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Stretching and bending of very thick elastic beams
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The mechanical energy of an elastic beam separates into stretching and bending energies. This is a result for
asymptotically thin beams, but it is often a surprisingly accurate approximation for thick beams, too. Here, we
address this conundrum: We compute the deformations of a very thick elastic beam resulting from imposed,
asymptotically small deformations of its midline to discover effective stretching and bending moduli. They
soften with increasing beam thickness, but, strikingly, their ratio remains approximately constant. In this way,
our calculations provide a justification for applying the picture of stretching and bending to thick elastic objects
such as biological cell sheets.
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Introduction. Slender elastic objects, such as rods, beams,
plates, or shells, are described by effective theories that
reduce their mechanics to one-dimensional midlines or two-
dimensional midsurfaces [1–3]. In particular, the elastic
energy E of a thin beam [4] of length L = 1 and nondimen-
sional thickness h � 1 [Fig. 1(a)] separates into stretching
and bending energies,

E ∝ h

(
E2 + h2

12
K2

)
, (1)

where E and K measure the stretching and bending of the
midline, respectively, and the proportionality hides the ma-
terial parameters. This is the leading-order term [3,5–7] in an
expansion, in the small parameter ε � 1, of the full elastic en-
ergy of the beam for h = O(ε), with the scaling assumptions
E = O(ε), K = O(1) [Fig. 1(a)].

This asymptotic understanding emerged from a tradition
of phenomenological beam or plate theories associated with
the likes of Kirchhoff and Love [8], Reissner [9], Mindlin
[10], and Koiter [11]. For example, the Kirchhoff “hypothe-
sis,” that normals to the undeformed midline remain normals
[Fig. 1(a)], is an asymptotic consequence of these scaling as-
sumptions. Their formal derivation and proofs of convergence
remain an active area of research in applied mathematics
[12–15].

In parallel, descriptions of “thick” beams or plates
have emerged: for example, Reissner–Mindlin plate theory
[9,10,16] and related theories [17–19] break the Kirchhoff
hypothesis by allowing shear deformations of the normals
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[Fig. 1(b)]. In the context of elastic rods, these shear
deformations are included in so-called Cosserat theories
[20]. Asymptotically, such theories are still descriptions of
thin plates [21], including corrections to the leading-order
energy (1).

Nonetheless, this picture of stretching and bending often
provides a very accurate approximation of the mechanics of
thick objects far beyond the asymptotic regime in which this
picture emerges. For example, motivated by the mechanics of
cysts of cells, we have recently confirmed this for the classical
Pogorelov dimple problem [2,24] on a thick shell [25].

FIG. 1. Beam theories. (a) For a thin beam of thickness
h = O(ε), where ε � 1, and for small stretching E = O(ε) and finite
bending K = O(1) of the midline, the elastic energy E separates
into stretching and bending energies at leading order. (b) Classical
theories of “thick” beams: including, e.g., shearing of normals intro-
duces corrections to this leading-order energy for the same scaling
assumptions. (c) Small deformations of a very thick beam, h = O(1).
Points at position (x, z) in the undeformed configuration (left) are
displaced by distances ũ(x, z) and w̃(x, z) parallel and perpendicular
to the undeformed midline, respectively, in the deformed configura-
tion (right).
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Here, we therefore ask: does the separation into stretching
and bending energies also emerge for truly thick beams? We
address this question by solving the equations of elasticity for
small deformations, E = O(ε), K = O(ε), of a “very thick”
beam, h = O(1) [Fig. 1(c)]. We compute effective stretching
and bending moduli of this beam and suggest an explanation
for the unearned accuracy of thin-beam theories by show-
ing that their ratio is approximately independent of beam
thickness.

