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Generic systems are associated with a mixed classical phase space. The question of the properties of the
eigenstates for these systems remains less known, although it plays a key role for understanding several

important quantum phenomena such as thermalization, scarring, tunneling, and (de-)localization. In this work,
by employing the kicked top model, we perform a detailed investigation of the dynamical signatures of the mixed
eigenstates via the out-of-time-order correlator (OTOC). We show how the types of eigenstates get reflected in
the short- and long-time behaviors of the OTOC and conjecture that the dynamics of the OTOC can be used
as an indicator of the mixed eigenstates. Our findings further confirm the usefulness of the OTOC for studying
quantum complex systems and also provide more insights into the characteristics of the mixed eigenstates.

DOI: 10.1103/sswt-lbgv

I. INTRODUCTION

Studying the dynamical properties of eigenstates in quan-
tum many-body systems has attracted much attention in
modern science, due to their crucial role in understanding
numerous fundamental questions in different research areas,
including quantum chaos [1-5], statistical mechanics [3,4],
and condensed matter physics [6,7]. It can provide more
insight for developing a quantum analog of the Kolmogorov-
Arnold-Moser theorem [8—11], which formally explains how
the chaos arises in generic integrable systems. Moreover, the
endeavor to investigate the dynamical features of eigenstates
in quantum systems is also pivotal for various applications
of quantum-based techniques, such as quantum simulation
[12,13] and metrology [14,15].

Numerous works have been devoted to investigating the
dynamical signatures of eigenstates in the fully chaotic sys-
tems (see, e.g., Refs. [3-5], and references therein). However,
a generic many-body system is neither regular nor fully
chaotic. Instead, it behaves as a mixed-type system. Pretty
much different from both regular and strong chaotic cases,
the mixed-type systems are characterized by the coexistence
of regular islands and chaotic regions in the phase space of
their classical counterparts. Hence, the quest to classify the
eigenstates in mixed-type systems is important for studying
them.

Percival in his seminal work [16] proposed to classify
the spectra of quantum mixed-type systems into regular and
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chaotic eigenstates, supported, respectively, by invariant tori
in regular islands and chaotic seas in corresponding classical
phase space [17]. This proposal has been further developed by
Berry and co-workers [18,19] and finally leads to the so-called
principle of uniform semiclassical condensation (PUSC) of
Wigner (or Husimi) functions [20]. This is the basis for the
Berry-Robnik picture regarding the statistical properties of the
energy spectra, namely, the level spacings distribution [21].
See Refs. [22-24], and references therein for more details
about the PUSC.

Although the binary separation of quantum eigenstates
has been verified and commonly accepted in the studies of
quantum chaos, the picture for reality situations is more com-
plicated. Actually, the sharp distinction between chaotic and
regular eigenstates only happens in the ultimate semiclassical
limit. However, in a general case, the ultimate semiclassi-
cal limit is usually unattainable. Moreover, it is known that
different phase space structures of mixed-type systems can
be connected through various tunneling processes [25-27].
These facts strongly indicate that the eigenstates of the re-
ality mixed-type systems can also behave as mixed states,
leading to the so-called mixed eigenstates. In contrast to the
regular and fully chaotic eigenstates, the Husimi function of
mixed eigenstates is distributed in both regular and chaotic
regions [28-30]. This raises a natural and intriguing question:
what are the properties of the mixed eigenstates? Previous
works have examined their statistical properties [31] and how
their relative fraction decreases as the semiclassical limit
is approached [28-30,32,33] in several mixed-type systems.
However, a detailed understanding of their dynamical features
is still lacking in current studies.

In the present work, we make a step toward addressing
this question. To this end, we carry out a thorough analysis
of the dynamical signatures of the mixed eigenstates in a
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quantum kicked top model by means of the out-of-time-order
correlators (OTOCs). As a measure of quantum information
scrambling [34-37], the concept of OTOCs was first intro-
duced for the semiclassical study of superconductivity [38]
and, recently, it has been commonly used in condensed mat-
ter [39—42] and high-energy physics [43,44]. In particular,
they exhibit an initial exponential growth behavior for the
quantum systems with a chaotic classical counterpart [45-48],
leading to the so-called quantum butterfly effect [49,50]. As
a result, the OTOCs have been recognized as the quantum
analog of classical instability with respect to initial condition.
This triggers a vast amount of studies on the connections
between OTOCs and quantum chaos [51-62]. However, it
should be emphasized that such exponential instability occurs
only at finite time (i.e., Ehrenfest time), unlike the classical
case with positive Lyapunov exponents. Moreover, the exper-
imental measurement of OTOCs has been accomplished by
several platforms [63—67]. It is also worth mentioning that
the calculation of OTOCs substantially involves an environ-
ment with characteristic statistics. This makes OTOCs distinct
from the conventional dynamical probes of quantum chaos
and explains the irreversible behavior observed in their time
evolution.

The main interest of this work is to explore how the mixed
eigenstates get manifested in the evolution of OTOCs. We
thus focus on the eigenstate expectation values of OTOCsS,
which enables us to analyze the dependence of the behavior
of OTOCs on the type of eigenstates. We demonstrate that
the mixed feature of the eigenstates results in strong impact
on the evolution of OTOCs and discuss how to reveal the
dynamical signatures of mixed eigenstates via the properties
of OTOC:s. Specifically, we show that the phase space overlap
of the mixed eigenstates correlates with both the short-time
growth rate and the long-time average of the OTOC.

