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Dumbbell dimer dynamics in three-dimensional chiral fluids
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We study the emergent orientational dynamics of a dumbbell dimer—two asymmetric monomers connected
by a linking spring—in a three-dimensional chiral environment with odd viscosity. In classical systems with
conserved parity symmetry, reciprocal oscillations of a dimer do not lead to rotational motion. Here, through
an analytical calculation, we find that the presence of chirality in the system induces rotational dynamics as a
function of the expansion/contraction of the dimer. By incorporating thermal fluctuations, we further find that the
rotational diffusivity is affected by the coupling between conformational fluctuations and rotational motion. Our
results provide insights into problems where the parity symmetry is broken and can be used as a building block
to study similar models at the collective level. These problems include multicomponent molecular machines in
odd-viscous fluids and systems with charged polymers where oddity is present through external magnetic fields.
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I. INTRODUCTION

Recent developments in the field of active matter have
revealed that the activity of various microscopic agents vi-
olates the classical symmetries in physical systems. These
violations include detailed balance and time-reversal and rota-
tional symmetries, and they lead to novel phenomena at large
scales, such as emergent collective behavior and swarming
of active constituents [1,2]. Microscopically, an individual
agent, be it living or artificial, exhibits autonomous motion by
harnessing chemical energy from its environment. Examples
span at multiple scales, ranging from molecular proteins in
active biological systems [3] to microorganisms swimming in
aqueous environments and driven colloidal systems [4].

Despite their differences in scale and variation, local force
generation plays an important role in understanding the under-
lying collective phenomena and can be taken into account by
coarse graining the flow induced by each active agent [5–7].
For example, the diffusion enhancement observed in cellular
environments has been attributed to the activity of individual
molecular proteins or enzymes [8,9]. Among the various pro-
posed mechanisms for modeling such a local force generation,
the dumbbell dimer or force dipole model is widely used as
a minimum description of an active agent [6,10]. The model
typically consists of two subunits connected by a rigid shaft
or an elastic spring that allows for shape fluctuations and dif-
fusive motion. Such a simple description is achieved through
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the dimensional reduction of an active protein with a large
number of degrees of freedom. For enzymatic molecules, size
changes mimic the conformational motions in chemical reac-
tions and are known to serve as a stirring function for cellular
metabolism [11]. When immersed in aqueous environments,
the cyclic or shaking motion induced by dimers acts as a hy-
drodynamic force dipole in the far field, which is the leading
contribution to the flow field induced by microswimmers [12].
Motivated by diffusion enhancement reported in experiments,
many theoretical works have been performed [13], which in-
cludes the modeling of an enzymatic dimer [10,14,15] and the
statistical properties of collective dimers in dilute [6,16] and
in crowded environments [17–19].

In addition to modeling an individual active particle, the
dimer model has also been used to study the rheological prop-
erties of soft media via microrheology techniques. Typically,
a single colloidal particle is used as a probing tracer to ex-
plore various systems [20,21], such as bacterial baths [22] and
living cells [23,24]. However, tracer objects with anisotropy
or multicomponents can reveal more complicated and meso-
scopic structures of the media. For instance, spherical dimers
have been employed to study the effect of viscoelasticity
on propulsion [25], the dynamics in a Newtonian fluid with
viscosity gradient [26], and the recoil dynamics in a relaxing
environment [27].

Recently, the transport and dynamics of microparticles
in chiral environments, which themselves break parity sym-
metries, has gained much attention and the macroscopic
consequence of the self-spinning fluid components or parti-
cles in chiral motion has been studied [28–30]. Within the
continuum-level description, such fluid systems with broken
parity exhibit intriguing chiral or “odd” responses, which are
of current interest in the field [31–33]. From the symmetry
argument, chiral systems naturally acquire an additional dis-
sipationless transport coefficient called odd viscosity [34]. The
emergence of the new quantitative measure has motivated and
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stimulated work proposing a new protocol to quantify active
rheological properties experimentally [35]. The continuum
description characterized by the odd viscosity has revealed
various striking effects, such as transverse responses in the
viscous, low-Reynolds-number regime [36–42], as well as
peculiar flocking and pattern formations observed at inter-
mediate and high Reynolds numbers [43,44]. Nevertheless,
regardless of recent advances in theoretical studies, the hy-
drodynamic interactions and resulting multiparticle dynamics
in chiral fluids have yet to be fully explored [33]. This is
largely because exact analytical solutions of the fundamental
hydrodynamic problem involving the response due to a point
force and finite-sized particles remained scarce until just re-
cently, especially in three-dimensional chiral fluids [45,46],
compared to two-dimensional counterparts [37,47–49].
In two dimensions, the chiral systems are compatible with
fluid isotropy [50] and can be relatively easily treated within
the analytical framework using the complex notation [36,50],
whereas the emergent anisotropy leads to the nontrivial
coupling between the spatial degrees of freedom in three-
dimensional chiral systems.

