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We revisit the spectral statistics of the C;-symmetric billiard introduced by F. Leyvraz et al. [J. Phys. A:
Math. Gen. 29, L575 (1996)], which exhibits both Gaussian orthogonal ensemble (GOE) and Gaussian unitary
ensemble (GUE) statistics depending on the symmetry block. Using high-precision Beyn’s contour-integral
method for the nonlinear Fredholm eigenvalue problem with built-in separation of irreducible subspaces, we
compute 2.8 x 10° eigenvalues in each symmetry subspace, enabling statistically meaningful comparisons with
random matrix theory. The improved spectra reveal clear GOE-GUE correspondence and resolve previously
observed deviations in long-range spectral correlations. Furthermore, we analyze phase-space eigenstate local-
ization through the distribution of entropy localization measures, which, for chaotic states follow a 8 distribution

whose standard deviation decays as a power law with energy, consistent with the onset of quantum ergodicity as

described by Schnirelman’s theorem.

DOI: 10.1103/s9jj-p8sy

I. INTRODUCTION

Quantum chaos (or more generally wave chaos) addresses
the relationship between quantum or wave dynamics and the
structure of the underlying classical phase space, particularly
in the classical (short-wavelength) limit [1,2]. A central obser-
vation is how classical integrability, chaos, or mixed dynamics
manifest themselves in quantum observables such as energy
spectra, eigenfunctions, along with their phase-space repre-
sentations. In this context, Wigner and Husimi functions [3—6]
provide a natural framework for visualizing quantum states in
phase space and identifying their correspondence with clas-
sical invariant structures. More generally, the term quantum
chaos also encompasses quantum systems (e.g., many body)
exhibiting universal spectral and eigenstate statistics even in
the absence of a well-defined classical limit [7]. In this work,
quantum billiards have a clear classical limit. A fundamen-
tal result of quantum chaos is the universality of spectral
statistics, where classically integrable systems exhibit uncor-
related energy levels with Poissonian statistics [8,9], whereas
fully chaotic systems are described by random matrix theory
(RMT). Importantly, depending on the presence of antiunitary
symmetries, the universality classes are described by either
Gaussian orthogonal ensemble (GOE) or Gaussian unitary
ensemble (GUE) [10,11]. This correspondence is known as
the Bohigas-Giannoni-Schmit conjecture, which has its roots
in the works of Casati, Guarnieri, and Valz-Gris [12,13].

Billiard systems play a central role in studies of quantum
chaos, as they provide conceptually simple yet dynamically
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rich models in which the correspondence between classi-
cal and quantum mechanics can be explored in detail. The
classical dynamics of a billiard is fully determined by its
geometry, ranging from integrable shapes (such as rectangles
and circles) to fully chaotic ones (e.g., Sinai or Bunimovich
billiards), as well as mixed-type geometries exhibiting both
regular and chaotic motion [9,14—18]. Their quantum counter-
parts, defined by the Helmholtz or Schrodinger equation with
hard-wall boundary conditions, are experimentally accessible
in microwave resonators, optical cavities, and acoustic sys-
tems, making billiards a natural testing ground for universal
spectral statistics and phase-space localization phenomena
[1,19-22]. For fully chaotic billiards, universality is not lim-
ited to spectral statistics but is also reflected in the structure
of eigenfunctions. In the semiclassical limit, chaotic eigen-
states are expected to become uniformly distributed in phase
space, in accordance with the random-wave model [23],
whereas finite-energy effects give rise to deviations in the
form of localization of eigenfunctions [24,25], scars [26],
and phenomenological-level spacing distributions [27-29]. A
quantitative study of eigenfunction localization is thus essen-
tial for determining how rapidly this universal behavior is
attained.

