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Designing topological cluster synchronization patterns with the Dirac operator
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Designing stable cluster synchronization patterns is a fundamental challenge in nonlinear dynamics of
networks with great relevance to understanding neuronal and brain dynamics. So far, cluster synchronization
has been studied exclusively in a node-based dynamical approach, according to which oscillators are associated
only with the nodes of the network. Here we propose a topological synchronization dynamics model based on the
use of the topological Dirac operator, which allows us to design cluster synchronization patterns for topological
oscillators associated with both nodes and edges of a network. In particular, by modulating the ground state of
the free energy associated with the dynamical model, we construct topological cluster synchronization patterns.
These are aligned with the eigenstates of the topological Dirac equation that provide a very useful decomposition
of the dynamical state of node and edge signals associated with the network. We use linear stability analysis
to predict the stability of the topological cluster synchronization patterns and provide numerical evidence of
the ability to design several stable topological cluster synchronization states on real connectome data, random

graphs, and on stochastic block models.
DOI: 10.1103/v65b-3jx7

I. INTRODUCTION

Designing [1], controlling [2,3], and engineering [4—8]
stable cluster synchronization patterns in networks are topics
of crucial importance for a wide variety of systems, from
chemical oscillators [9] to neural and brain networks [10,11].
Cluster synchronization on simple [12-14] and generalized
network structures [15,16] defines a state in which different
clusters of nodes of a network oscillate at different fre-
quencies, often reflecting the underlying symmetries of the
network. The current approaches to achieve [1,17] or desta-
bilize [18] cluster synchronization rely on symmetries and
network fibrations [19-21], network topology [22], time de-
lays, edge weights [23], and phase lags [6,7].

All the approaches proposed so far exclusively address
node-based cluster synchronization, i.e., associate the oscil-
lators exclusively with the nodes of the network. In this
work, we propose a topological dynamical model, called
Dirac-Equation Synchronization Dynamics (DESD) to de-
sign patterns of cluster synchronization of topological signals
given by oscillators associated with both nodes and edges of
the network. We investigate such patterns on real connec-
tomes, random graphs, and block models, and we provide a
theoretical framework for predicting their stability.

The emerging field of higher-order topological dynam-
ics [24,25] investigates the collective phenomena involving
topological signals in networks and simplicial complexes with
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drastically different properties with respect to the properties of
the corresponding node dynamics. This field, combining alge-
braic topology [25] and nonlinear dynamics, is transforming
our understanding of synchronized dynamical states [26—31]
and higher-order diffusion [32-34] and has great potential for
brain research [35,36] and Al [37—40].

Broadly speaking, topological signals are dynamical vari-
ables defined on nodes, edges, and even higher-dimensional
simplices of networks and simplicial complexes. Examples
of edge signals are ubiquitous and range from synaptic sig-
nals and edge signals among brain regions [41] to biological
fluxes [42] or currents at different locations of the ocean [43].

Topological signals are naturally coupled to each other
through the topological Dirac operator [44]. This operator has
its roots in the Kogut and Susskind staggered fermions [45]
defined on lattices and is receiving increasing attention in the
study of nonlinear dynamics [43,46-51] and the development
of Al algorithms [37-40,52-54].

In particular, the topological Dirac operator leads to the
topological Dirac equation [44] that acts on the topological
spinor given by the direct sum of node and edge signals. The
eigenstates offer a very powerful spectral decomposition of
node and edge signals that can be exploited by very advanced
Al algorithms [38,39].

In higher-order nonlinear topological dynamics, the topo-
logical Kuramoto model [26,27] and the topological Dirac
synchronization [43,46] are fundamental Kuramoto-like dy-
namical processes that lead to synchronization of topological
signals. The topological Kuramoto model on a network cap-
tures the synchronization of edge signals and it displays a
synchronized state aligned along the harmonic eigenvector
of the 1-Hodge Laplacian. The topological Dirac synchro-
nization [43,46] nontrivially couples node and edge signals
associated with the network under study. Here we propose the
DESD that is formulated starting from a free energy whose
fundamental state is designed in order to achieve cluster
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synchronization aligned with given eigenstates of the topo-
logical Dirac equation [44]. These eigenstates are defined
on both nodes and edges and lead to the topological cluster
synchronization state of DESD in which the node and edge
frequencies are determined by the eigenstates of the topologi-
cal Dirac equation. Therefore, the DESD allows the design of
the topological cluster synchronization patterns by modifying
the coupling terms among the phase oscillators [55] without
changing the network topology. This procedure is common
in physical approaches to optimization. In these approaches,
the ground state of the Hamiltonian represents the solution
of the optimization problem that one desires to solve, and by
minimizing the Hamiltonian one obtains the optimized solu-
tion. For instance, this procedure is common to both simulated
annealing [56] and quantum annealing [57]. Similarly, here
the coupling term between the phases is derived from the
free energy whose fundamental state encodes the topological
cluster synchronization patterns that we wish to design. In this
way, the proposed approach is able to induce different topo-
logical cluster synchronization patterns on the same network
by simply changing the parameters of the dynamical model.

Here, using linear stability analysis [S8—61] and adapting
it for the study of topological signals, we establish the con-
ditions under which the topological cluster synchronization
patterns are stable. Moreover, we demonstrate the ability of
DESD to induce several stable topological cluster synchro-
nization patterns on the same network without changing its
topology and symmetries.

We found that DESD leads to stable patterns of the
topological cluster synchronization if the eigenstates of the
topological Dirac operator are isolated. These states can be
found, for instance, in random graphs and in stochastic block
models (SBM). In particular, on the SBM we show that we can
exploit the important relation between the spectral properties
of these networks and their community structure [62-65] to
induce different patterns of cluster synchronization of nodes
and edges that correlate with the modular structure of the
network. In general, these states can also be related to net-
work symmetries [66] through the spectral properties of the
networks. As an illustration of the wide applicability of this
approach, we studied the DESD on a real connectome de-
rived from diffusion-weighted magnetic resonance imaging
(MRI) [67], demonstrating that this approach can be used to
reveal the left-right hemispheric separation as well as anterior-
posterior differentiation.

Note that this research is based on higher-order topological
dynamics [24,25], a research direction that is distinct from
the field that aims to detect edge currents with mechanisms
similar to those in condensed matter [68—70]. However, it
is not excluded that these two research directions could be
related to each other in the future.

This paper is structured as follows: In Sec. II we provide
a motivation of our work and discuss the relevance of our
approach to design topological cluster synchronization in real
data, discussing in particular the application of the DESD
dynamics to study a brain connectome dataset. In Sec. III we
provide the necessary background on the topological Dirac
operator and on the Kuramoto-like Dirac topological synchro-
nization defined on nodes and edges of a network. In Sec. IV
we discuss the major properties of the topological Dirac

equation and its eigenstates. In Sec. V we propose DESD
which is able to design the patterns of topological cluster syn-
chronization. We provide a linear stability analysis to assess
the stability of these patterns and provide numerical evidence
of topological cluster synchronization on random graphs and
on SBM. Finally, in Sec. VI we provide the concluding re-
marks. The paper is accompanied by a set of Appendixes that
provide the details of the linear stability analysis.

II. OVERVIEW OF THE DIRAC EQUATION
SYNCHRONIZATION DYNAMICS

In this work we embrace a topological approach to network
dynamics [24] that associates dynamical variables, also called
topological signals, to both nodes and edges of a network (see
Fig. 1). Anticipating the mathematical background that will
be explained in detail in Sec. III we encode the topological
signals of a network in a topological spinor W = (0, ¢)",
where the node signals and the edge signals are captured by
the vectors # € R™ and ¢ € RV, respectively, where N, is the
number of the nodes of the network and N; is the number of
the edges.