Beam kinematics. We start by describing the kinemat-
ics of the thick beam [4]. We describe its undeformed
configuration using Cartesian coordinates x ∈ [0, 1] along
and z ∈ [−h/2, h/2] perpendicular to the midline z = 0
[Fig. 1(c)]. The point (x, 0) of the undeformed midline maps
to the point (x̃(x), z̃(x)) in the deformed configuration. The
image of the point (x, z) in the deformed configuration is
then r̃(x, z) = (x̃(x) + ũ(x, z), z̃(x) + w̃(x, z)), where ũ(x, z)
and w̃(x, z) are parallel and perpendicular displacements
[Fig. 1(c)], with ũ(x, 0) = w̃(x, 0) = 0.

These deformations result from forces applied to the sides
of the beam. We consider the simple setup in which the top
and bottom sides, z = ±h/2, are force free. We will derive a
beam theory by solving the equations of elasticity across the
thickness of the beam for imposed deformations of its midline.
Physically, these deformations are determined as the solution
of this beam theory by forces applied at the ends x = 0, x = 1
of the beam.

We now introduce the stretch f̃ (x) of and the tangent angle
ψ̃ (x) to the deformed midline, which satisfy [26]

x̃′(x) = f̃ (x) cos ψ̃ (x), z̃′(x) = f̃ (x) sin ψ̃ (x), (2)

where dashes denote differentiation with respect to the argu-
ment, x. With this, the curvature of the deformed midline is
κ̃ (x) = ψ̃ ′(x)/ f̃ (x) [26].

Let {ex, ez} be the Cartesian axes of the undeformed con-
figuration. The deformation gradient tensor is defined to be
F = ∂ r̃/∂x ⊗ ex + ∂ r̃/∂z ⊗ ez [27]. Explicitly,

F =
(

f̃ cos ψ̃ + ∂ ũ

∂x

)
ẽx ⊗ ex + ∂ ũ

∂z
ẽx ⊗ ez

+
(

f̃ sin ψ̃ + ∂w̃

∂x

)
ẽz ⊗ ex + ∂w̃

∂z
ẽz ⊗ ez, (3)

with {ẽx, ẽz} the Cartesian axes of the deformed configuration,
highlighting that F is a two-point tensor [28].

Beam mechanics. We assume the simplest, incompressible,
two-dimensional neo-Hookean constitutive relations [27,29].
The elastic energy of the beam is thus

E =
∫∫

W dx dz, where W = C

2
(tr F�F − 2), (4)

in which C > 0 is a material parameter. We will nondimen-
sionalize C = 1 hereinafter. The Cauchy stress is [27]

T = FF� − pI, (5)

where I is the identity, and the pressure p is the Lagrange mul-
tiplier enforcing incompressibility, det F = 1. The equation of
mechanical equilibrium is [27]

Div P� = 0, (6)

where P = TF−� is the first Piola-Kirchhoff stress and the
divergence is with respect to the undeformed configuration.
The force-free boundary conditions at the sides z = ±h/2,
with outward normals n± = ±ez, are [26,27]

P(x,±h/2) · ez = 0. (7)

Asymptotic expansion. We solve the equations of mechan-
ical equilibrium, assuming small deformations of the midline
[Fig. 1(c)], which we introduce by letting

f̃ (x) = 1 + εE (x), ψ̃ (x) = εΨ (x) (8)

for ε � 1, so that E (x) is the midline strain. We posit regular
expansions of the displacements, viz.,

ũ(x, z) = εU(1)(x, z) + ε2U(2)(x, z) + O(ε3), (9a)

w̃(x, z) = z + εW(1)(x, z) + ε2W(2)(x, z) + O(ε3). (9b)

We insert these expansions into Eq. (3). Using MATHEMATICA

(Wolfram, Inc.), we expand the incompressibility condition
det F = 1 to obtain [30]

∂U(1)

∂x
+ ∂W(1)

∂z
+ E = 0, (10a)

∂U(2)

∂x
+ ∂W(2)

∂z
− ∂U(1)

∂z

(
Ψ + ∂W(1)

∂x

)

+∂W(1)

∂z

(
E + ∂U(1)

∂x

)
− Ψ 2

2
= 0. (10b)

Using these expansions, we find

W = ε2

2

[
4

(
∂U(1)

∂x
+ E

)2

+
(

Ψ + ∂U(1)

