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Thermodynamic selection: The role of entropy waste elimination in evolution
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Evolution is often viewed as a competition among agents for resources, effectively the harnessing of negative
entropy or free energy in nonequilibrium states. In this work, we examine how constraints on entropic waste
elimination shape evolutionary outcomes and affect the choices made by competing agents. We build on the
Babajanyan–Koonin–Allahverdyan model that represents agents as heat engines in a game-theoretic setting.
We introduce a constraint on the system’s total cooling rate, arising from its interaction with a low-temperature
heat bath that represents the system’s elimination of entropic waste. We show that imposing such a constraint
modifies the Nash equilibrium solutions of the game. We identify scenarios where the cap on the combined
waste-removal drives the agents toward different optimal strategies than in the unconstrained case.
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I. INTRODUCTION

In his famous book [1], Schrödinger underlines one of the
key properties of life, delayed entropy growth. The living
system exists in a nonequilibrium state [2,3], interacting with
its environment to maintain a low-entropy state temporarily
during its lifetime, as the increase in entropy can be delayed
but not entirely prevented. The delay in entropy growth is
a result of the living system’s resource consumption, which
serves as the source of negative entropy, as proposed by Bril-
louin [4]. From this perspective, the “survival of the fittest”
by Darwin can be understood as competition for neg-entropy
or free energy, where the source of free energy is food. Dar-
win predominantly refers to species competing with other
species, rather than individuals competing with other individ-
uals; however, his statement is often interpreted as applicable
to individuals as well, particularly within societies [5]. Food is
typically a scarce resource, giving rise to competition between
individuals. But what about the positive entropy/“entropic
waste” that living beings must dispose of according to the
second law of thermodynamics? Can there be competition
over something so abundant? Is the elimination of entropic
waste simply irrelevant for evolution, or is it a challenge that
plays a role in shaping evolutionary outcomes?

In this paper, we argue that the competition for the disposal
of entropic waste is a significant evolutionary factor. To ex-
plore this perspective, we modify a recent evolutionary model
that represents competing agents as heat engines [6]. The
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central premise of that study is that since organisms consume
energy and convert it to useful work in their metabolism, they
should obey the principles of nonequilibrium thermodynamics
and, thus, can be modeled as heat engines. The environment
consists of two thermal baths at different temperatures. The
engines extract energy from the hot bath (i.e., the pool of
resources) and convert it to work, releasing entropic waste into
the cold bath in the process. In case of nondepletable resources
(the temperatures of the baths remain constant), the engines
attempt to maximize their work by tuning their efficiency. The
competition between the engines arises due to a constraint on
the combined flow of energy from the hot bath. No constraint
is assumed on the combined flow of entropic waste into the
cold bath. This premise aligns with the perspective that ap-
plies nonequilibrium thermodynamics to investigate diverse
phenomena in evolutionary biology [7–19].

In this work, we extend the model introduced in [6] by
incorporating a constraint on the total rate at which entropic
waste is disposed of. This modification introduces compe-
tition not only for access to the shared hot bath, but also
for access to the cold bath. To avoid misunderstanding the
contribution of this work, it is important to clarify the lim-
its of descriptive applicability of the model. This model is
a highly idealized, minimal representation of evolutionary
competition under thermodynamic constraints. We view this
model as a step toward a thermodynamic framework that
captures the phenomenology of cellular competition and co-
operation by describing energy-consuming subsystems and
their roles in driving intercellular interactions. Many of these
subsystems act as microscopic heat engines, converting free
energy into work while releasing entropy primarily as heat.
Examples include the mitochondrial electron transport chain,
ATP-powered molecular motors and ion pumps, protein syn-
thesis, and catabolic pathways like glycolysis [20–24]. These
processes dissipate energy and produce waste, analogous to
heat expelled by a heat engine. Moreover, the “hot” and “cold”
baths in the model need not be physical temperatures but
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can represent reservoirs of differing chemical potential [6,25].
Waste products effectively act as a low-temperature reservoir,
making this framework suitable to describe energy use at the
cellular level.

