state
X = 0). We obtain very good agreement between analytical
and numerical results. We observe that, as the benefit-to-cost
ratio b/c increases, the fixation probability of a cooperator
increases as well. When b/c reaches the predicted threshold
value, the fixation probability of a cooperator becomes larger

than that of a neutral mutant. This stands in strong contrast
with a well-mixed population of the same size (also shown in
Fig. 4), where a cooperator is never more likely to fix than
a neutral mutant, because of the cost of cooperation. Here,
cooperation is promoted by the spatial structure considered,
and our analytical calculations allow us to determine when
and how much this happens, provided that selection is weak.

E. Stochastic growth further enhances the promotion
of cooperation

In our analysis, we have assumed deterministic logistic
growth. We showed that for cooperation to be maintained, the
bottleneck size B needs to be small enough for the dilution
step to maintain a high variance in deme compositions. Given
these small bottleneck sizes, stochastic effects associated with
demographic fluctuations during the growth phase can in fact
have an important impact. How do our conclusions change
if the growth phase is stochastic? To address this question,
we consider that each individual can divide at a given rate,
matching the one used in our deterministic growth model.
We perform simulations of this stochastic growth phase using
a Gillespie algorithm; see Ref. [41] Sec. 3 for details. The
merging and dilution steps are unchanged. Note that this mod-
ified model comprises two sources of stochasticity, namely,
the dilution process and the growth process.
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In Fig. 4, we compare the fixation probability results in
simulations using deterministic and stochastic growth. We
find that the fixation probability of a cooperator mutant is
higher with stochastic growth than with deterministic growth.
Hence, demographic fluctuations during growth can further
enhance the promotion of cooperation. As previously noted in
Ref. [14], this is because fluctuations are amplified asymmet-
rically in this model, in the sense that growth is enhanced if an
additional cooperator appears due to a division, but hindered
if an additional cheater appears. Our simulation results further
suggest that the analytical conditions we derived with deter-
ministic growth provide sufficient conditions for cooperation
to be promoted, even with stochastic growth.

IV. DISCUSSION

In this work, we considered a minimal model for the evo-
lution of cooperation in deme-structured populations under
hard selection. Cooperative interactions were modeled by the
prisoner’s dilemma, and hard selection by dilution-growth-
merging cycles, where each deme contributes to the next
bottleneck state in proportion to its size after a phase of lo-
cal growth. We initially assumed deterministic local growth,
but we described dilution via stochastic sampling, and we
assumed weak selection. We analytically determined the time
evolution of the cooperator fraction during logistic growth,
and interpreted this result as a multilevel Price equation, high-
lighting a trade-off between within-deme dynamics, where
cooperators are disadvantaged, and between-deme dynamics,
where demes with more cooperators are advantaged. We then
analyzed dilution-growth-merging cycles and derived an an-
alytical condition for the cooperator fraction to increase on
average under that dynamics. This requires small bottleneck
deme sizes, which generate sufficient variance in deme com-
position for cooperation to be favored in the whole structured
population. Next, we analytically expressed the fixation prob-
ability of cooperators under weak selection, without assuming
large demes. This yielded a criterion for cooperators to have
a higher fixation probability than neutral mutants, and hence
for cooperation to be advantaged by natural selection in the
spatially structured population. Finally, numerical simulations
showed that stochastic growth further promotes cooperation.

A key insight is that, in our simple model of cooperation
in deme-structured populations, the mode of selection is deci-
sive: while cooperation cannot be favored under soft selection
[34], the present study shows that it can be favored under
hard selection. Here, we implemented hard selection through
the dilution-growth-merging process [16,17], whereby demes
contribute to the next bottleneck state in proportion to their
sizes after growth. As a result, demes with a higher fraction
of cooperators can contribute more to the next bottleneck,
thanks to their growth advantage. This growth advantage is
transient under logistic growth but permanent under continued
exponential growth. This coupling between the dynamics of
population size and composition has been highlighted pre-
viously in Refs. [14—-17,20-22]. Our study connects these
results with those of models on graphs with a single individual
per node, where spatial structure can favor cooperation under
certain individual-level update rules [12,13].

Our work opens several perspectives for further theoretical
analysis. First, for simplicity, we assumed that the carrying
capacity of a deme is independent of its cooperator fraction.
However, a higher cooperator fraction can be associated with
a larger carrying capacity [14—17,20], which enhances the
transient advantage of cooperation during logistic growth,
and introduces an additional mechanism by which spatial
structure can promote cooperation, namely, group fixation:
demes where cooperators have fixed then become larger
than other demes [16]. Extending our analytical calcula-
tions to this case would therefore be of interest. Second,
we assumed deterministic growth in most of our analysis,
but we observed numerically that stochastic growth can en-
hance the fixation of cooperators. Further analytical insight
into this aspect could be obtained using a van Kampen ex-
pansion, as in Refs. [14—17]. A challenge, however, is that
this approach relies on an expansion in large system sizes,
whereas the promotion of cooperation necessitates small bot-
tleneck sizes. Moreover, while valuable insight was obtained
in Refs. [14—17] by focusing on the early stages of growth,
analytically determining conditions for cooperation to be pro-
moted would likely require considering the full growth phase.
More generally, stochastic growth could be incorporated using
stochastic differential equations, but existing work generally
focuses on the large-population regime [49]. Third, our an-
alytical expression of the fixation probability assumes weak
selection but remains valid for small bottleneck sizes. Thus, a
promising direction for future work is to extend our analysis
beyond the weak selection regime. Besides, the domain of
validity of our current approach differs from that of diffusion
and branching process approximations, which assume large
deme sizes, and more general descriptions encompassing
these different regimes would be highly interesting in dilution-
growth models and in Wright-Fisher, which are closely related
[29], as well as in models with partial updates, which bridge
Wright-Fisher and Moran models [50].

More generally, while the merging process facilitates an-
alytical progress thanks to its strong symmetries, it would be
interesting to study other forms of hard selection in more com-
plex population structures. First, one could consider a clique
where each deme contributes in proportion to its productivity
(i.e., its size after growth), but where the probability that an
organism migrates to another deme differs from the proba-
bility that it stays in its deme of origin (thus going beyond
the specific case of merging). Next, one could consider more
general graphs, in order to establish a more complete link
with results from evolutionary graph theory [12,13]. Studying
other forms of cooperative interactions is also a promising
direction and would allow closer links to specific natural or
experimental systems. This includes considering games other
than the prisoner’s dilemma, such as the snowdrift game [51],
modeling cooperative antibiotic resistance [52-55], and ex-
plicitly describing the dynamics of diffusible public goods
[7,56-58] and resource limitation [59].
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