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Noise color shapes power grid stochastic responses
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Real-world networked systems, such as power grids, operate inevitably under various types of noise originat-
ing from distinctive sources, which brings uncertainty and risks for systems’ safe operation. As a major noise
type, colored noise may enter the power system through multiple channels. For instance, through the large-
scale integration of renewable energy sources and the demand-side power fluctuations, colored noise impinges
on the stochastic frequency responses of power grids in a way that is not yet fully understood to date. In this
work we systematically investigate the impact of noise color on the statistical properties of dynamic power
grid frequency responses. Through abundant numerical simulations of a paradigmatic Kuramoto-like grid model
subject to 1/ f b noise with a tunable color, we demonstrate that noise with a steeper power spectrum (b � 1)
dominated by low-frequency components drives power grid responses into a regime of nonstationarity and
non-Gaussianity, while the responses are Gaussian for b � 1 despite the non-Gaussianity of the noise. We further
show that this transition at b ≈ 1 occurs independent of the specific topological structure underlying the power
grid systems. This suggests that the intermittent renewable power feed-in with Kolmogorov exponent 5/3 may
be a source of the observed non-Gaussian distribution of power grid frequency. Our results may thereby help
better understand and control the collective frequency fluctuations in modern power grids.
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I. INTRODUCTION

As the largest artificial infrastructure network supporting
almost every facet of our daily life, power systems are operat-
ing under a wide range of noise with diverse origins and varied
characteristics [1], just like any other real-world complex
systems. Apart from the ubiquitous thermal white noise and
the pink noise rising from electronic elements, the fluctuations
in the power feed-in and in the power consumption pose a
significant challenge in the normal operation of power grids
[2]. The large-scale integration of renewable energy sources
(RES) such as wind and solar photovoltaic generation are
environmentally imperative, yet inevitably introduces unpre-
dictability and intermittency, which are intrinsic to RES [3].
Further uncertainties may arise from the dynamic energy con-
sumption of the industrial and residential sectors as well as
electricity trading [4–6].

Understanding how the various fluctuations shape the col-
lective dynamics of power grids is crucial for maintaining
their safe operation, and has been drawing much attention over
the past decade [7–19]. For instance, escape rates of the grid
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systems from its normal operation state have been investigated
under the presence of white Gaussian noise [15], Poissonian
noise [16], and Lorentzian noise [17]. Realistic fluctuations
from the renewables, which are characterized by a power-law
power spectral density (PSD) with Kolmogorov exponent 5/3
[3,20–22], are reported to be responsible for a higher proba-
bility of severe outages and the worsening of frequency and
voltage quality [18], and found to cause a decaying variance
of frequency increments over the distance and a persistant
kurtosis [19].

While existing research has laid a solid foundation by
examining the effects of individual or multiple noise types
in isolation, these studies often restrict their focus to specific
stochastic models. For instance, prior works have successfully
characterized network vulnerability and escape dynamics un-
der Gaussian white noise [15], or investigated the impact of
heavy-tailed, non-Gaussian fluctuations [16]. Other studies
have captured the turbulent, intermittent nature of renewable
energy feed-in to assess grid stability [18] and the spatial
propagation of such disturbances [19]. When colored noise
models are explicitly employed, they frequently focus on
specific forms with a finite correlation time, such as Ornstein-
Uhlenbeck noise, to predict stochastic escape times [17] or
evaluate linear transient performance metrics [10]. Despite
these valuable insights into distinct noise regimes, a system-
atic investigation into how the continuous spectrum of general
1/ f b noise, spanning from white to pink and brown noise,
impacts large-scale power grid dynamics remains missing up
to date. Practically, 1/ f b noise covers diverse noise types
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FIG. 1. Color-dependent stochastic responses induced by 1/ f b noise. In a random power grid network (a) generated according to Ref. [23],
the stochastic responses at a single node (marked purple) induced by 1/ f b noise at another node (marked with a black square) are shown in
(b) and (e). (b) Induced by a white noise with b = 0, the nodal response generates stable and Gaussian-like probability distribution functions
(PDFs) (c),(d), independent of the time window of observation. PDFs (c) and (d) are generated from observation windows shaded red and
green in (b). When induced by noise with a Kolmogorov exponent b = 5/3, characterizing the intrinsic fluctuations in the power generation
from wind and solar energy [21], the nodal responses (e) generate dramatically different PDFs (f),(g) in different time windows.