The model may also serve as an analogical description of
competition between organisms in an ecological context. In
this interpretation, competition for access to the cold bath
should not be taken to imply that the cold bath functions
as a consumable resource. Accordingly, the model does not
apply to scenarios where waste products serve as resources for
other organisms [26,27]. Second, the model does not include
any form of cooperation. Unlike mutualistic or symbiotic sys-
tems in which one species aids another in eliminating waste
[28,29], our setting involves purely competitive dynamics.
Third, our model does not describe ecological systems where
the accumulation of waste can alter the environment in sig-
nificant ways, which can be exploited by some organisms
to eliminate competitors that cannot survive in the altered
environment. An example of such weaponization of waste is
the excretion of pyrogenic litter by fire-promoting plants such
as eucalypts and pines, which benefit when fire kills off com-
petitors [30]. In contrast, our model is more appropriate for
an ecological system where the environment has a maximum
speed for absorbing waste, and none of the organisms benefit
from a more toxic environment. Thus, the speed cap on waste
removal constrains the overall growth rate of the organisms.
One example of such a system is multiple ant colonies living
in close proximity due to limitations of physical space. Each
colony produces metabolic waste within its nesting area, and
the confined nature of these nesting sites limits the diffusion
and absorption of waste products, which leads to competition
between the colonies [31].

The paper is organized as follows. In Sec. II, we summarize
the model introduced by [6]. In Sec. III, we formulate the
main features of the game between the two heat engines by
introducing constraints on the combined rate of extraction of
the common resource and on the combined rate of disposal of
entropic waste. In this section, we also apply the Stackelberg
model [32] to the game. In Sec. IV, we explore the Nash
equilibrium solutions of the game under different conditions
on the constraints.

II. THE HEAT ENGINE MODEL

Here we describe the model of a single engine as an agent,
see [6] and [33] for more details. The schematic diagram of
the engine is shown in Fig. 1. The engine operates with three
states, i = 1, 2, 3, characterized by their respective energy
levels Ei, ordered as:

0 = E1 < E2 < E3. (1)

The system interacts with three thermal baths at temperatures
Th, Tc, and T . Each state transition is coupled with one of these
thermal baths: the transition 3 → 1 corresponds to the inter-
action with the bath at temperature Th, 2 → 3 corresponds
to the bath at Tc, and 1 → 2 corresponds to the bath at T .
The temperature T is assumed to be infinite, in which case
this bath plays the role of a work source. This fine point is
explained in Sec. II A of [6].

FIG. 1. A diagram of the heat engine with three energy levels
E1, E2, E3 interacting with three heat baths at constant temperatures.
Here the suffixes h and c refer to the hot and cold baths, respectively.
Thus, Th > Tc, and we take T = ∞, which makes it play the role of
a work-source. Jh and Jc denote the heat currents from the hot and
cold baths, respectively, while −J corresponds to the power of the
engine. Each heat bath is coupled to one of the energy transitions of
the engine. For example, the heat flow from the hot bath causes the
transition from E1 to E3.

The dynamics are assumed to be Markovian, so that the
system is governed by a continuous-time Markov process:

d pi

dt
=

∑
j

ρ j→i p j − pi

∑
j

ρi→ j, (2)

where pi denotes the probability of being in the i’th state, and
ρi→ j denotes the rate of the transition from state i to state j.
Further, the characteristic equilibration times are assumed to
be much faster than the contact times with each bath. Thus,
the engine is considered to be in a thermal equilibrium when
it is in contact with a given bath. This implies that the system
obeys the detailed balance condition for all transitions. For
example, for the transition between states 2 and 3, we require
ρ3→2e−E3/Tc = ρ2→3e−E2/Tc . This condition ensures that there
are no net fluxes between the states i and j when the system
is coupled to the corresponding bath.