The rest of the article is structured as follows. In Sec. II,
we introduce some basic concepts of the OTOCs; we provide
a short review of the kicked top model, and briefly recall
the definition and characterization of the mixed eigenstates.
Afterwards, we will report and discuss our results in Sec. III,
wherein we show how the mixed eigenstates affect the dynam-
ics of the OTOC. Finally, We draw our conclusions in Sec. I'V.
Some details and results that are not included in the main text
are discussed in the Appendixes.

II. BACKGROUNDS

In this section, we introduce the OTOCs and the model
studied in this work. We also briefly discuss the definition and
characterization of the mixed eigenstates, the main topic of
the present work.

A. Out-of-time-order correlators

The OTOCs quantify the information scrambling, which
refers to the spreading of local information across many de-
grees of freedom, in quantum many-body systems [37]. They
were first introduced by Larkin and Ovchinnikov [38] and
nowadays play an important role in many branches of physics,
such as high-energy physics [44], condensed matter physics
[40,68], and quantum thermodynamics [48,69,70]. It is

commonly believed that studying the features of OTOCs could
sharpen our understanding of various properties of quan-
tum many-body systems. This has led numerous theoretical
[71-73] and experimental [63—65] works to explore different
aspects of OTOCs in recent years.

For a system evolved according to the Hamiltonian H, the
OTOC of two Hermitian operators A and B is defined as

C(t) = ([A®), BI'[A(1), B]) = —([A(), BP), (1)

where A(t) = UT(t)AU (t) with U(t) = e~'f" being the time
evolution operator. Here, we set /i = 1 throughout this work
and (---) denotes an average for a certain quantum state.
The OTOC:s are usually evaluated as the thermal average over
the canonical ensemble with inverse temperature 8 [44,74].
However, in order to reveal the dynamical property of a single
state, we consider C(¢) as an expectation value for a fixed
eigenstate of the system, namely, the so-called microcanonical
OTOC [47,60,74].

Although the quantum-classical correspondence [38,50]
implies that a general OTOC increases exponentially with
time until the well-known Ehrenfest (or scrambling) time
for the quantum system with classical chaotic counterpart
[45,47,61], whether the OTOC can be used as a dynamical
indicator of quantum chaos is still under debate [52-54,75—
79]. Nonetheless, the OTOC analysis could provide more
insights into the dynamical features of both isolated [80-87]
and open [88-92] quantum systems. OTOCs arealso widely
used for studying thermalization [70,93] and acts as a valuable
detector of various phase transitions [94—100]. At this point,
we would like to mention that the properties of OTOCs are
obviously dependent on the kind of observables. They are
usually physically relevant observables, such as position and
momentum operators, as well as spin and particle density
operators in finite-range interacting systems. But, the choice
of them is usually motivated by a certain specific physical
problem.

In the present work, we employ the OTOC to analyze the
dynamical signatures of the mixed eigenstates in the kicked
top model. Before delving into this question and focusing on
specific dynamical behaviors, let us provide a brief review on
the basic features of the kicked top model and the characteri-
zation of the mixed eigenstates.

B. Kicked top model

The kicked top model is a prototypical model in the studies
of quantum chaos [101-103] and can be experimentally real-
ized in different platforms [104—107]. Its quantum version is
described by the Hamiltonian

+00
H=aS,+ 3250 ) 8 —n). @
n=—00

Here, S, (u =x,y, z) are the angular momentum operators
with total magnitude S, satisfying the standard commutation
relations of angular momentum. The parameter « denotes the
frequency of the free precession around the x axis, while «
represents the strength of periodic § kicks. As the total angular
momentum is a conserved quantity, the Hilbert space of H
[Eqg. (2)] has a finite dimension equal to 25 + 1. Hence, we
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FIG. 1. Classical phase space portraits of the kicked top model for 121 random initial conditions with x = 0.2,2.2,3,4.3,6, and x =7
[from (a) to (f)]. Each initial condition has been evolved for 300 kicks. Other parameter: « = 137 /19.

can investigate the dynamics of the model without truncation
of the Hilbert space.

It is known that the kick strength « controls the degree of
chaos of the model, indicating a transition from integrability
to chaos with increasing «. This is verified by the quasienergy
statistics of the Floquet operator, which governs the time
evolution between two successive kicks and is given by

F =exp [ - i;—sz] exp(—iaS,). 3)
The quasienergy spectrum of H is then obtained through the
eigenvalue equation

Flex) = e |ex), “4)

where &, is the kth quasienergy associated with eigen-
state |ex). In our numerical caculation, we employ the
Dicke states, {|S, m)}ﬁj_“g, where S,|S, m) = m|S, m) and
S%|S, m) = S(S + 1)|S, m) with §? =} S?.. as the basis
of the Hilbert space.