Discrete symmetries of a billiard play a crucial role in
shaping its quantum spectral statistics. The presence of a
symmetry group leads to a decomposition of the Hilbert
space into independent subspaces associated with the irre-
ducible representations (irreps) of the group [30], and spectral
statistics must therefore be analyzed separately within each
irrep, as superpositions of levels from different symmetry
sectors trivially drive the statistics toward Poissonian, there-
fore obscuring the physical origin of the statistical properties
of the individual level sequences. In most billiard systems
studied, the relevant symmetries are reflection symmetries,
giving rise to one-dimensional irreps. In chaotic systems,
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each such symmetry-reduced spectrum follows the statistics
of the Gaussian orthogonal ensemble, reflecting the presence
of an effective time-reversal symmetry within each sector.
In contrast, symmetry groups possessing higher-dimensional
irreps can lead to a fundamentally different universality class.
First studied by Leyvraz et al. [31], subspectra associated
with complex irreducible representations exhibit GUE statis-
tics despite the full system being time-reversal invariant [32].
A complete semiclassical theory for the coexistence of GOE
and GUE symmetry classes in such systems was later devel-
oped by Joyner et al. [33]. Billiards with discrete rotational
symmetries thus provide a natural but sparsely studied setting
in which different irreps exhibit distinct random-matrix uni-
versality classes, offering a sensitive probe of the interplay
between chaos, symmetry, and quantum statistics [34-36].
Interestingly, GUE statistics can also arise in certain other
time-reversal-invariant systems such as the mesoscopic nano-
electromechanical quantum-dot systems [37].

The paper is organized as follows. In Sec. II, we introduce
the geometry of the billiard and discuss its symmetry prop-
erties. In Sec. III, we outline the boundary integral method
used to solve the Helmholtz equation and to compute the
eigenvalues and eigenfunctions. Section IV is devoted to
the analysis of spectral statistics, including nearest-neighbor-
level spacings and the spectral rigidity As. In Sec. V, we
study the localization properties of eigenfunctions. In partic-
ular, Sec. V A introduces the Poincaré-Husimi (PH) function,
Sec. VB its associated entropy localization measure, while
Sec. V C analyzes the statistical behavior of the entropy lo-
calization measures by calculating the standard deviation of
the fitted B distribution as a function of the wave number
k. Section VD analyzes and interprets the final results of
Sec. V C. Finally, Sec. VI summarizes the results and presents
our conclusions.

II. GEOMETRY

In this study we have constructed the boundary from the
following parametrization Fig. 1:

r(¢) = 3(1 +a(cos3¢ —sin6¢)) ¢ € [0, 27)
a € [0, 0.55], (D

where we primarily use a = 0.2 [32,36,38] for the study of
level spacings and entropy localization measures because it
provides a practically fully ergodic phase space without large
variations of curvature on the boundary (allowing for a simple
trapezoidal Nystrom discretization scheme) or any traces of
dynamical localization at small k. Generally this billiard is
of the mixed type while being almost fully ergodic for a €
[0.04, 0.31] Fig. 2.

The Cj; billiard is invariant under the cyclic rotation group
C3 generated by R = Ry;,3 (rotation by 27 /3). For a # 0
there are no reflections, so the discrete symmetry is purely
rotational. The Hilbert space decomposes into three one-
dimensional irreps labeled by the rotation eigenvalue

Ry =Py, m=0,1,2. 2)

FIG. 1. Primitive two- and three-bounce periodic orbits of the C;
billiard at a = 0.2. The boundary is shown in black, the three-bounce
orbit in blue, the two-bounce orbit in green, and a six-bounce orbit
in orange. Red dashed lines mark the symmetry axes defining the
fundamental domain.

The m = 0 sector is real (self-conjugate), while m = 1 and
m = 2 are complex conjugates and form a time-reversal pair
(Table D).

The finite-time maximal Lyapunov exponent is computed
using the standard Benettin algorithm adapted to billiard
systems. Between collisions, the infinitesimal offset vector
ér,, = (4q,,, 6v,,) evolves under the linearized free-flight dy-
namics,

Qi1 =4qp + Aty -V, OUpg1 = 00y,

8qm+1 = 6qm + At 80, 3)
where At,, denotes the flight time between the mth and (m +
1)th collisions. At the (m + 1)th collision with the boundary,

the 8,4 transforms according to the linearized reflection
map (for details see Ref. [40])

6qm+l = aqm - 2(6qm : n)nv
2K
8Vpq1 = 80, — 2(8v,, - m)n — ——(8q,, 1)t ;, “4)
cosa

where n is the inward unit normal at the collision point, « the
local boundary curvature at the collision point, « the incidence
angle at the collision point, and ¢;, £, denote the incoming
and outgoing orthogonal unit vectors at the collision point (see

