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Nonequilibrium pathways between cluster morphologies in active phase separation:
Necking, rupture, and cavitation
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We investigate the dynamical pathways of a morphological transition in a two-dimensional active lattice gas
undergoing motility-induced phase separation. The transition is between two locally stable morphologies of the
liquid cluster: a system-spanning “slab” and a compact “droplet.” We generate trajectories of this transition
in both directions using forward flux sampling. We find that the droplet-to-slab transition always follows a
similar mechanism to its equilibrium counterpart, but the reverse (slab-to-droplet) transition depends on rare
nonequilibrium fluctuations. At low Péclet numbers the equilibrium and nonequilibrium pathways compete,
while at high Péclet numbers the equilibrium pathway is entirely suppressed, and the only allowed mechanism
involves a large vapor bubble. We discuss the implications of these findings for active matter systems more
generally.

DOI: 10.1103/vdps-lhr9

I. INTRODUCTION

Active matter systems are driven away from equilibrium
by continuous injection of energy at a microscopic level.
Within this class, systems of self-propelled particles have
been widely studied in recent years: They are tractable both
analytically and numerically and reveal a range of interesting
large-scale behavior, including motility-induced phase separa-
tion (MIPS), where purely repulsive particles spontaneously
separate into a dense liquid phase and a dilute vapor [1–4].
This phenomenon shares many features with liquid-vapor
phase separation at equilibrium, but there are also important
differences. For this reason, MIPS phenomenology is a natural
place to test and develop methods for nonequilibrium systems
and to compare with equilibrium cases.

Phase-separated states are also natural settings to investi-
gate the “controllability” of many-body physical systems. For
example, the morphology of liquid and vapor domains and
the wetting behavior at interfaces can both be engineered via
surface tensions among the liquid, vapor, and solid. It may
also be desirable to control the transitions between different
morphologies. For example, a phase-separated system with
periodic boundaries may exist in a slab morphology, where
the liquid domain has flat interfaces and crosses the periodic
boundaries; there is also a droplet morphology with a circu-
lar or spherical liquid domain, and curved interfaces. Both
morphologies are locally stable states of phase coexistence.
In general, the control of transitions between such states is
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intrinsically linked with the mechanism of (often rare)
spontaneous transitions via a general connection between
optimal-control theory and large deviation theory [5–10]. The
central idea is that the minimal forces required to induce a
dynamical transition are those that realize the mechanism by
which it would happen spontaneously (but rarely).

In fact, characterization of the transition mechanism be-
tween liquid slab and droplet states is already a challenging
problem in equilibrium liquid-vapor systems [11,12]. Such
rare events are often studied in the context of dewetting
and capillary condensation in systems confined between hy-
drophobic surfaces [13–18]. For the idealized case of the 2d
Ising lattice gas with periodic boundaries, it was found by
Moritz et al. [12] that two reaction coordinates are required
to characterize the transition, with one quantifying the neck
that forms in the transition state, and the other quantifying
the roundness of the cluster. These coordinates have quite
different characteristic timescales, so the mechanism involves
a relatively slow change of cluster shape, while formation (or
breakage) of the neck is much faster. The surface tension (and
its curvature dependence [19,20]) are obviously relevant for
this rate, but differing timescales for the two coordinates also
influence the mechanism, through the presence of two distinct
mobilities [12].

This work presents a numerical characterization of spon-
taneous transitions between liquid slab and droplet states in
an active lattice gas (ALG) that was previously shown to
exhibit MIPS [21]. This is achieved by forward flux sampling
(FFS), which enables efficient characterization of such rare
events [22–25]. Compared with the equilibrium case, the situ-
ation is more complicated for several reasons. First, interfacial
phenomena in systems undergoing MIPS are significantly
different from their equilibrium counterparts, with some ef-
fective measures of surface tension giving negative values in

2470-0045/2026/114(1)/014148(11) 014148-1 Published by the American Physical Society

https://orcid.org/0009-0006-5309-8437
https://orcid.org/0000-0002-5922-7731
https://orcid.org/0000-0003-0086-4573
https://ror.org/013meh722
https://ror.org/02rx3b187
https://ror.org/02feahw73
https://ror.org/023n9q531
https://ror.org/013meh722
https://crossmark.crossref.org/dialog/?doi=10.1103/vdps-lhr9&domain=pdf&date_stamp=2026-07-28
https://doi.org/10.1103/vdps-lhr9
https://creativecommons.org/licenses/by/4.0/


YAO, CATES, AND JACK PHYSICAL REVIEW E 114, 014148 (2026)

certain parameter ranges [26–29]. Moreover, such systems
can exhibit bubbly phase separation, where stable bubbles
grow within the liquid cluster until they are expelled into the
surrounding vapor [21,28,30,31], a phenomenon without any
equilibrium equivalent. More exotic interfacial phenomena
such as active foam states have also been found [32], and
there are also interesting analogies with wetting when the
liquid phase comes into contact with solid surfaces [33–37].
Understanding and controlling transitions in MIPS systems
offers a route towards control of these states.