The presence of chaos in the quantum kicked top model
is a manifestation of integrability-to-chaos transition in its
classical dynamics, which is given by [108-110]

M=X,y,Z

Xn+1 = Xpmcos W, — (Y, cosa — Z,, sin) sin W,,,,
Yne1 = Xy sin W, 4+ (Y, cosa + Z,, sina) cos W,,,, (®)]
Zny1 =Yy sina + Z, cosa,

where W,, =« (Y, sina +Z,cosa) and X=(X,Y,Z) =
(S)/S are the classical dynamical variables. The conserva-
tion of S? implies X2 4+ Y2 + Z? = 1, which allows us to
parametrize them as X = sin6 cos¢,Y = sinf sin¢, and
Z = cos 8, with ¢ and 6 being polar and azimuthal angles,
respectively. As a result, the classical phase space can be
described by two independent variables ¢ = arctan(Y/X) €
[—m, ] and 8 = arccos(S;) € [0, ].

A common way to show the transition to chaos in the
classical dynamics is to examine the Poincaré section. It was
known that the Poincaré section exhibits regular structure for

integrable systems, defined by invariant tori, while it consists
of randomly scattered points for fully chaotic dynamics. The
Poincaré section obtained by solving Eq. (5) for different val-
ues of k with @ = 137 /19 are plotted in Fig. 1. The variation
of the Poincaré section from a regular pattern for small « to
covered by randomly located points at large « clearly indicates
the transition to chaos with increasing «.

Our focus lies on the dynamical signatures of the mixed
eigenstates, which exist in the quantum systems with mixed
classical phase space consisting of regular islands embedded
in the chaotic sea. More specifically, the mixed phase space
has a fractal-like hierarchy, where regular islands are enclosed
by a chaotic sea and the chaotic sea is perforated with more
finer scale regular islands. For our considered case, the mixed
classical phase space is present for 2 < k < 5.4. We thus fixed
k = 3 in our study. The mixed feature of the classical phase
space for the k = 3 case can be visualized by the correspond-
ing Poincaré section, as demonstrated in Fig. 1(c). Here, in
order to provide a more realistic impression on the mixed
feature of the classical kicked top, we also plot the planer
projections of the classical spherical phase space for k = 3 in
Fig. 2. We have numerically verified that our main conclusions
still hold for other values of «, as long as the corresponding
classical dynamics is mixed. Additionally, a careful numerical
check has shown that although the value of @ can change the
degree of chaos for both a quantum and a classical kicked top
[111], it does not affect the main results of this work. This
allows us to fix @« = 137/19 in our study.

C. Mixed eigenstates

The mixed eigenstates, also referred to as hybridized states
[31], can exist in generic quantum systems that have mixed
classical phase space with coexistence of regular and chaotic
motions. A prominent feature of the mixed eigenstates is
manifested in their corresponding Husimi functions, distribut-
ing over both regular and chaotic regions. This means that
the types of eigenstates are encoded in their corresponding
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FIG. 2. Phase portraits of the classical kicked top for k = 3. Panels (a) and (b) denote the projection of the classical spherical phase space
X? +Y? + Z% = 1 on the hemispheres with X > 0 and X < 0, respectively. All other parameters are the same as in Fig. 1.

Husimi functions. It is worth pointing out that in the deep
semiclassical limit, as the eigenstates are either regular or
chaotic, their Husimi functions solely reside in the regular or
chaotic region.

For the kth eigenstate, |g;), of the Floquet operator, the
Husimi function is given by [112]

k(0. 9) = 1(0, plex) |, (6)
where
|0’ ¢> — ei(?(SXsinqb—SvcosqS)lS’ S> (7)

are the SU(2) spin-coherent states [113,114] localized at
(0, ¢). Here, |S, S) is the Dicke state and satisfies S,|S, S) =
S|S, S). Moreover, the Husimi function Qx(6, ¢) is normal-
ized as
25+ 1
4

/dAQk(O,d)) —1, )

with d A = sin6 d6 d¢ being the area element on the unit
sphere. To identify the types of the eigenstates, let us first
discretize the Husimi function by dividing the classical phase
space into a grid with N x N equal cells that are marked
by their central points and are indexed as (p, g) with p, g =
1,2,...,N. Then, we assign a value C,, = +1 to the cells
that reside in the chaotic region, and C,; = —1 otherwise.
Finally, following the work in Ref. [115], the type of kth
eigenstate is determined by the phase space overlap index,
which is defined as

25 +1
4

Xk = > Ok 0)Cpg AA . ©)
p.q

where AA,, is the area of the cell with index (p, g). The
definition of x; leads to —1 < y; < 1 with y; = —1 and +1,
respectively, corresponding to regular and fully chaotic eigen-
states. Hence, the mixed eigenstates are identified as x; # *£1.

In our numerical simulation, the chaotic region is generated
by evolving an initial condition, which is randomly chosen
from the chaotic region of phase space, up to 10® kicks. As
a result, the complement includes all regular and possibly
tiny chaotic regions. However, we can take the tiny chaotic
regions as a part of the regular region, as they are vanish-
ingly small. Moreover, to ensure that the discretized Husimi
function is normalized and our results are converged, we set
N x N =300 x 300 throughout this work. The Husimi func-
tion for several quasieigenstates of F in (3) with associated
xx are shown in Fig. 3. Comparing them to the corresponding
Poincaré section, which we plot in Fig. 3(e), we see that in
contrast to the regular and chaotic eigenstates, such as the
one displayed in Figs. 3(a) and 3(i), the Husimi function of
the mixed eigenstates spreads over both classical regular and
chaotic regions. However, in the sufficiently deep semiclassi-
cal limit, the relative fraction of mixed-type eigenstates decays
as a power law [28-30,33], in agreement with PUSC [20].
This prominent character of the mixed eigenstates leads us
to expect that it should also get reflected in the dynamical
behaviors of mixed eigenstates. In the following section, we
investigate this question by means of the OTOC.