The model is studied in the stationary state. The conserva-
tion of the average energy in this state reads

∑
i

Ei
d pi

dt
= J31 + J12 + J23 = 0. (3)

Here J31, J12, J23 represent the energy currents (the average
energy per unit time) from the baths at temperatures Th, T, Tc,
respectively. They are given by

Ji j = (Ei − Ej )(ρ j→i p j − ρi→ j pi ). (4)

Hereafter, we denote J31, J12, J23 by Jh, J, Jc, respectively. To
relate this to the central idea of the paper, Jh represents the rate
at which the free energy resource is extracted, −Jc represents
the rate of waste energy elimination, and −J corresponds to
the engine’s power output (average work per unit time). The
minus signs arise due to the definition of the Ji j as represent-
ing the flows into the engine. It can be seen that in order for
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the system to function as a heat engine, it is necessary that

J < 0, Jh > 0, Jc < 0. (5)

Then, the efficiency of the engine is defined as the ratio of the
extracted power to the current supplied by the hot bath:

η = −J

Jh
= E2

E3
� 1 − βh

βc
. (6)

In the stationary state, the left-hand sides of Eq. (2) are
zero, which allows to solve for the pi in terms of the ρi→ j ,
and substitute those expressions into Eq. (3) to obtain the Ji j

as expressions of the Ei and the ρi→ j . In the high temperature
limit, Ei/Tc << 1 and Ei/Th << 1 for all i, it is possible to
obtain simpler expressions for the currents that do not depend
on the specifics of transition rates. In particular,

−J = βcρE2
3 η(1 − θ − η),

Jh = −E3

E2
J, Jc = E3 − E2

E2
J (7)

where we introduced the parameter θ = βh

βc
, and ρ =

1/Z (ρ1→2ρ3→1ρ2→3)|βc,βh→0. From Eq. (6), the system
achieves maximum efficiency when E2 = E3, resulting in θ =
0. Substituting these values into the expression for J , we find
that the power output drops to zero, in agreement with the
standard theory of heat engines.

We find it convenient to redefine E2 and E3 as E2 ←
E2

√
βcρ and E3 ← E3

√
βcρ, respectively. Then, the power

output becomes J = −E2
3 η(1 − θ − η), and the expressions

for Jh and Jc in Eq. (7) retain their form.

III. FORMULATION OF THE GAME

Here, we formulate a game involving two heat engines as
agents. The heat engines interact with the same thermal baths
in the high temperature limit and attempt to maximize their
work. An additional index is added to the relevant parameters
to differentiate between the engines. For example, the current
from the hot bath to engine 1 is denoted by Jh,1, or the highest
energy state of engine 2 is denoted by E3,2. An effective pa-

rameter ε = (E3,2 )2

(E3,1 )2 is introduced to encapsulate the differences
between the engines. We assume Eq. (4) is satisfied for the
individual currents of both engines.

For a given game, the highest energy states (E3,k) of the
engines are fixed, and not necessarily equal. Engine k can
control its efficiency ηk by effectively tuning its intermediate
energy state E2,k , according to Eq. (5). The game includes two
constraints, one on the combined current from the hot bath,
and one on the combined current to the cold bath. Our anal-
ysis also includes scenarios in which one of the constraints
is removed, effectively corresponding to the limit where the
combined current is allowed to become arbitrarily large.

A. Constraint on the free energy current

The combined current from the hot bath obeys the con-
straint

Jh,1 + Jh,2 � A. (8)

Here

Jh,k = −E3,k

E2,k
Jk = E3

3,k

E2,k
ηk (1 − ηk − θ ), (9)

We introduce the parameters xk = ηk

1−θ
, k = 1, 2, to represent

the actions taken by the agents in the game. Then, Eq. (8) can
be written as

x1 + εx2 � a(1 + ε), (10)

where

a = 1 − A

(1 − θ )(1 + ε)E2
3

. (11)

See [6] for a detailed derivation. To exclude trivial game-
theoretic solutions, the authors of [6] impose a constraint
0.5 < a < 1, which we also adopt when this constraint is
present.