We study the ALG for parameters such that the slab and
droplet morphologies are both locally stable. For the finite
systems that we consider, very long steady-state trajectories
would therefore include both slab and droplet morphologies,
with rare transitions between them. (The relative probabilities
of the morphologies depends on the particle density, as in
the equilibrium case.) Since the transitions are very rare, it
is not efficient to study these transitions by simulating such
long trajectories. Instead, we use FFS to collect ensembles
of trajectories that make transitions between the two mor-
phologies: These are called reactive trajectories. Based on
these trajectories, we can analyze the transition mechanism.
This application rests on the fact that (i) FFS is applicable to
nonequilibrium systems (the ALG violates detailed balance)
and (ii) FFS does not require knowledge of an accurate re-
action coordinate [24]. These strengths of FFS were already
exploited to characterize (rare) nucleation events in systems
undergoing MIPS [38], and in other lattice models [39,40];
additional recent applications of rare event sampling methods
in active fluids include [8,41].

To briefly summarize our main results, recall that the Péclet
number (Pe) quantifies the strength of the particles’ self-
propulsion. We consider four state points, two of which have
lower values of Pe, and two have higher values. In all cases,
we find that the transition mechanism from droplet-to-slab
resembles that found in Ref. [12] for the equilibrium case
(Ising model). It is characterized by slow dynamics for droplet
shape (“roundness”) both before and after the formation of
a neck (which changes the topology of the liquid domain).
We emphasize that the ALG has only repulsive interpar-
ticle interactions so its (motility-induced) phase separation
is a purely active phenomenon; the passive system in Ref.
[12] is a natural point of comparison but the similarity of
droplet-to-slab transitions between the models is already a
nontrivial result. On the other hand, we find that transitions
from slab-to-droplet take place by distinct mechanisms that
do not correspond to time-reversed transitions from droplet-
to-slab. This is a nonequilibrium effect, due to the broken
time-reversal symmetry of the steady state. We find that
the equilibrium-like slab-to-droplet mechanism resembles
ductile failure of an amorphous material under mechanical
load, including a necking effect [42–45]. The nonequilib-
rium mechanisms instead resemble failure by brittle rupture,
mediated by voids inside the dense phase and cavitation ef-
fects [44,46–48]. This leads to a qualitative analogy between
fracture mechanisms under external stress, and spontaneous
transitions in active systems without external loading.

In what follows, we present our model and computational
methods in Sec. II, report our findings in Sec. III, and conclude
with a discussion in Sec. IV.

II. MODEL AND METHODS

A. Model definition

We use the ALG introduced in Ref. [21], where a two-
dimensional lattice of size L2 and lattice spacing a is
populated with N = ρ(L/a)2 particles. Each lattice site can
contain at most one particle, and the orientation vector of
particle k is uk = (cos θk, sin θk ). This orientation fluctuates
over time with a diffusion coefficient DO. Particle k jumps
from site i to an unoccupied neighboring site j with rate

Wi j = 2DE/a2

1 + exp[−av0(uk · ei j )/DE ]
, (1)

where ei j is a vector that points from site i to site j, DE is the
translational diffusion constant, and v0 is the persistence. The
rate expression (1) is chosen so that (i) the model converges
to that of Mason et al. [49] in the limit av0 � DE , for which
an exact hydrodynamic limit has been derived, and (ii) the
transition rates satisfy local detailed balance (see for example
Ref. [50]).

The translational moves are implemented through the
Gillespie algorithm [51,52]: The total rate of all allowed
transitions R = ∑

Wi j is computed, and one of the events
is picked to happen with probability Wi j/R, using a binary
search tree. The time is then advanced by 1/R, and the affected
rates Wi j are updated. This process is repeated until the time
has been advanced by a total increment δt , chosen such that
a2D−1

E � δt � D−1
O . After each such increment, the orienta-

tion of each particle is updated by an independent Gaussian
random variable δθk ∼ N (0,

√
2DOδt ) in order to implement

the rotational diffusion.
The length scales that control the behavior of this model are

the diffusive length lD = √
DE/DO, and the persistence length

lp (see below), which gives the distance traveled by an isolated
particle within its orientational diffusion timescale D−1

O . The
dimensionless Péclet number Pe = lp/lD then measures the
strength of the activity in the system and therefore its distance
from equilibrium. As discussed in Ref. [21], the nonlinear
dependence of Wi j on v0 means that lp and Pe are given by

lp = 2DE

aDO
tanh

(
av0

2DE

)
, Pe = 2

a

√
DE

DO
tanh

(
av0

2DE

)
. (2)

For the purpose of this work, we fix the units of time and space
by setting DO = 1 and a = 1.