III. DYNAMICAL SIGNATURES
OF THE MIXED EIGENSTATES

To analyze how the mixed feature of the mixed eigenstates
manifests in their dynamical behaviors through the OTOC, we
take the initial Hermitian operators asA = s, = S,/Sand B =
oc =10, $)(0, ¢| with |0, ¢) being the spin-coherent state in
(7). Then, for the kth eigenstate |&;), the OTOC is given by

cx(t) = (x5 (@), el [5:(8), peller) = cr1(t) — cra(t),
(10

where ¢ 1(t) = (x(@)|x(1)) + (y(O)ly()) and cx2(1) = (x(1)]
y(@)) + (y()|x(¢)). Here, we have defined |x(z)) = s.(¢)0c|€x)
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FIG. 3. Husimi functions O (6, ¢) in (6) for several eigenstates of the Floquet operator with phase space overlap indices are (a) x¢ = —1,
(b) xs5 = 0.6371, (¢) x113 = —0.275, (d) x147 = 0.5072, (f) x179 = 0.3858, (g) x208 = 0.7262, (h) x230 = 0.9780, and (i) x273 = 0.9985. The
corresponding classical phase portrait is shown in panel (e). Other parameters: « = 137 /19, k = 3, and the system size S = 150.

and |y(t)) = pcsx(t)|ex) with s, (¢) = ]-"'”Sx]-"’/S. The reason
for choosing the density operator of the coherent states is that
it allows us to understand how the mixed structure in the phase
space affects the evolution of the eigenstate OTOC. However,
the choice of s, is not unique. In fact, we have checked that
the results obtained for s, also hold for other operators, such
as s, = S,/S, as long as they do not commute with the Floquet
operator. Otherwise, the OTOC would be independent of the
time.

The role played by the type of eigenstates for the behavior
of cx(t) cannot be directly unveiled by Eq. (10). To uncover
how the type of eigenstates gets reflected in the evolution of
ck(t), we derive an upper bound of ¢, (¢) in terms of the Husimi
function of the kth eigenstate. By using the closure relation of
the eigenstates and spin coherent states,

25 +1

D leaed =1,

fdA|9,¢><9,¢| —1, b

we first rewrite ¢, (t) as

() =Y (e O®)ex)

2

2
> Z‘/dA1(8u|O(t)|91,¢1><91,¢l|8k) ,
u (12)

_(285+1
- 4

where O(t) = [s,(t), p.] is the commutator between s, (¢) and
pc- Then, the Cauchy-Schwarz inequality leads us to obtain

2

VdA1<eu|O<t>|91,¢1><61,¢1|ek>

< (/ dAllz) (/ dA1|<eu|O<r>|01,¢1>|2Qk<91,¢>1>)

_ 4n/dAle(el,¢1>|<su|0<r>|el, S0P, (13)

where fd.Al = 47 has been employed and Qy(0;, ¢1) de-

notes the Husimi function in Eq. (6). As a result, we finally

find that ¢, (¢) is upper bounded by

(28 +1)?
4

x 3 (61, $110T )] (e OW)I61. 1)

t) < /dAIkal,m

QS+

- / dAO 61, dOWiO1 d1).  (14)
TJT

where W, (61, ¢1) = (61, ¢11OT()O(t)|6;, ¢1) is the OTOC
with respect to the spin coherent states. Here, the last equality
is obtained by using the closure relation of the eigenstates
in (11).

It is known that the OTOC is less prone to scrambling
for the coherent states located in the regular regions, while
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FIG. 4. Snapshots of the OTOC ¢ (t), defined in Eq. (10), at different time steps for the eigenstates of the Floquet operator with ¢ = —1
(al)—(ad), x179 = 0.3858 (b1)—(b4), and 273 = 0.9985 (c1)—(c4). Other parameters: o« = 137 /19, k = 3, and the system size S = 150.

it exhibits a fast spreading over the chaotic sea for the co-
herent states residing in the chaotic component [67,87]. Then,
according to the inequality of (14), ¢, (¢) will evolve in the reg-
ular regions for the regular eigenstates and it should undergo a
rapid expanding in the chaotic region for chaotic eigenstates.
However, as the Husimi function of the mixed eigenstates oc-
cupies both regular and chaotic regions, the evolution of c(t)
will display some mixed features for the mixed eigenstates.
In other words, the time dependence of ¢ (¢) for the mixed
eigenstates is a combination of the restricting motion in the
regular regions and an extending motion in the chaotic region.