Examples of topological signals are ubiquitous as the edge
signals can generally be used to treat currents and flows along
the edges, as exemplified for instance by the classical exam-
ple of an electric circuit in which one associates a voltage
to each node and a current to each edge of the network.
More recently, however, edge signals have been shown to
undergo collective phenomena revealing important topolog-
ical aspects of higher-order network dynamics [24,26] and
they have been investigated in many different interdisciplinary
contexts, including brain research [41,71], and topological Al
algorithms [42,72].

Note that the topological approach to network dynamics
that we will adopt in this manuscript cannot be directly re-
duced to dynamics on the line graph of the network [73,74],
where nodes represent the edges of the original network. The
reasons for this are twofold. First, in the topological approach
the dynamics is defined at the same time on both nodes and
edges, while the use of the line graph would require to define
the dynamics exclusively on the edges of the original network.
Second, the adoption of the topological approach ensures that
the topology of the networks is fully taken into account and
that the approach can be extended safely to higher-order net-
works (simplicial complexes). In particular, the topological
approach preserves the notion of harmonic modes and their
connection to the Betti numbers of the network, which would
otherwise not be accounted for correctly, as extensively dis-
cussed in Ref. [72].

In this work we will define the DESD that will allow us to
design topological cluster synchronization on both nodes and
edges of a network (for codes see Repository [75]). This topo-
logical cluster synchronization state is designed in such a way
to be aligned to isolated eigenstates of the topological Dirac
equation [44] which are defined on both nodes and edges of
the network and reveal its modular structure and symmetries.
Before we discuss in detail the theoretical framework that will
allow us to draw different topological cluster synchronization
states without modifying the network structure, let us motivate
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FIG. 1. Schematic representation of a network and its dynamical state encoded in the topological spinor ¥ comprising the node signals
6 € R and the edge signals ¢ € RY'. Here the node signal associated with node i (0-simplex) of the network is indicated with 6};(¢), while
the edge signal associated with each edge ¢ = [i, j] (1-simplex) of the network is indicated with ¢, (z).

our research question by illustrating a direct application of our
theoretical framework to a real-world scenario.

Here we demonstrate the applicability of the DESD to
brain research by investigating this dynamical process on the
structural connectivity of a human brain network derived from
diffusion-weighted MRI [67] (Fig. 2). The isolated eigen-
states of the topological Dirac equation, represented by the
color code of node and edges in the network visualizations
shown in Figs. 2(a) and 2(b) and Figs. 2(e) and 2(f), naturally
reveal macroscale partitions that correspond to well-

established functional subdivisions: most prominently, a
left-right hemispheric separation and an anterior-posterior dif-
ferentiation. When the DESD is designed in such a way as
to recover a topological cluster synchronization state aligned
along these eigenstates, the frequencies of the node and
edge signals, given by 6 and ¢ respectively, induce topo-
logical patterns of cluster synchronization aligned with these
anatomical modules, illustrating how structural topology con-
strains coherent functional activity. This is evident from the
clear proportionality between the frequencies of nodes 6;
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FIG. 2. Illustration of the application of DESD to the brain structural connectome obtained by diffusion-weighted MRI in Ref. [67]. On this
network, DESD allows us to design two stable topological cluster synchronization patterns aligned along the first two isolated eigenstates of the
topological Dirac equation £ = 1.2392. .. [(a)=(d)] and E = 1.5053.. ... [(e)—(h)] of the network. These two topological cluster synchronization
patterns partition nodes [(a) and (e)] and edges [(b) and (f)] of the connectome revealing its symmetries and modular structure. In panels (a) and
(e), the nodes are colored according to the associated component \Ill.(E ) of the selected eigenstate of the topological Dirac equation revealing
in panel (a), the left (red) and right (blue) hemispheres, and in panel (e) the anterior (red) and posterior (blue) parts. In panels (b) and (f), the
edges are colored according to the component \IIZE ) of the selected eigenstate of the topological Dirac equation revealing distinct fiber bundles
mediating interactions between these functional modules. Panels (c), (d), (g), and (h) show that the node frequencies 6; and edge frequencies
. associated with the DESD are proportional to the components \IJ;E) and \PEE ) of the selected eigenstate of the topological Dirac equation.
The simulation of DESD is performed for a mass m = 1 and a coupling constant o = 15.
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and edges ¢, and, respectively, the component of the eigen-
state of the topological Dirac equation defined on nodes

\IJI.(E) and edges ‘-IJ/EE ) of the network obtained for a suf-
ficiently large coupling constant of the DESD [Figs. 2(c)
and 2(d) and Figs. 2(g) and 2(h)]. Thus, when the DESD
designs the topological cluster synchronization along the re-
spective eigenstate of the topological Dirac equation, the
dynamics on both nodes and edges reveal the left and right
hemispheres and the segmentation between the anterior and
posterior regions of the brain. These results show that the
DESD provides a natural bridge between anatomical con-
nectivity and emergent functional organization, with cluster
synchronization patterns arising coherently in both nodes
and edges—something not captured by classical node-based
dynamical models. Specifically, DESD identifies physically
interpretable synchronization modes linking structural and
functional brain modularity, thus addressing the key chal-
lenge of bridging topology and dynamics in real neural
systems.

We note that DESD allows the design of multiple topo-
logical cluster synchronization states without changing the
topology or the symmetries of the network. Interestingly,
this phenomenology is also achieved without changing the
geometry of the network which is naturally captured by the
edge weights. Recently, weights have been identified as a
powerful tool to modify the dynamical properties of a net-
work or a simplicial complex in the context of node-based
cluster synchronization [23], global (topological) synchro-
nization [29,76], and diffusion [77] and random walks [78].
Here we embrace a purely topological approach and we adopt
trivial edge weights equal to one on every edge. The rich
phenomenology that we observe can be further extended in-
cluding in the definition of the DESD nontrivial edge weights
according to the algebraic topology approach to network dy-
namics [77], thereby exploring the effect of network geometry
in DESD. However, this extension is beyond the scope of this
work and will be addressed in future investigations.

Having now provided an overview of DESD and hav-
ing demonstrated its applicability to real brain networks, in
the rest of the manuscript we will adopt a comprehensive
approach to DESD providing the algebraic topology and dy-
namical system background to this theoretical framework and
investigating the stability of its associated topological cluster
synchronization dynamics.

III. BACKGROUND ON DIRAC TOPOLOGICAL
SYNCHRONIZATION

A. The topological Dirac operator of a network

We consider a network G = (E, V') consisting of a set of
No nodes V ={1,2,...,i,..., Ny} and a set E of N; edges
E={1,2,...,¢, ...,N;}. Here and in the following, we will
indicate with \V the total number of simplices in the network
(nodes and edges) and with r € {1, 2, ..., N} the generic sim-
plex. In the field of higher-order topological dynamics [24,25]
the dynamical state of the network (see Fig. 1) is encoded by
the topological spinor ¥ € RV given by the direct sum of the

node signal # € R™ and the edge signal ¢ € R, i.e.,

0
q::@. (1

The topological Dirac operator D [44] is a fundamental al-
gebraic topology operator for performing discrete exterior
calculus on the topological spinor. It is defined as

0 B
D= (BT 0)’

where the incidence matrix B is an Ny x N; matrix of ele-
ments
1 ife=1[jil,j<i
By =1-1 ife=1[ijli<]j
0 otherwise.