TABLE I. Irreducible representations of Cs (rotation by 2 /3),
labeled as R = R,, 3. The nontrivial eigenvalues are the cubic roots

of unity @ = ¢*"/? and w?* = ¢~27/3,
frrep n Eigenvalue of R Time-reversal
4 0 1 Self-conjugate
E; 1 w = et2mi/3 E
E_ 2 02 = e~27i/3 E,
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FIG. 2. Finite-time maximal Lyapunov exponent heatmaps A,
[39] for the C; billiard on the Poincaré section in the fundamental
domain s/L € [0, 1/3), where s is the arclength of a boundary point
on the curve (1) and L being the total arclength of that curve. For
visual clarity the color scale is capped at Ap,x = 1 (values above
the cap are shown with the same maximal color). Dark regions
(Amax = 0) indicate regular motion, whereas brighter regions corre-
spond to chaotic dynamics with positive Ap,x. Panels show increasing
deformation amplitude: (a) a = 0.005, (b) a = 0.01, (c) a = 0.05,
(d) a=0.2, (e) a=0.35, (f) a=0.5. For 0.05 <a <0.31, the
phase space is predominantly chaotic; for larger a, it becomes mixed.
Our case a = 0.2 (d) has very small stability islands [barely visible,
encircled in panel (d)] corresponding to the orange PO in Fig. 1.
The heatmaps were constructed on a 1000 x 1000 grid with 5000
collisions for each initial condition.

Fig. 2 for more information). To ensure numerical stability, the
tangent-space vectors are periodically orthonormalized using
the QR algorithm [41,42]. The finite-time maximal Lyapunov
exponent [39] is then obtained as

M(T)
1 18T |
A T)=— In ——, 5
max (T) = — ; T T (5)
where M is the total collision count and 7' = Z%LTI) Aty is

the total flight time. Figure 2 shows a heatmap of maximal
Lyapunov exponents for characteristic deformation ampli-
tudes a in the boundary definition (1).

III. BOUNDARY INTEGRAL METHOD
AND THE HELMHOLTZ EQUATION

We consider the stationary Helmholtz equation

(A+K)Y((x)=0, xeQ, (6)

in a two-dimensional billiard domain 2 with Dirichlet bound-
ary conditions

v(x) =0,

where 92 is the total boundary parametrized as in Eq. (1).
For simply connected domains with Dirichlet boundary con-
ditions, we employ a boundary integral formulation based on
the double-layer potential [43], where

u(y) = dn, (¥ (y)) ®)

is the boundary function, d, denoting the outward normal
derivative at y,

X € 0%, @)

G(x,y) = —LH{k|x — y|) )

is the free-space Green’s function, and H'" is the Hankel
function of the first kind of order m [44]. The boundary
integral equation (BIE) is

1
A(u(x)) = 7 u(x) + /asz On, G (X, y) u(y) ds(y) = 0,
X € 09, (10)

where the %u(x) term follows from the jump relation of the
double-layer operator [43,45], ds(y) is the differential ar-
clength at the point y € €2, and 9, Gy(X, y) is given as

tkn(y) - (x —y)

8nka(X7 Y) =~

(M
1 dxy) H“(kd(x,y)), (D)

where d(X,y) = v Zlizl(xi —y;)? is the Euclidian distance
between the points and n(y) the outward pointing normal
vector at point y. Due to the present C; rotational symmetry
it is numerically easier to work with the fundamental domain

[fung instead of the full domain I'yyy. They are defined as

Trnd = T(Z)., T =T Q27) =09, (12)

where

['@) = {(r(@)cos ¢, r(¢)sing)l¢ € [0,0)}.

The BIE (10) can be reduced to a boundary integral
over ['yyng and decomposed into irreducible symmetry sec-
tors labeled by m = 0, 1, 2. The resulting symmetry-projected
kernel [36] is (for derivation see Appendix B 1)

1 2
Altn(x) = Stn () + ) sm R’
=0

« / 00, G, V). un (W) ds(y),  (13)
Ifund

where u,,(x) is the boundary function in the mth irreducible
representation, R the rotation operator given in Eq. (B15)
and x,,(R%)* being the complex conjugate of the character of
the rotation R in the mth irreducible representation [see Eq.
(B20)]. Similarly the wave function constructed using Eq. (9),

V(x) = _[_Gk(x»Y)¢(Y)dS(Y)» xeQ, (14
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can be constructed in a given irreducible representation m (for
derivation see Appendix B 2),

2
Ym() =Y xm(RY)* /
(=0 I’

X € Q. 5)