pervading power grid systems, ranging from thermal white
noise with b = 0 to electronics-based pink noise with b = 1
and renewable power feed-in with Kolmogorov exponent b =
5/3. A systematic study may help fill the gaps and establish
an overarching understanding of the impact of 1/ f b noise on
the frequency fluctuation of power systems.

In this article we systematically study how power grid
networks stochastically respond to 1/ f b noise. By tuning the
exponent b of the noise, we vary the color, i.e., the relative
frequency contribution of the noise, and examine the statis-
tical features of the grid frequency responses at distributed
units in the network. We demonstrate that the grid frequency
responses are stationary and Gaussian in response to 1/ f b

noise with a flatter PSD with b � 1, independent of the prob-
ability distribution of the noise. We further clarify that the
dominance of the low-frequency contents when b � 1 may be
a source of nonstationarity and non-Gaussianity of the grid
frequency fluctuations and demonstrate that these results are
topologically robust.

II. MODEL

A. The power grid dynamics

We adopt a paradigmatic model of power grid dyanmics
[24–26] where an ac power grid system is represented as
a network of N synchronous machines, each governed by
second-order Kuramoto-type dynamics

d2θi

dt2
= Pi − α

dθi

dt
+

∑
j

Ki j sin(θ j − θi ) + Di(t ). (1)

Here Pi denotes the mechanical input (Pi > 0) or output (Pi <

0) of unit i, α > 0 the damping coefficient, and Ki j = Kji � 0
the capacity of power transmission between unit j and i. θi

represents the phase angle of synchronous machine i relative
to a rotating reference frame with a nominal grid frequency,
e.g., 2π × 50 Hz in Europe and many other parts of the world.

In the normal operation state of power grids, i.e., without
the presence of noise, the units are phaseblocked, running
with a fixed state of phases. The time-dependent term Di(t )
represents the external noise driving the dynamics of unit i. In
this work we observe the responses in the distributed grid fre-
quencies θ̇i(t ), as it is the central observable in the monitoring,
operation, and control of power grid systems [25] and exhibits
intriguing statistical features in real-world data [4,27].

B. Modeling perturbed dynamics

Exposed to external disturbances, e.g., thermal white noise
or the fluctuations with a Kolmogorov spectrum in the power
feed-in from renewables, the entire power grid network ex-
hibits responses with nontrivial statistical features even when
the noise is only present locally, i.e., Di(t ) ∼ δik is nonzero
only at a single unit k [28–32] [Fig. 1(a)]. Intriguingly, the
probability distribution function (PDF) of the network re-
sponse time series appear to be color dependent: they are
steady and Gaussian-like, independent of the observation
window if induced by white noise with b = 0 [see Figs. 1(b)–
1(d)], but its stationarity and Gaussianity appears to be
lost if induced by renewable fluctuations with b = 5/3 [see
Figs. 1(e)–1(g)].

Therefore, in this work we focus on the impact of 1/ f b

noise perturbing a single unit in the system by observing
the stationarity and the Gaussianity of the distributed nodal
responses it induces. We generate the noise by first generating
white noise consisting of independent random numbers uni-
formly distributed in [−1, 1] with a vanishing mean μ = 0.
Colored 1/ f b noise with b �= 0 is then obtained by modify-
ing the magnitude of the noise’s frequency components. We
multiply each component with a frequency-dependent factor
proportional to f −b/2. In this way, the 1/ f b noise to be imple-
mented in the dynamical model of power grids has a definite
power-law PSD with a tunable b ∈ [0, 2] [Fig. 2(a)], but an
indefinite PDF [Fig. 2(b)].
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FIG. 2. The 1/ f b noise implemented in power grids. The power
spectral density (a) and the probability distribution function (b) of
three representative realizations of 1/ f b noise with b = 0, 1, 2.