In this work, we study the dynamics of a dumbbell
dimer immersed in unbounded three-dimensional chiral fluids
(Fig. 1). The dimer is either active by changing its confor-
mation cyclically or passive, undergoing thermal fluctuations.
Employing the continuum description of chiral systems char-
acterized by odd viscosity, we derive the spatial equations of
the dimer motion and show that the mobility of velocity-force
relations obtains a nonsymmetric structure in the exchange of
spatial index. This suggests that odd viscosity naturally gives
rise to an odd mobility in the spatial dynamics of particles and
creates an intriguing rotational behavior [Figs. 1(b) and 1(c)],
prohibited in conventional fluids. Using the mobility relations
in fluids with odd viscosity, we study the two cases: the
interdomain hydrodynamic interaction up to the leading order
in odd viscosity and the higher-order effect. Moreover, by ex-
tending the odd-viscous system in the presence of the thermal
noise, we investigate the interplay between the fluctuation and
oddity and how it affects the rotational dynamics of the dimer.

II. MODEL OF A PASSIVE AND ACTIVE DIMER
IN VISCOUS FLUIDS

We consider an axisymmetric dimer submerged in a
three-dimensional incompressible chiral fluid with parity vi-
olation (Fig. 1). This section recapitulates the concept of odd
viscosity, a general measure that characterizes chiral fluid en-
vironments [31,33]. At low Reynolds number, where inertial
is negligible, the fluid property is governed by the force-
balance equation

∂ jσi j = 0, (1)

together with the incompressibility condition ∂ivi = 0. Here
σ represents the fluid stress tensor, ∂i is the three-dimensional
differential operator with i, j, k = {x, y, z}, and the summation
over repeated indices is assumed. The important relation here
is the constitutive relation, which relates the stress field to the
gradient of the velocity field:

σi j = ηi jk�∂�vk, (2)

FIG. 1. Schematic of a dumbbell dimer immersed in a three-
dimensional chiral fluid with an even (shear) viscosity and an odd
viscosity, ηe and ηo. The odd viscosity is assumed to be positive.
The axis of the odd viscosity is assumed to be in the ẑ direction,
while the even viscosity is isotropic and thus does not have any
preferred direction in the fluid. (a) The geometry of a dimer whose
spherical domains have radii a1 and a2. The dimer length as well
as the dimer orientation vary in time, which are characterized by
the scalar function L(t ) and the unit vector n(t ), respectively. The
dimer length undergoes expansions or contractions due to thermal
noise or prescribed motion of the connecting shaft, which leads to
the three-dimensional rotational motion of the dimer. (b) To linear
order in the odd viscosity, the expansion of the dimer arm creates an
anticlockwise rotation about the ẑ axis by increasing the azimuthal
angle φ(t ) measured from the x axis [see also Eq. (17) and Fig. 2(b)].
(c) To quadratic order in the odd viscosity, in addition to the tran-
sient precession observed in panel (b), the contraction of the dimer
causes the reorientation towards the (x, y) plane by increasing the
polar angle θ (t ) measured from the z axis [see also Eq. (22) and
Fig. 2(a)].

where ηi jk� is the fourth-rank viscosity tensor and includes any
fluid property. In order to introduce a minimum continuum
description of chiral fluids, we assume the classical assump-
tions, such as the momentum conservation and the absence of
the response to the vorticity, which are given by the equalities
σi j = σ ji and ηi jk� = ηi j�k , respectively. To take into account
the chirality in fluids, one should impose the left and right
handedness on the viscosity tensor by introducing the parity
violation around some axis, while rotational invariance about
the direction can still be assumed [33,34]. Throughout this
paper, we choose the axis of odd viscosity along the z direction
in the laboratory frame, without loss of generality. In this
case, the viscosity tensor accounting for parity violation is
simply expressed with two transport coefficients, shear and

055416-2



DUMBBELL DIMER DYNAMICS IN THREE-DIMENSIONAL … PHYSICAL REVIEW E 112, 055416 (2025)

odd viscosities, ηe and ηo [34,51]

ηi jk� = ηe

(
δikδ j� + δi�δ jk − 2

3
δi jδk�

)

+ ηo

2
(ε j�zδik + εi�zδ jk + εikzδ j� + ε jkzδi�), (3)

where δi j is the Kronecker delta and εi jk is the three-
dimensional Levi-Civita tensor with εxxz = εyyz = 0 and
εxyz = −εyxz = 1. Notice that the tensorial structure with ηo is
antisymmetric or odd under i j ↔ k�, reflecting the chiral na-
ture of fluids, unlike symmetric components for the classical
counterpart ηe. This antisymmetric nature suggests that ηo can
also be negative, as the associated tensor does not contribute
to the fluid-energy dissipation [34].