In Fig. 4, we plot ¢ (¢) in classical phase space at dif-
ferent time steps for regular, mixed, and chaotic eigenstates,
respectively. The dependence of the behavior of ¢;(7) on the
type of eigenstate is clearly visible. Specifically, as seen in
Figs. 4(al)—4(a4), the evolution of OTOC for the regular state
is confined within the regular region. On the contrary, the
OTOC spreads over the chaotic region for the chaotic eigen-
state, as demonstrated in Figs. 4(c1)—4(c4). Distinct from both
regular and chaotic eigenstates, as observed in Figs. 4(bl)—
4(b4), the OTOC of the mixed eigenstate is initially evolved in
the regular region and gradually spread into the chaotic region
with increasing time. These results suggest that the type of the
eigenstates leaves an imprint on the behavior of OTOC.

Further dynamical properties of the mixed eigenstates can
be quantitatively revealed by the phase space averaged OTOC,
which is defined as

25 +1

Cr(t) = fck(t)sinededd). (15)
Here, the phase space average is actually the average over
the coherent states p. in (10), which are drawn independently
from a uniform distribution in the phase space.

The results in Fig. 4 indicate that the time dependence of
Cy(¢) should be strongly correlated with the type of eigenstate.
This is verified in Fig. 5, where we show the short-time
and long-time evolutions of Ci(¢) for the regular, mixed, and
chaotic eigenstates. The confining behavior of ¢ (¢) for the
regular state results in Ci(¢) evolving around a vanishingly

small value with almost no fluctuations. In contrast, due to the
fast spreading of ¢, (¢) in the phase space, Cy(¢) of the chaotic
state starts with a rapid growth followed by tiny fluctuations
around certain saturation values. In particular, one can observe
that the behavior of Ci(¢) for the mixed eigenstate is very
different from the regular and chaotic states. As the mixed
eigenstate exhibits a slow extending of ¢, (¢) over the phase
space, the corresponding Cy (7) increases with a lower rate and
it eventually saturates with small oscillations at long time. The
saturation value of Cy(¢) for the mixed eigenstate is smaller
compared to the chaotic state and it should depend on the
value of y;. Moreover, we further note that the initial growth
rate of Cy(¢) also correlates to y;. These results imply that the
dynamical signatures of the mixed eigenstates are encoded in
both short- and long-time properties of Cy (¢).

A. Short-time growth rate of phase space averaged OTOC

To analyze how the mixed eigenstates manifest themselves
in the short-time behavior of Cy(t), we define its initial growth
rate as

Ci(r) = G (0)  dCi(7)
Vi = = )
T dt

(16)

where 7 is the finial time of the initial growth. It was known
that OTOCs usually exhibit a growth until the Ehrenfest time
tg ~ log(Dy)/Aq with Dy and A, respectively, the Hilbert
space dimension and the classical Lyapunov exponent. As
Aq has the order of magnitude O(1) for our considered case,
we thus take T = |In(2S + 1)] in the numerical calculations.
Here, |x] means the nearest integer of x.

The results in Fig. 5 indicate that y; is defined in an interval
Yk € [Vk.min> Yk.max]. For regular eigenstates, we have y;, =
Vimin ~ 0, while Y, = ykmax corresponding to the chaotic
eigenstates. The value of y; for the mixed eigenstates varies
in between.

In Figs. 6(a) and 6(b), we show the scatter plots of y and
x of the eigenstates for different system sizes. As expected,
we see that the regular and chaotic eigenstates have values of
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FIG. 5. Short-time (a) and long-time (b) phase space averaged OTOC, C,(¢) in Eq. (15) for the eigenstates with corresponding values of y;
are given in the legend of panel (a). Other parameters: @ = 137 /19, k = 3, and the system size S = 150.

y that are clustered around its minimal and maximal value,
regardless of the system size. For the mixed eigenstates with
—1 < x < 1, the initial growth rate y exhibits a wide distri-
bution between two extreme values, indicating that the value
of y can be used to characterize the degree of mixture of
the mixed eigenstates. An interesting and remarkable feature
exhibited by both figures is that the data points for the mixed
eigenstates splits into two branches, one with lower and the
other with high values of y. Both branches are well described
by an almost smooth line, and the degree of smoothness for

However, an explicit explanation of this feature remains elu-
sive, requiring further study and exploration. Nevertheless, the
coexistence of two different values of y can be considered as
a peculiar manifestation of the mixed eigenstates. Here, we
would like to point out that the largest Lyapunov exponent
also displays multivalue dependence in the mixed system, as
revealed in the three-site Bose-Hubbard model [116].

To further show how the mixed eigenstates are correlated
with y, we consider the probability distributions of y and y,
which are defined as

each branch can be improved by increasing the system size. 1
This conspicuous phenomenon indicates that y behaves as P(y) = S+ 25(3/ =) PX)
a multivalue function of x for the mixed eigenstates. There Ve
are several reasons for this multivalue dependence, such as 1
quantum scarring, stickiness effect in the underlying classical = 25+1 Z S(X — Xk (17)
dynamics, and the localization behavior in the eigenstates. Xk
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=4 ] =1 . [(¢) .
A % ; Q2 ; 0.86 e
01:(&)' —————— .“.._ :(b) i ._._ S -
:: 1t 0.84
0.08 F 8 1F - - i
of] 1 =
0.06 ¥ 1k 1% 0.82
& -3 1T
0.04f 3y 1F ] i ]
o Ié ] 11 0.8} §
0.02F o g0 1t ] [ ]
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K ] 10 [ ]
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FIG. 6. Scatter plots of y vs x for the system size (a) § = 150 and (b) S = 250. The top and right panels in (a) and (b) plot, respectively,

the probability distributions P(x ) and P(y ), defined in Eq. (17). (c)

