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Self-interacting jump processes (SIJPs) describe systems with non-Markovian stochastic dynamics in which
transition rates depend on empirical observables of the process, which gives rise to long-range memory and
feedback. We derive the “level-2.5” large deviation (LD) principle governing the joint fluctuations of empirical
occupation measure and the flux matrix for a broad class of SIJPs with general functional dependence on an
empirical observable. The derivation is based on an exponential tilting construction and reveals a separation
between a faster timescale of the microscopic dynamics and a slower timescale of the memory-driven evolution
of transition rates, which is expressed through an exponentially discounted LD rate functional. Using this vari-
ational framework, we derive kinetic and thermodynamic uncertainty relations that extend classical Markovian
bounds to non-Markovian systems and illustrate their performance with simple examples.
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This is a companion paper to Ref. [1]. Here we present
the full derivations of the results reported in an abridged
manner in Ref. [1], together with additional general results
and illustrative examples, in a self-contained form.

I. INTRODUCTION

Communicating information about past experiences is a
distinctive feature of intelligent systems. While many organ-
isms store and process information internally via a nervous
system, numerous others are too small to possess such struc-
tures. Over evolutionary timescales, these organisms have
instead developed forms of external spatial memory, whereby
information is encoded in the surrounding environment rather
than stored internally. Several microorganisms, including Es-
cherichia coli, Pseudomonas aeruginosa, and Pharaoh’s ants,
achieve this by depositing chemical traces [2–7], while others,
such as slime molds [8], encode information through per-
sistent structural modifications of their environment. These
environmental changes act as cues that can be sensed ei-
ther by conspecifics or by the same organism at later times.
In the latter case, the resulting dynamics are described as
autochemotactic or self-interacting, whereby an organism’s
future behavior is influenced by its interaction with an en-
vironment it has itself modified. Remarkably, analogous
behaviors have recently been realized in artificial systems,
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including autonomous agents such as self-propelled particles
[9–12] and self-morphic active matter [13].

Approximate models of the dynamics of self-interacting
autochemotactic agents exist. Reinforced random walks
[14–21], both on edges and vertices, and field-theoretic de-
scriptions [22–25], also in combination with Langevin-type
dynamics [26–29], can replicate the long-time behavior of
self-interacting agents, which reveal rich dynamical features.
These models are extremely valuable in mimicking self-
attracting and self-repelling behavior and in replicating the
formation of specific trails and patterns. A rigorous de-
scription is offered by self-interacting processes (SIPs, see
Ref. [17] for an introduction), a class of reinforced processes,
such as chains [30–32], jump processes [33], and diffusion
[34], whereby the self-interaction is mediated by a functional
of the empirical occupation measure, a random field that
models the chemical, or structural, changes generated by au-
tochemotactic agents.

Methods such as stochastic approximation [34,35] and hy-
drodynamic limits are often effective in studying the asymp-
totic behavior of the models above, including stationary dy-
namics and typical fluctuations (see, e.g., Refs. [34,36–38]).
By contrast, finite-time fluctuations and rare events have
only recently begun to attract attention [1,32,33,38–42], de-
spite their known importance in shaping future dynamics.
This difficulty arises because SIPs, as well as other rein-
forced random walks and related field-theoretic models, are
inherently non-Markovian when restricted to the configu-
ration space accessible to the agent. This structure often
obstructs straightforward analytical treatments and gives rise
to complex phenomena, such as dynamical ergodicity break-
ing [34,38,43] and modified first-passage dynamics [42,44].

To address this gap, here we derive the large deviation
asymptotics of the empirical occupation and flux, that is,
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the dynamical large deviations (LDs) at “level 2.5” (see
Refs. [45,46] for the Markovian case), for a broad class
of self-interacting jump processes (SIJPs), in which the
self-interaction depends functionally on both the empirical
occupation measure and the empirical flux. (Our main results
here are presented in shortened form, and without detailed
proofs, in Ref. [1].)

Our approach is based on a formal tilting procedure and,
under suitable assumptions, clarifies the intrinsic multiscale
dynamics characteristic of these systems. We then study
generalized scalar flow- and currentlike observables and de-
rive variational bounds on their fluctuations, yielding SIJP
generalizations of kinetic and thermodynamic uncertainty re-
lations [47–53]. We thus extend the fluctuation-theoretic tools
developed for Markov processes to non-Markovian dynam-
ics. Finally, through representative examples, we show how
self-interaction can enhance fluctuations relative to purely
Markovian systems and assess how exact or numerical large
deviation results compare with the SIJP fluctuation bounds.

The paper is structured as follows. In Sec. II we give a
nonexhaustive overview of the statistical physics literature on
fluctuations of non-Markov processes, in Sec. III we introduce
the class of non-Markov SIJPs we focus on, and in Sec. IV we
derive their level-2.5 LDs. By restricting to specific classes
of SIJPs, in Sec. V we derive the probability bounds for flux
observables: Specifically, in Sec. V A we derive a SIJP version
of the kinetic uncertainty relation (KUR) [49,50], which we
call SIJP-KUR, and in Sec. V B a SIJP version of the “ultimate
KUR” (UKUR) [52,53], which we call SIJP-UKUR. We then
look at the case of generalized current observables in Sec. VI
and derive a SIJP version of the thermodynamic uncertainty
relation (TUR) [47,48], which we call SIJP-TUR. In Sec. VII
we illustrate our results with simple examples. Finally, in
Sec. VIII we conclude the paper with a summary and an
overview of interesting research directions.

II. RELATED WORK ON FLUCTUATIONS
OF NON-MARKOV PROCESSES

Long-range memory effects, characteristic of non-
Markovian models, are known to strongly influence
fluctuation behavior, leading to departures from the
large deviation theory established for Markovian systems
[45,46,54–62]. In SIPs (and SIJPs), such memory effects
originate from the explicit dependence of the dynamics on the
empirical occupation measure (and empirical flux).

Non-Markovian random walks are known to exhibit
memory-induced phenomena [63–66], and a “temporal ad-
ditivity principle” has been proposed to partially account
for fluctuations of time-additive observables [67]. These
observables—including the empirical occupation measure—
were argued to become slow variables with vanishing noise
in the long-time limit, leading to reduced fluctuations and
reinforced dynamics that progressively constrain exploration.
Within this framework, mechanisms generating rare events in
non-Markovian random walks, such as the elephant random
walk and its Gaussian variant [66], have been identified.

Despite these advances, a comprehensive understand-
ing of fluctuation dynamics in SIPs—where the evolution
intrinsically depends on slowly varying variables—remained

elusive until very recently. Large-deviation principles for self-
interacting Markov chains [40,41] and jump processes [1,33]
have now been established. In particular, Ref. [33] rigorously
proves a level-2.5 large deviation principle for SIJPs under
a self-interaction affine in the empirical occupation measure.
In Ref. [1] we extend this result to general functionals of
empirical occupation measure and flux, showing that fluctu-
ations of a SIJP are optimally sampled by a nonhomogeneous
Markov process. Together with related large deviation re-
sults for self-interacting Markov chains [40,41], generalized
Pólya urn models [39,68], nonhomogeneous (periodically
driven) Markov processes [69], and semi-Markov processes
[52,70–77], these works provide the foundations for a co-
herent framework to study fluctuations in non-Markovian
systems.

The loss of Markovianity introduces substantial technical
challenges in the analysis of fluctuations. Alongside large
deviation theory, fluctuation-dissipation theorems (FDTs) and
uncertainty relations play a central role, as they provide gen-
eral principles linking fundamental macroscopic observables
to their typical fluctuations. As in the Markov case [47–52],
these results can often be derived variationally from level-
2.5 LDs. Despite sustained theoretical interest, progress in
this direction remains limited for non-Markovian dynamics,
with most existing results confined to generalized Langevin
equations (GLEs) and semi-Markov processes.

Work on FDTs in non-Markov systems has mostly pro-
ceeded by embedding memory into GLEs or semi-Markov
descriptions and then asking which parts of the Markovian
FDT survive. For diffusions with memory kernels, it was
shown that memory generally enhances the frenetic, or time-
symmetric dynamical activity, of the linear response [78]. For
general time dependence, the second FDT associated to GLEs
can be derived via Mori-Zwanzig projections [79–81], with
notable limitations when coarse-graining is in place [82–84],
even in the case nonequilibrium baths are introduced [85]. Be-
yond diffusions, related fluctuation-response structures have
been derived for semi-Markov networks [86].

For uncertainty relations, the classical TUR [47,48] for
Markov jump and diffusion processes has been generalized
along three main non-Markov directions: delay, semi-Markov
kernels, and quantum or non-Markovian baths. For time-
delayed Langevin systems an uncertainty relation was derived
by bounding fluctuations in terms of the Kullback-Leibler
divergence between a path measure and its time-reversed
counterpart [87–89]. For antisymmetric observables this
yields a bound that reduces to the standard TUR in the Markov
limit. For semi-Markov jump processes, TURs that relate
entropy production to the current asymptotic variance were
derived using renewal theory [72] and an alternative deriva-
tion [74] that does not use the time-direction independence
[70,90].

Notably, in deriving TURs, it is widely recognized that
non-Markovian dynamics complicates the definition of en-
tropy production, since irreversibility cannot in general be
assigned from an instantaneous state alone. Nevertheless,
several works have shown that local or instantaneous entropy-
production rates can still be obtained once the memory
structure is properly accounted for. This is the case, for ex-
ample, for active Ornstein-Uhlenbeck particles [91] and GLE
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dynamics with memory [92]. In both cases, irreversibility is
quantified through a comparison of path weights, or equiva-
lently through a dynamical cost associated with an auxiliary
representation of the process.

For the case of KURs in the same semi-Markov and
renewal settings, they have been obtained bounding cur-
rent fluctuations in terms of effective activities depending
on the full waiting-time statistics rather than just mean
jump counts [49,50] or mean waiting times [52], providing
natural non-Markov analogs of Markovian KURs [72,74].
Related kinetic-type bounds also appear in delayed and
quantum transport models, where fluctuation-theorem or full-
counting-statistics approaches yield constraints on current
Fano factors with explicit dependence on delay kernels or bath
correlation functions [87,88,93]. Additionally, stricter TURs
that hold if the observed semi-Markov process arises from
coarse-graining an underlying Markov chain have also been
established, and their violation can be used as diagnostic of
genuine memory [74].

Finally, in Ref. [1], we extended this body of work by
deriving uncertainty relations for general SIJPs. In the fol-
lowing, we present the detailed derivations underlying the
SIJP-KUR and SIJP-TUR reported in Ref. [1] and introduce
the SIJP-UKUR together with its derivation.

III. SELF-INTERACTING JUMP PROCESSES

We define a SIJP as the continuous-time chain (Xt )0�t�T

of discrete configurations, x ∈ S := {1, 2, . . . , d}, with E :=
{(x, y) ∈ S×S : x �= y} denoting the set of all possible jumps
between them. At time t , the SIJP takes a jump from the
current state x to y �= x with evolving rate matrix (stochastic
generator) Qxy(At ) ∈ R+, that depends on a general state-
dependent empirical observable of the process

At = t−1
∫ t

0
fXt ′ dt ′ + t−1

∑
0�t ′�t

(Xt ′− ,Xt ′ )∈E

gXt ′− Xt ′ , (1)

where t ′ are jump times and f : S → R and g : E → R
bounded functions. We assume the mapping Q(a) to be at
least of class C1 on R as this guarantees enough regularity for
the existence of a stationary state. Furthermore, for the block-
averaging argument that comes below, we assume Qxy(a) to be
uniformly positive on the admissible domain of a. This means

Qxy(a) � q− > 0, (2)

for all (x, y) ∈ E and relevant a, with q− some fixed constant
independent of a. This means that irrespective of the argument
of Q(·), the transition probabilities for the directed links in E
are never vanishing and always at least q−. If g = 0 in Eq. (1),
then such a condition simply follows from continuity of the
map Q(a) as well as f being bounded; otherwise, it must be
imposed.

By conservation of probability, the diagonal terms of the
rate matrix are the negative escape rates

Qxx(At ) = −
∑

y∈S,y �=x

Qxy(At ). (3)

In contrast with a homogeneous Markov process, the jump
rates are not constant over time and they change as At evolves,
making the process non-Markovian.