In an unbounded fluid described by the momentum conser-
vation (1) and the viscosity tensor (3), we consider a dumbbell
dimer composed of two spherical subunits with radius a1

and a2, connected via a shaft that can vary its length. The
position of each sphere is denoted by the three-dimensional
vector rα (α = 1, 2). Denoting the velocity of each sphere by
ṙα = drα/dt and the force acting on each subunit by Fα , the
overdamped equations of motion can be written as

ṙα =
2∑

β=1

Mαβ · Fβ. (4)

Here the mobility matrix Mαβ accounts for the hydrodynamic
contributions on the subunits exerted by the surrounding
fluid. The diagonal mobility tensor Mαα is associated with
the hydrodynamic force acting on each sphere, while the
off-diagonal mobility tensor Mαβ is related to the hydrody-
namic interactions between the subunits. The off-diagonal
components or Green’s function of the linear hydrody-
namic equations further satisfy the relation ∂ jMαβ,i j = 0 from
the incompressibility condition of the velocity field. In a
conventional fluid with shear viscosity alone, theses two con-
tributions are, respectively, attributed to Stokes’ law for a
rigid sphere and the Oseen tensor, which is the solution of
the forced Stokes equation [52]. In a fluid with odd vis-
cosity, however, the chirality in the fluid gives rise to the
antisymmetric components in the mobility matrix, leading to
asymmetric relations under the exchange of the spatial index,
i.e., (Mαβ )i j �= (Mαβ ) ji [38,39,41,45,47,53,54]. This condi-
tion holds for both the diagonal and off-diagonal mobility
elements. Note that symmetric relations still hold under the
particle notation Mαβ = Mβα .

When the distances between the spheres are sufficiently
larger than their sizes (aα � |rα − rβ | ≡ rαβ ), Mαβ can be
approximated as [45]

Mαα = 1

24πηeaα

[(
m−λ2

4
+ 4

)
(I − ẑẑ)

+
(

m+λ2

2
+ 4

)
ẑẑ + f λε · ẑ

]
, (5)

Mαβ = 1

4πηe(rαβ + rλ)

[
I + nn − λrαβ

2rλ

ε · (ẑ − (n · ẑ)n)

−
(

1 − rαβ

rλ

)(
nn + (n × ẑ)(n × ẑ)

1 − (n · ẑ)2

)]
, (6)

where rλ = rαβ

√
4 + λ2[1 − (n · ẑ)2]/2 and n = (rα −

rβ )/rαβ denotes a unit vector along the axis of a
dumbbell dimer [Fig. 1(a)]. In the above, the scaling
functions of λ are defined as m+ = f + g and m− = f − g
with f = −12(2ψ + λ)λ−3, g = 4(1 + f )λ−2, and
ψ = arcsin(−λ(4 + λ2)−1/2) [45]. Equation (5) corresponds
to the odd Stokes mobility, while Eq. (6) describes the
hydrodynamic interaction governed by Green’s function,
which is the solution of a point force acting on an unbounded
fluid with ηe and ηo. These expressions are valid for
any odd-to-even viscosity ratio λ = ηo/ηe. Note that the
hydrodynamic effects on the subunits due to the presence of
the connecting shaft are assumed to be negligible [55], so that
the interaction can be described by the Green’s function of a
point force, as in Eq. (6).

This setup is generic and includes both the cases for pas-
sive and active dimers depending on the nature of the forces.
Passive forces are typically the gradient of a conservative two-
pair potential minimally modeled by a harmonic potential.
On the other hand, active forces could arise from nonequilib-
rium mechanochemical mechanisms that transduce chemical
energy (typically through ATP hydrolysis) into mechanical
active conformational oscillations [56,57] that was recently
reported in experiments of active nanomotors [58].

III. ORIENTATIONAL DYNAMICS OF ACTIVE DIMER

To determine the dynamics of an active dumbbell dimer,
it is convenient to introduce the relative frame of reference
where L = r2 − r1 and R = (r1 + r2)/2. Additionally, we
write the relative vector as L = Ln where L is the length
of the dimer and n its orientation. In spherical coordinates,
they are expressed as n = sin θ cos φx̂ + sin θ sin φŷ + cos θ ẑ
where θ is the polar angle measured from the z axis (in the
laboratory frame) and φ is the azimuthal angle around ẑ (see
Fig. 1). Unless otherwise stated, we consider situations in
which dimers deform their shapes in a time-reversal man-
ner, i.e., undergoing reciprocal motion. In general, however,
the dimer model is not limited to this type of deformation
and can also exhibit any deformation specified by the dimer
length L(t ). Since the considered active dimer autonomously
changes its conformation without external forces, one should
impose the force-free and torque-free conditions on it. This
leads to the relations F2 = −F1 ≡ F and n × F = 0.

By using the relations L̇ = (M11 + M22 − 2M12) · F and
Ṙ = (M22 − M11) · F/2 and applying the torque-free con-
dition to them, the dynamics of the dimer conformation
simplifies to

L̇ = M+ · F − 1

2πηe(r12 + rλ)

[(
1 + r12

rλ

)
I − λr12

2rλ

ε · ẑ
]

· F,

(7)

Ṙ = −1

2
M− · F, (8)

where we have defined the self-mobility difference as

M± = 1

24πηe

(
1

a1
± 1

a2

)

×
[(

m−λ2

4
+ 4

)
I + λ2

2

(
m+ − m−

2

)
ẑẑ + f λε · ẑ

]
.

(9)
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In the presence of odd viscosity (ηo �= 0), the self-mobility
causes velocity not only along the dimer director n, but also in
the z and azimuthal directions. Notice that the transverse force
along ẑ is absent in the hydrodynamic interaction described by
the Green’s function.