Pearson product-moment correlation coefficient r, in Eq. (18) of x; and

¥« as a function of system size S. Other parameters: o = 137 /19, k = 3.
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where S is the magnitude of the angular momentum and also
denotes the system size. Our previous works [29,30] have
demonstrated that P(x) has the double peak shape with two
peaks corresponding to regular and chaotic eigenstates, re-
spectively. Consequently, one can expect that the shape of
P(y) should also be the double peak. This is verified in the top
and right panels of Figs. 6(a) and 6(b), where the probability
distributions P(y ) and P(} ) are displayed. However, we note
that P(y) is supported on a much smaller interval than P(y),
which leads to a less sharp double peak in P(y) as compared
to P(x). Nevertheless, we observe that the sharpness of the
double peak shape in P(x ) can be enhanced as the system size
is increased. It is worth pointing out that this enhancement
also implies the decreasing of the relative fraction of the
mixed eigenstates with increasing the system size, consisting
of our previous result [29,33].

The quality of the correlation can be quantitatively mea-
sured by the correlation coefficient. For the two random
variables {(U;, V;)}, the dependence between them is usually
quantified by the well-known Pearson product-moment corre-
lation coefficient [117], defined by

L S0V
S U— TR,V =V

where U and V are the average of U; and V;, respectively. The
Pearson coefficient rp for our case is calculated by replacing
U;, Vi) with (xx, vx)- In Fig. 6(c), we plot how rp varies
with increasing the system size S. It is obvious that rp has
a larger value rp =~ 0.84 almost independent of the system
size. This feature confirms the strong correlation between
y and x. It also prompts us to conjecture that the short-
time growth rate of the phase space averaged OTOC reflects
the dynamical character of the mixed eigenstates. However,
our findings do not suggest that the initial growth rate of
the OTOC measures the degree of chaos of an eigenstate.
In fact, how the early-time OTOC growth rate connects to
chaos remains an open question and beyond the scope of the
present work.

(18)

B. Long-time average of phase space averaged OTOC

The dynamical signature of the mixed eigenstates can also
be revealed by the long-time average of C (), defined as

1 t+T
Co= Jim — / Ce()dv, (19)

where ¢ >> 1 should be sufficiently larger than the initial
timescale. In our numerical simulations, we take + = 100 and
T = 500. We have carefully checked that further increasing ¢
and T does not change our main results. By inserting Eq. (15)
into (19), after some algebra, one gets

- 25 +1
C =
k 4

[ G sin0dodg, (20)

where

T—o0

1 t+T
¢y = lim ?/ cr(v)dv = Ck,l —2Cy0, 21
t

and
Cit = 0k Y 0p(53),, + D Cplsplspr + 2507 0%
4 P

Ck,2 = Qk Z [Qp(sx)pp(sx)kk + Qp(sx)kp(sx)pk]s (22)

p

with Oy being the Husimi function (6) of the kth eigenstate
and (sy)ap = (€41Sx|€p)/S. Here, the integration in Eq. (21) has
been carried out by assuming that the energy spectrum has
no degeneracy [see Appendix A for an explicit derivation of
Eq. 2D)].

It is known that the fully chaotic eigenstates are almost
uniformly distributed over a given basis. As a result, we
have Ci,;~O(1/S) and C; ,~O(1/S5%), suggesting &;~O(1/S5)
and Ek.maXNO(l). For the regular eigenstates, Cy,; and Cy»
have the same order of magnitude O(1/S5%), leading to
(_Zk,min'vO(l/S ) (see Appendix B for more details). However,
as the mixed eigenstates are partially localized in the regular
region and partially extended in the chaotic region, one can
reasonably expect that the values of their C; are directly linked
to xx and vary from Ek,min to Ek,max.

The scatter plots of C; versus x for all eigenstates with
different system sizes are shown in Figs. 7(a) and 7(b). An
overall similarity between Figs. 7(a) and 7(b) and Figs. 6(a)
and 6(b) is clearly visible. We see that C clusters around its
minimal and maximal values which are, respectively, corre-
sponding to the regular and chaotic eigenstates, as indicated
by the value of x. In addition, one can further observe
that the mixed eigenstates with —1 < x < 1 have values of
Ek that are scattered between two clusters. Here, we see
again that C; has two branches for the mixed eigenstates,
verifying that the mixed eigenstates allow physical quantities
to have multivalue. It is further verified that the mixed nature
of the eigenstates can be manifested by this multivalue de-
pendence. These results confirm that the types of eigenstates
have a strong impact on the evolution of the OTOC, and the
unique features in the OTOC exhibited by the mixed eigen-
states enable us to distinguish them from chaotic and regular
eigenstates.