We define

Lx(t ) = t−1
∫ t

0
1x(X ′

t ) dt ′, (4)

as the empirical occupation measure of the process, viz. the
fraction of time that the process has spent at each and every
configuration of the state space up to time t , with 1x(Xt ′ ) the
indicator function of configuration x. Such a time-evolving
object lives in a subset of the whole probability space on S ,
i.e., L(t ) ∈ P0(S ) ⊆ P (S ). Along with it, we introduce the
empirical flux

�xy(t ) = t−1
∑

0�t ′�t
(Xt ′− ,Xt ′ )∈E

1x(Xt ′− )1y(Xt ′ ), (5)

viz. the non-negative d×d matrix (with zero diagonal ele-
ments) of time-averaged number of jumps in the interval [0, t]
between any two different configurations in S .

Given the two objects above, it is possible to cast At in
Eq. (1) as a function of them as follows:

At =
∑
x∈S

fxLx(t ) +
∑

(x,y)∈E
gxy�xy(t ). (6)

Such a rewriting highlights the dependence on the specific
stochastic features of the SIJP that we consider in this work.
As usual, if one moves to an extended space where the state
is (Xt , L(t ),�(t ))0�t�T , then a Markovian description of the
dynamics can be constructed recursively from one jump to the
next by a standard procedure.

In the main text of Ref. [1], the observable At is restricted
to the case gxy = 0 for all (x, y) ∈ E (and only at the end
we briefly mention the extension to the case with a nonzero
g dependence). Here we consider from the outset the most
general class of SIJPs as the derivation of the level-2.5 LDs
appearing in Sec. IV follows the same lines.

To proceed with the derivation, we need to make a few
other assumptions. First, we assume that, for every value a
in the range relevant to the observable, the rate matrix Q(a)
is irreducible—and therefore positively recurrent, since S is
finite. For each frozen value of a, this guarantees the existence
of a unique accompanying distribution γ (a) satisfying

γ (a)Q(a) = 0,
∑
x∈S

γx(a) = 1. (7)

The C1 regularity of the map a �→ Q(a) then implies that
a �→ γ (a) is continuous. Although irreducibility and regular-
ity together imply the existence of at least a limiting stationary
state via Brouwer’s fixed-point theorem, they do not imply
that the self-interacting dynamics converges. We therefore
need to further assume that both the empirical measure and
flux converge in the long-time limit to finite typical values,
i.e.,

L(t ) → π �(t ) → ϕ, (8)

for some pair (π, ϕ), which may depend on the trajectory and
is not necessarily unique. These assumptions can be checked
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on a case-by-case basis and in Appendix A we discuss them
more in detail and provide simple examples in which they fail.

We remark that for a Markov process with fixed generator
Q, the stationary state π obeys πQ = 0, the empirical measure
converges to π , and the empirical flux to π ◦ Q (where ◦
denotes the Hadamard product). In the SIJP case things are
different: One needs the long-time limit of the observable, i.e.,

At → ā =
∑
x∈S

fxπx +
∑

(x,y)∈E
gxyϕxy, (9)

and the stationary density π solution of the nonlinear self-
consistency equation

πQ(ā) = 0. (10)

Also, ϕ �= π ◦ Q(ā) in general; it will be given an exact form
in the next section. In particular, the limiting empirical flux
has to satisfy the stationarity constraint∑

y �=x

ϕxy =
∑
y �=x

ϕyx, x ∈ S, (11)

but it need not be fixed a priori by the typical Markov form
πxQxy(ā) when considering the more general stationary pairs
appearing in the level-2.5 variational problem that follows.

In the following, we denote by Astat the set of station-
ary limiting pairs (π, ϕ) satisfying (9), (10), and (11). We
also highlight that, differently from the more usual time-
homogeneous case, the selection of the specific stationary
pair (π, ϕ) is not ruled by a breaking of the irreducibility
of the process over the state space—we assume above that
irreducibility always holds—but it is a dynamical feature
emerging from the interplay of noise-induced fluctuations and
long-range memory.

Notation

The notation we use is as follows. We use uppercase
for random variables (or functions and sets) and lowercase
for their realizations, while reserving P for probability. P
is used to refer to a probability space and, generally, P
for probability distributions, with P specially reserved for
path probability measures. We use a compact notation for
multidimensional objects: Given vector π := (πx )x∈S and ma-
trix Q := (Qxy)(x,y)∈S×S , πQ denotes their internal product,
(πQ)y = ∑

x∈S πxQxy, and use ◦ for the Hadamard product,
with π ◦ Q having elements πxQxy. For scalar quantities we
write the time dependence with a subscript, e.g., At , for
compactness, whereas for higher-dimensional objects, say,
μ := (μx )x∈S as μ(t ). 1x(·) is the indicator function, which
gives one if the argument coincides with x or zero otherwise.
We use overbar to mark typical values, e.g., limt→∞ At = ā.
The notation aT ∼ bT as T → ∞ means asymptotic equiv-
alence, namely aT

bT
→ 1. In particular, PT (a) ∼ 1 means that

PT (a) → 1 as T → ∞. Similarly, the symbol � indicates
equality up to subexponential factors in a large parameter
(often time), so that PT (·) � e−T I (·) is equivalent to I (·) =
− limT →∞ T −1 log PT (·). We define the asymptotic variance
(or susceptibility) of an (intensive) trajectory observable
such as BT as var(b) := limT →∞ T var(BT ), where var(BT ) =
E[(BT − b̄)2]. Finally, we use the row convention: Probabil-
ities are row vectors, stochastic generators have rows adding

up to zero, and time-propagation is left to right, e.g., ∂tμ(t ) =
μ(t )Q.

IV. LEVEL-2.5 LARGE DEVIATIONS:
SLOW-FAST DYNAMICS

A. Probability path measures and tilting

Our focus is on the long, but finite, time dynamics of the
empirical occupation measure in Eq. (4) and the empirical
flux in Eq. (5). By going beyond their typical behavior, we
formally derive the asymptotic exponential scaling of the
joint probability P(L(t ) = �,�t = φ) =: Pt (�, φ), namely the
level-2.5 large deviation rate function for SIJPs.

To do so, we use exponential tilting, a well-known tech-
nique in statistical physics. To our knowledge, this method has
hitherto been applied to derive the level-2.5 LDs of Markov
processes only, including jump processes [45,46,58,94,95]
and diffusions [58,95,96]. [Note that for discrete-time Markov
chains, to study the statistics of kth order empirical occupation
measures, such as the (k = 2) number of jumps between any
two states, it is enough to magnify the state space, viz. replace
original states with states obtained by k steps in the chain.] In
what follows, by properly modifying the assumptions in the
derivation, we will extend the use of tilting to non-Markov
jump processes.

With the definitions above we can write the path probabil-
ity measure: Given a path ω = {(x0, t ′

0), (x1, t ′
1), . . . , (xn, T )}

that is a specific realization of the SIJP (Xt )0�t�T , where t ′
i−1

is the ith jump time, the corresponding path measure reads

PT (ω) = μ0(x0) exp

(∫ t ′
0

0
Qx0x0 (As) ds

)
Qx0x1 (At ′

0
)dt ′

0

× · · · × exp

(∫ T

t ′
n−1

Qxnxn (As)ds

)
, (12)

with μ0 the probability distribution of the initial state. Notice
that the SIJP spends an exponentially distributed time at each
state in S . However, differently from the time-homogeneous
case, the overall jump rate out of a state is random for a SIJP
as rates change with time. As detailed in Ref. [97], the overall
jump rate out of x is


x(t, t + u) := −
∫ t+u

t
Qxx(As) ds, (13)

where t is the time at which the SIJP jumps onto x and u is the
random time at which it jumps out of it. (In Appendix C, we
describe two ways to simulate a SIJP.)

Thanks to the stationarity condition (10), the law of large
numbers implies that, in the long-time limit, the empirical
measure and flux converge with probability tending to one to
the set of stationary limiting pairs. Accordingly, rather than
concentrating on a single pair (π, ϕ), one has

P((L(T ),�(T )) ∈ Astat )
T →∞∼ 1, (14)

where the probability density above is a marginal of the path
measure PT in Eq. (12) and the dependence on the trajectory
is implicit in the definitions of L(t ) and �(t ) in Eqs. (4) and
(5), respectively.
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Along with the SIJP (Xt )0�t�T we assume that a time-
inhomogeneous Markov process (X̃t )0�t�T with path proba-
bility measure P̃T and stationary state � �= π exists, such that

P̃T (�, φ) =
∫

1�(L(T ))1φ (�(T )) dP̃T (ω)
T →∞∼ 1, (15)

for φ �= ϕ, in probability, and 0 otherwise. We assume the
dynamics of such a process to be generated by a time non-
homogeneous rate matrix H̃ (t ) := (H̃xy(t ))(x,y) ∈ S×S with
diagonal elements the negative escape rates

H̃xx(t ) = −
∑

y∈S:y �=x

H̃xy(t ), (16)

as well as uniformly positive jump rates, viz.

H̃xy(t ) � h− > 0, (17)

for all (x, y) ∈ E and t > 0, with h− some fixed con-
stant independent of t . Additionally, we assume that this
time-inhomogeneous Markov process evolves on timescale
comparable or slower than the timescale of the original SIJP
(this requirement comes from the block-averaging derivation
below and we postpone the detailed explained to then) and
that an accompanying distribution ρ̃(t ) exists, is unique, and
satisfies

ρ̃(t )H̃ (t ) = 0, (18)

making the Markov process ergodic for all times t ∈ R+. For
the trajectory ω and the initial condition μ0, we write the path
probability measure of (X̃t )0�t�T as

P̃T (ω) = μ0(x0) exp

(∫ t ′
0

0
H̃x0x0 (t ) dt

)
H̃x0x1 (t ′

0)dt ′
0

× · · · × exp

(∫ T

t ′
n−1

H̃xnxn (t ) dt

)
, (19)

and assume it to be absolutely continuous with respect to
the path measure of the original SIJP in Eq. (12) for every
T ∈ R+. This assumption is supported by the fact that PT and
P̃T have the same support as no breaking of irreducibility is
allowed for the SIJPs here considered as mentioned at the end
of Sec. III.

Having introduced the fundamental ingredients, we can
now formally calculate the probability of hitting a rare event
in the SIJP by an exponential change of measure. We write

PT (�, φ) = EP̃T

[
1�(L(T ))1φ (�(T ))

dPT

dP̃T
(ω)

]

� exp[−T I2.5(�, φ)], (20)

where the first equality is simply the definition of probability
multiplied and divided by the path measure (19). By construc-
tion, the nonhomogeneous Markov process typically returns
the pair (�, φ), and the Radon-Nikodym derivative between
path measures exists by absolute continuity and takes the
asymptotic form in the second line. This latter expression we
use to define the level-2.5 rate function I2.5(�, φ). Such an
exponential change of measure, or tilting, is widely adopted
in importance sampling techniques whereby to sample an
atypical event of a Markov process one introduces a new

biased distribution which typically returns the event of interest
[98–104] and corrects the quantity averaged with an appropri-
ate “umbrella”.

B. Timescale separation, time rescaling, and reversal

We now consider the calculation of the exponential factor
in Eq. (20). Using the definitions in Eqs. (12) and (19) yields

log
dPT

dP̃T
(ω) =

n∑
i=0

(∫ t ′
i

t ′
i−1

(
Qxixi (At ) − H̃xixi (t )

)
dt

)

+
n∑

i=1

log
Qxi−1xi

(
At ′

i−1

)
H̃xi−1xi (t

′
i−1)

, (21)

where t ′−1 := 0 and t ′
n := T . By introducing the identities∑

x∈S 1x(X̃t ) and
∑

(x,y)∈E 1x(X̃t− )1y(X̃t ), and using conserva-
tion of probability in the forms of Eqs. (3) and (16), Eq. (21)
simplifies to

log
dPT

dP̃T
(ω) = −

∑
(x,y)∈E

[∫ T

0
1x(X̃t )

(
Qxy(At ) − H̃xy(t )

)
dt

+
∑

0�t�T
�X̃t �=0

1x(X̃t− )1y(X̃t ) log
H̃xy(t )

Qxy(At )

]
, (22)

where we also used the fact that for the specific trajectory ω

if the process is at x at time t ′
i−1, then it will stay there at all

times t ∈ (t ′
i−1, t ′

i]. We remark at this stage that due to the
time dependence of the rate matrices it is not possible to write
Eq. (22) explicitly as a function of L(T ) and �(T ), which
is instead possible for time-homogeneous Markov processes.
However, it is still possible to simplify Eq. (22) arguing, as we
do in the following, a separation of timescales.