To investigate the effect of the fluid chirality on the dy-
namics of an active dimer, we first study the case where the
magnitude of the odd viscosity is much smaller than shear
viscosity (ηo/ηe � 1). Even in this leading-order limit, we
will see the emergence of the antisymmetric mobility tensor
and it gives rise to the novel dynamics of the dumbbell dimer,
which is completely different from that in classical fluids.
We then analyze the higher-order odd-viscosity effect on the
behavior of dimers.

A. Linear-order effect of odd viscosity

Starting from the velocity-force Eqs. (7) and (8) and ex-
panding them to the first order in λ = ηo/ηe, we obtain the
equations of motion, which are given by

L̇ =
[

1

6πηe

(
1

a1
+ 1

a2

)(
I − λ

4
ε · ẑ

)

− 1

2πηeL

(
I − λ

4
ε · ẑ

)]
· F, (10)

Ṙ = 1

12πηe

(
1

a2
− 1

a1

)(
I − λ

4
ε · ẑ

)
· F. (11)

The first term in Eq. (10) results from ηo-dependent Stokes’
law [39,59], while the second represents the hydrodynamic
interactions [54] and has been simplified by the torque-free
condition. Equation (11) shows that the presence of odd vis-
cosity can affect the center of mass motion when a1 �= a2.
However, dimer’s center of mass coordinate will be sub-
ject only to an oscillatory motion without net displacement
over one cycle of the reciprocal deformation. During such
conformational changes, the dimers deform its shapes in
a time-reversal manner, and therefore self-propelled motion
does not occur, as in the case of classical fluids. This is
known as Purcell’s scallop theorem [60].We therefore focus
on Eq. (10), in which the odd-mobility structure leads to an
emergent rotational dynamics. Our goal is to obtain the dy-
namical equations for the orientational dynamics of the vector
n(t ) for an arbitrary prescribed actuation of the dimer size
L(t ).

Taking the time derivative of the vector connecting the
particles L formally gives

L̇ = L̇n + Lṅ, (12)

where the evolution of the unit vector is expressed in terms
of the polar and the azimuthal angles, θ, φ, as ṅ = θ̇ θ̂ +
φ̇ sin θ φ̂ with θ̂ = cos θ cos φx̂ + cos θ sin φŷ − sin θ ẑ and
φ̂ = − sin φx̂ + cos φŷ. In the coordinate system with the or-
thogonal bases {n, θ̂, φ̂}, one finds L̇ = (L̇, Lθ̇ , Lφ̇ sin θ ), and
the torque-free condition is simply given by θ̂ · F = φ̂ · F = 0.
We then find F = (Fn, 0, 0) with Fn = n · F. Expressing the
velocity-force relation (10) in the spherical coordinates, we

find that the polar angle evolution vanishes (θ̇ = 0), while the
dynamics of the length and the azimuthal angle are nonzero:

L̇ =
[

1

6πηe

(
1

a1
+ 1

a2

)
− 1

2πηeL

]
Fn, (13)

φ̇ = λ

4L

[
1

6πηe

(
1

a1
+ 1

a2

)
− 1

2πηeL

]
Fn. (14)

Comparing Eqs. (13) and (14) simply gives

φ̇ = λ

4

L̇

L
, (15)

for 0 < θ < π . Note here that for the special initial orienta-
tions when the dimer aligns with the axis of odd viscosity
(θ = 0, π ), the dimer does not exhibit any rotational mo-
tion (φ̇ = 0). This is because the antisymmetric components
driving the azimuthal rotation vanish when θ = 0, π [see
Eq. (10)]. Moreover, the obtained dynamics is independent
of the azimuthal angle φ, which is required by the system’s
cylindrical symmetry around ẑ [34]. Moreover, to this order,
the dynamics of the azimuthal angle are proportional to the
dynamics of the conformational speed of the dimer length. It
is obvious from the Eq. (15) that there is an emergence of the
rotational dynamics due to the asymmetric mobility tensor,
which couples the linear change in the interdomain distance
L(t ) with motion transverse to it. In a classical fluid with shear
viscosity alone or, equivalently, when λ → 0, φ̇ vanishes, as
it should. When the dimer orients in the plane perpendic-
ular to the axis of odd viscosity (θ = π/2), Eq. (15) still
holds.

In the following, we provide an analytical solution of the
dimer orientational dynamics without specifying the form of
L(t ). The angular evolution (15) can be rewritten as

dφ

dt
= λ

4

d

dt
ln L, (16)

which can readily be solved:

φ(t ) = φ(0) + λ

4
ln

L(t )

L(0)
. (17)

For a nonvanishing odd viscosity, the dimer undergoes os-
cillatory rotation about ẑ as a function of L(t ). When the
dumbbell expands and the domains move apart, the dimer axis
undergoes a transient anticlockwise (λ > 0) [Fig. 1(b)] or a
clockwise precessional rotation (λ < 0), depending the sign
of the odd viscosity. The results in this section suggest that
at small values of odd viscosity, the azimuthal angle exhibits
the oscillatory behavior as a function of L(t ), while the polar
angle remains constant.