As shown in Ref. [21], this model exhibits MIPS and
bubbly phase separation for a range of parameter choices.
We will show results at four state points, which are listed in
Table I. Two of these (A1 and A2) have relatively low Péclet
numbers, but with different diffusive lengths and hence also
different persistence lengths; the other two state points (B1
and B2) have larger Pe. For all these parameters, the steady
state of the system is phase coexistence between a dense
liquid cluster and a dilute vapor. The densities are chosen
such that the liquid cluster is (meta)stable in both a system-
spanning slab geometry and a compact droplet geometry, with
rare transitions between these geometries. All results are for
system size L = 100. The spontaneous formation of bubbles
in the liquid phase depends significantly on system size [21]:
For state points B1 and B2 and these system sizes, typical
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TABLE I. The four state points considered in this work. We
have set a = 1 and DO = 1 without loss of generality. Note that
Eq. (2) expresses lp, Pe in terms of v0, DE so the state point is fully
determined by three parameters which we take as Pe, lp, and the
density ρ. The system size is fixed at L = 100.

State v0 DE lp Pe ρ

A1 100 10 20.0 6.32 0.38
A2 55 50 50.1 7.08 0.45
B1 130 30 58.4 10.7 0.38
B2 100 50 76.2 10.8 0.41

configurations do not have any bubbles; for A1 and A2 some
bubbles are visible, see below (Figs. 3 and 7).

B. Order parameters

In modern theories of rare events (see for example Ref.
[53]), trajectories between long-lived states are projected onto
one or more order parameters, which are observable quantities
that contain information about the mechanism of the transition
and in some cases can be used to calculate transition rates.
For transitions with more than one order parameter, a simple
signature of irreversibility is that differences between forward
and backward trajectories appear when projected onto the
order parameters.

Our choice of order parameters follows Ref. [12], which
studied the transition between slab and droplet geometries
in the 2d Ising model under Kawasaki dynamics [54]. The
allowed MC moves in that case are particle jumps to near-
est unoccupied neighboring sites, with rates obeying detailed
balance with respect to the Ising interaction at temperature
T . They used two order parameters to construct a reaction
coordinate for the transition, which allows the transition rate
to be related to a free-energy barrier.

Our first order parameter, denoted d , is illustrated schemat-
ically in Fig. 1: It measures either the width of a neck that
forms in the slab before breaking or the width of the channel
that opens up after breaking. The two situations are differen-
tiated by the sign of d , which is positive in the droplet state
and negative in the slab state. We note that our definition of d
is slightly different from that in Ref. [12], as we only measure
the (integer-valued) distance in the x or y directions, while
the authors of Ref. [12] measure the absolute distance (that

FIG. 1. Illustration showing the definition of the reaction coor-
dinate d , when the system is in the slab (left) or droplet (right)
geometry.

may not necessarily be in the lattice directions) and add in a
constant offset. Our definition makes for easier computational
implementation without any significant effect on the physics.

The second order parameter, denoted s, measures the
“roundness” of the liquid cluster with larger values in
the droplet state and smaller ones in the slab state. Consider
the occupancy σxy for the lattice site at position (x, y), which
takes the value 1 if the site is occupied and 0 otherwise.
We denote the components of its Fourier transform as σ̃pq

[corresponding to wave vector 2πa(p, q)/L for integers p, q]
and calculate

s = min

( |σ̃01|
|σ̃10| ,

|σ̃10|
|σ̃01|

)
. (3)

Note that a slab oriented along the y axis has large σ̃10 and
small σ̃01; the opposite is true for a slab oriented along the
x axis: These both have small s. By contrast the a circular
droplet has |σ̃10| ≈ |σ̃01| so s ≈ 1.

Both coordinates quantify progress along any transition
between the two geometries. However, these transitions are
controlled by rare events that are impractical to simulate using
brute-force methods. Instead we use a rare-event sampling
method, as described next.

C. Forward flux sampling

To generate rare trajectories between cluster geometries,
we use FFS [24]. Note that this algorithm does not require
the system to be in equilibrium; nor does it require accurate
knowledge of the reaction coordinate. However, sampling
efficiency is greatly improved if one does have a good approx-
imation of the reaction coordinate [24], which can make the
difference between tractable and intractable calculations. The
algorithm foliates reactive trajectories along a chosen coordi-
nate, which we choose to be the roundness measure s. This
choice has various benefits (a) the value of s varies smoothly
between 0 and 1, irrespective of model parameter choices, and
(b) s is a slow coordinate compared to d , and unlike d , does
not undergo large fluctuations during the transition.