On the one hand, the SIJP’s inherent timescale is set by
the lowest jump rate in Q(At ). On the other hand, the rate
matrix itself changes over time due to the dependence on the
empirical observable in Eq. (1) [or Eq. (6)]. At short times,
the jump rates may change rapidly due to the t−1 appearing
in At . However, as time progresses, At , L(t ), and �(t ) tend
to stiffen: This progressive slowness is also due to the factor
t−1, which implies that to accumulate a change of a O(1) a
time of O(t ) is needed. Therefore, in the long-time limit, we
identify a fast mode, inherent of the microscopic dynamics of
the SIJP, and a slower mode consequence of the dependence
of the rate matrix over an empirical occupation measure and
flux that change slowly.

In the following, we make this multiscale dynamics argu-
ment more rigorous, introducing sufficient assumptions that
support the derivation. We set T � 1 and split the inte-
gral over time into K integrals spanning the time intervals
Ik = [tk, tk+1) with �t = tk+1 − tk . The following sequence of
inequalities holds:

τμ := max
{
Q−1

xy (At )
}

(x,y)∈E

≈ max
{
H̃−1

xy (t )
}

(x,y)∈E � �t � t =: τslow, (23)

where τμ identifies the timescale associated to the micro-
scopic SIJP as well as to the auxiliary time-inhomogeneous
Markov process. The timescale separation above justifies that
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within a time block of size �t , L(t ), �(t ), and At can be
treated as constant, while the microscopic processes—which
are themselves generated by frozen generators—mix on a
characteristic timescale τμ which is much shorter than �t .
The sequence of inequalities above gives the conditions under
which we can carry out the block-averaging calculation be-
low. The left inequality requires the frozen auxiliary chain to
equilibrate within a block, while the right inequality requires
both the original SIJP generator and the auxiliary generator to
remain approximately constant over the same block. For the
SIJP, the variation time of Q(At ) is of order t as argued above.
For the auxiliary generator, it is thus sufficient that its variation
time is of order t or larger. Auxiliary generators varying on a
faster timescale are not ruled out as stochastic processes, but
they are outside the frozen-block derivation used here.

Block-averaging is consequence of mixing over the time
window �t . We write

∫ tk+1

tk

1x(X̃t ) dt ≈ �t ρ̃x(tk ), (24)∑
tk�t�tk+1

(X̃t− ,X̃t )∈E �=0

1x(X̃t− )1y(X̃t ) ≈ �t ρ̃x(tk )H̃xy(tk ), (25)

while the generators Q(Atk ) and H̃ (tk ) are frozen and, there-
fore, approximately constant. We also stress that, as outlined
in Eq. (23), the block-averaging argument requires the frozen
SIJP generator and the frozen auxiliary generator to relax to
their accompanying distributions within the time block �t .
The block size �t can be chosen a posteriori. Since the state
space S is finite and strongly connected, and since the rates of
both the SIJP and the auxiliary process are assumed to be uni-
formly positive on the allowed transitions, the corresponding
frozen generators have spectral gaps uniformly bounded away
from zero. In particular, one may assume

inf
t>0

gap H̃ (t ) > 0, (26)

and analogously for Q(At ). This gives a uniform upper bound
on the mixing times of the frozen dynamics. One can then
choose �t larger than this bound, while still satisfying the
remaining scale-separation inequalities in Eq. (23).

We can therefore write

log
dPT

dP̃T
(ω) = −

∑
(x,y)∈E

[
K−1∑
k=0

ρ̃x(tk )
(
Qxy(Atk ) − H̃xy(tk )

)
�t

+
K−1∑
k=0

ρ̃x(tk )H̃xy(tk ) log
H̃xy(tk )

Qxy(Atk )
�t

]

+ ErrT (�t ), (27)

where the cumulative error ErrT (�t ) made in the timescale
separation approximation comes from two approximations:
freezing the SIJP and auxiliary generators on each block
and replacing block averages by the corresponding frozen
accompanying distribution. We can reformulate the timescale
separation in Eq. (23) as requesting that the frozen cost density

varies on the slow timescale, namely∣∣∣∣∣ d

dt

∑
(x,y)∈E

[
ρ̃x(t )(Qxy(At ) − H̃xy(t ))

+ ρ̃x(t )H̃xy(t ) log
H̃xy(t )

Qxy(At )

]∣∣∣∣∣ = O(t−1). (28)

Hence, the cumulative error satisfies

|ErrT (�t )|
T

= O

(
�t log T

T
+ τμ

�t

)
. (29)

The first contribution is the error related to the Riemann
sum. Since the frozen cost density changes by order t−1 in
Eq. (28), the error made on a block starting at tk is propor-
tional to the block length squared divided by tk; summing
these contributions over the blocks produces the logarithmic
factor. The second contribution is due to the replacement of
empirical occupations and fluxes by the frozen accompanying
distribution. Making the replacement loses only a microscopic
transient of order τμ; summing over the blocks and dividing
by the total time gives the second term. Therefore, choosing
for instance �t = T α with 0 < α < 1, the accumulated error
is subextensive, ErrT (�t ) = o(T ), and does not contribute to
the large-deviation rate function. For more details on the error
we refer the reader to Appendix B.

Finally, by taking the limit K → ∞, the sum can be ap-
proximated with the integral over the mesoscopic timescale,
yielding

log
dPT

dP̃T
(ω) = −

∑
(x,y)∈E

∫ T

0

(
ρ̃x(t )(Qxy(At ) − H̃xy(t ))

+ ρ̃x(t )H̃xy(t ) log
H̃xy(t )

Qxy(At )

)
dt . (30)

For compactness, we define

IT [ρ̃, H̃ ] := 1

T

∑
(x,y)∈E

∫ T

0
ρ̃x(t )Qxy(At )�

(
H̃xy(t )

Qxy(At )

)
dt,

(31)

where �(x) = x log x − x + 1 is the Cramér (or relative-
entropy) rate function for Poisson statistics.

Next, we make two changes of variable inside the time
integral of Eq. (31). First, we introduce the adimensional
logarithmic time s = log(t/t0), where t0 is interpreted as the
system’s relevant memory horizon and is then set to 1 without
loss of generality. As t ∈ [0, T ], s ∈ (−∞, log T ]. Within this
timescale, the empirical observable At makes O(1) changes
in O(1) time. We take the liberty to set t0 = 1 because the
calculation depends only on time derivatives and long-time
asymptotics, while the additive constant generated by the log-
arithmic rescaling is irrelevant for our purposes. We stress,
however, that t0 may play an important role in concrete exper-
imental settings where one wishes to test the theory developed
here. In such cases, identifying the intrinsic timescales of the
system under investigation would be necessary.
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The first change of variable eventually yields

IT [ρ̃, H̃ ] := 1

T

∑
(x,y)∈E

∫ log T

−∞
esρ̃x(es)Qxy(Aes )�

×
(

H̃xy(es)

Qxy(Aes )

)
ds, (32)

which effectively sets the system on the (slower) logarithmic
timescale.

Then, we make the change τ = log T − s to measure back-
wards from the final logarithmic time log T . Due to this
change, the integral boundaries flip to [0,∞). Eventually, this
yields

I[ρ, H] :=
∑

(x,y)∈E

∫ ∞

0
e−τ ρx(τ )Qxy(Mτ )�

(
Hxy(τ )

Qxy(Mτ )

)
dτ,

(33)

where we have (i) dropped T in the notation ρ̃(Te−τ ) =: ρ(τ ),
ATe−τ =: Mτ , and H̃xy(Te−τ ) =: Hxy(τ ) and (ii) also dropped
the explicit dependence on T from the definition of the func-
tional IT =: I. Of course, all objects still implicitly depend
on T , but in the long-time limit they become T independent.
Remarkably, in Eq. (33) the exponential factor e−τ acts as a
discount: As τ increases, the contribution of the correspond-
ing time to the rate functional is exponentially suppressed.
This aligns with the intuition that, at short physical times—
corresponding to large τ under time reversal—the empirical
measure fluctuates more rapidly and thus contributes less to
the overall fluctuation cost than it does in the long-time limit.

By multiplying and dividing the argument of � by ρ(τ ),
the rate functional I takes the equivalent form

Ĩ[ρ, η] :=
∑

(x,y)∈E

∫ ∞

0
e−τ ρx(τ )Qxy(Mτ )�

(
ηxy(τ )

ρx(τ )Qxy(Mτ )

)
dτ,

(34)

where we denote

ηxy(τ ) := ρx(τ )Hxy(τ ), (35)

the instantaneous flux of the rescaled and reverse-in-time
inhomogeneous Markov process. This specific form will be
important later when discussing kinetic bounds.

C. Average over paths: Laplace approximation

The rate functional obtained in Eq. (33) [or Eq. (34)] is
still related to a specific, albeit long, realization of a trajectory
of the nonhomogeneous Markov process (X̃t )0�t�T . The last
step is to average over the ensemble of trajectories generated,
as in Eq. (20). Given the exponential scaling with time of the
Radon-Nikodym derivative, the average is calculated using a
Laplace approximation—or contraction principle in the large
deviation jargon—which finally yields

I2.5(�, φ) = inf
(ρ,H )∈S�,φ

I[ρ, H], (36)

the level-2.5 rate function we are after. The infimum is over
trajectories (ρ(τ ), H (τ ))0�τ<∞ belonging to the set S�,φ ,

which contains all normalized densities ρ(τ ) along with the
following constraints:

ρ(τ )H (τ ) = 0, (37)

Mτ = eτ

∫ ∞

τ

e−τ ′
(∑

x∈S
fxρx(τ ′) +

∑
(x,y)∈E

gxyηxy(τ ′)

)
dτ ′,

(38)

�x =
∫ ∞

0
e−τ ′

ρx(τ ′) dτ ′, (39)

φxy =
∫ ∞

0
e−τ ′

ηxy(τ ′) dτ ′, (40)

set to hold for all x ∈ S and all (x, y) ∈ E . Equation (37) is
equivalent to Eq. (18) rescaled and time reversed. The same
holds for Mτ in Eq. (38) with respect to Eq. (1) and for the flux
φ in Eq. (40) with Eq. (5). Finally, a contraction equivalent to
(36) can be written for the functional Ĩ[ρ, η], over the same
set of constraints.

The minimum and zero, which is not necessarily unique,
of the rate function (36) characterizes the typical behavior of
the SIJP. As �(1) = 0, this is obtained by setting Hxy(τ ) =
Qxy(Mτ ). Such an equivalence is made possible by the fact
that the mapping Qxy(Mτ ) is local in time in the extended state
space S×P0(S )×Rd (d−1)

+ . Therefore, it is always possible to
find a deterministic operator Hxy(τ ) = (Qxy(M ))(τ ). In such a
typical case, the constraints (37)–(40) simplify to

ρ̄(τ )Q(M̄τ ) = 0, (41)

M̄τ = eτ

∫ ∞

τ

e−τ ′
(∑

x∈S
fxρ̄x(τ ′) +

∑
(x,y)∈E

gxyη̄xy(τ ′)

)
dτ ′,

(42)

π̄x =
∫ ∞

0
e−τ ′

ρ̄x(τ ′)dτ ′, (43)

ϕ̄xy =
∫ ∞

0
e−τ ′

η̄xy(τ ′) dτ ′, (44)

where ρ̄(τ ), M̄(τ ), and η̄(τ ) are the (rescaled and reverse-in-
time) typical trajectories of instantaneous density, empirical
observable and instantaneous flux of the original SIJP. More-
over, (π̄ , ϕ̄) are interpreted as weighted averages over the set
of stationary limiting pairs Astat. In the case this set is single-
ton, viz. Astat = {(π, ϕ)}, then π̄ ≡ π and ϕ̄ ≡ ϕ. We denote
the set of trajectories (ρ̄(τ ), Q(M̄τ )) satisfying Eqs. (41)–(44)
as SAstat .