B. Constraint on the waste disposal rate

The second constraint is imposed on the combined current
of waste energy: |Jc,1| + |Jc,2| � B, where

Jc,k = (E3,k − E2,k )

E2,k
Jk = (E3,k − E2,k )E2

3,k

E2,k

E2,k

E3,k
(1 − ηk − θ )

= E2
3,k (1 − ηk )(1 − ηk − θ ). (12)

The absolute values for the Jc,k are used for convenience, in
order to have B > 0. Substituting ηk = (1 − θ )xk and E2

3,2 =
εE2

3,1, we can rewrite the above as:

f (x1) + ε f (x2) � b,

f (x) = (1 − (1 − θ )x)(1 − x)

= (1 − θ )x2 − (2 − θ )x + 1, (13)

where b = B/(E2
3,1(1 − θ )). The extracted power by agent k

is given by

Wk ∼ xk (1 − xk ). (14)

We can now state the game as follows. Each agent aims to
maximize their payoff Wk by selecting action xk , subject to
the constraints in Eqs. 10 and 13.

Hereafter, we refer to Eq. (10) as the first constraint, and to
Eq. (13) as the second constraint.

C. Stackelberg model

Here, we analyze the choice of actions by agents 1 and 2
using a Stackelberg model. In this framework, agent 1 acts
as the leader, choosing their action first, while agent 2, as
the follower, optimizes their response. Note that Wi(x1, x2)
are concave functions with an absolute maximum at xi = 1/2.
Thus, agent 1 chooses the action x1 = 1/2. Then, if both con-
straints are enforced, the action space of agent 2 is restricted
as follows:

εx2 � a(1 + ε) − 1

2
,

(1 − θ )x2
2 − (2 − θ )x2 − (b/ε − 1

4ε
(1 + θ )) � 0

(15)
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Let us define

X1 = 1

ε

[
a(1 + ε) − 1

2

]
,

X2 =
(
1 − θ

2

) −
√(

1 − θ
2

)2 + (1 − θ )
(

b
ε

− 1
4ε

(1 + θ )
)

(1 − θ )
,

X3 =
(
1 − θ

2

) +
√(

1 − θ
2

)2 + (1 − θ )
(

b
ε

− 1
4ε

(1 + θ )
)

(1 − θ )
.

(16)

Then, we can express the constraints in Eq. (15) as

x2 � X1, X2 � x2 � X3. (17)

We say that the outcome of the game is positive when both
agents get positive payoffs, and the outcome is successful
when both agents get maximum payoffs (that is, the second
agent can choose x2 = 1/2). If the first constraint is imposed,
the outcome of the game cannot be successful. This is because
0.5 < a < 1, which implies εx2 > 1/2(1 + ε) − 1/2 = ε/2,
so x2 > 1/2. If only the second constraint is imposed, the
game might have a successful outcome. It can be seen that
the positive outcome is excluded if X1 � 1, which we can
rewrite as

a �
(
ε + 1

2

)
/(1 + ε). (18)

For a given ε, we denote the right-hand side as the critical
value ac. The positive outcome is also excluded when either
(1) X2 � 1 or (2) the discriminant inside the square roots in
Eq. (16) is negative. A bit of algebra shows that condition (1)
in fact follows from condition (2). Thus, a positive outcome
becomes possible if condition (1) is violated, namely, when
X2 < 1. The latter can be expressed as

b >
1 + θ

4
− ε. (19)

For a given ε and θ we denote the right-hand side as the
critical value b1.

We now consider when the successful outcome of the game
is possible in the absence of the first constraint. It can be
seen that X2 � 1/2 is a sufficient condition. This condition
is equivalent to

b � 1 + θ

4
− ε

3 − θ

4
. (20)

We denote the right-hand side as the critical value b2. Thus,
if b � b2, the successful outcome is possible. In particular,
if ε and θ are such that b2 � 0, then the successful outcome
occurs. To illustrate the different outcome regimes of the
model, we plot its phase structure — specifically, the types of
outcomes across the ranges of constraints a and b for various
values of the parameters ε and θ (Figs. 2–4). The straight lines
separate the phase space into regions according to the critical
values ac, b1, b2. The outcomes in each region are shown for
two different scenarios: either the first constraint is applied
and the second is absent, or vice versa. The left symbol
indicates the outcome in the former scenario, and the right
symbol indicates the outcome in the latter scenario. In each
case + implies a positive outcome, − implies the exclusion of
the positive outcome, and ! indicates a successful outcome. If