Note that the incidence matrix B is a matrix representation of
the boundary operator, mapping each edge to its end nodes.
The Dirac acts on the topological spinor as

B¢
DV = (BTO)' @

Thus, it projects the node signals onto the edge signals and the
edge signals onto the node signals thereby allowing crosstalk
between them. Let us now discuss in more detail the nature of
this transformation, which is deeply rooted in discrete exterior
calculus [24,25,79]. The projection of the node signals onto
edge signals BT# € R is nothing other than the gradient of
the node signals and has elements

B0, =6; — 6, 3)

given by the difference in the value of 6 at the two end
nodes of the edge ¢ = [j, i]. Moreover, the projection of the
edge signals onto the node signals B¢ € R™ is given by the
divergence of the edge signals and has elements

Boli= Y d— Y &
£=[j.i] £=li,j]
expressing the difference between the flux in and the flux out
of node i.
A key property of the Dirac operator [44] is that it can be

treated as the "square root" of the Laplacian. Indeed, we have
D? = L, where L is the Gauss-Bonnet Laplacian given by

L 0
( 0 L[]] ( )

Lo =BB" L;;=B'B. (6)

where

Here Lo, is the famous graph Laplacian of the network, de-
scribing diffusion from node to node passing through edges,
while Lyj; is the 1-Hodge Laplacian describing the diffusion
from edge to edge passing through nodes. Note that here
and in the following we indicate with A > O the singular
value of B and with u,, v, its corresponding left and right
singular vectors. Given the definition [Eq. (6)] of the graph
Laplacian Lo and the 1-Hodge Laplacian Ly;;, it follows that
Lio; and Lj;; are isospectral, i.e., they have the same nonzero
eigenvalues 1 = A2, but generally have different degeneracies
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for the harmonic eigenvalues, given by the Betti numbers Sy
and B, respectively. The nth Betti number is a topological
invariant equal to the number of n-dimensional holes in the
network. In particular, B is equal to the number of connected
components and B; is equal to one-dimensional holes (i.e.,
cycles). In a connected network, we thus have Sy = 1 and
B =N — o —1).

Given that D> = L, it can be shown [37,44] that the eigen-
values A of D are given by

A =+r =+, (7)

where p is the generic eigenvalue of Lijg;. Additionally, the
eigenvectors of D can be encoded in the matrix:

(W_ Wl:arm W}Tarm W+) (8)
Here W+ are the matrices associated with the eigenvectors
¥ with eigenvalues A > 0 and eigenvalues A < 0, respec-
tively. These eigenvectors can be explicitly expressed as

1 (u
) — (T forA >0
V2 (Vx ’

1
) — E(_“é/\) for A <O, 9

where u; and v, are the left and right singular vectors of the
boundary operator B associated with the singular value A, and
C* are normalization constants.

The matrices Wirm encode the harmonic eigenvectors
associated with A = 0. These eigenvectors are By + B, de-
generate and there is a basis in which they have the following

structure:

v = (l:)‘)), with degeneracy By,

v = <‘(I:)> with degeneracy f;. (10)

As previously mentioned, in a connected network By =1
and its corresponding eigenvector uy o 1y, is constant over
each node of the network, while vg is the generic harmonic
eigenvector on the edges (harmonic eigenvectors of Ly;;). The
eigenvectors v are as many as the independent cycles [i.e.,
B1 = N; — (Ny — 1) degenerate], and there is a basis in which
each of them localizes around a single independent cycle of
the network.

B. Dirac topological synchronization

Topological synchronization is a collective synchroniza-
tion phenomenon that involves topological signals. Thus, on
a simple network it involves both node and edge signals.
Here we consider topological synchronization of Kuramoto-
like [80-84] models involving nonidentical oscillators of
phases 6 and ¢ associated with the nodes and edges of the net-
work, respectively. Thus, the dynamical state of the network
is encoded in the topological spinor defined in Eq. (1), and
the node and edge topological oscillators are coupled via the
Dirac operator. In the absence of interactions (¢ = 0), the dy-
namical equations describe nonidentical oscillators associated
with nodes and edges, each oscillating with a heterogeneous

intrinsic frequency. Specifically, we have

dW ®
5_9_<&>>’ (11)

where @ € R™ and @ € RM are the vectors of intrinsic fre-
quencies associated with the nodes and edges, respectively.
When interactions are turned on (o > 0), the equations for
the Dirac topological synchronization (DTS) are

dv 8F

Zoe-, (12)

dt 134
where F, here called the free energy, encodes for the inter-
actions among phases associated with nodes and edges. In its
simplest form F is given by [24,30]

F = —01" cos(DW), (13)

where the cosine function is taken element-wise and 1 is the
N -column vector whose elements are 1, = 1. With this choice
of the free energy F, we obtain the DTS equation of motion
given by

dw .

— = R — oDsin(DV¥), (14)

dt
where the sine function is taken element-wise. This system of
equations can also be expressed as

9 o oBsinB6), (15)
dt
fi—? = & — oB' sin(Bg). (16)

The first thing we notice from these equations is that, with this
choice of free energy, the node signal # and the edge signal
¢ are decoupled. Equation (15) for the node signals @ can
be shown (see Ref. [26]) to be the standard Kuramoto model
defined on the network G, while Eq. (16) for the edge signals
¢ is the topological synchronization proposed and studied in
Refs. [26,27].

The fully synchronized state of DTS corresponds to the
ground state of the free energy JF given by Eq. (13) and
satisfies

DV = 0. (17)

This implies that ¥ € ker(D) = ker(£) and thus, in a fully
connected network, implies that W is aligned along a linear
combination of \Il,(\?) and \II(LO), which are given by Eq. (10).
Assuming that neither  nor ¢ are zeros, this implies that 6
is the same on each node, i.e., # = 1 and ¢ is aligned along
the harmonic eigenvectors of the network, i.e., it is localized
along the cycles of the network.

Interestingly, the linearized dynamics of DTS Eq. (14),
valid when DW is small, is given by

avw
— =R —0LV¥, 18
dt ? (18)
which can also be written explicitly as
de
— = w — oLy, 19
a1 w oL ( )
d¢
— =® — oL ¢. 20
di 0] o [1]¢ ( )
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The linearized Kuramoto model Eq. (19) has been studied
on networks [58,59] and lattices [60,61] to investigate the
stability of the fully synchronized state, revealing the role of
a finite spectral dimension in determining whether the fully
synchronized state of the nodes can be observed. Note, how-
ever, that the linear stability of the topological synchronization
state of edge signals starting from Eq. (20) in the presence of
a finite spectral dimension has not been investigated so far.
Going beyond the linear approximation regime, and em-
bracing the full nonlinear nature of the DTS, we can
investigate the behavior of the dynamics by separately study-
ing the harmonic and nonharmonic component of W. To this
end, we observe that W can be expressed in a unique way as

W = pham 4 D) (21)

where W"™ ¢ ker(D) and ¥'?) € im(D) and that similarly
the vector of intrinsic frequencies £ can be decomposed into

Q = Qum 4 @B (22)

where "™ ¢ ker(D) and ” € im(D). By using this de-
composition, it can be readily shown that the harmonic
component WM™ in the full nonlinear dynamics of DTS is
decoupled and noninteracting and obeys

d\pharm
dt

Thus this harmonic component continues to oscillate unaf-
fected by the nonlinear dynamics. In order to investigate the
dynamics of the nonharmonic component of the signal, i.e.,
¥? we consider

= Q@ham, (23)

© =DV = DU, (24)

By expressing the topological Dirac operator D explicitly, we
can express the node and edge components of © as

() NG e

Thus, © is unaffected by the harmonic component of ¥ and
comprises the projection of the edge signal onto the nodes,
o, and the projection of the node signal onto the edges, f.
Using Eq. (14) and the definition of ® [Eq. (24)], we can
easily obtain the dynamical equation of motion for @ that are
given by

de

- = DR — o Lsin(0), (26)

or equivalently by

da
dr
dp
dr

From the study of the dynamics of ¥"™ and ® = D¥®
the following physical understanding of the DTS dynamics
emerges. The fully synchronized state of DTS is the state in
which © freezes and for which only the dynamics of "™
remains described by Eq. (23). This occurs in general for high
values of o. Under these conditions, the node phases oscillate
in unison as their corresponding harmonic eigenvector is ugy

=B&d — O’L[O] sin(oc),

=B'® — oLysin(B). 27)

1, while the edge phases oscillate by remaining aligned with
the harmonic eigenvectors vy and thus have dynamics that
localize around one-dimensional holes (i.e., cycles). Thus, the
localization of edge signals around holes can be interpreted as
the dynamics learning an aspect of the network topology.