We conclude this section with a few remarks. First, we can
read Eqs. (36) and (33), along with the constraints (37)–(40),
as a dynamical reweighting of the relative entropy of a Poisson
process—the latter given by �(x)—and therefore as a gen-
eralization of the level-2.5 LDs for Markov jump processes
[45,46,58,94,95], which follows the seminal work of Donsker
and Varadhan [105]. Differently from the latter however, the
level-2.5 LDs for SIJPs is not, generally speaking, convex.
This is a consequence of the contraction appearing in Eq. (36),
which may give rise to interesting dynamical behavior in gen-
erating fluctuations in SIJPs. One example in Sec. VII shows
interesting features. However, more work is needed to better
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understand the dynamical implications of having a nonconvex
rate function for SIJPs.

Although we believe we have stated all necessary as-
sumptions to derive the large deviation principle in Eq. (20)
along with the rate function (36), one should check the
validity of these assumptions on a case-by-case basis—an
issue commonly encountered when working formally with
tilting methods. For the broad class of affine rate matrices
Q(L(t )), however, our findings are supported by a rigorous
derivation recently presented in Ref. [33], where variational
and control-theoretic formulations of Laplace functionals of
Poisson random measures are used to establish level-2.5 LDs
for self-interacting jump processes; see Eqs. (6.1)–(6.2) in
Ref. [33]. While the approach adopted here is less rigorous, it
extends beyond affine maps. Generalizing the rigorous deriva-
tions in Ref. [33] to the broader class of rate maps considered
in this work and in our Ref. [1] also remains an important
direction for future research.

Finally, we stress that the general level-2.5 LDs we derived
is useful in practice for two reasons. The first is that long-
time LDs of any time-extensive trajectory observable, such as
activity or a current, as well as the empirical measure itself,
can be obtained by contraction from the LDs of empirical
occupation measure and flux. The second is that Eq. (36) is
variational, so that even if the exact minimization is difficult, it
is still possible to get suboptimal solutions as upper bounds to
the true rate function, as we will show in the next two sections.

V. KINETIC BOUNDS

We focus on the generalized sample-mean flux observable

BT =
∑

(x,y)∈E
βxy�xy(T ), (45)

and βxy ∈ R and �xy(T ) is defined in Eq. (5). In the following,
we assume a unique stationary pair such that Astat = {(π, ϕ)}.
Typically, BT → b̄ in probability, where

b̄ :=
∑

(x,y)∈E
βxyϕxy, (46)

where ϕ ∈ Rd×(d−1)
+ is the typical behavior of the empirical

flux and is defined in Eq. (44).
Here we are interested in the fluctuations of BT in Eq. (45).

Its large deviation rate function I (b) can be obtained by solv-
ing the variational problem in Eq. (36) along with the usual
constraints (37)–(40) and the extra constraint

b =
∑

(x,y)∈E
βxyφxy, (47)

which we express as follows for ease of readability:

I (b) = inf
(ρ,H )∈S�,φ

�,b: Eq.(47)

I[ρ, H]. (48)

The minimum and zero of such a rate function is found
at b = b̄ by setting � = π , φ = ϕ, and (ρ(τ ), H (τ )) =
(ρ̄(τ ), H̄ (τ )) ∈ Sπ,ϕ as solutions of Eqs. (41)–(44).

A. SIJP kinetic uncertainty relation

In this subsection, and similarly when deriving the SIJP-
TUR below, we restrict to the case g = 0, namely the
empirical observable dependence in the SIJP is only given by
state contributions, i.e.,

At = t−1
∫ t

0
fXt ′ dt ′. (49)

Such a restriction allows us to derive explicit formulas
and link them to well-known results for time-homogeneous
Markov processes.

Although an exact minimization of Eq. (48) is out of reach,
we can find a suboptimal solution I∗(b) with a simple Ansatz
where the density coincides with the stationary state, but the
flux is a scalar rescaling of the typical one, that is,

�∗
x = πx, (50)

φ∗
xy = (b/b̄) ϕxy. (51)

This in turn implies

(ρ∗(τ ), H∗(τ )) = (ρ̄(τ ), (b/b̄)Q(M̄τ )) ∈ Sπ,(b/b̄)ϕ, (52)

such that the constraints (41)–(44) are satisfied. Notice that
if we had allowed for jump type contributions in the SIJP
dependence on the empirical observable, then we would have
not been able to write the equation above due to M∗

τ ( �= M̄τ )
including a dependence on the fluctuation b via η∗

xy(τ ) =
(b/b̄)η̄xy(τ ).

The meaning of the Ansatz above is clear: The time-
dependent generator of the time-inhomogeneous auxiliary
process is simply the generator of the SIJP rescaled by an
overall factor determined by the fluctuation of interest. Even-
tually, Eq. (48) reduces to

I (b) � I∗(b) := kSIJP�(b/b̄), (53)

where

kSIJP :=
∑

(x,y)∈E
ϕxy =

∑
(x,y)∈E

∫ ∞

0
e−τ η̄xy(τ ) dτ, (54)

is the hereby-defined average SIJP dynamical activity. It cor-
responds to the number of configuration changes per unit
time and it generalizes the standard dynamical activity of a
time-homogeneous Markov jump process to the non-Markov
case of SIJPs by adding an exponential discount in time.

We now expand I (b) and �(b/b̄) up to second order on,
respectively, the left-hand side and right-hand side of Eq. (53).
Then, by recalling the definition of asymptotic variance

(I ′′(b))−1 = var(b), (55)

we obtain

var(b)

b̄2
� 1

kSIJP
, (56)

which is what we refer to as SIJP-KUR, generalizing the
well-known KUR for time-homogeneous Markov processes
[49,50]. Evidently, as for Markov processes, the precision
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of flux (or current) observables is bounded by the average
dynamical activity of SIJPs.

We remark that the identification of the inverse curvature
with the asymptotic variance in Eq. (55) is understood in the
fluctuation regime in which the observable satisfies a central
limit theorem,

√
T (BT − b̄) → N (0, var(b)), (57)

where convergence is understood in distribution. For SIJPs, as
well as for any other processes, this is not automatic. We be-
lieve that the assumptions considered so far in Sec. III should
be enough to prove a central limit theorem in the case of a
SIJP with a unique hyperbolically stable attractor. However,
this goes beyond the scope of this work and leave the endeavor
to future research.

In principle, it is possible to improve the bound in Eq. (53)
by exploiting the inner time dependency of the rate functional
I[ρ, H] and, therefore, by considering a time-dependent
rescaling of the suboptimal rate matrix in Eq. (52) as

(ρ∗(τ ), H∗(τ )) = (ρ̄(τ ), ατ Q(M̄τ )) ∈ Sπ,φ∗ , (58)

where φ∗
xy = ∫ ∞

0 e−τ ατ η̄xy(τ ) cannot be cast into an explicit
function of the typical flux ϕxy as in Eq. (51). The new bound
takes the form

I (b) � I∗∗(b) :=
∑

(x,y)∈E

∫ ∞

0
e−τ�(ατ )η̄xy(τ ) dτ. (59)

By selecting specific trajectories of ατ it should be possible to
obtain I∗∗(b) � I∗(b). In particular, one could look after the
best solution for ατ such that I∗∗(b) is minimal. Variationally,
one can show that such an optimal α∗

τ satisfies the closed form

α∗
τ = e

−λ

∑
(x,y)∈E βxy η̄xy (τ )∑

(x,y)∈E η̄xy (τ ) , (60)

where the Lagrange multiplier λ plays the role of a tempera-
ture or external parameter and is fixed by the (now dynamical)
constraint

b =
∑

(x,y)∈E
βxy

∫ ∞

0
e−τ α∗

τ η̄xy(τ ) dτ. (61)

The stationary constraint ρ̄τ ατ Q(M̄τ ) = 0 selects the rescal-
ing ατ such that it admits ρ̄τ as the instantaneous sta-
tionary distribution of ατ Q(M̄τ ) as required by (37) for
(ρ∗(τ ), H∗(τ )) and is automatically satisfied as long as ατ �=
0 for every τ ∈ R+. However, as mentioned earlier, for the
timescale separation and the level-2.5 LDs to hold we need
H̃ (τ ) to (i) change slowly [cumulate O(1) changes over in
O(t ) time or longer] and (ii) smoothly. As a consequence, this
further restricts the class of functions ατ we can admit for the
bound in Eq. (59) to hold.

B. SIJP ultimate kinetic uncertainty relation

In this subsection, in order to obtain an explicit result, we
restrict ourselves to the—opposite with respect to the previ-
ous subsection—case f = 0, namely the empirical observable

dependence in the SIJP is given by

At = t−1
∑

0�t ′�t
(Xt ′− ,Xt ′ )∈E

gXt ′− ,Xt ′ , (62)

which includes only jump type contributions.
By rephrasing the variational problem in Eq. (48) in terms

of the functional Ĩ[ρ, η] in Eq. (34) we obtain

I (b) = inf
(ρ,η)∈S�,φ

�,b: Eq.(47)

Ĩ(ρ, η). (63)

A suboptimal solution to the display above can be found by
admitting the Ansatz

ρ∗
x (τ ) = ρ̄x(τ ) + ε δx, (64)

η∗
xy(τ ) = (1 + ε �)η̄xy(τ ), (65)

which generalizes the approach of Ref. [52] to our non-
Markovian setting. Hence, from Eq. (38) we also have

M∗
τ = M̄τ + ε � δmτ , (66)

with

δmτ = eτ

∫ ∞

τ

e−τ ′ ∑
(x,y)∈E

gxyη̄xy(τ ), (67)

where ε � 1,
∑

x∈S δx = 0 as ρ∗(τ ) is normalized, and � ∈
R+. As a consequence, Eq. (47) takes the form

b = (1 + ε �)b̄, (68)

with b̄ given in Eq. (46). We notice that the assumption on
the rate matrix of the nonhomogeneous Markov process in
Eq. (52), which led to the SIJP-KUR, is fundamentally dif-
ferent from the assumption in Eq. (65). It is such because
the former allows for fluctuations in the density to influence
fluctuations in the flux, which is not true for the latter. [Notice
that the SIJP-KUR can also be derived following the steps
below by assuming Eq. (64) and H∗

xy(τ ) = (1 + ε �)Qxy(M̄τ )
in place of Eq. (65), with b/b̄ = 1 + ε�.]

Using Eqs. (64)–(66) and expanding up to second order in
ε, Eq. (34) yields

Ĩ[ρ∗, η∗] = ε2

2

∑
(x,y)∈E

∫ ∞

0

(
e−τ Qxy(M̄τ )

ρ̄x(τ )
δ̃2

xy(τ )

)
dτ + O(ε3),

(69)

where we define

δ̃xy(τ ) := δx − � ρ̄x(τ )

(
1 − δmτ Q′

xy(M̄τ )

Qxy(M̄τ )

)
, (70)

with Q′
xy(M̄τ ) := d/dM Qxy(M )|M=M̄τ

, and such that

∑
x∈S

δ̃xy(τ ) = −�

(
1 + δmτ

∑
x∈S

ρ̄x(τ )Q′
xy(M̄τ )

Qxy(M̄τ )

)
, (71)

for all τ ∈ R+. By a straightforward application of the
Cauchy-Schwarz inequality in the form(∑

x∈S
axy(τ )−1

)(∑
x∈S

axy(τ )b2
xy(τ )

)
�

(∑
x∈S

bxy(τ )

)2

, (72)
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where we identify axy(τ ) = Qxy(M̄τ )/ρ̄x(τ ) and bxy(τ ) =
δ̃xy(τ ) and remark that the inequality is saturated for

bxy(τ ) =
∑

x∈S bxy(τ )

axy(τ )
∑

x∈S a−1
xy (τ )

. (73)

Equation (69) simplifies to

Ĩ(ρ∗, η∗)

= ε2�2

2

∑
y∈S
y �=x

⎛
⎜⎝∫ ∞

0
e−τ

(
1 − δmτ

∑
x∈S

ρ̄x (τ )Q′
xy (M̄τ )

Qxy (M̄τ )

)2

∑
x∈S

ρ̄x (τ )
Qxy (M̄τ )

dτ

⎞
⎟⎠

+ O(ε3). (74)

Inverting Eq. (68) to extract ε � as a function of b and b̄ and
replacing this into Eq. (74) finally yields the quadratic rate
function bound

I (b) � I�(b) := (b − b̄)2

2b̄2

×
∑
y∈S
y �=x

⎛
⎜⎝∫ ∞

0
e−τ

(
1 − δmτ

∑
x∈S

ρ̄x (τ )Q′
xy (M̄τ )

Qxy (M̄τ )

)2

∑
x∈S

ρ̄x (τ )
Qxy (M̄τ )

dτ

⎞
⎟⎠.