To perform FFS, we place a set of milestones si with
i = 0, 1, 2, . . . , m in increasing order between 0 and 1. The
interfaces are defined such that configurations considered to
be in the slab basin have s < s0 and those considered to be in
the droplet basin have s � sm. We describe the method of gen-
erating an ensemble of trajectories from the slab state to the
droplet. (The reverse transition is sampled analogously.) The
algorithm depends on a parameter Nc, which is the number of
reactive trajectories that are sampled. Not all these trajectories
are independent; see below. The method is guaranteed to pro-
vide accurate results in the limit of large Nc; the convergence
of this limit is discussed below.

The first part of the algorithm samples a set of Nc initial
conditions for the trajectories. These have a roundness param-
eter s between s0 and s1. They are obtained by preparing a
system in the slab morphology and running a long dynami-
cal trajectory. We collect configurations whenever s increases
from s < s0 to s � s0, until we have obtained Nc in total. The
reactive flux I0 through the initial interface is given by the
number of collected configurations Nc divided by the total
duration of this trajectory.
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From here, the algorithm proceeds one milestone at a time.
Starting from the ensemble at i = 0 (which has si < s < si+1),
we select a random configuration and evolve it until its round-
ness either reaches si+1 or returns to s0. This procedure is
repeated until Nc configurations have been obtained with si <

s < si+1: These form the ensemble at milestone i. Increasing
i stepwise, we eventually reach the final milestone (i = m), at
which point Nc reactive trajectories have been obtained.

The probability that a configuration collected at si reaches
si+1 before it returns to s0 can be estimated at each interface
and is denoted P(si+1|si ). As configurations with s > sm are
considered to be in the product basin with probability 1, the
transition rate is given by

IFFS = I0

m−1∏
i=0

P(si+1|si). (4)

In the limit of large Nc, this transition rate converges to the
physical transition rate.

In our simulations, we place m = 18 milestones between
s = 0.08 and 0.98, with an even spacing of 0.05. The place-
ment of the initial interfaces allows crossings of the initial
interface to be reasonably spaced apart in time so that the con-
figurations collected there are not highly correlated. However,
our choice also allows crossings to be frequent enough for a
large number of configurations to be collected. The spacings
between milestones are wide enough that trajectories do not
“overshoot” (crossing more than one milestone at a time) but
narrow enough to still be computationally efficient.

III. RESULTS

We perform FFS for transitions in both the slab-to-droplet
and droplet-to-slab directions, for a lattice of size L = 100, at
densities where both slab and droplet geometries are locally
stable (recall Table I). For each configuration collected at the
milestones, we measure the values of s and d (the measured s
values are all very close to the milestone values, as expected),
allowing us to reconstruct reactive trajectories. For each FFS
run, we can then average the s and d values at each milestone,
yielding the averaged reactive pathway.

We present results for the four state points shown in Ta-
ble I which we separate according to their Peclet numbers.
For the smaller Pe (parameters A1 and A2) our results in
Sec. III A are sufficient to establish significant differences
between slab-to-droplet and droplet-to-slab transitions. We
find in particular a distinct nonequilibrium mechanism for
the slab-to-droplet case, where the slab breaks at a relatively
small value of the roundness parameter, which is coupled with
density fluctuations (transient bubbles) inside the slab. We
also analyze convergence of the FFS method. For the larger
Pe, the calculations are much more challenging: We present
clear numerical evidence in Sec. III B for a nonequilibrium
slab-to-droplet transition mediated by a large bubble within
the slab.

A. Lower Péclet numbers

1. Pathways

We first consider parameters A1 and A2 in Table I, which
have Pe ≈ 6.3, 7.1, close to the onset of MIPS, which occurs

slab-to-droplet

droplet-to-slab

FIG. 2. [(a) and (b)] Average transition trajectories of param-
eters A1 (left column) and A2 (right column). [(c) and (d)] One
hundred sample trajectories of the droplet-to-slab transition for each
parameter set. [(e) and (f)] One hundred sample trajectories of the
slab-to-droplet transition. The shadings indicate the probability dis-
tributions within the long-lived slab and droplet states, obtained by
direct sampling. All trajectories are obtained using FFS runs with
Nc = 16 000.

between Pe = 5 and Pe = 6 for the densities we consider.
We show the averaged transition pathways and 100 individual
trajectories in Fig. 2. These trajectories are not all independent
(see Sec. III A 3, below) but they illustrate how the transi-
tions happen in practice, and they indicate the width of the
distribution that has been averaged in Figs. 2(a) and 2(b).
Some snapshots of the configurations along typical reactive
trajectories in Fig. 3. For the individual trajectories shown
in Figs. 2(c)–2(f), we note that the branching inherent in
FFS means that different trajectories may coincide with each
other during the early parts of the transition: These appear
as heavier lines in the figure (we return to this point below).
The FFS estimates of transition rates from slab-to-droplet and
droplet-to-slab transitions are 3.6 × 10−9 and 9.4 × 10−9 for
parameters A1 and 1.3 × 10−9 and 1.3 × 10−9 for parameters
A2. The ratio of these rates provides an estimate of the relative
probabilities of slab and droplet: For parameters A1 the slab
state is more stable, while for parameters A2 both states are
nearly equally stable.