To further uncover the links between the long-time av-
eraged OTOC and the signatures of mixed eigenstates, we
consider the probability distribution of C;, defined by

_ 1 _
P@C) = ST Xk: 8@C —Cp), (23)

and compare it to P(x) in Eq. (17). The results for different
systems are plotted in the right and top panels of Figs. 7(a)
and 7(b). We first note that P(C) has a similar shape as
P(x), regardless of the system size. Both P(E) and P(x)
are characterized by double peak distribution with two peaks
corresponding to regular and chaotic eigenstates, respectively.
The mixed eigenstates are marked by smaller values of P(C)
and P( ) that are distributed between two peaks. In particular,
we observe that the double peak shapes of P(C) and P(x)
become sharper as the system size is increased. This is in
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FIG. 7. Scatter plots of C as a function of x for the system size (a) § = 150 and (b) § = 250. The top and right panels in (a) and (b) plot,
respectively, the probability distributions P(x) in Eq. (17) and P(C) in Eq. (23). (c) Pearson product-moment correlation coefficient r,, defined
in Eq. (18), of C; and x; as a function of system size S. Other parameters: « = 137 /19, x = 3.

agreement with the expectation that the relative fraction of the
mixed eigenstates decreases with increasing the system size
[28-30,32,33].

The remarkable agreements exhibited by P(C) and P(x)
indicate the equivalence between them. To confirm this state-
ment, we study the correlation coefficient between C, and Xk»
claculated by r, in Eq. (18) with (Cr, xx) serving as (U;, V;).
In Fig. 7(c), we plot how r,, varies as a function of the system
size S. We see that r, shows a weak dependence on the system
size and it displays only a small fluctuation around r, ~ 0.93
with increasing S. This not only demonstrates that the behav-
ior of the long-time averaged OTOC is strongly correlated
with the types of eigenstates, but also verifies that the OTOC
acts as a valuable tool to analyze the dynamical signatures
of the mixed eigenstates. Moreover, one can observe that r,
in Fig. 7(c) is larger than the one in Fig. 6(c), suggesting
that the long-time averaged OTOC is more reliable to distin-
guish the mixed eigenstates than the initial growth rate of the
OTOC.

IV. CONCLUSIONS

In conclusion, we have examined the dynamical signatures
of the mixed eigenstates in a mixed-type system. Different
from regular and fully chaotic systems, a mixed-type system
has mixed phase space with regular islands embedded in a
chaotic sea. This led Percival to classify quantum spectra of
the mixed-type systems into regular and chaotic types [16].
However, this binary classification is an idealization and the
quantum eigenstates in the actual situations are more com-
plex. In fact, it has been found that the mixed eigenstates
with Husimi function occupying both regular and chaotic
regions are more prevalent in the mixed-type systems. Hence,
studying the properties of the mixed eigenstates is crucial for
understanding various phenomena exhibited by the mixed-
type systems. Previous works have investigated the statistical

features of the mixed eigenstates [31] and had numerically
verified that their relative fraction in the semiclassical limit
decreases according to a power law [28-30,32,33]. In this
work, we have demonstrated how to characterize the mixed
eigenstates through the dynamics of the OTOC in the kicked
top model, which behaves as a mixed-type system for certain
control parameters.

The mixed eigenstates in our study are identified using
the phase space overlap index, which measures the degree
of the mixture of the eigenstates and has been employed
in our previous works [28-30,32,33]. We have shown that
the time dependence of OTOC for the mixed eigenstates
exhibits unique behavior which distinguishes the cases of
regular and chaotic eigenstates. In particular, the short- and
long-time behaviors of OTOC exhibit an obvious dependence
on the degree of the mixture of the eigenstates. This has
led us to analyze the dynamical characters of the mixed
eigenstates through the initial growth rate and long-time av-
erage of the OTOC, respectively. We have revealed how
the initial growth rate and long-time average of OTOC
connect to the phase space overlap index and quantified
their correlations via the Pearson product-moment correlation
coefficient.

Our findings offer further insights into the features of
mixed eigenstates and also provide a comprehensive perspec-
tive on the mixed-type systems. As the mixed eigenstates
are commonly described by the distribution of their Husimi
function in both regular and chaotic regions, we expect that
the main conclusions of this work may still hold for other
mixed-type systems. It would be interesting to systemati-
cally study dynamical properties of the mixed eigenstates
in various mixed-type systems, such as billiards and the
Dicke model, via the OTOCs. Another question that de-
serves future exploration is to find an analytical explanation
for our numerical results. Moreover, the OTOCs have been
experimentally measured in a variety of platforms [63-66].
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This leads us to further expect that our work could stimu- DATA AVAILABILITY
lsz;tset;:ln(;re experimental studies of dynamics in mixed-type The data that support the findings of this article are not

publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
ACKNOWLEDGMENTS hosting the data would be prohibitive within the terms of this
This work was supported by the Slovenian Research and research project. The data are available from the authors upon
Innovation Agency (ARIS) under Grants No. J1-4387 and No. reasonable request.
P1-0306.