(75)

Eventually, by expanding I (b) in Eq. (63) up to second order
in ε, using the definition of asymptotic variance in Eq. (55),
and comparing the form obtained to Eq. (74) we obtain

var(b)

b̄2

�

⎛
⎜⎜⎝∑

y∈S
y �=x

∫ ∞

0
e−τ

(
1 − δmτ

∑
x∈S

ρ̄x (τ )Q′
xy (M̄τ )

Qxy (M̄τ )

)2

∑
x∈S

ρ̄x (τ )
Qxy (M̄τ )

dτ

⎞
⎟⎟⎠

−1

.

(76)

This formula states that the asymptotic precision of the gen-
eralized flux BT is controlled by a dynamically discounted
average lifetime in the instantaneous—valid for all τ ∈ R+—
steady state. Equation (76) extends the UKUR valid for
Markov jump processes [52] (see also Ref. [53]) to non-
Markov SIJPs. It is immediate to check that for At = 0—this
eliminates the functional dependence of the rate matrix upon
the empirical observable—δmτ = 0 and all temporal depen-
dences disappear, retrieving the usual UKUR [52,53].

We conclude by remarking that although in the Markov
case UKUR is tighter than KUR—The weighted harmonic
mean is less than or equal to the corresponding weighted
arithmetic mean—in the SIJP process case it is no longer a
general consequence.

VI. THERMODYNAMIC BOUNDS

In this section, we turn the focus on a subset of observables
of the generalized flux BT in Eq. (45), namely generalized

current observables of the form

JT =
∑
x<y

βxyJxy(T ), (77)

where we denote the edge currents

Jxy(T ) = �xy(T ) − �yx(T ). (78)

The generalized current observable in (77) is obtained from
BT in Eq. (45) by setting βxy = −βyx for pairs (x, y) ∈ E . Re-
stricting to these observables allows us to refine the SIJP-KUR
in Eq. (56).

In order to derive explicit results as done in the SIJP-KUR
case, we assume a unique stationary pair Astat = {(π, ϕ)} and
restrict the type of SIJP dependence we consider to Eq. (49),
that is, only empirical state contributions are allowed to influ-
ence the SIJP dynamics. Furthermore, similarly to the kinetic
bounds presented in the previous section, we stress here as
well that the thermodynamic bound presented below should
be understood as restricted to the limit of validity of the central
limit theorem for SIJPs.

First, we derive a large deviation rate function for the edge
current observable in Eq. (78), opportunely contracting the
level-2.5 large deviation rate function (36)—with Ĩ[ρ, η] in
Eq. (34). For notation purposes, it will be useful to refer to
edge current fluctuations using the rescaled and time-reversed
characterization of the flux φ in Eq. (40) and write

jxy = φxy − φyx, (79)

=
∫ ∞

0
e−τvxy(τ ) dτ, (80)

where we denote

vxy(τ ) = ηxy(τ ) − ηyx(τ ), (81)

as the antisymmetric part of the time-dependent flux.

A. SIJP entropy bound on edge currents

We perform a first contraction of the rate functional Ĩ[ρ, η]
over all possible instantaneous fluxes η(τ ) such that the
constraint (81) is satisfied along with the conservation of
probability in Eq. (37). To do so, we introduce the extended
Lagrangian

L[η, ζ , ε]

:=
∑

(x,y)∈E

∫ ∞

0
e−τ ρx(τ )Qxy(Mτ )�

(
ηxy(τ )

ρx(τ )Qxy(Mτ )

)
dτ

+
∫ ∞

0
e−τ ζxy(τ )(vxy(τ ) − ηxy(τ ) + ηyx(τ )) dτ

+
∫ ∞

0
e−τ εy(τ )

(∑
x∈S

ηxy(τ )

)
dτ, (82)

which includes the fields ζ (τ ) and ε(τ ) fixing the respec-
tive constraints. We notice that the symmetry inherent in the
definition of flux

∑
x ηxy(τ ) = −∑

x ηyx(τ ) is inherited by
the corresponding Lagrangian field, which then satisfies the
relation εy(τ ) = −εx(τ ). Additionally, we denote �xy(τ ) =
exp(ζxy(τ ) − ζyx(τ )). Taking variations of ηxy(τ ) over the
extended Lagrangian in Eq. (82), the optimal flux can be
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explicitly written in terms of its asymmetric component, the
time-dependent current v(τ ), and its symmetric component,
the time-dependent traffic u(τ ), as

η∗
xy(τ ) = vxy(τ ) + uxy(τ )

2
, (83)

where the traffic is explicitly given by

uxy(τ ) =
√

v2
xy(τ ) + 4ρx(τ )ρy(τ )Qxy(Mτ )Qyx(Mτ ). (84)

Eventually, replacing η∗(τ ) from Eq. (83) into the rate func-
tional Ĩ[ρ, η] and using the relation between “log” and
“arcsinh” functions, we can write

˜̃I[ρ, v] :=
∑
x<y

∫ ∞

0
e−τ�

(
vxy(τ ), vρ

xy(τ ), uρ
xy(τ )

)
dτ, (85)

with the definitions

vρ
xy(τ ) := ρx(τ )Qxy(Mτ ) − ρy(τ )Qyx(Mτ )

uρ
xy(τ ) := ρx(τ )Qxy(Mτ ) + ρy(τ )Qyx(Mτ )

�(p, q, r) := parcsinh
p√

r2 − q2
− parcsinh

q√
r2 − q2

− (
√

p2 − q2 + r2 − r),

where the last form also appears in the time-homogeneous
Markov case [48] (without time dependence, of course).

Thanks to the explicit characterization of the edge traffic
that comes naturally from the minimization above, we can
now write the rate function of the edge currents as

I (j) = inf
(�,ρ(τ ),v(τ ))

�:Eqs.(38),(39)
j:Eq.(80)

∑
x<y

∫ ∞

0
e−τ�

(
vxy(τ ), vρ

xy(τ ), uρ
xy(τ )

)
dτ.

(86)

This object is easily bounded from above using a quadratic
function obtained from considering as a suboptimal solution
for the asymptotic density the stationary density, i.e.,

�∗
x = πx, (87)

which, in turn, implies ρ∗(τ ) = ρ̄(τ ). Then, Eq. (86) simpli-
fies to

I (j) � inf
v(τ )

j: Eq.(80)

∑
x<y

∫ ∞

0
e−τ

(
vxy(τ ) − vρ̄

xy(τ )
)2

4
(
v

ρ̄
xy(τ )

)2 σ ρ̄
xy(τ ) dτ,

(88)

where we interpret

σ ρ̄
xy(τ ) := 2vρ̄

xy(τ )arcsinh
vρ̄

xy(τ )√(
uρ̄

xy(τ )
)2 − (

v
ρ̄
xy(τ )

)2
, (89)

as the SIJP instantaneous edge entropy production. This inter-
pretation is valid because the empirical occupation measure
evolves slowly: The generator Q(M̄τ ) changes quasistatically,
so that the underlying SIJP can equilibrate at each frozen
time and ρ̄(τ ) is stationary with respect to Q(M̄τ ) [106,107].
Finally, to get rid of the last minimization, one could set
the suboptimal v∗(τ ) = j (constant over time) or replace the

optimal minimizing instantaneous current, which takes the
explicit form

v∗
xy(τ )

= vρ̄
xy(τ )

(
j − ∫ ∞

0 e−τ ′
vρ̄

xy(τ ′) dτ ′)
∫ ∞

0 e−τ ′
v

ρ̄
xy(τ ′) arcsinh−1

⎛
⎝ v

ρ̄
xy (τ ′ )√(

uρ̄
xy (τ ′ )

)2
−
(
v

ρ̄
xy (τ ′ )

)2

⎞
⎠ dτ ′

× arcsinh−1

⎛
⎜⎝ vρ̄

xy(τ )√(
uρ̄

xy(τ ′)
)2 − (

v
ρ̄
xy(τ ′)

)2

⎞
⎟⎠ + vρ̄

xy(τ ).

(90)

Regardless of the specific choice for the current v∗(τ ), the
bound (88) has a specific meaning: the instantaneous entropy
production rate of the SIJP, which we can interpret as a mea-
sure of dynamical dissipation, bounds all asymptotic current
fluctuations.

B. SIJP thermodynamic uncertainty relation

We now restrict our analysis to the scalar observable JT in
Eq. (77), whose most general realization can be written as

j =
∑
x<y

βxyjxy, (91)

where jxy is defined in Eq. (79). We aim at calculating an upper
bound of the rate function I ( j) as follows:

I ( j) � inf
v(τ )

j:Eq.(91)

∑
x<y

∫ ∞

0
e−τ

(
vxy(τ ) − vρ̄

xy(τ )
)2

4
(
v

ρ̄
xy(τ )

)2 σ ρ̄
xy(τ ) dτ.

(92)

We do so by introducing a specific extended Lagrangian in-
corporating the constraint (91) via a Lagrangian field. The
minimization is explicit and yields the optimal instantaneous
edge current

v∗
xy(τ ) = vρ̄

xy(τ ) + ( j − j̄)βxy
(
vρ̄

xy(τ )
)2

σ
ρ̄
xy(τ )

∑
x<y

∫ ∞
0 e−τ ′ (βxyv

ρ̄
xy (τ ′ ))2

σ
ρ̄
xy (τ ′ )

dτ ′
, (93)

where

j̄ :=
∫ ∞

0
e−τ jρ̄τ dτ, (94)

jρ̄τ :=
∑
x<y

βxyv
ρ̄
xy(τ ). (95)

Inserting v∗(τ ) from Eq. (93) in Eq. (92) we get

I ( j) � ( j − j̄)2

4
∑

x<y

∫ ∞
0 e−τ ′ (βxyv

ρ̄
xy (τ ′ ))2

σ
ρ̄
xy (τ ′ )

dτ ′
. (96)

Eventually, by applying the Cauchy-Schwarz relation in
Eq. (72), with a−1

xy (τ ) = σ ρ̄
xy(τ ) and bxy(τ ) = βxyv

ρ̄
xy(τ ) in its

saturated form, we obtain

I ( j) � I�( j) := ( j − j̄)2

4

(∫ ∞

0
e−τ

(
jρ̄τ
)2

στ

dτ

)−1

, (97)
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where στ is the total instantaneous entropy production rate of
the SIJP, given by

στ =
∑
x<y

σ ρ̄
xy(τ ), (98)

=
∑
x<y

log

(
ρ̄x(τ )Qxy(M̄τ )

ρ̄y(τ )Qyx(M̄τ )

)
vρ̄

xy(τ ), (99)

where the second line can be derived from Eq. (89) using the
“arcsinh- log” relation.

Eventully, the SIJP-TUR is obtained by expanding the left-
hand side of Eq. (97) up to second order locally around j̄. This
yields

(var( j))

j̄2
� 2

∫ ∞

0
e−τ

(
jρ̄τ
)2

στ

dτ, (100)

as a generalization to SIJPs of the well-known TUR for
continuous-time Markov processes [47,48]. In analogy to the
Markovian case, Eq. (100) shows that reducing current fluc-
tuations in a SIJP incurs a minimal cost in terms of the
instantaneous entropy production στ . Notice also that it is not
possible to disentangle the instantaneous entropy cost from
the instantaneous generalized current. As a consequence, we
can interpret the instantaneous entropy production as an ad-
ditional discount for the SIJP, on top of the exponential one,
that is necessary to reach a certain level of precision for the
current. We further note that in the time-homogeneous case,
the Eq. (100) clearly reduces to the standard TUR of Markov
jump processes.