∂z
+ ∂W(1)

∂x

)2
]

+ O(ε3). (11)

Importantly, this result is independent of U(2),W(2): we have
expressed the energy density to leading (second) order in
terms of the solution of the first-order mechanical problem
only. We solve this problem by expanding

p(x, z) = p(0)(x, z) + εp(1)(x, z) + O(ε2). (12)

At leading order, Eqs. (6) and (7) give

∂ p(0)

∂x
= ∂ p(0)

∂z
= 0 subject to p(0)(x,±h/2) = 1. (13)

Hence, p(0)(x, z) = 1. With this, using Eq. (10a), the Cauchy
equation at next order simplifies to

∂2U(1)

∂x2
+ ∂2U(1)

∂z2
+ dE

dx
− ∂ p(1)

∂x
= 0, (14a)

∂2W(1)

∂x2
+ ∂2W(1)

∂z2
+ dΨ

dx
− ∂ p(1)

∂z
= 0. (14b)

By definition of the midline, U(1)(x, 0) = W(1)(x, 0) = 0. The
force-free boundary conditions (7) read, at this order of the
expansion, �

Ψ + ∂U(1)

∂z
+ ∂W(1)

∂x

�
z=±h/2

= 0, (15a)

�
2
∂W(1)

∂z
− p(1)

�
z=±h/2

= 0. (15b)
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This provides a total of six boundary conditions, at z = 0
and z = ±h/2, for Eqs. (10a) and (14). However, substituting
Eq. (10a) into Eq. (14b) shows that these are only of fourth
order in z. The problem thus appears to be overdetermined,
but the imposed deformations of the midline z = 0 require, in
general, a line force and hence a discontinuity across z = 0.
An equivalent point has previously been made in Ref. [23].
Physically, the boundary conditions at the ends x = 0 and
x = 1 of the beam select deformations for which this line force
vanishes. (This point arises at this order for a thick beam, but
not for a thin beam, because the Kirchhoff hypothesis breaks
down in the former case.)

We solve this linear leading-order problem by considering
a generic Fourier mode with wavenumber k, writing

E (x) = Ekeikx, Ψ (x) = Ψkeikx, (16a)

and

U(1)(x, z) = Uk (z)eikx, W(1)(x, z) = Wk (z)eikx, (16b)

p(1)(x, z) = Pk (z)eikx. (16c)

Equations (10a) and (14) become

ikUk (z) + W ′
k (z) + Ek = 0, (17a)

U ′′
k (z) + ik[Ek − Pk (z) + ikUk (z)] = 0, (17b)

W ′′
k (z) − k2Wk (z) − P′

k (z) + ikΨk = 0, (17c)

where dashes still denote differentiation with respect to the
argument, now z. From Eqs. (17a) and (17b),

Uk (z) = i

k
[Ek + W ′

k (z)], Pk (z) = W ′′′
k (z)

k2
− W ′

k (z). (18)

Substituting into Eq. (17c) yields the fourth-order inhomoge-
neous differential equation

W ′′′′
k (z) − 2k2W ′′

k (z) + k4 Wk (z) = ik3 Ψk (19)

for z ∈ [−h/2, 0] and z ∈ [0, h/2]. Finally, inserting Eqs. (18)
into Eqs. (15) yields the boundary conditions

Wk (0) = 0, W ′
k (0) = −Ek, (20a)

and

3k2W ′
k

(
±h

2

)
− W ′′′

k

(
±h

2

)
= 0, (20b)

ik2Wk

(
±h

2

)
+ iW ′′

k

(
±h

2

)
+ kΨk = 0. (20c)

The solution is [30]

Wk (z) = iΨk

k
(1−cosh kz) − Ek

k
sinh kz + C±

1 kz sinh kz

+ C±
2 (kz cosh kz−sinh kz) for z ≷ 0, (21)

where

C±
1 = 2[iΨk (1 + cosh kh) ± Ek (kh + sinh kh)]

k(2 + k2h2 + 2 cosh kh)
, (22a)