J
APPENDIX A: LONG-TIME AVERAGE OF c¢(t)

In this Appendix, we present a detailed derivation of ¢, given by

1 t+T
Gk = 7/ crlo)da =1 — o = (X(@)|x(0)) + (Y(Oly()) — [x@O]y@)) + (y(O)lx(@)]. (A1)

Since |x(2)) = s, (t)pecler)s [Y(#)) = pesc()|ex), and s,(t) = F s, F', it is straightforward to find that ¢ ; is given by

C1 = (exlpesi(t)pe + s:(t)pgse(t)ex)
=Y [(exlocle ) e | F 2P em) (Eml o ex) + (exlsc T ;) (€102 1Em) (Eml F s ler) ]

J.m

= 3" [tewlocles) (€15 lem) (el ocler)e o + (exlsyle el pelen) (emlsiler e o], (A2)

j.m

Here, F'|e;) = /' |ey) (£ = j, m) and ,03 = p. have been used in order to get the last equality. For the nondegenerate energy
spectrum, we have e~i«=¢)" = §,4. This allows us to get

i =0k ) 0p(s3),, T D (sp(s ks (A3)
p P

where Q,, is the Husimi function of the pth eigenstates of F and (0)., = (£,]0|¢p) With O = s, sf.

To calculate ¢ », we first note that (x(¢)[y(t)) + (y(¢)|x(t)) = 2 Re({(x(¢)|y(¢))) with Re(z) being the real part of the complex
number z € C. Thus, we have ¢, » = 2Re(x(¢)|y(¢)). The long-time average of (x(¢)|y(¢)) is given by

(x@Ny(@)) = (erlpesx(t)pesc(t)]er)
= (er| pe F s, F' pe F s Fler)

= Z (8k|pc|8p)(8p|]:“sx]:t|8q)(8q|pc|8r><8r|]:-hsx|8k>ei€kt

p.q,r

= (el oclep) (eplsileg) (egl ocler) (erlsiler) e Er—rater—ent, (A4)
p.q.r

As the energy spectrum has no degeneracy, we have

Squr s

e*i(é‘p*&z]+€r*€k)f = 85[,—£q,6k—8,- = Squskr’ (AS)
8By

Consequently,

2 = 2Re(x([y(1)) = 2| (s 0f + Ok D Op(s:)pp(s )ik + Qi Y, Qs )ir(5: )k

p#k r#k
— 2 2
- 2Qk Z[Qp(sx)pp(sx)kk + Qp(sx)kp(sx)pk] - 2(sx)kak' (A6)
p
Combining Egs. (A3) and (A6), we finally obtain
¢k = C,1 — 2C; 2, (A7)
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with

Cit = 0k Y 0p(53),,, + D Colsp(s)pk + 20505k 0%
P P
Ck,2 = Qk Z[Qp(sx)pp(sx)kk + Qp(sx)kp(sx)pk]- (AS)
P
This is the result shown in Eq. (21) of the main text.

APPENDIX B: MAGNITUDE OF c¢; FOR CHAOTIC AND REGULAR EIGENSTATES

In the main text, we have briefly discussed the magnitude of ¢, for regular and chaotic eigenstates. Here, we provide more
details about how to get them. For the fully chaotic eigenstates, as they distribute uniformly in a given basis, the normalization
condition of their Husimi functions lead us to find that the magnitude of the Husimi function is

O = I(exl6, ) > ~ O(1/5), (B1)

where k = 1, 2, ..., D with D being the dimension of the Hilbert space. On the other hand, we have

(5)ab = (€alSilen) /S =Y mo(ealme) (miler)/S ~ O(1/S),

my

(57)p = (€alS2len) /87 =~ mi(ealmy) (myley) /S* ~ O(1), (B2)

my

where {|m,}) is the eigenstate of S, with eigenvalue m, = —S, —S+1,...,S. Here, (g,|m,) ~ (my|ep) ~ o(1/VS),
th my{eq|my) (mylep) ~ O(1), and me m)% (ealmy) (my]ep) ~ O(S?) have been used. Then, the magnitude of each term in Cy
and Cy , is given by

0k ) 0p(s3),, ~ Qu0p Y (3),, ~ O1/S),
V4

p

D 00k ~ Cp D (s plsdp ~ O(1/S),  2s)p Qi ~ O(1/8%),
p p
O Y Qp(s)pp(sie ~ QuQp D _()pp(s )ik ~ O(1/S%),
P P
O Y Op(sip(s)pe ~ QuQp D (s )ip(s:)pk ~ O(1/S%). (B3)
p P

This results in Cy,; ~ O(1/S), Cra ~ O(1/5%), leading to ¢, ~ O(1/S) for the chaotic eigenstates.
As the regular eigenstates can be considered as the localized states, they generally lead to the following results:

Qi ~ 0y~ O0(), (s~ O1/S),  (57),, ~ O1/8), (B4)
where n € [p, p 4+ Ap] with Ap ~ O(1). Then, the magnitude of the terms in C; ; and C; , are
p+Ap

Ok Y 0p(spp ~ D (s)pp ~ O(1/S), 2507 0f ~ 2055, ~ O(1/8%),
p P

k+Ap

D 0pps )k ~ Y (s ip(sdpi ~ O(1/5%),
p k

p+Ap
O Y 0p(s)pp(sdie ~ Y (s:)pp(si ik ~ O(1/57),
P P
k+Ap

Ok Y 0p(sip(s:)pe ~ Y (s dip(s:)p ~ O(1/S%). (B5)
P k

We thus yield Cy.; ~ C» ~ O(1/5?) and ¢; ~ O(1/S?) for regular eigenstates.
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