The present TUR and entropy production construction is
similar in spirit to Refs. [91,92] but different in implementa-
tion. The similarity is that these works also introduce specific
auxiliary processes and quantify irreversibility through a com-
parison of their path weights, or dynamical costs, with respect
to the original process. Here, however, the non-Markovianity
does not relate to Langevin processes and does not come
from colored noise or an explicit memory kernel but from
the dependence of the jump rates on empirical observables
of the past trajectory. The instantaneous cost entering our
entropy-production rate is obtained from the level-2.5 descrip-
tion of empirical occupations and fluxes after introducing an
auxiliary time-inhomogeneous Markov generator that makes
the atypical SIJP trajectory typical.

VII. ILLUSTRATIVE EXAMPLES

In this section, we illustrate the general results above with
several simple concrete examples of two- and three-state sys-
tems.

We initially focus on a two-state model where some ana-
lytical treatment of the fluctuations can be done, although for
the exact rate functions shown the solution is approachable
only by numerical methods. We will derive so-called level-2
LD functions (LD functions for the state occupation) and
compare them to simulations and to the upper bounds given
by Markov approximations. Along with this, we will study
the LD functions of the unidirectional flux in the system and
compare them to simulations and to the SIJP-KUR upper
bounds given in Eq. (59).

Then, we discuss three-state examples which have a
nonequilibrium stationary state. We will see that even for such
simple systems an efficient method to compute numerically
the exact rate function for the total current through the sys-
tem is out of reach at the moment and we leave this as an
open problem to study in future work. We therefore compare
simulations of the process with the SIJP-TUR of Eq. (97),
testing the validity of the latter as an upper bound to the true
fluctuations.

Finally, in the last example, we go back to a simpler, ef-
fectively one-state, stochastic birth process where the specific
self-interaction considered leads to two (not one) basins of
attractions for the long-time empirical birth rate. The large
deviations of such an observable reveals striking dynamical
features, such as a change of convergence speed.

A. Feedback two-state SIJP

We consider SIJPs for a two-state system, S = {0, 1}, with
rate matrix

Q(At ) :=
(−1 − h(L1(t )) 1 + h(L1(t ))

1 −1

)
. (101)

The specific dynamics depends on the dependence on the
empirical distribution through the function h. We study two
cases,

h(L)(L1(t )) = L1(t ), (102)

h(E )(L1(t )) = exp [α L1(t )], (103)

for α > 0. This describes a spin whose flip-up rate grows
either linearly (L) or exponentially (E) with its past occu-
pation. Either of these forms define a SIJP as in Eq. (6),
where the empirical observable At = L1(t ) is defined by set-
ting ( f0, f1) = (0, 1) and g = 0 in Eq. (6).

In both cases, the stationary state is found by explicitly
solving Eq. (10). In the linear case (L), the explicit solution
to the stationary distribution is

(
π

(L)
0 , π

(L)
1

) =
(

3 − √
5

2
,

√
5 − 1

2

)
, (104)

which shows that the occupation of state 0 is approximately
0.382, compared with 0.618 for state 1. In the second case,
the stationary state (π (E )

0 , π
(E )
1 ) is solution of the following

transcendental equation:

2 + eα(1−π
(E )
0 ) = 1

π
(E )
0

, (105)

which, depending on α, returns a value in the interval 0 <

π
(E )
0 < 1

3 , where the right boundary is obtained by setting
α = 0 and the left for α → ∞. The larger α, the less time
the system typically spends in state 0 (for α = 2 we have
π

(E )
0 ≈ 0.13).

1. Level-2 large deviations

In the following, we study the level-2 rate function I2(�)
for the occupation distribution at 0, that is, L0(t ), along with
the optimal time-dependent fluxes that lead to its form.
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For such a simple two-state system we can simplify nota-
tion. In the following, we drop the superscript denoting the
specific form of h, as the treatment is general, and restore
it when deriving specific results. For compactness we also
define π := π0, ρτ := ρ0(τ ), and recall that Mτ is the the em-
pirical observable At over the backward logarithmic timescale,
and due to normalization we have π1 = 1 − π , ρ1(τ ) = 1 −
ρτ . Additionally, by conservation of probability, the overall
net current is zero and therefore η01(τ ) = η10(τ ) =: ητ . All
this helps simplify Eq. (34), which takes the form

Ĩ[ρ, η] =
∫ ∞

0
e−τ

(
ρτ (1 + h(Mτ ))�

(
ητ

ρτ (1 + h(Mτ ))

)

+ (1 − ρτ )�

(
ητ

1 − ρτ

))
dτ. (106)

The level-2 rate function is obtained by minimizing Ĩ[ρ, η]
over (ρτ , ητ ) under the constraints given by Eqs. (39) and
(38). A free minimization over ητ yields the following optimal
flux:

η∗
τ =

√
ρτ (1 − ρτ )(1 + h(Mτ )), (107)

and the simplified functional

Ĩ[ρ, η∗] =
∫ ∞

0
e−τ

(√
ρτ (1 + h(Mτ )) −

√
1 − ρτ

)2
dτ.

(108)

Noticeably, its quadratic form guarantees that there is a unique
minimizing trajectory ρ∗

τ leading to the realization of the fluc-

tuation L0(t ) = � in the long-time limit. In the typical state,
obtained by equating the last display to 0, we readily get

ρ∗
τ = 1 − M∗

τ = π, (109)

along with the corresponding optimal constant flux in
Eq. (107).

Minimizing Eq. (108) over ρτ with the constraints (38) and
(39) does not lead to an explicit formula for ρ∗

τ and neither for
the level-2 rate function. Yet, a closed form solution for ρ∗

τ

can be found by introducing the extended Lagrangian

L[ρτ , ζτ , ε] :=
∫ ∞

0
e−τ

[
(
√

ρτ (1 + h(Mτ )) −
√

1 − ρτ )2

+ ζτ (Ṁτ − Mτ + 1 − ρτ ) + εe−τ (ρτ −π )
]

dτ,

(110)

where ζτ ∈ R for all τ ∈ R+ and ε ∈ R are the Lagrangian
fields enforcing the constraints. In particular, notice that
Eq. (38) has been enforced as a differential equation rather
than an integral equation, which is more handy.

Minimizing variationally Eq. (110) and replacing the
Euler-Lagrange equation for ρτ in the costate equation for
Mτ we obtain, after some algebra, the following system of
equations:

Ṁτ = Mτ − 1−ρτ , (111)

ρ̇τ = r(Mτ , ρτ ), (112)

where the function r takes the form

r(Mt , ρt ) = −dh(Mτ )

dMτ

(
ρ3

τ (1 − 2Mτ ) + ρ2
τ (3Mτ − 1 − 2

√
1 + h(Mτ )1 − Mτ

√
ρτ (1 − ρτ ))

1 + h(Mτ )

+ Mτ ρτ (2
√

1 + h(Mτ )
√

ρτ (1 − ρτ ) − 1)

1 + h(Mτ )

)
. (113)

The system of equations is to be solved with the initial condi-
tion M0 = 1−� and an initial condition for ρ0, which can only
be found a posteriori by setting the integral constraint over the
solution ρτ to match �, that is,

∫ ∞
0 e−τ ρτ dτ = �.

For both cases, the system of ordinary differential equa-
tions above is highly unstable because all its fixed points,
(ρ, M ) ∈ {(0, 0), (π, π ), (1, 1)}, are unstable. The phase di-
agrams in Fig. 1 show that (0,0) and (1,1) act as saddle points
whose one-dimensional stable manifolds intersect at (π, π ).
Consequently, all initial conditions (ρ0, M0) must lie on this
stable manifold (black solid lines). It is therefore sufficient to
compute two sets of trajectories, (ρτ , Mτ ), with initial condi-
tions chosen near (π, π ) on the stable manifold—one on each
side of the maximum corresponding to the two saddle points.
Since these trajectories evolve along the stable manifold and
asymptotically converge to their respective saddle points, to-
gether they span all possible initial conditions. Hence, to study
trajectories starting from different initial states, it suffices to
vary the backward-time parameter τ until (ρτ , Mτ ) reaches
the desired condition. We plot the two sets of trajectories for

both systems under analysis in Fig. 2. [Numerically, to deal
with instability, we study the system of differential equations
starting in the vicinity of the saddle points and follow trajec-
tories as they converge to (π, π ).]

In Fig. 3, we compare the level-2 rate function I2(�) for the
SIJP, obtained by plugging (ρ∗

τ , M∗
τ ) for each value L0(T ) = �

into Eq. (108) with Monte Carlo simulations—whose detailed
explanations is deferred to Appendix C—and with the Markov
upper bound IDV(�). The latter is provided by the naïve (con-
stant) suboptimal solution

ρ∗
τ = 1−M∗

τ = �, (114)

which would be the correct Ansatz, leading to the Donsker-
Varadhan rate function, if the process were Markov and time-
homogeneous.

As expected, in a neighborhood of π , where the rate
functions attain their minimum and vanish, the Markov
upper bound closely matches the exact rate function. How-
ever, for fluctuations further away from π , I2(�) departs
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FIG. 1. Phase portraits of the optimal trajectories (ρτ , Mτ ) solving Eqs. (111) and (112) for the two-state SIJP with (a) linear feedback
h(L)(L1) = L1 and (b) exponential feedback h(E )(L1) = exp(αL1) with α = 2. Fixed points at (0,0), (π, π ), and (1,1) are shown, with (0,0) and
(1,1) acting as saddle points (purple circles). The black solid line denotes the one-dimensional stable manifold connecting the saddle points
through (π, π ), along which all admissible optimal trajectories lie. Arrows indicate the direction of increasing reversed time τ .

FIG. 2. Optimal trajectories (ρτ , Mτ ) along the stable manifold for the two-state SIJP with (a) linear and (b) exponential feedback.
Trajectories are obtained by integrating, backward with respect to time τ , Eqs. (111) and (112) from initial conditions close to the saddle
points: the red trajectory starting close to (1,1) and the blue trajectory starting close to (0,0). Each point on the curves corresponds to a distinct
initial value M0 = 1−�, generating a fluctuation of the empirical occupation measure L0(T ) = � in the (physical) long-time limit. Trajectories
converge to (π, π ) as τ → 0.

FIG. 3. Level-2 large deviation rate function I2(�) of the empirical occupation measure L0(T ) for the two-state SIJP with (a) linear and
(b) exponential feedback. Solid black lines show the exact rate function obtained by evaluating Eq. (108) along the optimal trajectories
(ρ∗

τ , M∗
τ ). Symbols correspond to Monte Carlo simulations. The dashed curve shows the Markov (Donsker-Varadhan) upper bound IDV(�)

obtained from the constant-density Ansatz ρτ = �. Deviations from the Markov bound become pronounced for large fluctuations away
from π .
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FIG. 4. Large deviation rate function I (b) of the unidirectional flux BT = �01(T ) for the two-state SIJP with (a) linear and (b) exponential
feedback. Solid black lines denote the exact rate functions obtained by minimizing Ĩ[ρ, η] under the flux constraint. Symbols correspond to
Monte Carlo simulations. The dashed curve shows the SIJP-KUR bound given by Eq. (53), which correctly captures typical fluctuations and
provides an upper bound on rare events.

from IDV(�). This discrepancy arises because LDs from the
mean require increasingly abrupt changes in the optimal
trajectories (ρτ , Mτ ), as illustrated in Fig. 2. In particular,
trajectories producing fluctuations with � > π evolve more
rapidly—exhibiting larger slopes in absolute value—so that
significant deviations from π are reached at earlier times,
when the exponential discount e−τ is still appreciable. As a re-
sult, the right tails of I2(�) and IDV(�) differ markedly, whereas
for � < π the left tails do not show relevant discrepancies.