B. Higher-order effects of odd viscosity

We have shown that the odd viscosity, to leading order,
gives rise to the precession dynamics of a dumbbell dimer
about the odd-viscosity direction ẑ. Here we extend the model
to take into account higher-order contributions and investigate
whether the dynamics also exhibits the out-of-plane dynamics
that includes the evolution of θ .
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By expanding L̇ in Eq. (7) up to the quadratic order in λ,
the distance between the spheres evolves as

L̇ = 1

6πηe

(
1

a1
+ 1

a2

)[(
1 − λ2

10

)
I + λ2

20
ẑẑ − λ

4
ε · ẑ

]
· F.

(18)

Here we have assumed that each sphere experiences no hy-
drodynamic interaction from the other, i.e., Mαβ = 0, so as
to focus on the higher-order effects of odd viscosity on the
self-mobility of each sphere. In the above equation, one can
see that the even orders of odd viscosity affect only the diago-
nal terms of the hydrodynamic mobility, because the diagonal
contributions must be independent of the “handedness” of the
fluid chirality. Moreover, the presence of anisotropy due to the
odd viscosity axis ẑ creates unequal forces between axial and
transverse directions.

To proceed with the calculation, we employ an approach
similar to the previous section, working in the frame of the
spherical angular variables. As detailed in Appendix A, the
angular dynamics is found as

θ̇ = −λ2

20

L̇

L
cos θ sin θ, (19)

φ̇ = λ

4

L̇

L
, (20)

where the latter is valid when 0 < θ < π , as before. It is clear
from Eq. (19) that the out-of-plane dynamics of the dimer
is possible to the quadratic order or higher in λ, meaning
that the odd-viscosity anisotropy gives rise to the transient
alignment behavior toward the chirality axis, followed by the
net oscillatory motion during one cycle of the deformation.
Consequently, the resulting orientational dynamics shows the
precessional motion as well as the oscillatory behavior with
respect to the ẑ axis, while it undergoes the monotonic expan-
sion or contraction in its size L(t ). Equations (19) and (20)
are the main results of this work, where we find that the pres-
ence of chirality inside the fluid induces three-dimensional
rotational oscillations depending on the expansion-contraction
of the dimer. Similar alignment behavior may take place
also in an anisotropic environment with a preferred direction
[61]. Nevertheless, the fluid anisotropy we consider originates
purely from the fluid chirality and the obtained alignment
mechanism is distinctive, as it does not rely on external mech-
anism, such as ambient torque coming from the minimization
of elastic energy in the case of nematic liquid crystals.

Similar to the first-order analyses, we find the orientational
dynamics of a dimer vanishes, θ̇ = φ̇ = 0, when θ = 0 and
θ = π , while for θ = π/2, the polar-angle dynamics van-
ishes (θ̇ = 0), but the evolution of φ still obeys Eq. (20).
Additionally, the emergence of the quadratic λ dependence
in θ̇ is required from the symmetry of a force dipole as a
polar vector. The combination of the polar vector and the
pseudovector associated with odd viscosity then suggests
the invariance under ẑ → −ẑ, from which one can deduce
the even order of λ for the polar-angle evolution. The symme-
try argument here is consistent with the chirotactic response
of a solitary self-propelled microswimmer/active particle in
chiral environments [46].

0 2π 4π

t

0.784

0.786

0.788

0.790

θ(
t)

(a)

λ = 0.1
λ = 0.3
λ = 0.5

0 2π 4π

t

0.70

0.75

0.80

φ
(t

)

(b)

λ = 0.1
λ = 0.3
λ = 0.5

FIG. 2. The angular dynamics of the dimer orientation as a func-
tion of time t for various values of λ when the self-mobility is
taken into account up to the quadratic order in λ and there is no
hydrodynamic interaction between the domains. The dimer is ini-
tially oriented with θ (0) = φ(0) = π/4 and its length is prescribed
as L(t ) = L0 + �0 sin(t ) for L0 = 1 and �0 = 0.5. The evolution of
(a) the polar angle θ [Eq. (22)] and (b) the azimuthal angle φ

[Eq. (17)].

Since the polar angle is not determined by the azimuthal-
angle dynamics due to the symmetry of the system, Eq. (19)
is readily integrated. Rewriting Eq. (19) such that

d

dt
ln tan θ = −λ2

20

d

dt
ln L, (21)

we have

tan θ (t ) = tan θ (0)

(
L(0)

L(t )

)λ2/20

, (22)

while the solution to Eq. (20) is given by Eq. (17). We can see
from Eq. (22) that the polar angle oscillates depending on the
instantaneous ratio between L(t ) and L(0). When the dumb-
bell expands and the domains move apart, i.e., L(0)/L(t ) < 1,
the dimer reorients itself along the ẑ direction, meaning that
the angle between n and the axis of odd viscosity ẑ becomes
smaller, while the contraction induces the the opposite effect,
namely, alignment in the plane perpendicular to ẑ without any
preferred direction [Fig. 1(c)]. This is because the systems
have cylindrical symmetry about ẑ and the two-dimensional
plane (x, y) is isotropic, as can be also deduced from Eq. (17).