The droplet-to-slab transition is illustrated in Figs. 2(c),
2(d), and 3(a). We find that the droplet gradually
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FIG. 3. Time-ordered snapshots taken from simulations of pa-
rameters A1, showing trajectories of (a) the formation of a slab from
a droplet. [(b) and (c)] Two trajectories showing the slab-to-droplet
transition showing an equilibrium-like mechanism (column b) and a
nonequilibrium one (column c).

elongates its shape to leave a narrow channel of vapor; then it
connects quickly across the channel, before relaxing to a sta-
ble (“straight”) slab geometry. The “fast connections” appear
as the almost-horizontal segments in the individual trajecto-
ries shown in Figs. 2(c) and 2(d), showing a sharp changes in
d with little change in s. We show time-ordered snapshots of
the system just before and after the connection in Fig. 3(c).
This is the same mechanism that was for found the 2d Ising
model [12].

On the other hand, Fig. 2 shows that the mechanism for
slab-to-droplet transitions in the ALG is not the reverse of the
droplet-to-slab transition. This is a nonequilibrium feature: It
is different from the Ising case where time-reversal symmetry
(detailed balance) means that the averaged trajectories nec-
essarily trace the same path in opposite directions. In fact
we find considerable diversity in the trajectories from slab
to droplet with two different examples shown in Figs. 3(b)
and 3(c). We observe that Fig. 3(b) qualitatively resembles the
equilibrium pathway, which is also similar to the time reversal
of Fig. 3(a). However, inspection of Figs. 2(e) and 2(f), shows
that this equilibrium-like pathway is in fact outweighed by
trajectories where d increases suddenly while s � 0.2 is still
small, within the range of fluctuations of the slab.

An example of this process can be seen in Fig. 3(c). One
sees that an indentation forms in the surface of the slab, which
then connects with transient bubbles inside the slab, to form a
channel of vapor. In equilibrium systems, this dentlike defect
is likely to be quickly healed by surface tension, so trajectories
involving this configuration are unlikely to carry significant
weight in the ensemble of reactive trajectories. The existence
of such a nonequilibrium transition mechanism is an example
of the rich physical behavior associated with motility-induced

Slab-to-droplet

Droplet-to-slab

FIG. 4. Estimated transition rate as a function of density for
parameters A2. Error bars are standard errors estimated over three
independent FFS runs at Nc = 16 000. Note that the error bars for
the droplet-to-slab transition are smaller than the symbol size.

phase separation: Many features of these systems resemble
liquid-vapor coexistence at equilibrium, but signatures of
the nonequilibrium behavior are becoming increasingly clear
[28,30,32,33,35,36,55]. These results may be compared with
brittle (rupture) and ductile (necking) behavior in the breakage
of soft materials under external loading; see for example Fig. 5
of Ref. [44].

2. Density dependence of the transition rate

For parameters A2, we varied the density of the system
to further characterize the transitions. Results analogous to
those of Fig. 2 are shown in Appendix B. Here we focus
on Fig. 4, which shows the FFS-estimated transition rates as
a function of density. The trends are consistent with physi-
cal expectations: Increasing density reduces the rate for the
slab-to-droplet transition, because the slab is thicker and is
therefore less likely to form a suitable neck or indentation in
order to transform to the droplet. On the other hand, higher
density increases the rate of transformation from droplet-to-
slab, because the larger droplet requires less deformation in
order to cross the periodic boundaries and form a slab. These
are the same trends found in equilibrium systems.

The ratio of slab-to-droplet and droplet-to-slab transitions
gives the ratio of the probabilities of the two states, within the
steady state. The trends indicate that the slab becomes more
probable as the density increases. This effect is also consistent
with the equilibrium case, where the interfacial free energy
of the slab is 2γ L (with γ being the surface tension) while
the interfacial free energy of the droplet is 2πγ R, where R is
the droplet radius. On increasing the density at fixed system
size L, the droplet free energy increases (larger R) but the slab
remains the same. Hence the slab becomes more probable, as
expected. These results are consistent with the previous result
[21] that this ALG has a positive surface tension in the sense
of capillary wave theory.
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slab-to-droplet

slab-to-droplet

droplet-to-slab

droplet-to-slab

FIG. 5. (a) Averaged reactive trajectories for parameters A2 with
various values of Nc. The shaded densities indicate probability dis-
tributions within the long-lived slab and droplet states. [(b) and
(c)] The effective sample size at the initial milestone Neff plotted
against Nc.