To better quantitatively compare the impact of noise with
various color b, we fix the mean of the noise time series
μ = 0 and normalize the noise so that they share the same
total power, which equals to its variance based on Parseval’s
theorem. Additionally, we rescale the noise time series so that
its standard deviation σ = 0.3Pi. In our network settings, this
ratio ensures that the noise is not strong enough to desynchro-
nize the grid model system.

We examine the impact of 1/ f b noise on grid frequency
mainly in a random power grid network [Fig. 1(a)] with its
network topology generated according to Ref. [23]. We also
report the robustness of the results by providing numerical
evidences for another random power grid network topology
generated via the same model [23], as well as for networks
with diverse interaction topologies such as a chain network
and a Barabási-Albert scale-free network. In the simulations
we adopt the Runge-Kutta 4 integration scheme to numeri-
cally solve the network dynamics with total simulation time
T = 1000 s and time step �t = 0.01 s.

III. RESULTS

We perturb the 200-node random power grid model [see
Fig. 1(a) for its network topology] operating at a steady state
with 1/ f b noise impinging on a random site [marked with
a black square in Fig. 1(a)] and monitor the resulting grid
frequency fluctuation θ̇i(t ) at each unit i (which we refer to
as responses hereafter for brevity). Prior to any perturbations
the grid is operated at a stable state where half of its nodes are
randomly selected as generators with Pi = 1 s−2 and the other
half as consumers with Pi = −1 s−2. The capacity of all trans-
mission lines is set sufficiently large as Ki j = 30 s−2, ensuring
the existence of a normal operation state of the system.

Before activating noise, the network is initialized at its
stable synchronous operational state, i.e., a stable fixed point
obtained by solving the static nonlinear power flow equa-
tions Ki j = 30 s−2 for the given network topology and power
injections (θ̈i = 0, θ̇i = 0 for i = 1, . . . , N). The system’s re-
laxation is governed by the slowest decaying mode of the
system: With the damping coefficient α = 1 s−1, the min-
imum nonzero Laplacian eigenvalue λmin ≈ 0.247 yields a
characteristic relaxation time constant of τ ≈ 2.25 s [28].
Defining the transient phase as the duration required for the
initial response to decay to 1/1000 of their original ampli-
tude, its duration is estimated as Ttransient ≈ 15.6 s. To ensure
that our analysis is not corrupted by the initial transient

(b)

FIG. 3. The color-dependent stationarity of power grid re-
sponses. (a) The average Hellinger distance between each pair of
the response PDFs obtained from 30 realizations of 1/ f b noise.
The orange curve represents the average over all 200 nodes in the
network and the shaded area indicates the standard deviation. A
semilogarithmic plot is shown in the subplot. (b) Independent of
the color of the noise, the Hellinger distance between PDFs across
realizations remains almost the same as the number of realizations
grows. The shown curves are averages over all nodes in the network.
The curves are color-coded according to the noise PSD exponent
b. In simulations the system parameters are set as Pi = 1 s−2 for
generators, Pi = −1 s−2 for consumers, Ki j = K = 30 s−2 for all
transmission lines, and α = 1 s−1.

response, we systematically discard the initial transient period
of Ttransient = 20 s. Subsequently, the empirical probability
density functions (PDFs) are constructed using the remaining
post-transient data, with the number of bins fixed at m = 35
for all histograms.