FIG. 2. The phase structure of the model for different values of
a and b. Here θ = 0.7 and ε = 0.3, for which the critical values are
ac = 8/13, b1 = 0.125 and b2 = 0.2525. Each of the two symbols
and their color in each region delineated by the straight lines indicate
the resulting outcomes in the absence of one of the constraints.
More specifically, the left symbol (+ or −) indicates the outcome in
the absence of the second constraint, with + implying a positive out-
come and − implying the exclusion of a positive outcome. Similarly,
the right symbol (+ or − or !) indicates the outcome in the absence
of the first constraint, with ! implying a successful outcome.

FIG. 3. The phase structure of the model for different values of
a and b. Here θ = 0.5 and ε = 0.6, for which the critical values are
ac = 0.6875 and b2 = 0. Thus, the successful outcome occurs when
the first constraint is absent.

FIG. 4. The phase structure of the model for different values of
a and b. Here θ = 0.7 and ε = 0.5, for which the critical values are
ac = 2/3, b1 < 0 and b2 = 0.1375.
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both constraints are present, the outcome is the more exclusive
of the two outcomes for the two scenarios. More specifically,
if one of the symbols is −, the outcome is negative; if one of
the symbols is + and none is −, the outcome is positive.

How should the outcomes of the game be interpreted?
Given the constraints, the first agent selects the efficiency
that maximizes its work output per unit time. In doing so, it
effectively chooses the largest allowable shares of the total
current from the hot bath and to the cold bath that yield its
most favorable efficiency. The second agent must then select
its best possible strategy from the remaining portions of the
current. For instance, if the constraints allow the first agent to
claim the entire current from the hot bath, the second agent
is left with zero input from the hot bath and is thus unable
to perform any work, resulting in a negative outcome. This
situation arises, for example, when the constraint on the cold
bath current is absent, but the hot bath constraint satisfies
a > ac, as indicated by the left symbols in the right-hand
regions of all figures.

IV. NASH EQUILIBRIUM POINTS

In this section, we investigate the Nash equilibrium points
of the game [34–36]. The actions x∗

1 and x∗
2 taken by agents

1 and 2, respectively, represent a Nash equilibrium if neither
agent can achieve a higher payoff by unilaterally changing
their action. Namely, the following conditions are satisfied:

W1(x∗
1, x∗

2 ) � W1(x1, x∗
2 ),

W2(x∗
1, x∗

2 ) � W1(x∗
1, x∗

2 ). (21)

Note that, since the Wi(x1, x2) reach an absolute maximum at
xi = 1/2, the point (x1, x2) = (1/2, 1/2) would be the only
Nash equilibrium if it satisfied the constraints of the game.
Since a > 1/2, it can be seen that this point violates Eq. (10).
We denote the line x1 + εx2 = a(1 + ε) by L. To identify the
set of Nash equilibrium points, we first analyze the solutions
of the game in the absence of the second constraint. In other
words, we take b = ∞. An extended discussion of this game
can be found in [6].

A. Nash equilibria with unconstrained waste disposal rate

In the absence of constraints, the space of actions can be
graphically represented as a square, with corners (x1, x2) =
(0, 0), (0, 1), (1, 0), (1, 1) (see Fig. 5). Note the four sub-
squares, Si, i = 1, . . . , 4, in the figure; hereafter, when
referring to Si, we mean the set of points that lie within the
interior and on the boundary of Si. The first constraint is
associated with a straight line (L) positioned strictly above and
to the right of S1 (e.g., the red line in Fig. 5). The set of (x1, x2)
values satisfying this constraint can only belong to S2, S3, or
S4. Now, consider a point (x′

1, x′
2) within the interior of S3 that

satisfies the constraint. We argue that this point cannot be a
Nash equilibrium. Since (x′

1, x′
2) lies in the interior of S3, agent

1 can choose a point x′′
1 > x′

1 such that (x′′
1 , x′

2) is again within
S3. Given that W1 is independent of x2 and is strictly increasing
as a function of x1 for x1 ∈ [0, 1/2], the payoff for agent 1 at
(x′′

1 , x′
2) would be greater than at (x′

1, x′
2). Similarly, a point

located within the interior of S2 cannot be a Nash equilibrium
either, as a parallel argument applies.