For evaluating how well the synchronized dynamics of
the projected phases freeze, two order parameters have been
proposed, R, and Rg, given by

1 & 1 &
. ioj . iBe
& P

These order parameters display on random graphs a smooth
behavior, with a continuous onset of the nonzero values oc-
curring at o* = 0.

The study of the DTS opens very interesting perspectives
on the dynamics of topological oscillators. In particular, here,
we have shown that DTS leaves node and edge signals de-
coupled. Thus, an important problem is to define dynamics
that couples oscillators placed on nodes and edges. In the
framework of Kuramoto-like models, this has been the subject
of growing activity and includes approaches leading to discon-
tinuous phase transitions demonstrated by the behavior of R,
and Rg. These models directly modify the dynamical Eq. (14)
for DTS and cannot be written in terms of Eq. (12), i.e., they
are not associated with a free energy . The first approach
proposes to modulate the coupling constant ¢ with the order
parameters [26,27]. The second approach, also called topo-
logical Dirac synchronization [43,46,50], instead introduces a
phase lag into the equation of motion which then reads

v L4 Ao
o Q2 — oDsin((D — zyD*)W¥), 29)
where z € (0, 1), where Disa suitably defined normalized
Dirac operator and the matrix p is given by

(I, 0
y = < 0 —IM)' 30)

Until now, we have shown that in DTS the synchronization
dynamics occurs along the harmonic eigenvectors of the topo-
logical Dirac operator D that are constant on the nodes and
localize on edges around cycles. Thus, an important question
emerges: Can we design a dynamical system that synchro-
nizes along other network patterns?

To this end, we will introduce the DESD which will affect
the coupled dynamics of node and edge phases and will allow
us to design spatial patterns on the network along which we
can localize the synchronized dynamics. This synchronization
model will exploit the properties of the topological Dirac
equation. Hence, before discussing DESD, we first introduce
the basic properties of the topological Dirac equation.

Ry = . Ry = . (28)

IV. THE TOPOLOGICAL DIRAC EQUATION

The topological Dirac equation [44] is a dynamical equa-
tion for the topological spinor that gives rise to a relativistic
dispersion relation of its energy states, much like the Dirac
equations defined on the continuum. This equation extends the
traditional approach for staggered fermions on the lattice [45]
to any arbitrary network structure and has been recently shown
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to have wide applications in Al algorithms, including signal
processing [37,38] and graph neural network algorithms [39].
The topological Dirac equation is defined as

dv
i— = HW, 31
i €2y
where the Hamiltonian H is given by
H =D+ my. (32)

Here m > 0 is a parameter called the mass and the gamma
matrix p is given by Eq. (30).

Note that according to this definition, the gamma matrix
y anticommutes with the Dirac operator, i.e., {D, y} =Dy +
yD = 0. The solution of the topological Dirac equations is

W = ¢ BB (33)

where W) is the eigenstate of the topological Dirac equa-
tions associated with the energy E. Any eigenstate W£) is
independent of time and satisfies

EWE = Hu® (34)
or, equivalently,
(H - EDWE = 0. (35)

Iterating this eigenstate equation twice and using {D, y} = 0
we find that

E2WE) = p2y®) 4 2y (36)

This relation reveals that the eigenstates of the Dirac operators
are eigenstates of the Gauss-Bonnet Laplacian £ = D? associ-
ated with the eigenvalue . = A? and that the energy E of the
topological Dirac equations obeys the relativistic dispersion
relation

E* =2 +m’. (37)

From this relation we conclude that the role of the mass is to
introduce a gap in the energy spectrum, as the energy values
must have an absolute value greater than or equal to the mass,
ie., |[E| > m. A typical energy spectrum of the topological
Dirac equation is plotted in Fig. 3, from which it is apparent
that the spectrum includes both positive and negative energy
values and every positive energy state with £ > m admits a
conjugated negative energy state with the same absolute value
|E|. This symmetry corresponds to the charge conjugation
symmetry of the continuous Dirac equation. However, in the
discrete case of the topological Dirac equation, this symme-
try is broken for the energy states of energy |E| = m which
correspond to the harmonic eigenstates of the network and
thus have a degeneracy given by the Betti number Sy (number
of connected components) for E = m and a degeneracy given
by the Betti number §; (number of independent cycles) for
E=—m.

The mass not only changes the energy spectrum of the
topological Dirac equation but also significantly changes the
properties of the eigenstates associated with the energy E. In
order to see this, let us discuss the structure of the eigenstates
associated with the energy E and the singular value A of the
incidence matrix. To this end, let us characterize the matrix of
the eigenstates

W= W W

harm harm

WH). (38)

0.8 ; :

m = 0.5

——m =1.0

B 04t ]
3 \

0 L L L L L
4 3 =2 1 0 1 2 3 4

E

FIG. 3. The spectrum of the topological Dirac equations is de-
scribed by the cumulative distribution of eigenstates p. (£ ) indicating
for positive energy values E the number of eigenstates of energy
E’ with E’ > E and for negative energy values E the number of
eigenstates of energy E’ with E’ < E. From this plot, two main
observations can be made: (i) the nonzero mass m induces a spectral
gap and (ii) the spectrum is symmetric with the only exception of the
eigenstates of energy E with |E| = m. The data shown here is for a
random network with Ny = 492 nodes and average degree ¢ = 3.

Here W# are the matrices associated with the eigenstate W'£)
with E > m or E < —m, respectively (and A # 0), which are
given by

wE =C+< e ) forE > m
[Em V>
iy
W) — C—(E+rvn A), for E < —m, (39)
—VYx

where u; and v, are the left and right singular vectors of
the boundary operator B associated with the singular value
A and C* are normalization constants. Note that u, and v, are
also eigenvectors of the graph Laplacian and of the 1-Hodge
Laplacian respectively both associated with the eigenvalue A>.
Thus, these vectors reflect the symmetries of the network [66]
and its community structure [62,64]. We note that the mass
now enables the tuning of the relative normalization of the
node and the edge signals, which can now have very different
scales. Only for m = 0 do these eigenvectors reduce to the
eigenvectors of the Dirac operator. The matrices VAfoarm encode
the harmonic eigenstates associated with A = 0 and energies
E = £m. These eigenvectors are independent of the value of
the mass and are given by

W) — <l:)o> forE =m
\II(E)=<0), for E = —m.
Yo

Note that the degeneracy of the eigenvalue E = m is equal to
the degeneracy of the harmonic eigenvalue of Ly and is thus
given by the zeroth Betti number B, while the degeneracy
of the eigenvalue £ = —m is equal to the degeneracy of the

014317-7



AHMED A. A. ZAID AND GINESTRA BIANCONI

PHYSICAL REVIEW E 113, 014317 (2026)

harmonic eigenvalue of L;; and is thus given by the first Betti
number S.

V. DIRAC-EQUATION SYNCHRONIZATION DYNAMICS
AND ITS STABILITY

A. Dirac-equation synchronization dynamics

The DESD allows us to design the synchronized state by
aligning it to an eigenstate associated with the energy E of
the topological Dirac equation. To this end, we consider the
dynamics dictated by the equation of motion

av 8F

— =Q - —, 40
dt S (40)

where the free energy F is now chosen to be
F = —0o1" cos((H — ED)W). (41)

Notice that our choice of the free energy corresponds to the
wish to design the synchronization pattern by imposing that
the ground state of this free energy is given by the eigenstate
associated with the energy E of the topological Dirac equa-
tion. Indeed, the free energy J is minimized for

(H - EDHY¥ =0, (42)

where here and in the following I is the identity matrix of
linear size A. Thus, the ground state of the free energy has
topological spinors W satisfying the eigenstate equation

HY = EV. (43)

It follows that such a ground state only exists if £ is an
allowed energy state of the topological Dirac equation.