We also note that for larger densities, a circular liquid
droplet cannot fit in the simulation box. At this point the
droplet state no longer exists; one should consider instead a
large liquid domain that surrounds a circular domain of the
vapor (that is, a macroscopic bubble). The transition between
slab and bubble morphologies would be an interesting di-
rection for future work—for the Ising case in Ref. [12] the
bubble and droplet morphologies are related by symmetry so
the slab-to-bubble transition is analogous to slab-to-droplet,
etc. However, this is not the case in active systems; the asym-
metry is particular strong in systems that display bubbly phase
separation [21,28,30].

3. FFS convergence and physical discussion

As discussed in Sec. II C, the FFS algorithm samples rep-
resentative reactive trajectories if Nc is sufficiently large [24].
However, convergence of this limit is not simple to achieve in
practice [24,56]. In general one expects better performance if
the coordinate used to define the milestones is a good reaction
coordinate for the transition of interest.

To investigate convergence, Fig. 5(a) shows averaged re-
active trajectories for various Nc for parameters A2. Each
curve comes from a single (representative) run of the FFS
algorithm, which yields Nc reactive trajectories. Then s and
d are averaged over the ensembles at each milestone. For

the slab-to-droplet direction, there are significant run-to-run
fluctuations of these averaged trajectories for Nc � 8000, but
the results for the largest Nc = 16 000 are robust. This slow
convergence indicates that s is not a good reaction coordinate
in this direction: It does not capture the bubbles that form
inside the slab, which are implicated in the nonequilibrium
mechanism.

Another way to see this effect is to measure the effective
sample size for the reactive trajectories obtained from FFS.
This quantity, defined in Appendix A, measures how many
configurations from the first milestone contribute significantly
to the sampled ensemble of reactive trajectories. It may be
viewed as an approximation to the number of independent ini-
tial configurations that contribute to the sampled trajectories.
For large Nc, it grows linearly with Nc.

Results are shown in Figs. 5(b) and 5(c). The results for the
droplet-to-slab transition indicate excellent FFS performance,
with hundreds of independent trajectories obtained from each
run. However, the effective sample sizes Neff are significantly
smaller for the slab-to-droplet transition, which has Neff < 5
for Nc � 4000. This indicates that the sampled trajectories
are highly correlated, which explains the significant sample-
to-sample fluctuations in this regime. The relatively poor
performance in this case indicates that the roundness s is not
a perfect reaction coordinate. In particular, it is not sensitive
to small bubbles in the slab, which do affect the transition.
Even so, we stress that even in this case a single run of the
FFS algorithm at Nc = 16 000 yields more than 15 indepen-
dent trajectories; the results are robust between completely
independent runs of the algorithm, as illustrated for example
by the sizes of the error bars in Fig. 4. We recall from Fig. 4
that the rate for these rare events is of order 10−9, each micro-
scopic particle hops between lattice sites with rate DE between
10 and 50, and the systems contain of order 4000 particles.
Obtaining 10–20 reactive trajectories in such a system is not
a simple task; it is a strength of the FFS algorithm that this
can be achieved despite s being a far-from-perfect reaction
coordinate.

The significant difference in the quality of the equilibrium
reaction coordinate s as the FFS order parameter between the
two directions is itself a strong indicator of different underly-
ing transition mechanisms: The effectiveness of the coordinate
s in the droplet-to-slab direction implies an equilibrium-like
transition, while poorer performance in the slab-to-droplet di-
rection indicates the existence of other independent transition
pathways.

B. High Péclet numbers

We now show results for higher Péclet numbers
(Pe ≈ 10.7): These are parameters B1 and B2 of Table I. The
FFS calculations in this case are more computationally expen-
sive compared to the lower Pe (see below for a discussion), so
all results of this subsection have Nc = 2000.

Again, we show the averaged transition pathways and 100
randomly selected trajectories in Fig. 6 and some snapshots of
the configurations along typical reactive trajectories in Fig. 7.
Despite the higher Péclet numbers, the droplet-to-slab transi-
tion is again equilibrium-like, as illustrated in the trajectories
in Figs. 6(c), 6(d), and 7(a).
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slab-to-droplet

droplet-to-slab

FIG. 6. Top to bottom: Average transition trajectories of parame-
ters (a) B1 and (b) B2; 100 sample trajectories of the droplet-to-slab
transition for (c) B1 and (d) B2; 100 sample trajectories of the
slab-to-droplet transition for (e) B1 and (f) B2. The density plots
are probability distributions within the slab and droplet states. All
trajectories are obtained using FFS runs with Nc = 2000.

However, the slab-to-droplet transition takes place by a
different mechanism: For the results of Fig. 7, all the col-
lected slab-to-droplet trajectories are observed to contain a
large bubble at the initial milestone, from which a rupture
develops through the slab. We show an example of this process
in Fig. 7(b); it is reminiscent of the role of cavitation in the
failure of metallic glasses, see for example Refs. [47,57]. In
the ALG at these high Péclet numbers, a flat interface is ex-
tremely stable, and shape fluctuations are strongly suppressed.
As a result, slab rupture shows up in the d-s plane as a sudden
increase in d with little change in s, as seen in Figs. 6(e) and
6(f). One sees from Figs. 6(a) and 6(b) that the forward and
reverse transitions have very different mechanisms.