FIG. 5. The space of actions available to the agents in the game
with unconstrained entropy output is the right triangle with a hy-
potenuse corresponding to the red line segment and with a right angle
vertex at (1,1). The thick segment of the red line corresponds to the
set of Nash equilibria.

Now consider a point (x′
1, x′

2) on S4 that satisfies the strict
inequality in the constraint, i.e., is not on L. If this point lies
on the line x2 = 1/2, then agent 1 can increase its payoff by
changing its action to some x′′

1 < x′
1 such that the new point

still satisfies the constraint. Thus, such a point cannot be a
Nash equilibrium. Similarly, (x′

1, x′
2) cannot be a Nash equi-

librium if x′
1 = 1/2. If (x′

1, x′
2) lies in the interior of S4, agent

1 (agent 2) can unilaterally move leftward (downward) on the
figure to increase its payoff. Therefore, the Nash equilibrium
point(s) must lie on the segment of L within S4 (e.g. the thick
segment of the red line in Fig. 5). It can be seen that each
point on this segment is a Nash equilibrium, as any unilateral
move by one of the agents results in a point that no longer
lies on L, and we have already demonstrated that such a point
cannot be a Nash equilibrium. Thus, to find the set of Nash
equilibrium points, it suffices to determine the segment of L
that belongs to S4. The endpoints of this segment are given by
(1/2, 1

ε
[a(1 + ε) − 1/2]) and (a(1 + ε) − ε/2, 1/2).

B. Nash equilibria with constraint on waste disposal rate

We now consider the game where b 
= ∞. Introducing
ηc = 1 − θ as the Carnot efficiency, the second constraint can
be written as

ηc

(
x1 − 1 + ηc

2ηc

)2

+ εηc

(
x2 − 1 + ηc

2ηc

)2

− (ηc − 1)2

4ηc
(1 + ε) � b, (22)

where we have completed the square for both x1 and x2. It can
be seen that the set of points satisfying this constraint forms
an ellipse along with its interior. We denote h = 1+ηc

2ηc
. The

center of the ellipse is located at (x1, x2) = (h, h), so it lies on
the line x2 = x1 in Fig. 5. Since 0 < ηc � 1, the derivative
of 1+ηc

2ηc
is negative for ηc ∈ (0, 1] and diverges as ηc → 0.
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Thus h ∈ [1,∞), with h = 1 when ηc = 1. This means that
the center lies along half-line x2 = x1 with its endpoint at
(1,1). As the center moves further up the half-line, the size
of the ellipse increases. Any action by the agents must simul-
taneously satisfy two conditions: (1) it must lie either on the
ellipse or within its interior, and (2) it must lie either on L or
to the right of it. Thus, it is nontrivial to determine the set of
Nash equilibrium points for general values of ηc, ε, b and a.

Nevertheless, the set of Nash equilibria for different
choices of the parameters ηc, ε, β, a can be divided into
several classes that can be described graphically. Our first goal
is to determine the conditions for L to intersect, be tangent to,
or remain separate from the ellipse. The slope of L is equal
to dx2

dx1
= −1/ε. To determine these conditions, it suffices to

identify the point (x̄1, x̄2) on the lower-left side of the ellipse
where the tangent line has a slope of −1/ε. If this point
lies on L, then L is the tangent line of the ellipse at that
point. If x̄1 + εx̄2 > a(1 + ε), L does not intersect the ellipse.
Conversely, if x̄1 + εx̄2 < a(1 + ε), part of L lies within the
interior of the ellipse.