It is instructive at this point to provide the explicit expres-
sion for H — E1

_ o —(E —_ m)INO B
(H_EI)—( BT —(E—i—m)INl)’ “)

revealing that this operator allows nontrivial cross-talk be-
tween nodes and edge signals. Inserting Eq. (41) into Eq. (40)
we can thus derive the dynamical equations of motion of
DESD which read

dw _ _

i R —o(H — EDsin((H — EDW). (45)
Therefore, the DESD in general describes coupled dynamics
of node and edge signals, although it still obeys Eq. (40). Note,
however, that for m = E = 0 we recover the DTS as Eq. (45)
reduces to

¥ = Q — oDsin(DW), (46)

for which node and edge signals are decoupled. Here and in
the following, we consider exclusively the case in which £ is a
nondegenerate energy state of the topological Dirac equation.
Moreover the intrinsic frequencies €2 are given by

Q= Z Qe (t)wE) (47)
E

with Qf drawn from a standard Gaussian distribution for E #
E while for E = E we put Q; = 1.

The DESD can be studied using a similar approach previ-
ously outlined for DTS. In particular, the phases described by
the topological spinor W can be uniquely decomposed into

¥ = WO 4 g, (48)

where W' ¢ ker(H — EI) and ') ¢ im(H — ET). Simi-
larly, the intrinsic frequencies €2 can be decomposed into

Q=9 o, (49)

where 2@ € ker(H — EI) and % € im(H — EI). From
the dynamical equations of DESD given by Eq. (45), it follows
immediately that the component W@, aligned with the ground
state of F, obeys a free, uncoupled dynamics

dw©
dt

Let us consider the expansion of ¥ over the eigenstates of the
topological Dirac equation thus getting

= QO (50)

LEDBO) A (51)
E

with c(t) = W' W% Equation (50) can be expressed now as
dCE

L = Q. 52

7 £ (52)

Therefore, the component aligned with the ground state of F
is uncoupled and describes the fact that the phases of the net-
works, aligned with the pattern extending on nodes and edges
along the eigenstate W(E), are free to oscillate at constant
frequency 2z for any value of the coupling constant o. The
dynamics aligned with the excited states of F is captured by
W given by

W) — Z () A (53)
E#E

In order to study these dynamics we can consider the spinor
O =(H - EDV = (H — EDwD (54)

with the node component & and the edge component 8 given
by

o (@) _ (~E=miy B 0
“\B) BT —(E+mly, )\9)°

and eigenstate decomposition,

© =) (E—E)pg(t)¥". (55)

E+E
The equation for ® reads

ii—? = (H — EDQ — o (H — EI)*sin(®), (56)
which is consistent with a freezing of the dynamics for cg(t)
with E # E for sufficiently large coupling constant o and
a sufficiently long time on any finite network. We therefore
conclude that for DESD the fully synchronized dynamics is
encoded in the free dynamics of the component W@ of the
topological spinor aligned along the ground state of F and is
reached when the rest of the signal leads to a frozen dynamics
of ©.
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FIG. 4. The DESD along the isolated (gapped) eigenstate associated with energy state E is characterized by the eigenmode that oscillates
freely, while the eigenmodes corresponding to the other energy states freeze asymptotically in time. Panel (a) shows the time series for
sin(cz(t)) for the eigenmode at energy E = 1.6642 ... corresponding to the isolated Fiedler singular value A of the boundary operator of a
Poisson network with Ny = 1000 nodes and average degree ¢ = 12. Panels (b)—(d) show the time series for sin(cg(¢)) corresponding to the
three eigenmodes associated with the energies E nearest to £, namely (b) E = 1.8484 ..., (c) E = 1.8797 ..., and (d) E = 1.8954 ... on the
same network. The simulation of DESD is performed for a mass m = 1 and a coupling constant o = 15.

In order to assess the extent to which the dynamics of ©
is frozen, we can monitor the average value of the free energy
F together with the two order parameters R, and Rg defined
similarly to the DTS, i.e.,

R, , R . (57)

No Nl
2 :eioz; 2 eiﬂz
i=1 =1

1 1
TN PN
To show numerical evidence for this behavior, in Fig. 4 we
display the time-series of sin(cg (t)) for E = E and for E # E
on a random graph for a large value of the coupling constant
o. We observe that sin(cz(¢)) displays a sustained oscillation
with frequency Qz while sin(cg(t)) with E # E saturate to a
constant value after a transient time that is longer the closer
the energy E is to E. If we explore the DESD as a function of
the coupling constant o (see Fig. 5), by monitoring the order
parameters R, and Rg together with the free energy density
f = F/(oN), then we can appreciate that the synchronized
state, for a large coupling constant, is increasingly aligned to
the ground state of the free energy, i.e., to the eigenstate W),
This implies that the DESD does not occur uniformly over all
nodes and edges of the networks but reflects the network pat-
terns encoded by the eigenstate W) leading to a topological
cluster synchronization. Indeed, in the synchronized state we
have

W = y@ 4 g ~ go), (58)

Thus, recalling that ¥‘©) can be expressed as

WD = cp(1)W® (59)

with

cp(t) = Qpt + cz(0), (60)

and that W% is independent of time, then, by indicating

with \Ill.(E ) and \I/LEE ) the node and edge components of 1)
respectively, we obtain

do; dey

dt dt

i.e., the frequencies of the node and edge signals are propor-

QP =Qu", (61)

tional to the associated components of the eigenstate W) . It
follows that, while in the spectral domain only the eigenmode
E oscillates, in the real space domain the oscillators placed
on the nodes and edges might have different frequencies, with
their value proportional to the components of the eigenstate
W& When the eigenstate W'E) reveals a partition of the
network into clusters, DESD leads to topological cluster syn-
chronization defined on the nodes and edges of the network.
The formulation of DESD implies the ability to design
the topological cluster synchronization pattern that extends
to the nodes and edges of the network by tuning the val-
ues of £. However, we note that not every eigenstate of the
topological Dirac equation displays such a clear DESD. In
particular, we observe that the most stable DESD are observed
for eigenstates corresponding to gapped (or isolated) energy
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FIG. 5. The existence of a topological DESD is demonstrated by
plotting in panel (a) the order parameters R, and Ry and in panel
(b) the free energy density f as functions of the coupling constant o.
The selected eigenstate is the Fiedler eigenstate, E = 1.6643, of the
same Poisson network studied in Fig. 4 and the mass is m = 1. The
simulations are performed along the forward transition from random
initial conditions. The equilibration time is T;,,x = 15 with time steps
of dt = 0.001. The values of R, Rg, and f were averaged over the
final third of T;,,x for each o.

states E. In order to investigate this matter quantitatively, in
the following we study the linear stability of the DESD.

B. Linear stability analysis and its numerical validation

In this section, we will investigate the stability of DESD
along the generic eigenstate W) associated with a nonde-
generate energy E of the topological Dirac equation using
an approach that generalizes previous approaches used for
the standard (node-based) Kuramoto model on general net-
works [58,59] or on lattices [60,61]. By linearizing the DESD
defined in Eq. (45) for ||(# — ET)¥| < 1 we obtain

avw )
=0 -EDW. (62)

Let us expand ¥ and £ over the eigenstates of the topological
Dirac equation, thus getting

W= cp(tw®
E

Q, = Z Qet)wE), (63)
E

where cz (1) = W'WE and Qp = TWE) Using Eq. (62)
it can be readily shown that the amplitude cg(z) obeys the
dynamical equation

¢p(t) = Qp — o (E — EVep (). (64)
It then follows that cg (¢) is given by
cp(t) = %(1 _ efa(Eff)zl)
+ cp(0)e O E-EN (65)
for E # E, while for E = E the solution reads
cg(t) = Qpt + c5(0). (66)

Thus, in this linear approximation, the eigenstate E = E is
associated with a network pattern W'®) that continues to
drift unperturbed even at very large times, while the other
modes corresponding to energies E # E are associated with
an amplitude cg(¢) that, for t — oo, saturate to a fixed value
Qr/(c(E —E )2). Note, however, that this contribution di-
verges as E — E, thus if the spectral density of the eigenstates
p(E) is dense around E, there is a possibility that the cu-
mulative contributions to the phases due to the components
associated with energies E # E diverge. When this happens,
the dynamical synchronized state of DESD might not be stable
in the thermodynamic limit, a feature that impedes its observ-
ability in real scenarios.