Figure 2 shows the angular dynamics of a dimer for
different values of λ. The kinematic description of L(t ) is
simply assumed to be L(t ) = L0 + �0 sin(t ), with L0 being the
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average length of the dimer and �0 being the maximum ampli-
tude of oscillation. As seen in Fig. 2(a), the polar angle shows
an oscillatory behavior in time, where the expansion of the
dimer reorienting it towards the z axis, while the contraction
makes it away from the direction to align in the (x, y) plane.
The magnitude of the oscillation of the angle is enhanced with
increasing λ, and this can be seen also for the time evolution
of φ [Fig. 2(b)].

In the above analysis, we did not take into account the hy-
drodynamic interaction between the spherical domains. Here
we briefly examine the higher-order odd-viscosity effect in
the opposite regime, where the dynamics are governed solely
by the hydrodynamic interaction (6), without contributions
from the mobility of a sphere (5). This regime can be jus-
tified when the spheres are sufficiently small to be treated
as point particles. Interestingly, from the full hydrodynamic
interaction (6), we observe that the dimer does not undergo
any out-of-plane dynamics due to the absence of anisotropic
terms involving ẑẑ. This vanishing contribution to the θ dy-
namics holds for any value of λ, highlighting the crucial role
of the particle self-mobility in the transient aligning behavior
identified in Eq. (19).

In Appendix B, we discuss another type of odd systems,
the system with Lorentz forces, as a parallelism to the odd-
viscous system we have studied. We analyze the dynamics
of a charged dimer in the presence of an external magnetic
field. We demonstrate that the observed three-dimensional
dynamics occur in general in other odd systems by revealing
the underlying connection between chiral fluids and magnetic
systems.

IV. ORIENTATIONAL DYNAMICS OF PASSIVE DIMER
WITH THERMAL FLUCTUATIONS

The coupling between the linear conformational change
prescribed by L(t ) and the orientational dynamics suggests
that a passive dimer undergoing thermal fluctuations may also
show the rotational diffusion, which will be affected by odd
viscosity. Whether it actually takes place requires an analysis
of the conformational dynamics using a stochastic model. In
the previous literature, there exist various different stochastic
dimer models taking into account passive and active noises.
Some of the passive models for dimers include the Ornstein-
Uhlenbeck (OU) process [62] or dimers with variable stiffness
constant that is related to the recently proposed OU2 model
[63]. For active dimers, on the other hand, one can consider
the active version of an OU (AOU) process in the presence
of active thermal fluctuations [64,65] or dimers which are as-
sociated to molecular machines and undergo conformational
oscillations through some nonequilibrium chemical process
[66,67]. To our knowledge, however, odd viscosity and the
resulting asymmetric mobility tensor have not been studied
in the overdamped Langevin system in the context of chiral
active fluids (see Ref. [68] for the discussion on underdamped
systems).

In the following, we consider a passive dumbbell embed-
ded in an odd-viscous fluid in the presence of fluctuations. The
interdomain hydrodynamic interactions are again assumed to
be negligible, to analyze the interplay between the antisym-
metric self-mobility and the ambient noise. To describe the

dynamics in the overdamped regime, we use the following
Langevin equation

L̇a = MabFb + ξa, (23)

with a, b = {�, θ, φ}. The first term represents the deter-
ministic dynamics in the basis of spherical coordinates
with the mobility tensor M, as defined in Eq. (A1), and
the second is the stochastic noise that satisfies 〈ξa(t )〉 = 0
and 〈ξa(t )ξb(t ′)〉 = kBT (Mab + Mba)δ(t − t ′) ≡ 2Dabδ(t −
t ′). Here kB is the Boltzmann constant, T is the temperature
of the system, and Dab is the symmetric positive-definite dif-
fusion tensor that depends on λ. With the choice that only
the symmetric components of the diffusion tensor enter in
the noise variance, it follows that Dab obeys generalized Ein-
stein’s relation [69,70].

To make analytical progress we assume that L(t ) = L0 +
�(t ) where �(t ) � L0 with L0 being the average length of
the dimer and �(t ) obeying a stochastic process either con-
tinuously or discretely. This setup implies that the angular
oscillation will be small in magnitude and thus similarly
with the length one can assume θ = θ0 + δθ (t ) and φ = φ0 +
δφ(t ). As a simple example, we consider the case where �(t )
follows an OU process. By utilizing Eqs. (23) and (A1), the
linearized Langevin dynamics are given by (see Appendix C
for a derivation)

�̇ = −μ�k� + ξ�, (24)

L0δθ̇ = −μθ k� + ξθ , (25)

(L0 sin θ0)δφ̇ = −μφk� + ξφ, (26)

where −k� represents the force due to the conformational
dynamics and the mobilities μ�, μθ , and μφ represent the
mobilities of the corresponding velocities. It is worth noting
that the angular diffusivities, Dθθ , and Dφφ , are not related
to μθ and μφ . In particular, as shown in Appendixes A–C,
μθ = Mθ� and μφ = Mφ�, where for the noise strength we
have Dθθ = kBTMθθ and Dφφ = kBTMφφ .