Now, the slope of the tangent line at any point on the ellipse
can be found by implicitly differentiating the equality case in
Eq. (22):

d

dx1
[ηc(x1 − h)2 + εηc(x2 − h)2]

= d

dx1

[
(ηc − 1)2

4ηc
(1 + ε) + b

]

⇒ 2ηc(x1 − h) + 2εηc(x2 − h)
dx2

dx1
= 0

⇒ dx2

dx1
= −1

ε

x1 − h

x2 − h
. (23)

This implies dx2
dx1

= −1/ε when x2 = x1. Therefore, x̄1 = x̄2 ≡
x̄. To find x̄, we plug it in the equation for the ellipse:

ηc(x̄ − h)2 + εηc(x̄ − h)2

= (ηc − 1)2

4ηc
(1 + ε) + b

⇒ (x̄ − h)2 = (ηc − 1)2

4η2
c

+ b

ηc(1 + ε)

⇒ x̄ = h −
√

(ηc − 1)2

4η2
c

+ b

ηc(1 + ε)
. (24)

The condition for L to be tangent to the ellipse at (x1, x2) =
(x̄, x̄) is x̄ + εx̄ = a(1 + ε). Solving for x̄, we obtain x̄ = a. In
conclusion, in terms of the original parameters, if

1 + ηc

2ηc
−

√
(ηc − 1)2

4η2
c

+ b

ηc(1 + ε)
� a, (25)

then all points satisfying the second constraint also satisfy the
first constraint. Alternatively, if

1 + ηc

2ηc
−

√
(ηc − 1)2

4η2
c

+ b

ηc(1 + ε)
< a, (26)

FIG. 6. When L does not intersect the ellipse, the Nash equi-
librium points correspond to the part of the ellipse that lies within
S4 (depicted by the thick segment). Here the parameters are ε = 1,
ηc = 0.5, a = 0.75 and b = 0.25.

then there exist points that satisfy the second constraint but
not the first constraint.

We are now ready to discuss the set of Nash equilibrium
points under different parameter regimes. If the parameters
satisfy Eq. (25), then the set of Nash equilibrium points lies
on the part of the ellipse that resides in S4. The reasoning
is similar to how we found the Nash equilibria in the previous
subsection. Since the segment of the ellipse residing in S4 is
a convex curve on the x1 − x2 coordinate grid, any point on
it must be a Nash equilibrium. This is because the allowed
unilateral movements are either to the right by agent 1, or up
by agent 2, and such a movement results in a smaller payoff
for the moving agent. See Fig. 6 for an illustrative example.
This example demonstrates that the second constraint prevents
solutions where one agent receives the entire payoff while
the other receives nothing (i.e., the points (x1, x2) = (1/2, 1)
and (x1, x2) = (1, 1/2)). Relating this to the core idea of the
paper, the constraint on combined waste disposal rate compels
the agents to select from a set of strategies that is entirely
different from the set of strategies that are available without
this restriction.

If the parameters satisfy Eq. (26), then there are several
interesting scenarios. In this case L intersects the ellipse at two
points. Denote the upper-left point by (xL

1 , xL
2 ), and the lower-

right point by (xR
1 , xR

2 ), see Fig. 7 for reference. Recall that the
endpoints of the part of L that lies within S4 are (1/2, 1

ε
[a(1 +

ε) − 1/2]) and (a(1 + ε) − ε/2, 1/2) (thick red segment in
Fig. 5). If this segment lies in the region composed of the el-
lipse and its boundary, then the set of Nash equilibria remains
identical to the case where the second constraint is absent.
Namely, the set of Nash equilibria corresponds to the points on
the segment of L that lies in S4. This happens when xL

1 � 1/2
and xR

2 � 1/2. In other words, the two points of intersection
of the ellipse with L lie outside of the interior of S4. See
Fig. 7 for an illustrative example. We see that in this case the
second constraint does not have an effect on the set of optimal
strategies available to the agents.
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FIG. 7. When the segment of L in S4 lies in the region enclosed
by the ellipse, the set of Nash equilibrium points are the same as in
the absence of the constraint on the total entropy output (shown in
thick line). Here the parameters are ε = 1, ηc = 0.5, a = 5/8 and
b = 0.595.