Gr(x, RYy) u,, (y) ds(y),

fund

IV. SPECTRAL STATISTICS

A. Nearest-neighbor-level spacings

To characterize short-range spectral correlations, we ana-
lyze the nearest-neighbor-level spacing distribution (NNLS)
of the unfolded spectrum. After unfolding, spacings are de-
fined as

n+1 _Ens (16)

Sp =

where {E,} denotes the unfolded eigenvalues ordered by in-
creasing energy. Owing to the exact C; rotational symmetry
of the billiard, the spectrum decomposes into statistically in-
dependent symmetry sectors corresponding to the irreducible
representations m = 0, 1, 2. Since the m = 1 and m = 2 sec-
tors form a complex-conjugate pair, having the same energy
(doublets), related by time-reversal symmetry, we restrict the
analysis to the m =0 and m = 1 sectors. The NNLS dis-
tributions for the desymmetrized spectra in the m = 0 and
m = 1 symmetry sectors are shown in Fig. 3, each based on
approximately 2.8 x 103 eigenvalues.

The numerical results are compared with the Wigner sur-
mises

Poor(s) = — s’ 17
Gog(s) = > s exp 1)
32, 4
Poue(s) = — s~ exp| —— |, (18)
T T

corresponding to the GOE and GUE, respectively.

We observe excellent agreement with GOE statistics in the
m = 0 sector, consistent with the presence of time-reversal
symmetry in this real irrep. In contrast, the m = 1 sector
follows GUE statistics, reflecting the effective breaking of
time-reversal symmetry in the complex irreps. This behavior
is expected for systems with discrete rotational symmetry,
where complex irreps support unitary symmetry classes lead-
ing to GUE statistics even in the absence of an external
magnetic field [38].

B. Spectral rigidity A3
While nearest-neighbor spacing statistics probe short-
range correlations, long-range spectral correlations are char-
acterized by the Dyson-Mehta [46] spectral rigidity Asz(L).
For an unfolded spectrum {E,} with unit mean-level density,
we introduce the spectral staircase function

N(E)=Nofn: E, < E}. (19)
The rigidity measures the mean-square deviation of N(E)

from its best linear fit on an interval of length L,

Eo+L
A3(L)=<min— / [N(E)—(AE+B)]2dE> ., (20)
AB L Eo Eo

ARERN —Data
- GOE
- GUE

FIG. 3. Nearest-neighbor-level spacing distributions for the
desymmetrized spectrum of the C; billiard. (a) m = 0 symmetry
sector: the numerical histogram (approximately 2.8 x 10° unfolded
eigenvalues) is compared with the Wigner surmise of the Gaussian
orthogonal ensemble (GOE), reflecting the presence of time-reversal
symmetry in this real irreducible representation. (b) m = 1 symme-
try sector: comparison with the Gaussian unitary ensemble (GUE)
Wigner surmise, indicating effective time-reversal symmetry break-
ing in the complex irreducible representations.

where (---)g, denotes averaging over the energy interval
[Eo, Ep + L]. An equivalent characterization of long-range
correlations is provided by the number variance

23(L) = (IN(Ey + L) — N(Eo) — L"), 1)

which measures fluctuations of the number of levels in an
interval of length L. The two quantities are related by the
identity [1]

L
As(L) = %/ (L> =2L%r + HZ2(r)dr.  (22)
0

For uncorrelated (Poissonian) spectra, the rigidity grows
linearly,

L

APoisson L)y=—,
) =13

(23)

whereas for chaotic systems random-matrix theory predicts a
much slower, logarithmic growth. In the Gaussian ensembles,
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FIG. 4. A;(L) for the m = 0 irreducible representation of the
billiard with a = 0.2 at various wave numbers k. The dashed red
line is the theoretical curve for the AF9E(L), the blue vertical rep-
resents the length of the three-bounce periodic orbit and the green
line represents the two-bounce periodic orbit, as shown in Fig. 1.
It is observed that the spectrum starts to deviate from RMT around
y—— Af”““lw, which matches the value of [y = 1.2415 corre-
sponding to the two-bounce orbit (green vertical line, shown in green
in Fig. 1), where Agpng is the area of the desymmetrized domain
(Afung = %‘) and kp,y the largest wave number present in the spectrum
(title in each subfigure) [47,48]. The blue vertical line corresponding
to the three-bounce orbit with /y = 1.6834 (shown in blue in Fig. 1)
which was used in Ref. [36] does not correctly capture the observed
saturation trend.

the asymptotic behavior at large L reads

1, GOE,

2, GUE, @

AP(L) ~ LN +Cp, B= {
pr?