The nonequilibrium transition mechanism from slab-to-
droplet at high Pe causes poor FFS convergence since the
milestones are defined in terms of a poor reaction coordinate
[24]. For each of the FFS calculations from slab-to-droplet
in Fig. 6, all the reactive trajectories originate from just two
initial configurations. That is, bubbles only appear in approx-
imately one in a thousand of the configurations at milestone
zero, because such configurations are not selected by the
roundness parameter s. However, these few configurations

FIG. 7. Time-ordered snapshots taken from simulations at state
point B2, showing typical trajectories of (a) the breakage of a slab
into a droplet and (b) the formation of a slab from a droplet.

will go on to completely dominate the final ensemble of reac-
tive trajectories. As a result, at the second and third milestones
the algorithm spends a large amount of time firing trajectories
from nonbubbly configurations that nearly always return to
the initial (slab) state.

This means that the effective sample sizes Neff for both
these calculations are between 1 and 2: Such small numbers
indicate that the FFS calculations are not fully converged.
However, the observation of a bubble-mediated transition
is reminiscent of the nonequilibrium mechanism found at
smaller Pe. This was observed independently for both pa-
rameter sets B1 and B2 and similar results are also shown
in Appendix B for an additional case (similar to set B2 but
with a reduced density). This suggests that bubble-mediated
transitions are likely to be generic. We also stress that since
the FFS coordinate s favors equilibrium-like necking, the
complete suppression of this mechanism in favor of bubble-
mediated rupture strongly suggests that the latter will be
the dominant pathway in spontaneous transitions. We there-
fore believe that the results of this work provide strong
qualitative evidence for a bubble-mediated mechanism, al-
though we have not characterized it quantitatively.

A useful direction for future research would be to develop
reaction coordinates that are sensitive to bubbles inside the
slab, in order to improve the FFS convergence, so that this
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cavitation mechanism can be characterized quantitatively. In-
dependently of morphological transitions, the nucleation of
bubbles inside MIPS liquids has a wider importance because
of its role in bubbly phase separation [28,30]. We are hopeful
that future progress on that problem will also facilitate studies
of this slab-to-droplet transition (see Sec. IV below for further
discussion).

IV. DISCUSSION AND OUTLOOK

We have presented numerical results for the transition
pathways between slab and droplet morphologies in an ALG
undergoing MIPS. The natural comparison is with the work
of Moritz et al. [12], which analyzed the corresponding tran-
sitions in an equilibrium lattice gas with Ising interactions. We
have emphasized that for the active system, the slab-to-droplet
and droplet-to-slab transitions generically occur by different
mechanisms, because time-reversal symmetry is explicitly
broken via the lack of detailed balance in the underlying
dynamics.

For the droplet-to-slab transition, our results are qual-
itatively similar to the equilibrium case as follows. The
“roundness” coordinate s tends to evolve slowly since it
requires mass transport over large (hydrodynamic) length
scales; starting from a round droplet, s decreases from a value
close to 1 as the droplet becomes increasingly elongated; the
periodic boundaries mean that at some point the rapid forma-
tion of a neck becomes favorable and the order parameter d
changes sign, signaling a change in topology from droplet-to-
slab. After this, the roundness s continues to decrease until
one reaches a uniform slab with flat interfaces.

As already noted, the slab-to-droplet transition does not
generically look like a reversed version of the droplet-to-
slab transition. For the lower values of Pe considered here
(between 6.3 and 7.1), the change of topology from slab-to-
droplet occurs on average at a smaller value of the roundness
s [Figs. 3(a) and 3(b)]. Figure 3 illustrates how an indentation
in an flat slab can combine with vapor domains in its interior,
with the result that the slab breaks by a sudden localized
process. After this change—which occurs at small s—the
resulting liquid domain gradually recovers the circular shape
of a droplet (s ≈ 1). The results of FFS allow a quantitative
characterization of this transition; the algorithmic efficiency is
reduced in this case because the roundness s is less effective
as a reaction coordinate, but the FFS method still yields many
independent reactive trajectories.

For the larger Pe, the slab-to-droplet transition appears
different again in that a vapor bubble nucleates inside the slab
[Fig. 7(b)], which triggers the transition to the droplet. This
again leads to a topology change at a relatively small value of
s compared to the (equilibrium-like) droplet-to-slab transition.
In this case the roundness s is a poor reaction coordinate,
which hinders sampling efficiency, so a quantitative analysis
of the mechanism is not possible. However, the qualitative
observation of a bubble-nucleation mechanism is robust with
respect to parameter changes and consistent with other is-
ntances of spontaneous bubble nucleation int he ALG [21] and
elsewhere [28,30].

