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Different phases and phase transition points in hidden Markov models
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We are looking for different phases in hidden Markov models (HMMs). By analyzing the stationary solution of
the master equation, we discover different situations with localized or delocalized distributions for the stationary
distributions of the master equation. We hypothesize that these phases are related to the relaxation dynamics
of the HMM ensemble. We have derived precise phase transition points. We test whether the behavior of the
HMMs and their associated numerical algorithms change near the transition points. We find that the accuracy
of the Viterbi and Baum-Welch algorithms sometimes is worse near the phase transition, which contradicts the

edge of chaos hypothesis.
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I. INTRODUCTION

Hidden Markov models (HMMs) [1] are a key tool in
applied mathematics and data science, from communication
theory [2] and speech recognition [3—7] to financial mathe-
matics [8]. They are still widely used, even after the boom of
deep neural networks in data science [9]. The main difference
from conventional Markov models is that HMMs use a hidden
state. It considers the entropy of a long sequence of observed
signals describing a hidden Markov process. The latter be-
longs to the field of statistical physics with frozen disorder
[10]. In Ref. [11], following the idea first introduced in Ref.
[10], we formulated a problem of computing entropy similar
to the problem of computing the product of random matrices
[12] in the case of correlated random matrices [13]. This prob-
lem is one of the tools of interdisciplinary research and has
recently been widely applied in biological evolution [14-20].
Recently, we investigated the entropy of hidden Markov mod-
els [21] using a functional equation for computing entropy
(the maximum Lyapunov index). In Ref. [22], we deduced
that there exists an infinite series of certain phase transi-
tions in the product of correlated random matrices. Later, in
Ref. [23], we investigated a two-qubit model, considering a
similar functional equation.

Here, we analyze phase transitions in HMMs and the ac-
curacy of the Viterbi and Baum-Welch (BW) algorithms near
these phase transitions. BW is an expectation-maximization
algorithm applied to HMMs and used to estimate model pa-
rameters. In general, it requires that all probabilities (of the
initial state, transition, and observation) be unknown. These
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parameters are estimated based on the observed sequence of
outcomes. In contrast, in the Viterbi algorithm, all parameters
must be known, and the goal is to estimate the most probable
path of hidden states, given the observed sequence.

Since the scope of HMMs is much broader than that of
correlated random matrix products, our result should have
broader applicability.

The mathematical structure of an HMM can be represented
as follows. There are Markov transition probabilities, where
gi;j denotes the probability of a hidden state transitioning from
state j to state i during one period. The probability conditions
for two hidden states (i, j € {1,2}) are q;; + ¢21 = 1, g0 +
q12 = 1. For d hidden states, we have a matrix of order d * d
with the constraints Z?zl qji=1.

We denote the observation probabilities by p,;: the prob-
ability of observing state x when the hidden process is in
state i.

We define a matrix 7% with elements Tl)]‘ = pxjqji (the
probability that the hidden process moved from i to j and we
observed x).

We have the following probability of observing the se-
quence X,...xj.

P = (unit|T (st)
T =T"...T"T™", (1

where |st) is the initial vector and |unit) = (1, ..., 1) (a unit
vector of length d). In what follows, we restrict ourselves
to two hidden and two observed outcomes. The coordinates
of the vector z are the probabilities of states 1 and 2. Then,
(zl,z2) are the probabilities that the state will have values 1
and 2 for given observations x;...x.

We define a sequence of vectors |z,) = (z,ll, Zﬁ).

We initially choose the vector |st) = (zé, zg).

Given a vector |z,) at some round n, we define the proba-
bility of choosing x at the next round as

(unit|T%¥|z,)

P(|z,) = >, (unit|7[z,)

2

Published by the American Physical Society


https://orcid.org/0009-0006-6175-1707
https://orcid.org/0000-0002-7395-6199
https://orcid.org/0000-0003-3849-3878
https://ror.org/0220qvk04
https://ror.org/00ad27c73
https://crossmark.crossref.org/dialog/?doi=10.1103/vjy9-4r1f&domain=pdf&date_stamp=2026-07-14
https://doi.org/10.1103/vjy9-4r1f
https://creativecommons.org/licenses/by/4.0/

POGHOSYAN, BARDAKHCHYAN, AND SAAKIAN

PHYSICAL REVIEW E 114, 014123 (2026)

In Sec. II we investigate the functional equation associated
with a HMM, and in Sec. III we are looking for the phase
transitions on the basis of the steady-state solution of the
functional equation. We discovered three phases in the HMM
and derived exact phase transition points. In Sec. IV we are
looking at high dimensions and suggest an alternative expres-
sion for the phase transition points, which exactly coincide
with the rigorous results of Sec. III for the d = 2 case. In the
Appendix we work with the Viterbi and BW algorithms and
confirm the significant impact of transition points on numeri-
cal algorithms: the accuracy of both algorithms are becoming
worse near the phase transition points.