In order to study the contributions due to the component
aligned with the eigenstates E # E, we screen out the compo-
nent aligned with the eigenstate associated with energy E and
consider

O =w— (¥ UE)h), (67)

The dynamical properties of the linearized DESD can be
investigated by evaluating: (i) the “roughness” W? associated
with the phases ¥ and defined as

N
1

W2 = (@] = JT/<Z <I>%>, (68)

r=1

and (ii) the variance V2 of the velocity of ®
. WEN

V= (|®|?) = /T/<Z q>§>. (69)

r=1

A diverging value of W? observed in the thermodynamic
limit AV — oo will indicate that the synchronized dynamics
of DESD is unstable, while a value of V2 converging to zero
in the same limit will indicate that the phases are entrained.

In this work, we derive some important results that allow us
to predict whether we are able to observe a stable synchroniza-
tion state of the DESD, or not, depending on the properties
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of the density of states of the topological Dirac equation.
These results are briefly summarized here. For details on the
derivations, we refer the reader to the Appendixes. In order
to characterize the properties of the density of states of the
topological Dirac equation for E ~ E, we define the right
spectral gap A and the left spectral gap A_ as

A, =min(E — E),
E>E

A_ = min(E — E). (70)
E<E
Thus, if limar_ o A+ = 0 for either choice of 4, or both,
then the eigenstate sits in the bulk of the density of states
of the topological Dirac equation; otherwise, the eigenstate
is isolated (or gapped). As we shall discuss in detail in the
following, if the eigenstate is isolated, then the corresponding
synchronization pattern of DESD is stable. Our criteria for
assessing the stability of a synchronized state along the eigen-
state £ depend on the value of the exponents 8. The exponent
8, is defined as follows:
(1) If limpy— 00 A+ = 0, then we assume that the density
of eigenstates scales as

p(E) o (E — EY* (71)

for0 <E—E < 1.

(2) If limy— oo Ay > 0, then we put by definition §; =
0.

The exponent §_ is defined according to the following
similar classification:

(1) If limpr— oo A_ = 0, then we assume that the density
of eigenstates scales as

p(E) o< (E — E)*- (72)

for0 <E —E <« 1.

(2) If limpy— oo A_ > 0, then we put by definition §_ =
0.

We are now in a position to summarize the results (see
Appendixes) obtained by the linear stability approach for the
synchronized state of DESD in terms of the values of §.:

(1) If both §; = oo and §_ = oo, then the synchronized
state of DESD is stable. In this case, we will have W2 — cost
and V2 — 0as N — oo.

(2) Ifeither 64 < 3 oréd_ < 3, and if they are both greater
than 1, then the phases are entrained, but the synchronized
state of DESD is not thermodynamically stable. In this case,
we will have W? — oo and V? — 0 as V' — oo.

(3) If either 5, < 1 or §_ < 1, then the entrained state
might not even exist. In this case, we will have W? — oo and
V2 might not converge to zero as N — oo since the linear
approximation fails.

In order to numerically validate these theoretical predic-
tions, we considered DESD defined on a random network of
Ny = 1000 and average degree ¢ = 12. By setting m = 1, we
first numerically evaluated the cumulative density of states
pc(E) [see Fig. 6(a)]. We have focused on two specific eigen-
states of positive energy E. The first eigenstate of energy
E =1.6642... corresponds to the Fiedler singular state of
the boundary operator and is isolated from the rest of the
spectrum, thus 61 = co. The second eigenstate of energy
E =3.5261... is deep in the bulk of the spectrum and the

density of states is characterized by §_ < 1 [see Fig. 6(b)].
We study the stability of the DESD by considering the full
nonlinear DESD starting from an initial condition that is a
small perturbation to the topological synchronized state. In
particular, we take

w(0) = wb 4 e%, (73)

where x, ~ N(0, 1) and € = 0.1. In Figs. 6(c) and 6(d) we
plot V as a function of o and W as a function of time
t for o = 10 for the DESD designed along the eigenstates
E =1.6642... and E = 3.5261.... Our results show that,
consistently with our theory, for the first considered eigen-
state, the phases are entrained for large values of o, i.e., V is
very small in the large time limit, and the synchronized state
admits small fluctuations, corresponding to a small roughness
W. However, for the second eigenstate we observe large fluc-
tuations W around the topological synchronized state, which
increase over time, indicating that the synchronized state of
DESD is not stable for this choice of the eigenstate E.

In Fig. 7, we provide further numerical evidence of the
stability, or lack thereof, of DESD aligned with the two
mentioned eigenstates of the topological Dirac equation cor-
responding to the Fiedler eigenstate £ = 1.6642. .. (stable)
and the eigenstate in the bulk of the spectrum £ = 3.5261.. ..
(unstable). Starting from random initial conditions, we plot
¢g(t) for positive values of the energy [Figs. 7(a) and 7(b)]
and negative values of the energy [Figs. 7(c) and 7(d)]. We
show that for both cases the eigenmode at energy E = E
oscillates unperturbed with frequency ¢z = Q2 = 1 while the
negative energy eigenmodes freeze rapidly by increasing the
coupling constant o. However, we observe a sharp difference
in the dynamical behavior of positive energies with E ~ E
and E # E. Indeed we have that for the stable topological
DESD [Fig. 7(a)] ¢g freezes quickly with o albeit eigenmodes
closer to E are the last to freeze, while for the unstable
topological DESD the freezing is much slower and is to be
understood as a finite-size effect.

C. Designing stable topological cluster synchronization patterns
on the stochastic block model

The SBM provides an ideal setting for demonstrating the
design of topological cluster synchronization patterns via the
DESD model. The Dirac spectrum of the SBM (see Fig. 8)
exhibits isolated eigenstates at energies slightly above £ = m
or slightly below E = —m. Their associated eigenstates have
a node and an edge sectors that naturally partition the graph
into node clusters and edge bundles. Indeed, these eigenstates
have the structure given by Eq. (39) where u, and v, are
singular vectors of the boundary operator, i.e., eigenvectors
of the graph Laplacian Ljp and the Lj;; Hodge Laplacian
often used in spectral clustering [62,64]. The relative normal-
ization of the node component and the edge component of
the Dirac eigenstate is set by the nonzero value of the mass
m. In particular, for m > 0 the positive eigenstates have a
more significant contribution associated with the nodes while
the negative eigenstates have a more significant contribution
associated with the edges.
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FIG. 6. The stability of DESD aligned with different eigenstates E of the topological Dirac equation is studied numerically and compared
to the predictions of the linear stability analysis. In panel (a) the positive part of the cumulative density of eigenstates p.(E') of the topological
Dirac equation (with m = 1), defined as in Fig. 3, is plotted for a Poisson network with Ny = 1000 nodes and average degree ¢ = 12 (the inset
shows the entire spectrum). From the positive eigenstates, we select two positive eigenstates: the eigenstate at £ = 1.6642 . . . corresponding to
the gapped (isolated) Fiedler eigenstate and £ = 3.5261 ... located in the bulk of the spectrum. Panel (b) demonstrates that for the eigenstate
in the bulk §_ < 1. In these conditions the linear stability analysis predicts that the Fiedler eigenstate £ = 1.6642 . .. corresponds to a stable
topological synchronized pattern while the eigenstate at energy E = 3.5261 . .. is not stable. Panels (c) and (d) display the standard deviation
of the velocities of the phases V versus o and the standard deviation of the roughness of the phases W versus ¢ for o = 10, showing that for
the Fiedler eigenstate the DESD is stable while for the eigenstate at energy E = 3.5261 ... DESD is not stable, in agreement with the linear

stability analysis predictions.