C±
2 = ±2[iΨk (kh − sinh kh) ∓ Ek (1 + cosh kh)]

k(2 + k2h2 + 2 cosh kh)
. (22b)

Substituting this result into Eqs. (18) determines the leading-
order solution completely. We confirm this asymptotic so-
lution by comparing it to finite-element simulations of a
thick beam in FEniCSx [31]. This highlights the discontinuity
across z = 0 (Fig. 2). There is an excellent agreement between

FIG. 2. Deformations of a thick beam with midline displacement imposed by the Fourier mode expansion (16a). Comparison of the
asymptotic solution and finite-element simulations in FEniCSx [31]: plots of the components (a) F11 − 1, (b) F12, (c) F21, and (d) F22 − 1 of the
deformation gradient in a representative Fourier mode, showing the asymptotic solution (top), the finite-element solution (middle), and their
difference (bottom). Parameter values: h = 0.2, k = 10π , εEk = εΨk = 0.05.
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the asymptotic and finite-element solutions, with very small
boundary effects [32].

Thick beam theory. Using our asymptotic solution, the
elastic energy density (11) has the formal expansion

W = ε2

2

∑
k

∑
�

Wk,�(z)ei(k+�)x + O(ε3), (23)

for some Wk,�(z). The total elastic energy is therefore

E = ε2

2

∫ 1

0

(∑
k

∑
�

Ek,�ei(k+�)x

)
dx + O(ε3), (24a)

in which

Ek,� =
∫ h/2

−h/2
Wk,�(z) dz. (24b)

Explicitly, from Eq. (11),

Wk,�(z) = [Ψk + U ′
k (z) + ikWk][Ψ� + U ′

�(z) + i�W�]

+ 4[Ek + ikUk (z)][E� + i�U�(z)]. (25)

For x ∈ [0, 1], the wavenumbers k, � take values in the set
{2πn | n ∈ Z}. Hence, all terms in Eq. (24a) with k + � 	= 0
vanish on integration over x. Thus,

E = ε2

2

∑
k=2πn

n∈Z

Ek,−k + O(ε3). (26)

We write κ̃ (x) = εK (x) + O(ε2), where K (x) represents the
leading-order bending strain. By definition, its Fourier ampli-
tudes are Kk = ikΨk . With this, taking � = −k in Eq. (25) and
substituting into Eq. (24b), we compute, using MATHEMATICA

[30],

Ek,−k = hA(kh)EkE−k + h3B(kh)KkK−k, (27)

where

A(η) = 4(sinh η + η)

η(2 + η2 + 2 cosh η)
, (28a)

B(η) = 4(sinh η − η)

η3(2 + η2 + 2 cosh η)
. (28b)

Stretching and bending of very thick beams. Equation (27)
recalls the structure of Eq. (1): each of the modes contributing
to Eq. (26) separates into a stretching contribution and a bend-
ing contribution, proportional to h and h3, respectively. The
prefactors A and B are thus effective stretching and bending
moduli of the midline of the beam. We note that, as for thin
beams, there is no coupling between stretching and bending
at this order: terms proportional to EkK−k , E−kKk vanish upon
integration over z.

Both of these effective moduli depend on η = kh, i.e., on
the ratio of the thickness h of the beam to the length scale k−1

over which the imposed midline deformation varies. The limit
η → 0, in which A → 2, B → 1/6, recovers the asymptotic
results for thin objects [26]. Importantly, A, B are exact in η

and hence h; Eq. (26) only has corrections in the scale ε of
the midline deformations. As η increases, both A, B decrease
[Fig. 3(a)], signaling softening of the beam to both stretching
and bending.

FIG. 3. Stretching and bending of very thick beams. (a) Plot
of the scaled effective stretching and bending moduli A(η)/A(0)
and B(η)/B(0) against η = kh. (b) Plot of the stretching number
S = A/12B against η. Inset: zoom of this plot, showing that S
changes by less than 5% for η � 1.