II. THE MASTER EQUATION IN POLAR COORDINATES
We can look at the polar angle,

|Z,) = [cos(ety), sin(atn)]y. 3)
|

The meaning of the vector z, is that it gives a relative
probability of having up and down Markovian states in case
of observed sequence of x’s.

We have matrices T! = A, T? = B.

A= pPuiqir  Piuqiz
P12g21  pr2gn )’

B — p214911  P21412 ] )
P24921 P24

If the norm of the vector z, grows exponentially with the
coefficient A,

(Zn|2Zn) ~ exp[—2An], (&)

then X is the mean entropy of the sequence of x’s [11].
Acting to the vector with the angle «, the matrix A moves
it to the point f~!(x),

fl_l(a) = arccos (

[A1 cos(a) + Ay sin(a)]
V1AL cos(a) + Ay sin(@)]? 4 [} cos(a) + Ay sin(@)]2 )

[Bi1 cos(a) + By sin(a)]

fz_l(a) = arccos (

. 6
VIB11 cos(@) + Bay sin(@)]? + [Biz cos(a) + B sin(a)]2> ©

Then, we define the probability of choosing the type x = 1 of the observation matrix at the next round,

(A1 +Azp)cos(a) + (Az + Agp) sin(a)

(o) =

(N

(A11 + A21 + Byy + Byp) cos(a) + (Az; + By + By + Ax) sin(a)

and my (o) = 1 — (o). We have the following equation for
the steady-state distribution:

p1(e, n+ 1) =m[file){p1[fi(x), n]
+ palfi(@), nl} fi(@)
pa(h, n+ 1) =ml file)]{p1[fa(e), 1]
+ p2fal@), nl} fr(@), )

and while we will not concentrate on it, still it is useful to state
that the Lyapunov index A here is defined as

A= /da[pl(a)gl(a)+/dolpz(a)gz(a)}

1
MMZEMMM%@+MWMMF

+ [A1p cos(a) + Ay sin(a)]z}

1
gmn=5mwuwwm+&wmmw

+ [B12 cos(a) + By sin(a)]?}. )

In Eq. (9) p; is the probability distribution via « for the
first choice of the matrix and p, for the second choice of the
matrix.

III. THE CRITICAL POINT

First, we should identify the range of o values [«}, @3],
where the solution of Eq. (8) is defined. We define o, a as

(

the angles of the eigenvectors, related to the maximal eigen-
values:

ap = filar), o = folar). (10

The range of o where the functions p;, p, are defined and
can be nonzero is [&, az]. For the higher dimensions, with
more than two choices of the matrices 7, the definition of
the domain of parameters for the steady-state solution of the
master equation is a nontrivial problem.
For the case of Eq. (8), we approximate
Sile) = a1 + k(e — o),

fola) X ay + k(o — o). (11)

We look at Ansditze

pi(e) = ar(a —ay) ',

P2 () = ar(a — ap)~ ', (12)

Let us define ny, np. Looking at the solutions with the
scaling near the corresponding critical points

pr(e) ~ (@ —a)™,  pala) ~ (@ —a)™,  (13)

we obtain from Eq. (5)

1 = (o) (k)™
1 = my(ap) (k)™ (14)
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FIG. 1. The steady-state distribution vs x =« /(27). g1 =
0.9, g» = 0.9, p;; = 0.8, pn = 0.4. We have done 1 000000 sam-
pling with 50 iterations for each. (a) p; and (b) p,.

Thus,
In[7y(er)] In[73 ()]
== =" 15
e S M Y (1
The critical cases are when n; = 1.
mi(ak =1 (16)

For the Fig. 1 case, we take g¢;; =0.9, g»n =
0.9, p11 = 0.80, pyp = 0.400; = 0.2866, o, = 1.289, B =
0.20517, B, =0.10601.