A. Stationarity of network responses

The stationarity of a stochastic process makes it statisti-
cally tractable and allows for reliable modeling, inference, and
forecasting. For the noise time series, a larger PSD exponent
b implies a long-range dependence, a slow autocorrelation
decay, and sometimes the nonstationarity of the noise time
series. How does the nonstationarity of, e.g., the Brownian
noise translate to the responses of a power grid network?

We quantify the stationarity of a nodal response by com-
puting the Hellinger distance

H (P, P′) := �x√
2

√√√√
m∑

i=1

(
√

pi −
√

p′
i )

2 (2)

between the pair of response PDFs (P, P′) at one specific node
for different realizations of noise. Here P = (p1, . . . , pm) ∈
Rm and P′ = (p′

1, . . . , p′
m) ∈ Rm represent the PDF of the

nodal response with m bins and bin width �x for two in-
dependent realizations of noise. Note that due to probability
normalization, H (P, P′) is intrinsically bounded between 0
and 1 and remains independent of the bin number m, making
additional normalization scaling unnecessary. For stationary
responses, the average Hellinger distance, which is defined
as a nested average computed first over all

(M
2

)
unique pairs

of M independent noise realizations for each node, and sub-
sequently averaged over all N nodes in the network, should
approach zero, provided the observation window is suffi-
ciently wide. An increase in the network-averaged Hellinger
distance indicates a divergence between these PDF pairs,
signifying the emergence of nonstationarity. Figure 3 shows
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the average response stationarity calculated over all N =
200 nodes in the network using M = 30 noise realizations
for various b. By averaging over

(30
2

) = 435 distinct pairs
of these independent stochastic realizations, our evaluation
strictly compares separate simulations rather than temporally
correlated segments from a single history. This statistical
setup ensures that the slow autocorrelation decay at large b
values does not introduce evaluation artifacts, confirming H
as a robust and reliable metric for capturing nonstationary
transitions.

The color dependence of the response stationarity is clear.
When perturbed by noise with a flatter PSD, i.e., 0 < b � 1,
the grid system yields stationary nodal responses with very
low average Hellinger distances below 10−3 [see Fig. 3(a)].
The stationarity is consistent over all nodes in the network,
as indicated by the small standard deviation of H over nodes
[shaded area in Fig. 3(a)]. As the impinging noise is increas-
ingly dominated by low-frequency components, i.e., b � 1,
the nodal response time series tend to be nonstationary, which
is indicated by the drastically increasing average Hellinger
distance [Fig. 3(a)]. Interestingly, as b exceeds 1, the level
of stationarity of nodal responses disperses among individual
nodes in the network, indicated by the increasing standard
deviation of the nodal Hellinger distance across the network
[shaded area in Fig. 3(a)]. Specifically, a semilogarithmic
plot [subplot in Fig. 3(a)] reveals that the response distribu-
tion stays stationary for b � 1, but undergoes a sharp loss
of stationarity: The average Hellinger distance exhibits an
exponential-like growth once the threshold b ≈ 1 is crossed.
Moreover, we find that the stationarity of network responses
persists across realizations and appears to be independent of
the size of the sample sets M from which we compute the
average Hellinger distance. The average distance H across
realizations remains almost at the same level when the size
of the sample sets M increases from around 5 [see Fig. 3(b)].

B. Gaussianity of network responses

Abundant evidence points to non-Gaussian, heavy-tailed
grid frequency distributions [4,27], implying an increased risk
of extreme events in power grids. Models and theories have
been proposed to elucidate the relation between the probabil-
ity distribution of the noise and that of the grid frequency, yet
most of them are based on the Gaussianity of the noise [4],
which is of limited validity in reality. Here we systematically
examine the Gaussianity of the grid responses to 1/ f b noise
with a wide range of colors.