There are several possible routes towards a more detailed
understanding of these transition pathways in MIPS. For

further numerical work on this model, we expect the most
fruitful direction to be development of new order parameters
that can capture the reaction coordinates: This would improve
the efficiency of the FFS algorithm so that more data would be
available, and characterization of a good reaction coordinate
would also yield extra insight into the transition. Other options
would be to work on a fluctuating hydrodynamics description
of a simlar ALG, similar to Ref. [49], which would allow
numerical calculations at continuum level. Alternatively one
might work on field-theoretic models such as active model
B+ [28,58]. Such calculations are theoretically challenging
but they have the advantage of working with continuous
density fields, which avoids the large computational cost of
FFS for the ALG, which is built on stochastic simulation of
large numbers of microscopic particles. This would facilitate a
more comprehensive survey of parameter space. Comparison
of these different MIPS systems would clarify which of the
current results are generic and which are unique to the specific
model considered here.

Finally, we note that the role of vapor “bubbles” inside
the liquid is consistent with their presence in other aspects
of active-matter physics including bubbly phase separation
[28,30,31], which has also been observed previously in the
typical behavior of this ALG model [21]. The results of this

droplet-to-slab

slab-to-droplet

FIG. 8. Results analogous to Fig. 2. The parameters are the same
as A2 except that the densities are ρ = 0.44 (left) and ρ = 0.457
(right).
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work emphasize that even if the typical behavior of phase
separated states does not exhibit bubbles, rare events in such
systems may still be mediated by bubbly mechanisms. (We
also recall that the observation of bubbles depends signifi-
cantly on system size in the ALG [21] and elsewhere [30], so
it would be interesting to explore in more detail the system-
size dependence of this mechanism.) There has been recent
progress understanding nucleation in MIPS states [59]; results
for that case might help to quantify the probability of the
mechanism shown in Fig. 7 and to test whether it also appears
in field-theoretic models such as active model B+ [28].

Overall, our results highlight the importance of nonequilib-
rium fluctuations such as persistent bubbles in morphological
transitions in active phase-separated systems. These fluctu-
ations may fundamentally change the mechanisms of the
transitions of interest, which are controlled by reaction coordi-
nates that are different from the equilibrium case. Identifying
effective nonequilibrium order parameters that can be used
to quantify reactive trajectories then becomes important, be-
cause choosing a good order parameter greatly improves the
efficiency of rare events sampling algorithms such as FFS.
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APPENDIX A: EFFECTIVE SAMPLE SIZE

The branching nature of the FFS algorithm means that
only a subset of the initial conditions (from milestone zero)
contributes to the final ensemble of sampled trajectories.
However, sampled trajectories that share the same initial con-
dition are obviously not independent. (On the other hand, it
is expected that trajectories from different initial conditions
should be independent, as long as the harvesting of initial con-
ditions is not correlated.) It is useful to quantify the effective
sample size associated with this branching, which is achieved
by drawing on standard statistical methods [60] as follows.

For the kth initial configuration, we write wk as the number
of configurations collected at the final interface that stem from
this initial configuration. The effective sample size is then
defined as

Neff =
(∑Nc

k=1 wk
)2

∑Nc
k=1 w2

k

. (A1)

Clearly, if one trajectory is sampled from each initial config-
uration, then Neff = Nc. On the other hand, if just one initial
condition is the source for all trajectories, then Neff = 1. A
larger Neff indicates that more initial conditions are repre-
sented in the sampled ensemble of reactive trajectories.

droplet-to-slab

slab-to-droplet

FIG. 9. Similar results to Fig. 6 but with a reduced density; the
parameters are the same as B2 but with density ρ = 0.38.

APPENDIX B: DENSITY DEPENDENCE
OF TRANSITION MECHANISMS

We present additional data that shows how transition mech-
anisms change on varying the density ρ. We note in passing
that the large interfacial fluctuations of the ALG mean there is
a limited range of densities over which both slab and droplet
states are locally stable; the purpose of these results is to show
that the transition mechanism is robust for modest density
changes, within this range.

Figure 8 shows how transition mechanisms change on
varying density ρ, presented in the same way as Fig. 2 (apart
from the density, the parameters are the same as A2). The
corresponding transition rates are shown in Fig. 4. Changing
the density leads to the qualitatively similar behavior. The
differences between slab-to-droplet and droplet-to-slab transi-
tions becomes more pronounced at high density. We speculate
that this is due the sudden “rupture” mechanism of Fig. 3(c)
being favored when the initial slab is thicker compared to the
smooth the “necking” mechanism of Fig. 3(b).

Figure 9 shows the analogous situation at higher Pe (the pa-
rameters are the same as B2 but now with a lower density). We
again see that the transition from slab-to-droplet is dominated
by a single path where d changes suddenly while s remains
almost constant.
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