2. Flux large deviations and the SIJP-KUR

In the following, we carry out a similar analysis to de-
rive the unidirectional flux rate function I (b), where b is an
instance of the generalized observable BT = �01(T ) in (45).
The minimization over Ĩ[ρ, η] in Eq. (106) requires different
constraints for (ρτ , ητ ). First, we must impose Eq. (47) where
φ01 = φ10 is fixed by Eq. (40). Minimizing over η yields

η∗
τ =

√
ρt (1 − ρt )(1 + h(Mτ ))κ, (115)

as the optimal flux, where κ is the Lagrange parameter fixing
the constraint (47) playing a useful reparametrization of the
flux BT = b.

The next step is to minimize the resulting functional
Ĩ[ρ, η∗] with respect to ρτ with the constraint given by
Eq. (38) (with the specific f and g introduced at the beginning
of this section). Yet, there is no fixed initial condition as
we do not a priori know the optimal density that leads to a
specific fluctuation of the flux. To circumvent this obstacle, we
consider all possible densities—as done above to derive the
level-2 rate function—and by sweeping over them keep only
the trajectories (ρ∗

τ , M∗
τ ) that minimize the large deviation

functional for a specific flux b. This procedure returns the rate
functions represented as solid black lines in Fig. 4.

These exact rate functions are matched at the level of
typical fluctuations by Monte Carlo simulations and are upper
bounded by the SIJP-KUR function in Eq. (53).

B. Occuaption-self-induced rotatory three-state SIJP

Current large deviations and the SIJP-TUR

We consider the three-state SIJP, S = {0, 1, 2}, with rate
matrix

Q(At ) :=

⎛
⎜⎝

−1 h(L1(t )) 1 − h(L1(t ))

1 − h(L1(t )) −1 h(L1(t ))

h(L1(t )) 1 − h(L1(t )) −1

⎞
⎟⎠,

(116)

where

h(L1(t )) = 1

2

[
1 + tanh[α(L1(t ) − 1/2)]

tanh[α/2]

]
, (117)

with α > 0. This describes a system with a self-induced non-
linear push and cyclic transitions. The dynamics tends to
accelerate when state 1 is visited frequently. Yet, the more the
particle lingers in a region, the harder it is to sustain a current.
Similarly to the previous subsection, the empirical observable
At = L1(t ) is obtained by setting ( f0, f1, f2) = (0, 1, 0) and
g = 0 in Eq. (6). Given the inherent rotational symmetry of
the system, the stationary distribution solution of Eq. (10) is
uniform over S .

We now focus on the total current observable JT in Eq. (77)
and aim at studying its large deviation function. A priori, given
the self-interacting nature of the process, it is not even obvious
what the typical behavior of JT is in the long-time limit as
time-dependent dynamics might lead to deviations from the
stationary current of the Markov generator Q(ā). A posteriori,
however, after analyzing the time-dependent system current
averaged over a large ensemble of trajectories, we conclude
that the averaged SIJP current is constant over time and,
therefore

j̄ = 3j = 3((π ◦ Q(ā))01 − (π ◦ Q(ā))10) ≈ −0.42, (118)

where thanks to the rotational symmetry typical edge currents
are all equivalent.
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FIG. 5. Large deviation behavior of the total current JT in three-state SIJPs. (a) Rate function of the total current for the SIJP with state-
dependent feedback h(L1) defined in Eq. (117), obtained from Monte Carlo simulations (symbols) and compared with the SIJP-TUR upper
bound I�( j) given by Eq. (97) (solid line). (b) Current fluctuations for the SIJP with jump-dependent feedback At = Jt , compared with the
SIJP-UKUR bound I�( j) in Eq. (122) (solid line). The dashed line shows the corresponding Markov UKUR for comparison.

This scenario is too complicated to attempt analytically
the variational minimization in Eq. (86) and therefore we can
only accumulate statistics from simulating the process for a
long-enough time and compare these simulations to the SIJP-
TUR rate function bound I�( j) in Eq. (97) [see Fig. 5(a)].
We remark that, for this specific system, the SIJP-TUR bound
reduces to the well-known Markov TUR bound as jρ̄τ = j̄ and
στ = σ , where

σ =
∑

(x,y)∈E
(π ◦ Q(ā))xy log

(
(π ◦ Q(ā))xy

(π ◦ Q(ā))yx

)
≈ 0.37, (119)

is the well-known average rate of entropy production for the
Markov jump process with generator Q(ā) in the stationary
state.

C. Current-self-induced rotatory three-state SIJP

Current large deviations and the SIJP-UKUR

We consider another three-state SIJP, S = {0, 1, 2}, with
rate matrix

Q(At ) :=

⎛
⎜⎝

−1 e−αJt 1 − e−αJt

1 − e−αJt −1 e−αJt

e−αJt 1 − e−αJt −1

⎞
⎟⎠, (120)

with α > 0. This again describes a cyclic system. The self-
induced exponential drag is enhanced by having a higher
current through the system. The empirical observable At =
Jt is obtained by setting f = 0 and g01 = g12 = g20 = 1 =
−g10 = −g21 = −g02 in Eq. (6). Even in this case, the inher-
ent rotational symmetry of the system guarantees a uniform
stationary distribution over S .

We now study the LDs of the total current observable JT

in (77). Similarly to the previous example, the averaged SIJP
current as well as edge currents are constant over time and,
therefore,

j̄ = 3j = 3((π ◦ Q(ā))01 − (π ◦ Q(ā))10) ≈ 0.24. (121)

In Fig. 5(b) we compare the accumulated statistics from
simulating the process for a long enough time with the SIJP-
UKUR rate function bound I�( j) in Eq. (75). Due to the
time-independent behavior of the average current through the
system, the SIJP-UKUR bound simplifies to

I�( j) = ( j − j̄)2

2 j̄2

e−α j̄

1 − e−α j̄
((3 + j̄)(1 − e−α j̄ ) − j̄e−α j̄ )2,

(122)

which is, however, different from and improves the time-
homogeneous Markov UKUR [blue dashed line in Fig. 5(b)].
This is because in Eq. (75) a derivative with respect to the
self-interaction term appears.

D. Self-induced bistable birth process

We now consider a self-interacting birth process. A birth
process is a counting process Nt that increases by one at each
birth event, with its dynamics specified by the birth rate rt .
Here this rate depends on the empirical birth activity itself
and is given by

rt = Kt − (Kt − a)(Kt − b)(Kt − c)(
K2

t + p2
) , (123)

for a < b < c ∈ R+, p ∈ R, and

Kt = Nt

t
, (124)

the time-normalized number of births Nt up to time t .
Equivalently, the same counting process can be represented

as a two-state SIJP with two equivalent states, 0 and 1, where
each jump 0 ↔ 1 counts as one birth event and both transition
rates are given by Eq. (123). Since the two states are equiv-
alent, the relevant observable is the total number of jumps
rather than the occupation of either state. In this representa-
tion, Eq. (124) is therefore the empirical total activity of the
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FIG. 6. Empirical activity trajectory simulations for the birth
process with self-interacting birth rate in Eq. (123). Trajectories
settle at the two stable fixed points a = 0.5 and c = 2. The unstable
fixed point b = 1.25 lies between them and dynamically splits tra-
jectories towards the two basins of attraction. Noticeably, trajectories
crossing the unstable fixed point settle at a lower “speed” than those
starting outside the interval. Simulations for p = 0.7.

process, i.e.,

Kt = �01(t ) + �10(t ), (125)

where �xy(t ) is the empirical flux defined in Eq. (5).
The specific form of the rate rt guarantees bistable behavior

for the observable Kt itself, while the quadratic denominator
ensures that the rate remains bounded. This is shown via
stochastic approximation by considering the limiting ordinary
differential equation (ODE) for the empirical activity. The
ODE is

dKt

dt
= − (Kt − a)(Kt − b)(Kt − c)

t
(
K2

t + p2
) . (126)

The equation above can also be obtained from the Doob-
Meyer decomposition by dropping the martingale contribu-
tion, which can be shown to be asymptotically negligible.

Using the logarithmic time variable introduced earlier,
s = log(t/t0) with t0 = 1, Eq. (126) becomes

dKs

ds
= − (Ks − a)(Ks − b)(Ks − c)(

K2
s + p2

) , (127)

where, with a slight abuse of notation, we define Ks := Kt0es =
Kes . There are three fixed points for this ODE: k∞ = a, b, and
c. A simple linear stability analysis reveals that a and c are
stable, whereas b is unstable. Numerical simulations of the
process are reported in Fig. 6 and confirm this analysis.

To study the large deviations of the empirical activity in
Eq. (125), we start from the functional (34). We denote ρτ :=
ρ0(τ ). Minimization with respect to ρτ , with the normaliza-
tion constraint, yields the optimal occupation

ρτ = η01(τ )

η01(τ ) + η10(τ )
, (128)

where ηxy(τ ) is the instantaneous flux from x to y in the
backward rescaled time. Plugging Eq. (128) back into the
functional yields

Ĩ[η] =
∫ ∞

0
e−τ

(
η01(τ ) log

η01(τ )

ρτ Q(Mτ )

+ η10(τ ) log
η10(τ )

(1 − ρτ )Q(Mτ )
− η01(τ )

− η10(τ ) + Q(Mτ )

)
dτ. (129)

This can be further minimized with respect to η01(τ )
and η10(τ ), together with the two constraints Ṁτ = Mτ −
η01(τ ) − η10(τ ) and

k =
∫ ∞

0
e−τ (η01(τ ) + η10(τ ))dτ, (130)

FIG. 7. (a) Phase portrait of the optimal trajectories (ξτ , Mτ ) solving Eqs. (131) and (132) for the self-interacting birth process with a = 0.5,
b = 1.25, c = 2, and p = 0.7. Fixed points of the 2D dynamics are marked with black and purple symbols. The black solid line denotes the
one-dimensional stable manifold connecting the saddle points (a, a) and (b, b) with the other unstable points (0,0), (a+, a+), and (c, c), along
which all admissible optimal trajectories lie. Arrows indicate the direction of increasing reversed time τ . (b) Optimal trajectories (ξτ , Mτ )
along the stable manifold. Trajectories are obtained by integrating Eqs. (131) and(132): The red trajectories connect to the fixed point (c, c),
while the blue trajectory connects to (a, a). Each point on the curves corresponds to a distinct initial value M0 = k, generating a fluctuation of
the empirical total activity KT = k in the physical long-time limit.
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1�105

1�106
5�105

FIG. 8. Large deviation rate function I (k) of the total activity KT

in Eq. (125) for the self-interacting birth process. The solid black
line denotes the exact rate function obtained by minimizing Ĩ[ρ, η]
under the activity constraint. Symbols correspond to Monte Carlo
simulations.

which represents the long-time atypical value of the empirical
activity in the backward rescaled time frame.

This yields the following two-dimensional system of
ODEs:

Ṁτ = Mτ − ξτ (131)

ξ̇τ = ξτ Q′(Mτ )

[
Mτ − Q(Mτ )

Q(Mτ )

]
, (132)

where ξτ = η01(τ ) + η10(τ ) is the total instantaneous flux.
The system must be solved with the initial condition M0 = k
and the terminal condition limτ→∞ e−τ Mτ = 0. Both condi-
tions follow from Eq. (130) using Eq. (131). We plot the phase
portrait and the trajectory solutions of the ODE system in
Figs. 7(a) and 7(b).

Finally, in Fig. 8 we plot the rate function of the observable
total activity Kt in Eq. (125). The set of zeros of the rate
function is not finite and includes all points between k∞ = a
and k∞ = c. Simulations confirm this picture, suggesting that
the speed of large deviations may differ for trajectories settling
into one of the two stable fixed points from the inner side
of the interval compared with trajectories approaching from
outside, as Fig. 6 initially suggested.