Next, n; = 0.812, n, = 1.666, thus we have a singular be-
havior for p; at «; and smooth behavior for p, at a;. We
identify three phases:

(1) We have singularities in o, oy (Fig. 2).

(2) We have one singularities either at ¢; or at o, (Fig. 1).

(3) We have no singularities (Fig. 3).

IV. THE IDENTIFICATION OF THE PHASE TRANSITION
IN HIGHER DIMENSIONS

A. Three-matrices case

Consider the case when there are d > 2 observed values of
the state of HMM. For the d =3 case we have

puqir puqi2 pPiqis
A= |pirg1 pig2 piqgs|,
P13931  P13q32  P13933
p21q911 p21q912 P214913
B=|pngn pngn pngs|,
P23q31  P23q32  P23433
P31q11 p31qi2 - P31qi3
C=|prg1 pngn pqgs)|. 17
P33q31  P33q3 P33433

We again should introduce polar coordinates, looking the vec-
tors with a unit norm

|Z) =(v1,v2,...,vd)h. (18)

In principle we can repeat the derivations of the previous
section, introducing the scaling indices and looking for the
singularities, but it is easier to use an alternative method.

B. Simple formula for the phase transition point

Let us look at matrix A, whose maximal eigenvector (i.e.,
eigenvector corresponding to maximal eigenvalue) is |v), de-
noted by |y) the next eigenvector, denoting the eigenvalues as

0.6, 0.06;
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FIG. 2. The steady-state distribution vs x =o/(27). q; =
0.9, g» = 0.9, p;; = 0.8, pp, = 0.8. We have done 1000000 sam-
pling with 50 iterations for each. (a) p; and (b) p,.

A1, Ao. If we take a vector |v) + 8|y ), then multiply by A, we
get ~|v) + Si—f |y), thus the distance to the v decreased A /A,
times. We have that there is

A2

. 19)

time attraction. Thus, for the d =2 case we identify f|(«) =
A1/Ag.

o must be taken as a maximal eigenvalue of the matrix.
Next, we should define the probability of choosing in the next
round again matrix A by Eq. (2) as &. If the eigenvector of the
maximal eigenvalue of A is |z), then define the probability
in Egs. (20) and (21) as

_ (unit|Th|z)
), (unit| TY|z)

The exact critical point corresponds to the limit

(20)

Ml 1)
rl

When
Al
Ao

b4 > 1, 22)

the steady-state distribution should be focused on an eigen-
vector related to the maximal eigenvalue, see Fig. 4.

We verified that the last equation is identical to Eq. (16) for
the simplest case d = 2.

Equations (20) and (21) together give the critical point.

In the Appendix we work with these algorithms near the
critical points and explore how algorithms (BW and Viterbi)
change when approaching the critical point.

°
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FIG. 3. The steady-state distribution vs x =«a/(27). g1 =
0.9, g»» =0.9, p;; =04, ppn =0.4. W have done 1000000 sam-
pling with 50 iterations for each. (a) p; and (b) p,.
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FIG. 4. The accuracy of the Viterbi algorithm vs the parameters
of the model. The circled point corresponds to the phase transition
point. It is seen that the algorithm shows the lowest accuracy.

V. CONCLUSIONS

Hidden Markov models continue to play a fundamental
role in data analysis and are considered singularity-free an-
alytical objects. In this paper, we examined long sequences of
observed values and discovered three phases in their distribu-
tion. First, we derived the phase transition point by carefully
analyzing the steady state of the master functional equation for
the simplest case of hidden Markov models, deriving singu-
larity indices. Later, we found an equivalent version of the
transition-point equation, which can easily be generalized to
a general version of the hidden Markov model. The phase
transition is related to the well-known transition to a transition
phase in evolutionary models [15-19,24].

There are pure processes with relaxation periods and some
random mixing between pure dynamic processes. If the mix-
ing rate is less than the relaxation rate, then the system has

Estimation Error (All Parameters) vs Transition Row Difference
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FIG. 5. The accuracy of the Baum-Welch algorithm vs the pa-
rameters. The circled point corresponds to the phase transition point.
It is seen that the Baum-Welch algorithm shows the lowest accuracy
(highest estimation error).

sufficient time to relax; otherwise, it is entirely in a transition
phase between different pure states.