A different variety of Nash equilibria occur when one or
both of the intersection points of L with the ellipse are in
the interior of S4. In this case, the set of Nash equilibria
consists of the portion of L in S4 that lies within the ellipse,
along with the segment of the ellipse in S4 that lies outside
the two intersection points. See Fig. 8 for an illustrative
example where both points are in the interior of S4. In this
example, the constraint on combined waste disposal rate pre-
vents the extreme strategies in which one agent obtains all of
the payoff while the other receives nothing.

FIG. 8. When the ellipse intersects L within S4, the Nash equi-
libria are given by the thick segment in the figure. The points in
thick red correspond to the Nash equilibria when the constraint on the
free energy current prevails over the constraint on the waste current,
while the points in thick blue represent the converse case. Here the
parameters are ε = 1, ηc = 0.8, a = 0.75, and b = 0.23492.

V. CONCLUSION

Evolution is often viewed as a competition between
biological agents for shared energy resources, which, in ther-
modynamic terms, can be described as free energy. According
to the laws of thermodynamics, the process of extraction
of free energy and its storage or conversion to useful work
must generate excess entropy that the organism must dis-
pose of. Here, we explore the idea that the mechanism of
elimination of entropic waste is subject to evolutionary pres-
sure due to an environmental constraint on the shared rate
of waste elimination. We employ a recently proposed ther-
modynamic model that describes the competition between
heat engines for a finite free energy current (represented as
an interaction with a high-temperature bath) [6]. We modify
the model by including a constraint on the current of waste
energy (represented as an interaction with a low-temperature
bath). Thus, in our case, the agents also compete for access
to the low-temperature bath, resulting in significantly richer
dynamics.

We analyze the competition between two heat engines us-
ing game theory. Using the Stackelberg model, where one of
the agents (the “first” agent) has the choice to make the move
resulting in the highest payoff (extracted work per unit time),
the set of options available to the second agent is determined
by the Carnot efficiency, the highest energy states of each en-
gine, and the constraints on the free energy and waste energy
currents. We find that, if the constraint on the free energy
current is loosened, the set of outcomes available to the second
agent can range from no payoff to the highest payoff possible.
This range depends on two thresholds that are determined by
the Carnot efficiency and the highest energy states of the en-
gines, Eqs. (19) and (20). If the constraint on the waste energy
current is above/in-between/below both thresholds then the
highest/positive/no payoff is obtained (Figs. 2–4).

We then analyzed the Nash equilibrium solutions of the
game. Similar to the Stackelberg model, we found that two
thresholds, depending on the constraints on both currents,
determine the set of Nash equilibria. If the constraint on the
waste energy current is too tight, the set of Nash equilibria
entirely differ from the set without this constraint (Fig. 6), and
if the constraint on the waste energy current is too loose, the
set of Nash equilibria is not affected (Fig. 7). In the interme-
diate regime, the set of Nash equilibira is a hybrid of points
resulting from each constraint (Fig. 8). These results show that
the trade-off between the payoffs becomes non-linear when
the constraint on waste elimination is comparable or tighter
than the constraint on resource extraction.

Our model is deliberately simple and should be viewed
as a motivating step toward formulating a thermodynamic
description of both intra-cellular and intercellular evolution-
ary dynamics, where the engines represent energy-consuming,
work-performing, and waste-generating organelles and com-
plexes within cells, or, in appropriate contexts, the cells
themselves. Future work should aim to develop more realistic
formulations that capture aspects of this complexity. As a first
step, one could consider a molecular motor that transduces
ATP into ADP and inorganic phosphate (P), as in Ref. [25].
That work presents a thermodynamically consistent model
of molecular biomotors. In analogy with our framework, the
ATP reservoir corresponds to the hot bath, while the ADP
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and P reservoirs act as cold baths. Within this setting, one
could explore game-theoretic interactions between multiple
biomotors operating under a constraint on the total rate at
which the “waste” products, ADP and P, are recycled. Another
promising direction is to investigate how successive genera-
tions of competing heat-engine “species” evolve— examining
how offspring strategies are shaped by their predecessors’ per-
formance and by changing environmental conditions, such as
variations in total currents to the hot and cold baths—inspired
by results such as those in Ref. [37].
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