In DESD, by setting £ to the energy of any of the iso-
lated eigenstates, the synchronization dynamics inherit the
eigenstate’s partitioning properties. Indeed, since the DESD
occurs along the eigenstate W'2), DESD leads to topolog-
ical cluster synchronization. In this dynamical state, nodes
belonging to different communities and edges belonging to
different bundles oscillate in the real space at different fre-
quencies with the frequencies proportional to the value of the
eigenstate W'5), This effect is illustrated in Fig. 9. Figures 9(a)
and 9(d) highlight the node clusters and intercluster edge bun-
dles, respectively. Figures 9(b) and 9(e) show the components
of the eigenstate associated with the Fiedler energy (£ =
1.4137...) on the nodes (\Ili(E)) and on the intercluster edges

[\IJ(EE)]. For direct comparison with Figs. 9(c) and 9(f), these

components of the eigenstate are plotted against the intrinsic
frequencies of the nodes and edges, w and &, respectively.
Figures 9(c) and 9(f) then show the resulting phase velocities
of the node () and edge (¢) signals, again as functions of w
and &. A direct comparison reveals that the phase velocities
synchronize with the Fiedler eigenstate, independently of the
intrinsic frequencies.

The eigenstates associated with the negative counterparts
of the isolated positive energies exhibit identical struc-
tural partitions, differing only in the relative scaling of
the node and edge components. Specifically, node signals
are amplified relative to edge signals for positive ener-
gies and vice versa for negative ones. Thus, both positive
and negative Fiedler eigenstates induce the same parti-
tioning, though only the positive eigenstate is used in
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FIG. 7. The stability of the DESD designed along the two eigenstates of the Poisson network considered in Fig. 6 is studied starting from
random initial conditions. Panels (a)—(d) show ¢z (¢) as a function of ¢ for the isolated Fiedler eigenstate at energy £ = 1.6642. .. [(a) and
(c)] leading to stable topological cluster synchronization and for the eigenstate corresponding to the energy state £ = 3.5261 ... in the bulk
of the spectrum [(b) and (d)]. The top row shows ¢g(¢) for E > 0 and the bottom row shows ¢g(¢) for E < 0. The color map represents the
distance |E — E|. It can be seen that as o increases, the ¢z (¢) of more eigenstates E # E converge to zero, with those furthest away from £
being quickest (including all with E < 0). In both cases, ¢z for E = E remains constant and independent of ¢, i.e., ¢z = Q5 = 1. Simulations
are performed across the forward transitions with o increased adiabatically from 1 to 15 in steps of 0.01. At each value of o, the dynamics
were allowed to equilibrate for Tj,,x = 15 with time steps of df = 0.001. The value of W (1), from which ¢z (¢) was calculated, was averaged

over the final third of T}, for each o.

Figs. 9(b) and 9(c) and its negative counterpart in Figs. 9(e)
and 9(f).

A notable property of DESD on the SBM is the possibility
to design several topological cluster synchronization patterns
on the same network thanks to the presence of several iso-
lated eigenstates of the Dirac spectrum (see Fig. 10). In order
to provide evidence for this remarkable property of DESD,
we consider the three isolated Dirac eigenstates highlighted
on the spectrum of the SBM shown in Fig. 8. The DESD

allows us to design different topological cluster synchroniza-
tion patterns by selecting any of these different eigenstates.
The choice of the eigenstate indeed produces a topological
cluster synchronization on nodes and edges that partition both
nodes and edges into node clusters and edge bundles oscil-
lating at the same frequency independently of their intrinsic
frequency. As we have shown in Sec. I, this phenomenology
of SBM is also shared by real networks with modular struc-
ture, such as the connectome network shown in Fig. 2.
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FIG. 8. The positive part of the cumulative density of eigenstates
p(E) of the topological Dirac equation (with m = 1), defined as in
Fig. 3, is plotted for a SBM with four clusters, 50 nodes per cluster,
an intracluster connection probability of p; = 0.3, yielding an av-
erage intracluster degree of ¢; = 15, and an intercluster connection
probability of p, = 0.007, corresponding to an average intercluster
degree of c; = 1 (the inset shows the entire spectrum). The red box
in the main figure highlights the energies associated with eigenstates
that partition the SBM. These are E = 1.4137..., 1.4557..., and
1.5388. .. and correspond to the lowest energies that satisfy E # m.

VI. CONCLUSION

In this work, we proposed DESD, which allows us to de-
sign topological cluster synchronization patterns extending to
node and edge signals of a network encoded in the topological
spinor. These topological cluster synchronization patterns are
such that oscillators associated with different clusters of nodes
and bundles of edges oscillate at distinct frequencies. These
frequencies are dictated by the elements of the eigenstate
corresponding to the fundamental state of the free energy
associated with the DESD. The design principle adopted in
DESD modulates this ground state with a procedure similar to
the one adopted in optimization algorithms used in statistical
mechanics approaches such as simulated or quantum anneal-
ing. Here the fundamental state of the free energy is taken
to be one of the eigenstates of the topological Dirac equa-
tion which provides a very efficient way to decompose the
dynamical state of topological spinors. We provide evidence
that topological cluster synchronization states can be achieved
on random graphs, stochastic block models, and real network
datasets provided that their associated eigenstate is gapped
(isolated). Moreover, if this condition is not met, then we
provide conditions for the stability of the DESD defined along
an eigenstate in the bulk of the Dirac spectrum of the network.

J

On random graphs, we can design stable topological cluster
synchronization very reliably along the Fiedler eigenstate of
the network. On the stochastic block model, DESD can induce
different stable topological cluster synchronization states on
nodes and edges which correlate with different partitions of
the blocks and the edges connecting them. Similarly, on the
considered connectome dataset, DESD can provide reliable
partitions of the nodes and edges of the network revealing
the left-right hemispheric separation and an anterior-posterior
differentiation.

This work can be extended in different directions. From
a theoretical perspective, an open question is to investigate
topological cluster synchronization on higher-order networks
where topological signals are not only defined on nodes and
edges but also on triangles, tetrahedra, and so on. On the more
applied side, further exploration of the design principle on real
modular networks, such as connectomes, might shed light on
the interplay between network structure and function.
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APPENDIX A: STABILITY OF DESD

In this Appendix, we will investigate the stability of DESD
along the generic eigenstate W) associated with an energy
E of the topological Dirac equation. To this end, we follow
the approach used for the standard Kuramoto model on simple
networks and on lattices [58—61] and define ® as the contribu-
tion to the phases W that is orthogonal to the eigenstate W®),

i.e.,
O =w— (W UE)HE), (A1)

In order to study the stability of the DESD we investigate the
“roughness” W? associated with the phases W calculated for
the linearized DESD [Eq. (62)] and defined as

W= (o) = %@2
N r=1 |

Using the orthogonality of the eigenstates of the topological
Dirac equation we thus obtain

1 2
7 > {ep ).