VIII. CONCLUSION

In this work we have developed a general framework
to characterize fluctuations in SIJPs, a broad class of non-
Markovian stochastic dynamics in which transition rates
depend on empirical observables of the process itself. Using
an exponential tilting construction, we derived the level-2.5
large deviation principle governing the joint fluctuations of
the empirical occupation measure and empirical flux for SI-
JPs with general functional dependence on these quantities.
The resulting rate functional reveals a clear separation be-
tween fast microscopic dynamics and slow, memory-driven

evolution, encoded through an exponential temporal discount.
Building on this structure, we obtained variational bounds on
flux and current fluctuations, leading to kinetic and thermody-
namic uncertainty relations that extend classical Markovian
results to non-Markovian settings. Through low-dimensional
examples, we demonstrated how self-interaction and time-
dependent feedback modify fluctuation behavior and assessed
the tightness of the derived bounds against exact or numerical
large deviation results.

Several open questions emerge from this analysis. From a
theoretical perspective, the level-2.5 rate function derived here
relies on assumptions underpinning the tilting procedure and
timescale separation, which should be examined on a case-
by-case basis, particularly for strongly nonsmooth feedbacks.
While rigorous large deviation results are available for specific
classes of SIJPs, notably those with affine dependence on the
empirical measure, extending such results to more general rate
maps remains an open challenge. In addition, the possible
nonconvexity of the rate function after contraction deserves
further investigation, as it may signal richer fluctuation mech-
anisms such as multiple optimal trajectories or dynamical
phase transitions. On the level of uncertainty relations, it
remains to be understood under which conditions kinetic and
thermodynamic bounds are tight, and whether systematically
sharper bounds can be obtained by exploiting time-dependent
or state-dependent variational Ansätze.

Looking ahead, the framework developed here opens sev-
eral directions for future research. Extending rigorous large
deviation techniques to broader classes of self-interacting
dynamics would strengthen the mathematical foundations
of fluctuation theory for non-Markovian systems. Another
important direction is the development of a macroscopic fluc-
tuation theory analog of the present construction, where the
empirical observables entering the rates become spatially ex-
tended fields rather than finite-dimensional quantities. The
variational structure of the level-2.5 rate function naturally
connects with stochastic control formulations, suggesting al-
ternative approaches to the characterization of rare events.
From a physical standpoint, the results contribute to ongo-
ing efforts to generalize stochastic thermodynamics beyond
Markovian dynamics, complementing existing work on semi-
Markov processes, delayed systems, and coarse-grained
descriptions. It would also be interesting to extend the defi-
nition of the memory observable by introducing kernels that
damp the contribution of the distant past, reset memory, or
restrict it to a finite time window. Such extensions would be
relevant, for example, for biophysical systems in which the
memorized observable is an environmental trace with finite
lifetime, such as evaporating chemical trails in autochemotac-
tic motion. More broadly, SIJPs provide a controlled setting to
investigate how memory, feedback, and information encoded
in empirical observables shape fluctuations, irreversibility,
and precision-dissipation trade-offs, with potential relevance
for adaptive biological systems, active matter, and learning-
driven stochastic processes.
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APPENDIX A: DETAILS ON SIJP ASSUMPTIONS
AND COUNTEREXAMPLES

In this appendix, we clarify the role of the fixed-point argu-
ment. In the simpler case gxy = 0, the observable is bounded
by construction and any limiting value of At belongs to the
compact interval

I f =
[

min
x∈S

fx, max
x∈S

fx

]
. (A1)

The frozen average

� f (a) =
∑
x∈S

fxγx(a) (A2)

is continuous and maps I f into itself. Hence Brouwer’s fixed-
point theorem guarantees the existence of at least one a� ∈ I f

such that

a� = � f (a�), γ (a�)Q(a�) = 0. (A3)

This proves the existence of a self-consistent frozen stationary
point but not convergence of the SIJP towards it. Convergence
requires additional stability assumptions on the limiting dy-
namics. In the scalar case, this corresponds to stability of the
fixed points of the limiting ODE,

ȧ = � f (a) − a. (A4)

When g �= 0, boundedness of f and g alone is not sufficient
to produce a compact set for At . We further require that the
empirical jump fluxes �xy(t ) are bounded and this can be
obtained by imposing a uniform bound on the jump rates on
the relevant range of a. Under such an assumption, one can
formulate the self-consistency problem for stationary pairs as

ā =
∑
x∈S

fxπx +
∑

(x,y)∈E
gxyϕxy, (A5)

πQ(ā) = 0, (A6)∑
y �=x

ϕxy =
∑
y �=x

ϕyx. (A7)

The existence of such a pair is then part of the standing
assumptions defining Astat. There are simple ways in which
these assumptions can fail. First, imagine a feedback that
dynamically removes part of the state space. Take S = {0, 1},
g = 0, f0 = 0, f1 = 1, so that

At = L1(t ) ∈ [0, 1]. (A8)

Then, let

Q01(a) =
{

1, a � 1/2,

0, a < 1/2,
Q10(a) = 1. (A9)

This is a discontinuous map that induces a breaking of irre-
ducibility: When At � 1/2, both states communicate and the
process is irreducible, however, as soon as At < 1/2, the tran-
sition 0 → 1 is switched off. State 0 then becomes absorbing,
and the effective state space collapses from {0, 1} to the single
stae {0}. Consequently, once the trajectory enters this regime
and reaches state 0, it remains there, and

L0(t ) → 1 L1(t ) → 0, (A10)

At → 0 �01(t ), �10(t ) → 0. (A11)

Physically, this corresponds to a memory-induced collapse
into an inactive state. The long-time behavior is therefore se-
lected by a reducible limiting dynamics, not by an irreducible
frozen generator. Another interesting example not covered by
our theory is obtained from a specific self-exciting activity
feedback. Take S = {0, 1}, f0 = f1 = 0, g01 = g10 = 1, so
that

At = �01(t ) + �10(t ) = Nt

t
, (A12)

where Nt is the total number of jumps up to time t . Let

Q01(a) = Q10(a) = 1 + a, a � 0. (A13)

For every finite a, the frozen chain is irreducible. However,
independently of the current state of the process, the instanta-
neous escape rate is 1 + At . Since At = Nt/t , its deterministic
drift is

dAt

dt
= 1

t
. (A14)

Thus At grows as log t rather than converging to a finite
stationary value. Therefore no stationary limiting pair (π, ϕ)
of the type assumed above exists.

APPENDIX B: CONTROL OF THE ERROR DUE TO
TIMESCALE SEPARATION AND BLOCK-AVERAGING

CALCULATION

We detail here why the error term in Eq. (27) is subexten-
sive in the long-time limit. We denote

F (t ) =
∑

(x,y)∈E

[
ρ̃x(t )(Qxy(At ) − H̃xy(t ))

+ ρ̃x(t )H̃xy(t ) log
H̃xy(t )

Qxy(At )

]
. (B1)

The error ErrT (�t ) has two contributions. The first comes
from freezing the time-dependent cost density F (t ) over each
block, viz. it comes from replacing an integral with a sum.
The second comes from replacing empirical occupations and
fluxes within a block by the frozen accompanying distribution.
We first consider the freezing error. On the block [tk, tk + �t],
this error is

E freeze
k =

∫ tk+�t

tk

F (s) ds − F (tk )�t

=
∫ tk+�t

tk

[F (s) − F (tk )] ds. (B2)
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The timescale separation assumption is equivalently ex-
pressed by requiring the frozen cost density to vary on the
slow SIJP timescale, ∣∣∣∣dF

dt
(t )

∣∣∣∣ = O(t−1). (B3)

Therefore, for s ∈ [tk, tk + �t],

|F (s) − F (tk )| � C
∫ s

tk

du

u
=C log

s

tk
= C log

(
1 + s − tk

tk

)
.

(B4)

Since �t � tk on the slow scale, this implies

log

(
1 + s − tk

tk

)
� s − tk

tk
. (B5)

Hence

∣∣E freeze
k

∣∣ � C

tk

∫ tk+�t

tk

(s − tk ) ds = O

(
(�t )2

tk

)
. (B6)

Summing over blocks gives

∑
k

∣∣E freeze
k

∣∣ = O

(∑
k

(�t )2

tk

)
. (B7)

Using tk = k�t , up to an initial finite-time block which gives
only a subextensive contribution,

∑
k

(�t )2

tk
= �t

∑
k

1

k
= O(�t log T ). (B8)

Thus

E freeze
T = O(�t log T ). (B9)

We now consider the second source of error. Within each
block, the empirical occupations and fluxes are replaced by
the frozen accompanying distribution, as in Eqs. (24) and
(25). This replacement is valid after the frozen dynamics has
relaxed. If τμ denotes a uniform upper bound on the mixing
times of the frozen generators, then the nonstationary transient
contributes an error of order τμ per block. Since the number
of blocks is of order T/�t , the total mixing error is

Emix
T = O

(
T

�t
τμ

)
. (B10)

Combining the two estimates, we obtain

|ErrT (�t )|
T

= O

(
�t log T

T
+ τμ

�t

)
. (B11)

Therefore, choosing for instance �t = T α with 0 < α < 1,
while keeping τμ = O(1), gives

|ErrT (�t )|
T

→ 0, (B12)

as T → ∞. Thus the accumulated block error is subextensive
and does not contribute to the large-deviation rate function.

APPENDIX C: SIMULATING A SIJP

We now detail how to run simulations of SIJPs. Naively
applying a Gillespie algorithm does not work as the rate ma-
trix Q(At ) of a SIJP changes with time due to the fact that the
empirical observable (1) is explicitly time dependent.

The survival probability, viz. the probability to be at, say,
state x ∈ S for a time longer than u, having landed onto x at
time t , is therefore a time-dependent quantity and takes the
form

exp

(∫ t+u

t
Qxx(At ′ ) dt ′

)
, (C1)

where the diagonal term Qxx(At ′ ) is defined in Eq. (3). Equiv-
alently, introducing the instantaneous escape rate

λx(t ′) := −Qxx(At ′ ) =
∑
y �=x

Qxy(At ′ ), (C2)

we define the corresponding integrated escape rate as


x(t, t + u) :=
∫ t+u

t
λx(t ′) dt ′ = −

∫ t+u

t
Qxx(At ′ ) dt ′,

(C3)

as in Eq. (13).
A trajectory of length T for such a SIJP can then be re-

alized in two equivalent ways. First, we can implement an
accept-reject algorithm, which is based on the (Ogata) thin-
ning construction, see also Ex. 2.1.6 in Ref. [97]. Imagine the
process sits at state x at time t . The instantaneous escape rate
can be bounded on the time horizon of interest by a constant
λ̄x such that

λ̄x � λx(t ′) = −Qxx(At ′ ) (C4)

for all relevant t ′ ∈ [t, T ]. Such a bound can be chosen, for
instance, from an a priori bound on the admissible values of
At ′ , or updated adaptively after each rejected proposal. Then,
it is enough to (i) propose exponential waiting times u with
rate λ̄x and (ii) accept them with probability λx(t + u)/λ̄x. If
accepted, (iii) then we update time, empirical observable, and
choose next state y ∈ S with probability

Qxy(At+u)

λx(t + u)
. (C5)

Otherwise, (iii) we shift time by u, i.e., t ← t + u, keep the
process at x, update the empirical observable, compute a new
bound λ̄x and loop back to (i), repeating until t + u exceeds
the final observation time T .

A second method that can be used to simulate SIJPs is
based on direct numerical integration. At time t , while the
process sits at x ∈ S , (i) we extract E ∼ Exp(1), namely a
unit-rate exponential random variable, and (ii) numerically
solve 
x(t, t + u) = E for u � 0 using, e.g., bisection meth-
ods. Then, (iii) we advance to time t ← t + u, update the
empirical observable, and choose next state y ∈ S with proba-
bility (C5). We loop back to (i) and iterate until t + u exceeds
T .

The first method is cheaper in terms of computational
resources, but it might be affected by a low acceptance rate,
which would increase the overall simulation time. The sec-
ond method is heavier than the first from the computational
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point of view as quadrature techniques need to be included.
However, it is not affected by an accept-reject step. In all the
examples discussed in this work we made use of the second
algorithm.

We conclude by remarking that the construction above and
the algorithms mentioned are not restricted to SIJPs. They can

be applied to—in fact, they were developed to work with—
time-inhomogeneous Markov processes. In our SIJP, the time
nonhomogeneity is implicit and is evaluated through the em-
pirical observable. We refer the reader to Chap. 2 of Ref. [97]
for further details on how to treat time-inhomogeneous Pois-
son processes.
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