with ensemble-dependent constants Cg. For the case of a =
0.2, A3(L) is shown for symmetry classes m = 0, 1 in Figs. 4
and 5, respectively. It shows agreement with spectral rigidity
RMT up until saturation due to the shortest periodic orbit.
Another complementary result is the dependence of the sat-
uration value of the AS° as a function of wave number k.
The saturation value represents the maximal possible value
of spectral rigidity achievable at a given maximal energy E,«
or equivalent wave number k. in the spectrum and signifies
the contribution of the short classical periodic orbit. As de-
scribed in detail in Ref. [47], the growth of A is logarithmic
in E = k? and universal in each symmetry class, while the

kmax =100.0 k;max =500.0
03/ (a) (b)
03
02 o e I——
=
>
0.1

0 25 50 75
Fmax = 1000.0

150 300 450
Fmax = 1800.0

0.4 (¢)

0 250 500 750 1000 O 400 800

1200 1600
Fina = 2300.0 Funas = 2800.0
0.4 0a |

0.3
0.2
0.1

0 600 1200 1800 2400 O 800 1600 2400

L L

FIG. 5. A3(L) for the m =1 irreducible representation of the
billiard with @ = 0.2 at various wave numbers k. The plotted quan-
tities are the same as in Fig. 4, where importantly the value of Ly,
does not depend on the irreducible symmetry class m, allowing for
a direct comparison of the onset of saturation across all of them.
In contrast to the m = 0 case the deviation from A$UE(L) RMT is
observed already before the prediction given by the length of the
shortest periodic orbit (green vertical line), while the saturation is
still observed to start at the calculated Lp,x.

additive constant C is system-dependent. The trend is clearly
observed in Fig. 6, showing a clear agreement of the numerical
data with the theoretical result.

V. PHASE-SPACE ENTROPY LOCALIZATION MEASURES
A. Poincaré-Husimi function

To analyze the phase-space structure of individual eigen-
states we employ PH functions [5], which provide a reduced
phase-space representation on the billiard boundary. This con-
struction is particularly well suited for billiard systems, where
the boundary acts as a natural global Poincaré section [49].

Let v,,(x) be an eigenfunction satisfying Eq. (6). Then the
eigenfunction is uniquely determined by its normal derivative
on the boundary [49], which is the boundary function u,(s)
defined in Eq. (8). The Poincaré section is parameterized by
boundary position g € [0, L) and momentum

p = sin(w), (25)

where « is the reflection angle of the specular reflection.

014220-5
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FIG. 6. Spectral rigidity A$° as a function of the maximal wave
number ky,, for the m =0 (GOE, top panel) and m = 1 (GUE,
bottom panel) symmetry classes. Black dots denote numerical re-
sults, while the solid red curves show fits of the form A$*=C +
ﬁ In(k?) with « = 1.931 (GOE) and o = 3.647 (GUE). The value
of C is billiard dependent and was determined by fitting. Theoretical
values are represented by the dashed green line showing agreement
with the numerical results.

Following Ref. [4], coherent states on the boundary are
defined as periodized Gaussian wave packets,

K\ 14 X
C(qqp),k(s) = (;) ZCXP[_Q(S_Q‘FI’I’!L)Z

meZ
— ikp(s —q + mL):|. (26)

and the unnormalized Poincaré-Husimi function associated
with the eigenstate v, is defined as

2
27)

L
ha(q, p) = '/ Clqp)kn (8) Uy (8) ds
0

This quantity represents the projection of the boundary
function u,(s) onto a minimum-uncertainty wave packet cen-
tered at (g, p) on the Poincaré section. Due to the fact that
we are working in irreps the PH functions were constructed
with symmetry reduction in mind, allowing for less numerical
effort in their evaluation (for derivation see Appendix B 3).
Examples are shown in Figs. 7(a)-7(d).

The symmetry of h,(g, p) reflects the underlying discrete
symmetries of the billiard. In particular:

(1) For real irreducible representations [time-reversal in-
variant, GOE-like sectors, m = 0, Figs. 7(a) and 7(b)],

ha(q, p) = h,(q, —p). (28)

(2) For complex irreducible representations (GUE-like
sectors, m = 1, 2), time-reversal symmetry is broken and no
such p — —p symmetry exists [Figs. 7(c) and 7(d)].