We measure the Gaussianity of the responses using the in-
tegrated squared error (ISE) of the response PDF with respect
to an analytical Gaussian distribution:

ISE(P, G) := �x

m

m∑
i=1

(pi − gi )
2. (3)

Here P = (p1, . . . , pm) ∈ Rm is the empirical response PDF,
�x denotes the bin width, m denotes the number of bins, and
G = (g1, . . . , gm) ∈ Rm is the corresponding analytical Gaus-
sian fit. The ISE quantifies the global discrepancy between
the empirical response distribution and its analytical Gaussian
fit, serving as a sensitive metric to capture its deviations from

2

1.5

1 q

0.5

0

FIG. 4. The color-dependent Gaussianity of the response PDFs.
(a) The mean square error χ 2 of fitting the response PDF to a Gaus-
sian distribution, averaged over all nodes and over 30 realizations,
increases drastically as b exceeds a point around 1. The shaded area
indicates the standard deviation of the data set. A semilogarithmic
plot is shown in the subplot. (b) The Gaussianity of the PDF for
b � 1 is established as the fit error χ 2 decreases as a power law with
an increasing observation time, while the error stays at a high level
for b � 1. The curves in (b) are color-coded according to the color of
the noise b. In simulations we use the same system parameters as for
Fig. 3.

Gaussianity. Consequently, the overall (non-)Gaussianity of
the network responses is represented by the average ISE
computed across all nodes in the network. We test the Gaus-
sianity of the grid responses for 30 realizations of 1/ f b noise
for various b, and the average response (non-)Gaussianity is
shown in Fig. 4. The Gaussianity of the responses once more
exhibits an evident dependence on the noise color (Fig. 4). For
noise with a flatter power spectrum (0 < b � 1), the responses
at all nodes appear to be consistently Gaussian, indicated
by a close-to-zero average fit error and a very low standard
deviation among nodes and realizations [see Fig. 4(a)]. In-
terestingly, this result holds even though the noise impinging
on the system is non-Gaussian [Fig. 2(b)]. As the exponent
b exceeds a point around 1 and the low-frequency compo-
nents gain more weight in the driving signal, the response’s
non-Gaussianity increases drastically, which is reflected in the
exponentially growing average fit error for b � 1 [Fig. 4(a)].
For b � 1, the response’s Gaussianity, as a theoretical limit
at t → ∞, is further corroborated by the power-law decay of
the fit error with an extending observation time [Fig. 4(b)]. In
contrast, for b � 1, the fit error stays at a high level, indicating
zero tendency of the responses towards Gaussianity.

The transition near b ≈ 1 can be understood from the com-
petition between the noise correlation time τc and the system
relaxation time τrelax. For 1/ f b noise, τc is finite for b < 1 and
diverges as b approaches and exceeds 1 [33]. When τc 
 τrelax

(b � 1), the noise decorrelates much faster than the system
relaxes, producing many independent perturbations. The cu-
mulative response is then stationary and, by the central limit
theorem, Gaussian. When τc � τrelax (b � 1), τc diverges.
The noise maintains its direction over times comparable to or
longer than τrelax, continuously driving the system away from
the fixed point. The central limit theorem no longer applies,
and the response becomes nonstationary and non-Gaussian.
From the perspetive of time series analysis, for b � 1, the
noise PSD is heavily dominated by the low-frequency com-
ponents, which induce a slow, long-term drift in the grid’s
response within the observation window. When aggregating
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response data over this window, the slow drift manifests as
heavy-tailed, non-Gaussian distributions due to the shifting
mean of the local fluctuations.

C. Topological robustness

The color dependence of the Gaussianity and the station-
arity of grid responses appear to be robust against the change
of the interaction topology of the underlying network. In this
section we present numerical results demonstrating the valid-
ity of the results we have shown in Secs. III A and III B for
networks with diverse topologies.