E#E

(A2)

w? = (A3)

The explicit expression of cg(t) is given by Eq. (65). Explic-
itly performing the average over the intrinsic frequencies Qf,
we obtain

2

! 1
ey

_ _EV\2 _ _E
—e o(E—E) t) +C%~(O)€ 20 (E E)217

(A4)
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FIG. 9. The DESD Ieads to topological cluster synchronization defined on nodes and edges whose frequencies settle to values proportional
to the elements of the eigenstate W), The considered SBM is visualized in panel (a) with each cluster highlighted in a unique color. Panel
(b) shows the element \I/i(E ) of the eigenstate associated with the generic node i of the network which determines the frequency of 6; of the
node (panel ¢) in the DESD regardless of the value of the node intrinsic frequency w;. Panel (d) provides a visualization of the different
bundles of edges connecting the different communities in the same network indicated with different colors (the edges among nodes of the same

community are omitted). Panel (e) shows the element \IJEE )

of the eigenstate associated with the generic link £ of the network which determines

the frequency of ¢, of the link [panel (f)] in the DESD regardless of the value of the link intrinsic frequency &,. The DESD is run up to a

maximum time Ty, = 30 at o = 15.

where we have assumed (Q2g) =0 and (QeQp) = 0pp .
Thus, inserting this expression in Eq. (A3) we get, in the limit
t — oo, the expression for W2 given by

W2 =W2+W? (A5)
with
1 1
W2 = — A =T
TN Z o2(E —E)*
E>E
1
(A6)

1
2N 2
W__J\/;ﬁ(E—E)“'

It is therefore sufficient that either W2 or W2 diverges in the
thermodynamic limit, i.e., for N — oo, for the synchroniza-
tion state of DESD to lose its stability. Let us now determine
the spectral properties of the topological Dirac equation that
will determine whether W_f diverges in the thermodynamic
limit. A similar argument will also hold for W2. Let us de-

fine the right spectral gap A, and the left spectral gap A_
associated with the selected energy state £ of the Dirac oper-
ator,

A, =min(E — E),
E>E

A_ =min(E — E).
E<FE

(AT)

In this scenario, for N < 1 we can express W? and W? in the
continuum approximation as

w2 =[ ag—PE)
* EE+a, OXNE —E)
p(E)
w? = dE —————. A8
N /E<E_A, oX(E —E)* (48)

Thus, we have different scenarios for Wf in the limit N —
00:
(1) Iflimpn— o0 Ay > 0, then W2 is finite.
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FIG. 10. The DESD allows us to design topological cluster synchronization pattern defined on nodes and edges on the SBM. By considering
the DESD aligned with the isolated eigenstates of the topological Dirac equation of the SBM shown in Fig. 8 we show that DESD leads to
cluster synchronization of nodes and edges where different communities of nodes and different bundles of links are partitioned into clusters that
oscillate at the same frequency independently of their intrinsic frequencies. Here panels (a) and (e) define the color code of the node clusters
and the edge clusters while panels (b)—(d) show the phase velocities of the nodes, 0, and the edges, P, plotted against their intrinsic frequencies,
w and ®, for the DESD associated with the eigenstates E = £1.4137 ... [(b) and ()], E = £1.4557... [(c) and (g)], and E = £1.5388.. ..
[(d) and (h)]. The DESD is run up to a maximum time 7,,,x = 30 at ¢ = 15.

(2) Iflimpa— o0 Ay = 0, then, assuming that the density of
eigenstates scales as p(E) o« (E — E)** for0 < E — E « 1,
we obtain for any finite AV,

AZCTif s, <3,
W2~ 1—In(A,) ifs, =3, (A9)
finite if 64 > 3,

aslongas 0 < E — E « 1. Thus, as N' — oo, Ay — 0, W}
diverges for §; < 3 and the synchronized patterns of the
DESD cannot be thermodynamically stable.

Similar scenarios hold for W?:

(1) Iflimpar o A_ > 0, then W2 is finite.

(2) Iflimar— oo A_ = 0 then, assuming that the density of
eigenstates scales as p(E) < (E —E)*- for0 < E — E < 1,
we obtain for any finite AV,

ATCT)fs. < 3,
W2~ {_In(A_) ifs_ =3, (A10)
finite if §_ > 3,

aslongas 0 < E — E « 1. Thus, as N' = oo, A_ — 0, W?
diverges for 6_ < 3 and the synchronized patterns of the
DESD cannot be thermodynamically stable.

APPENDIX B: VALIDITY OF THE LINEAR
APPROXIMATION

The linear approximation of the DESD given by Eq. (62) is
valid when the elements of the argument of the sine function

are small, i.e., (3 — EI)W is small. A useful global parameter
for establishing the presence or absence of this condition is the
correlation C defined as follows:

C=(I(H-EDY|*) = L\I’T[’H — E1PW, (B
= = ,

where we have used the fact that H — ET is a symmetric ma-
trix. The divergence of C in the large network limit establishes
the failure of the linear approximation. Using the orthogonal-
ity of the eigenstates, the correlation C can be expressed as

1 _
C= j—v<2c§(t)(E —E)2>. (B2)

E#E

By substituting Eq. (65) for c¢(¢) for E # E into Eq. (B2) we
obtain

1 — g~ E—E) 2 .
C :% Z [(% + 6125(0)6720(E7E) t)

E+E
x (E — E)Z}, (B3)

which gives in the asymptotic limit r — oo:

1 1
C=— _. B4
N Z o2(E —E)? (B4
E#E
In the large network limit A < 1 we have
C=C;+C- (B5)
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with
C. = / dE _ PE)
" EEt+n, O E—E)’
P(E)
C_ == dE S =5 B6
/;<E_—A, UZ(E - E)2 ( )

where A, are defined in Eq. (A7). Thus, we have different
scenarios for Cy :

(1) Iflimpr— o Ay > 0, then Cy is finite.

(2) Iflimpr— o A4 = O then, assuming that the density of
eigenstates scales as p(E) « (E — E)*+ for0 < E — E « 1,
we obtain for any finite A/,

AT s, <1,
Ci~{-In(Ay) ifé, =1, (B7)
finite ifé; > 1,

aslongas 0 < E — E « 1. Thus, as N' — oo, A, — 0, C,
diverges for §, < 1 and the linearization of the DESD loses
its validity.

Similar scenarios hold for C_:

(1) Iflimpr— o A_ > 0, then C_ is finite.

(2) Iflimpr— o A_ = 0 then, assuming that the density of
eigenstates scales as p(E) o< (E —E)*- for0 < E — E < 1,
we obtain

AT s <,
C_.~{—-In(a.) ifs_ =1, (B8)
finite ifé_ > 1,

as long as 0 <E —E <« 1. Thus,as N — oo, A_ — 0, C_
diverges for §, < 1 and the linearization of the DESD loses
its validity.

APPENDIX C: ENTRAINED PHASES

Here we characterize the fluctuation in @ using the global
parameter V2 defined as follows:

N
. 1 .

V= (|®|>) = /T/<Z <I>f> (CI)

r=1

Using the orthogonality of the eigenstates we have
1 .
V= v > {ez). (€2)
E+£E

Using the linearized solution (65), we obtain the following
expression for ¢ (t) for E # E:

ép(t) = [Qp — 0 (E — EYep(0)]e 7 E-B . (C3)

Substituting Eq. (C3) into Eq. (C1), performing the average,
and taking the limits # — oo and N — oo we find that V2 can
be expressed as

V2~ ,/%/' Z [1+ o(E — E_)4c125(0)]e_2”(E_E-)2’. (C4)

E#E

In the limit A/ >> 1 we can perform the continuous approxi-
mation

Vi=VI+V2 (C5)

with

V2= / dE p(E)[1+ o*(E — E)“cg(O)]e—z”(E—E)Z',
E>E+A,

V2= f dE p(E)[1 + 0*(E — E)*c2(0)]e 20 E-E),
E<E-A_
To the leading term we thus have

V_f N/ ) dE p(E)e_ZJ(E_E)zt,
E>E+A,

V2~ / . dE p(E)e W EEY (C6)
E<E—-A_

We observe that under very general conditions, as long as the
linear approximation of DESD is valid, the phases become
entrained, meaning that V> — 0 as t — oo for A/ >> 1. In
order to show this, let us consider the following scenarios for
V2

+(1) If im0 Ay > 0 in the limit AV — oo, then we
obtain

V2~ e 2088 50 for t — oo. (C7)

(2) Iflimpa— 00 Ay = 0, then, assuming that the density of
eigenstates scales as p(E) < (E —E)** for0 < E — E « 1,
we obtain for any finite AV,

VZ~t72% -0 for t — oo. (C8)

Similarly, for V2 we obtain
(1) If limpy oo A_ > 0 in the limit N — oo, then we
obtain

V2~ e 28 0 for t — o0. (C9)

(2) Iflimpa— 00 A— = 0, then, assuming that the density of
eigenstates scales as p(E) o« (E —E)*- for0 < E — E < 1,
we obtain for any finite AV,

V2~ 72 5 0 for t — oo. (C10)
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