We are interested in calculating the second moment, par-
ticularly the angular mean-squared displacement given by
〈δθ2(t )〉 + 〈δφ2(t )〉 at the early dynamics of μ�kt � 1, where
our linearization scheme is valid. By solving Eqs. (24)–(26)
and calculating the corresponding correlators, the angular
mean-squared displacement is found as (see Appendix C for a
derivation)

〈δθ2(t )〉 + 〈δφ2(t )〉 
 2

L2
0

(
Dθθ + Dφφ

sin2 θ0

)
t

+ kBT
a1 + a2

6πηea1a2

λ2k2

24L2
0

t3, (27)

where the first term results from the rotational diffusion of
the dimer and the second represents the odd-viscosity-induced
correction to it, which is cubic in time. The presence of
the oddity in the system couples the orientational dynamics
with the spatial conformations, leading also to the change
in the rotational diffusion coefficient. In other words, the
rotational oscillations (resulting from the reciprocal confor-
mational changes of a dumbbell dimer) affect the diffusivity
of the system. Interestingly, this chirality-induced diffusion is
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similar to the case where reciprocal motion influences spatial
diffusion [71].

V. DISCUSSION AND CONCLUSION

We have investigated the three-dimensional dynamics of
a dumbbell dimer in a chiral active fluid with odd viscosity.
In stark contrast to the classical case, the presence of chiral-
ity can create orthogonal forces (as a result of off-diagonal
couplings in the mobility tensor), which induces motion per-
pendicular to the dimer axis. The oscillatory motion of a dimer
gives rise to the oscillatory forces, which in turn leads to
the periodic angular dynamics. To the first order in λ, we
showed that only the azimuthal orientation of the dimer is
affected by odd viscosity, leading to the precession dynam-
ics around the odd viscosity axis ẑ. On the other hand, the
dynamics of the polar angle becomes apparent in quadratic
order. The obtained three-dimensional rotational dynamics
provides an insight into the new odd phenomenology beyond
the understanding of isotropy-compatible odd viscosity in
two-dimensional experimental setups [72]. Furthermore, the
observed coupling between the chirality and anisotropy would
facilitate a number of new phenomenology in the analogous
problems of odd diffusivity/mobility [73] in two-dimensional
systems, which include the tracer dynamics [73], in many-
body systems [74,75], and polymer models in magnetic fields
[76].

In principle, modifications to the dimer dynamics are
expected when higher-order contributions beyond the lead-
ing hydrodynamic interaction [Eq. (6)] are considered. One
possible extension is the Rotne-Prager-Yamakawa tensor,
which includes the next higher-order term in the far-field
approximation [77,78]. However, extensions that incorpo-
rate both higher-order corrections and arbitrary odd-viscosity
values are rarely reported. Although deriving a Rotne-Prager-
Yamakawa-type hydrodynamic mobility for odd fluids is
beyond the scope of this work, such corrections could provide
valuable insights into dimer dynamics, particularly regard-
ing the influence of dimer domains on the hydrodynamic
interactions.

Although the obtained three-dimensional rotational dy-
namics are associated with precession and alignment be-
haviors relative to the chirality direction, these effects are
transient. This is evident from the fact that a dimer returns to
its initial orientation without net displacement after one cycle
of deformation. This observation, along with our previous
finding on a solitary microswimmer [46], suggests that odd
viscosity induces the reorientation of linked sphere swimmers
with a force dipole or time-averaged dipolar flow field. In
the case of the three linked spheres [55,79], swimmers with
different radii generate a nonvanishing far-field dipolar flow
and they are therefore expected to exhibit rotational motion
due to odd viscosity.

In addition to the angular dynamics, its coupling to net
translational motion would lead to interesting trajectories.

Such motile agents can be possible in a wide range of
systems with multiple degrees of freedom, such as the
above-mentioned three-sphere microswimmer [55,79] and its
extended variations [80]. For example, in the case of the three-
sphere microswimmer, the active and coordinated motion of
the arms leads to self-propulsion, as a result of the nonzero
enclosed area in the phase-space coordinates. As a parallelism
to this, in the presence oddity in the system, coordinated
motion of the different angular variables could lead to self-
rotational motion and possibly enhanced rotational diffusion.
Such an idea could be tested through numerical simulations
of three-dimensional polymer chains, i.e., chains of dimers
as an extension of the classical Rouse model, and might be
experimentally realized in systems of charged active polymers
under the influence of an external applied magnetic field.