We observe the grid responses in three networks: a chain
network, another random power grid network (different from
the one shown in Fig. 1), and a Barabási-Albert scale-free net-
work [topologies shown in the insets of Figs. 5(a)–5(c)]. We
obtain almost identical color dependences of the stationarity
and Gaussianity of grid responses (Fig. 5). For all three tested
network topologies, the average run-to-run PDF difference
measured by the Hellinger distance H and the fit error of
the nodal response PDFs to Gaussian distributions both show
drastic surges as the color exponent of the noise b exceeds a
critical value around 1, indicating the loss of stationarity and
Gaussianity for b � 1.

Additionally, to ensure the universality and robustness of
our findings, we systematically evaluate the transition behav-
ior under various parameter regimes (e.g., different damping
coefficient, heterogeneity levels of coupling strengths, distri-
bution of power generators, and network sizes). The onset
of nonstationarity and non-Gaussianity remains qualitatively
robust across all tested configurations (see the Supplemental
Material [34] for the complete set of robustness results).

IV. CONCLUSION

To sum up, in this work we identify a direct, causal link
between the color of 1/ f b noise and the emergence of anoma-
lous statistical states in power grid frequency. Specifically, we
provide a systematic numerical investigation suggesting the
loss of stationarity and Gaussianity in the frequency responses
as the noise’s PSD exponent b, characterizing the color of
the noise, exceeds a critical value around 1. The stationarity
and the Gaussianity of the resposnes for b � 1 appears to be
independent of the probability distribution of the noise. These
conclusions are validated by abundant numerical simulations
and are shown to be independent of the specific configuration
of the network interaction structure. The observed transi-
tion near b ≈ 1 coincides with the onset of divergence of
the noise correlation time at b = 1 and the resulting break-
down of the central limit theorem, which occurs when the
effective number of independent perturbations becomes too
small.

These findings thereby constitute a foundational step
towards a more comprehensive understanding of the collective
responses of power grids operating under colored noise from
technical and environmental sources, and as well provide
practical guidelines in grid operation and control. One of the
consequential implications of our finding is that, the present
Kolmogorov fluctuations in the renewable power feed-in
in modern power grids have a characteristic PSD exponent

FIG. 5. Robust transition of stationarity and Gaussianity across
interaction topologies. The loss of Gaussianity and stationarity of
responses at b ≈ 1 appears to be robust for (a) a chain network,
(b) a random power grid network generated via [23], and (c) a
Barabási-Albert scale-free network. The average fit error χ2 to a
Gaussian distribution and the average Hellinger distance H between
nodal response PDFs across 30 realizations, are shown with blue and
orange curves, respectively. The standard deviation of the data set is
indicated by the shaded area around the curve. The site of the noise
is marked with a black square in the respective sketch of networks
[insets of (a), (b), and (c)]. In simulations we use the same system
parameters as for Fig. 3 except N = 10, 200, 200 for (a)–(c).

5/3 falling in the interval b � 1, and thus would induce
nonstationary and non-Gaussian responses in power grid
frequency. Such responses are statistically distinctive to the
Gaussian responses induced by, e.g., thermal noise with a
broad flat power spectrum, and may be one of the sources of
the non-Gaussianity in the frequency distribution observed
in real-world datasets [4,27]. Comparing our simulation
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results with empirical measurements, we find qualitative
consistency with the heavy-tailed frequency distributions
documented in power grids. This agreement suggests that
the colored-noise-driven dynamics captured in our numerical
simulations are not merely theoretical constructs but bear
tangible relevance to real-world grid behavior. In practice, the
nonstationary and non-Gaussian responses are intrinsically
hard to predict and risky, requiring varied control strategies
and contingency plans.

Future research on noise-induced network responses might
include quantitative predictions of the statistical character-
istics and even go beyond the overall statistical properties
and investigate intruiging transient response behaviors; for
instance, the spikes induced by sudden changes in the
impinging noise time series, e.g., the intermittencies that

frequently occur in renewable power sources such as wind
and solar voltaic generation. These spikes usually have node-
specific magnitudes that bring nontrivial risks to the safe
operation of real-world networked systems.
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