The relative importance of stretching and bending is quan-
tified by the stretching number S = A/12B, so that S → 1 as
η → 0. As η increases, so does S [Fig. 3(b)]. This implies
that, unsurprisingly, for a thick beam, the energetic cost of
stretching swamps that of bending. Nevertheless, S changes
very little for η � 1 [Fig. 3(b)], which results from the small
prefactor in the leading-order expansion

S − 1 = η2

30
+ O(η4). (29)

It turns out that these results carry over to the compressible
case, which we solve in the Supplemental Material [30].
Strikingly, the exact expression for S even remains unchanged
[30].

Our results apply to arbitrary, small deformations of the
midline z = 0, but, as already noted above, these may need
a line force across z = 0. The boundary conditions select a
deformation for which the resulting discontinuity in Eq. (21)
vanishes. Strikingly, from Eq. (22), this requires k = 0 or
Ek = Ψk = 0. Hence, only uniform stretching or bending are
allowed; thus, η = 0 and the effective moduli are exactly those
of a thin beam.

Conclusion. We have studied a different asymptotic limit
for elastic beams: rather than describing finite deformations of
asymptotically thin beams, we have imposed asymptotically
small deformations of the midline of a very thick elastic
beam. We have discovered that the asymptotic separation
of stretching and bending that is the hallmark of thin-beam
theories also arises in this asymptotic limit. The associated
effective stretching and bending moduli soften with increasing
thickness. Still, even for deformations over lengthscales com-
parable to the thickness of beam, the relative contributions of
stretching and bending are almost the same for thin beams
and for our very thick beams. Alternatively, the forces at
the ends of the beam select midline deformations for which
the stretching and bending moduli are those of a thin beam.
Both of these conclusions suggest that thin-beam theories
can indeed capture the mechanical behavior of thicker beams,
perhaps up to rescaling external forces to absorb the softening
moduli.

Thin elastic objects continue to attract attention [7,33–36].
In particular, there has been a lot of recent interest in theo-
ries of morphoelastic plates and shells [26,37–43] that add
(biological) growth to the classical theories, related models
of non-Euclidean plates [44,45], and even curved metama-
terials [46]. In morphoelasticity, the separation of stretching
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and bending gives rise to notions of intrinsic stretching and
intrinsic bending that can represent, biologically, cell shape
changes during development. This idea has been applied in
particular to the developmental mechanics of the green alga
Volvox [47–51]. However, the cell sheet of Volvox and of
related algae in the family Volvocaceae [52] is not thin and
it bends over lengthscales comparable to its thickness, η ≈ 1,
during development. Similarly, indentation experiments prob-
ing the material properties of cysts of epithelial cells
[25,53,54] involve deformations of the thickness of the ep-
ithelium, η ≈ 1. Our asymptotic results therefore provide a
justification for deploying the picture of stretching and bend-
ing energies on these biological systems.

We have assumed, here, the simplest, neo-Hookean con-
stitutive relations, expressed by Eq. (4). They are the
leading-order term in a polynomial expansion of a general,
two-dimensional, isotropic, incompressible hyperelastic en-
ergy density W (I ) in powers of I − 2, where I = tr F�F.
Our calculations show that I = 2 + O(ε2), so higher-order
terms in this expansion do not contribute to the leading-
order plate theory. This assumption does not therefore lose
generality. However, some of these theories have uncovered

additional nonlinear effects: for example, the limit of “large
bending deformations” of elastic shells leads to coupling be-
tween stretching and bending [26]. Similarly, motivated by
the extreme softness of biological materials [55,56], we have
recently introduced “purely nonlinear” elasticity at zero shear
modulus. The resulting thin-shell theory involves stretching
and bending energies proportional to E4 and K4, respectively
[25]. How these additional effects change for thick beams,
plates, or shells remains an open problem.

Finally, and more generally, our work opens up one more
question: are there other asymptotic regimes, beyond the thin-
beam limit and the limit of small deformations of a thick beam
that we have introduced here, in which an asymptotic deriva-
tion of a beam theory is possible and so new insights into the
behavior of elastic beams, plates, and shells can emerge?
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