Why is the transition point important? There was great
hope that living systems exist on the brink of chaos, which is
often identified with a phase transition point [25,26]. There-
fore, we might have hoped that working with HMMs near
the critical point, defined by (16) and (20), would improve
the efficiency of HMM algorithms. However, according to our
numerical calculations, this turned out to be incorrect, and in
some cases, the opposite is even true. See the appendix and
Figs. 4-5
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APPENDIX: ACCURACY OF THE VITERBI
AND BAUM-WELCH ALGORITHMS

HMMs are generally learned using two powerful
algorithms—specifically, the Viterbi algorithm [9] and the
Baum-Welch algorithm [3]. The former is used to estimate
the most probable path (most probable sequence) of hidden
states. The latter estimates the HMM parameters.

Both algorithms are based on maximum likelihood estima-
tion (MLE). While the Viterbi algorithm uses pure maximum
likelihood estimation, the Baum-Welch algorithm, due to the
complexity of the problem, uses an iterative estimation algo-
rithm (i.e., an expectation-maximization algorithm).

The algorithm is explicitly deduced in Ref. [27-29]. Any
attempt to add additional information in the form of con-
straints can lead to a significant increase in the computational
load and additional iterative cycles of the algorithm, as the
authors demonstrate.

Since we are interested specifically in the case where we
have additional information about the probabilities (i.e., addi-
tional relations), we avoid mathematical calculations for such
cases.

Our goal is to determine whether the accuracy of the
Viterbi and BW algorithms is related to the proximity of
the true parameters to the phase transition boundaries. More
precisely, we define accuracy in the Viterbi algorithm as the
percentage of correct guesses in the simulated HMM and the
total error calculated in the Euclidean norm (i.e., the sum of
squares) in the BW algorithm. We then ask the following
question: when the true HMM parameters are close to the
phase transition boundary, does the accuracy of the Viterbi
and BV algorithms increase or decrease? Or is there no such
general relationship?

The precise method for calculating the error in the BW
algorithm is presented in Ref. [29]. How does computational
complexity increase dramatically when adding new variables?
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Even in simple hidden Markov models with two hidden and
two observed states, we need to calculate the eigenvalues of a
five-by-five matrix, which is a highly nontrivial task (different
for each sequence of realizations and increasingly complex
with increasing length of the observed sequence).

The phase transition is calculated according to the follow-
ing system of equations (for the case of two hidden and two
observed states), which is essentially a combination of (20)
and (22):

(1*P11)X+(1*P12)}’+\/[(1*P11)X+(1*P12)}’]2+4(1*P11)(1*P12)(1*x*}’)
2

(I1—pn )X+(l—p12)y—\/[(1—p1 Dx+(1=p)y+4(1—p1)(1—p12)(1 —x—y)
2

1

2
(=pr)xmi+(A=p1)A=y)A—m)+(A—p)(A—x)m +(1—p12)y(1—711)

2

P1x+P2}’+\/(P1X+I;2y)2+4P1Pz(l—X—)') — =y
= . (AD
pix—pi(l—y)

where x and y denote ¢, and g, respectively.
We thus generate an HMM sequence of length 7 = 1000
with fixed initial emission probabilities and variable

transition probabilities in the first row. To do this, we first
calculate the phase transition probabilities according to (Al).
We then evaluate the accuracy of both the BW and Viterbi
algorithms.

There is no obvious relationship between the accuracy of
the Viterbi algorithm and the closeness to the phase transition
point, though we included the graph where at the transition
point the algorithm shows the least accuracy. This is the case
in most but not all situations. So, the most which can be
concluded is that generally the accuracy worsens close to
transition point, but sometimes there is no crucial difference.
We have never seen the opposite effect (i.e., the closeness to
the transition point never improves the accuracy), where the
phase transition point is defined as a point where the smallest
eigenvalue equates to the probability of steady state times the
maximal eigenvalue.

Again, though we included here the case where the
accuracy of BW is the worst in the vicinity of the tran-
sition point, there is no obvious relationship. Nevertheless,
in most cases the algorithm shows worse performance
(only in terms of accuracy and not convergence speed)
near the transition point. Sometimes, the closeness has no
effect.
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