We point out that studying full nonlinear rotational dy-
namics can possibly lead to enhancement of the diffusion,
depending on which model is to be employed for describing
the spatial oscillations, and thus the resulting effect is model
specific. For instance, in the recently reported OU2 process,
the length dynamics is affected by the stochastic dynamics
of the stiffness constant [63], whereas in the AOU process,
the diffusivity changes due to the presence of active thermal
fluctuations [64]. Similarly in the models for chemically in-
duced conformational oscillations, the second moment of the
displacements becomes a function of the chemical reaction
coordinate [67].
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APPENDIX A: DERIVATION OF EQS. (19) AND (20)

In the spherical coordinates, as already mentioned in the
main text, the time derivative of the interdomain vector is
expressed as L̇ = (L̇, Lθ̇ , Lφ̇ sin θ ) using the orthogonal bases
{n, θ̂, φ̂} [see also Eq. (12)]. The force-velocity relation then
follows L̇ = M · F, where the mobility tensor (5), to the
second order in λ, is given by

M = 1

6πηe

(
1

a1
+ 1

a2

)⎛
⎜⎝

1 − λ2

10 + λ2

20 cos2 θ − λ2

40 sin 2θ − λ
4 sin θ

− λ2

40 sin 2θ 1 − λ2

10 + λ2

20 sin2 θ − λ
4 cos θ

λ
4 sin θ λ

4 cos θ 1 − λ2

10

⎞
⎟⎠. (A1)
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The mobility tensor M can be decomposed into the sym-
metric and antisymmetric parts, where the off-diagonal
components are responsible for the angular dynamics of the
dumbbell dimer. Using the equation of L̇ to solve for Fn, and
then substituting back in the equations of θ̇ and φ̇, we obtain
the differential Eqs. (19) and (20) accurate to O(λ2). Notice
that the anisotropy imposed by the fluid chirality is reflected
in the structure of the mobility tensor in Eq. (A1).

APPENDIX B: CONNECTION WITH THE
LORENTZ FORCE

We compare the odd forces to the Lorentz force due to
an external magnetic field. The Lorentz force acting on a
charged particle is given by f Lor

i = εi jz ṙ jB, where likewise
with the axis of odd viscosity, we have set the magnetic field
as B = Bẑ. By assuming that the two monomers have equal
charges, it is straightforward to show that ṙ j (δi j − εi jzB) = fi.
For an arbitrary value of B, the equations of motion are then
expressed as

θ̇ = − B2 sin 2θ

2 + B2(1 + cos 2θ )

L̇

L
, (B1)

φ̇ = B

1 + B2

(
θ̇ tan θ − L̇

L

)
, (B2)

which shares a similar structure with Eqs. (19) and (20). The
corresponding solutions are

tan θ (t ) sinγ 2θ (t ) = tan θ (0) sinγ 2θ (0)

(
L(0)

L(t )

)2γ

, (B3)

for the polar angle with γ = B2/(2 + B2) and

φ(t ) = φ(0) − B

1 + B2
ln

L(t ) cos θ (t )

L(0) cos θ (0)
, (B4)

for the azimuthal angle. When B � 1, the behavior described
by these solutions is along the same lines as Eqs. (22) and
(17), which are accurate to O(λ2).

APPENDIX C: DERIVATION OF EQS. (24)–(27)

Applying the small oscillations in the spherical coor-
dinates, such that L(t ) = L0 + �(t ), θ (t ) = θ0 + δθ (t ), and
φ(t ) = φ0 + δφ(t ), as done in the main text, we find from
the Langevin equation (23) the linearized velocity vector
(�̇, L0δθ̇ , L0 sin θ0δφ̇). For an OU process, the force just obeys
Hooke’s law such that fn = −k�. Defining μ� ≡ M��, μθ ≡
Mθ�, and μφ ≡ Mφ� gives Eqs. (24)–(26) in the main text.

We next solve the equation for the interdomain distance �,
as given by Eq. (24). The solution can be formally obtained as

�(t ) = e−μ�kt
∫ t

0
dt ′ ξ�(t ′)eμ�kt ′

, (C1)

where �(0) = 0. This implies that the correlator of the length
is

〈�(t ′)�(s′)〉 = D��

μ�k
(e−μ�k|t ′−s′ | − e−μ�k(t ′+s′ ) ). (C2)

We then solve Eqs. (25) and (26) for δθ and δφ, which gives
their corresponding solutions

δθ (t ) = −μθk

L0

∫ t

0
dt ′�(t ′) + 1

L0

∫ t

0
dt ′ξθ (t ′), (C3)

δφ(t ) = − μφk

L0 sin θ0

∫ t

0
dt ′�(t ′) + 1

L0 sin θ0

∫ t

0
dt ′ξφ (t ′).

(C4)

With these, we calculate the correlators. It is worth noting
that to the second order in λ, the only correction comes from
the dynamics of δφ. More specifically, the second moments
become

〈δθ2(t )〉 = 2
Dθθ

L2
0

t + O(λ4), (C5)

〈δφ2(t )〉 = 2Dφφ

(L0 sin θ0)2
t

+ μ2
φk2

(L0 sin θ0)2

∫ t

0
ds′

∫ t

0
dt ′〈�(t ′)�(s′)〉. (C6)

By performing the integrals we find that
∫ t

0
ds′

∫ t

0
dt ′〈�(t ′)�(s′)〉

= D��

(μ�k)3
(2μ�kt + 4e−μ�kt − 3 − e−2μ�kt )


 2D��

3
t3 + O(t4). (C7)

Substituting the result back in Eq. (C6) at early times
(μ�kt � 1) results in the leading correction in Eq. (27). We
note that Dθθ and Dφφ are smaller in the presence of odd
viscosity, which resembles other odd systems, such as the
suppressed rotational dynamics of a two-dimensional charged
dimer in a magnetic field [76].
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