/ / /
LR § I
‘ \' \‘ \
‘ ‘
f
\
' '
LU
" O

FIG. 7. (a) Probability density of a scar associated with the short-
est periodic orbit (two-bounce orbit) together with the corresponding
PH function (27) for a = 0.2 and m = 0 Darker regions correspond
to larger PH function values and highlight the scar support on the
underlying unstable periodic orbit. (b) Probability density with a
scar like feature supported by the periodic orbit linked to the sta-
bility islands visible in the finite-time maximal Lyapunov exponent
phase-space analysis, along with its PH representation for a = 0.2
and m = 0 [see Figs. 1 and 2(d)]. (c) Real and imaginary parts of
a quantum eigenfunction with a = 0.05, m =1, and k =~ 331.25.
While the individual components do not exhibit explicit 27 /3 ro-
tational symmetry, their probability density preserves the symmetry.
The corresponding PH function displays the breaking of the p — —p
symmetry. Panel (d) shows the doublet partner of panel (c) with
a=0.05, m =2, and k ~ 331.25. For the relevant periodic orbits
seen in panels (a), (b) see Fig. 1.

B. Entropy of localization measures

To quantify the degree of phase-space localization, we
discretize h,(q, p) on a uniform (g, p) grid and normalize it
such that } ap hy(q, p) = 1 [52]. The localization entropy is
then defined as

Sp ==Y ha(g. p) Inhu(q. p). (29)
q.p

and the corresponding normalized localization measure,

Ay = (30)

014220-6
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FIG. 8. Localization measures for the C; billiard with a =
0.35 in the m = 0 irreducible subspace from k£ = 800 to k = 1000

(approx. 8500 eigenstates). (a) Joint distribution of the localization
entropy A and the normalized inverse participation ratio R, defined

as R = N% ﬁ,
Highlighted states (I-VI) are representative examples. (b) Corre-
sponding PH functions (27) in the full domain [see Fig. 2(e) for
the classical phase space]. Brighter regions correspond to larger PH
function values and identify the phase-space regions most strongly
associated with the quantum state, allowing direct comparison with
the underlying classical phase-space structure. The distribution in
panel (a) clearly separates into a dominant bulk and sparse tails. The
bulk corresponds to chaotic eigenstates, centered around A, & 0.66
and well described by a fitted 8 distribution [17,24,50]. In contrast,
the tail at low A (0 < A < 0.15) originates from regular or residual
mixed-type states, characterized by strong phase-space localization.
For the purpose of statistical modeling of chaotic eigenstates, these
tail states are excluded from the fitting procedure [51]. This filtering
isolates the chaotic ensemble and yields stable g distribution parame-
ters, while the removed states represent physically distinct dynamical
classes.

where N, is the number of chaotic grid cells.

where N denotes the number of accessible chaotic phase-
space cells. By construction, 4, € (0, 1): small values of A,
indicate strong localization (e.g., scarring or regular islands),
while values close to 0.66 correspond to fully extended states
in phase-space [53]. The distribution P(A) of localization
measures is generally asymmetric and broad. Empirically it is
found that P(A) for localized chaotic states is well described
by a B distribution [24],

P(A;a, B) =CA '(Ag— AP, 0<A<A, (31

(a)0.56

0.42 {

P

3 0.29

0.15 a Vi

0% 04 0.18 0.31 0.44 0.57 0.70
(b)

[\ \i
FIG. 9. Localization measures for the C; billiard with a = 0.35
in the m = 1 irreducible subspace from k£ = 800 to k = 1000. The
detailed description mirrors Fig. 8. It is observed that comparing

the width of the fitted B distribution between m =0 and m =1
irreducible subspaces shows consistent narrowing in the m = 1 case.

with normalization C~!' = Ag’Lﬂ_IB(a, B) and B(a, pB) =
fol t*~1(1 —t)»~1 is the Euler B function. The shape param-
eters («, B) encode the relative weight of localized versus
extended eigenstates and vary systematically with energy and
classical phase-space structure. Provided are also Fig. 8 and
Fig. 9 as cases of a mixed-type phase space with localization
of various degrees. Examples for the case of a = (0.2 with
m = 0, 1 symmetry sectors are given in Fig. 10 and Fig. 11.

C. Width of the g distribution versus k

To quantify the approach to the semiclassical limit, we
analyze the statistical fluctuations of the localization-measure
distribution obtained from the PH representations of the
eigenstates. For each chaotic eigenfunction, the localization
properties are characterized by fitting the P(A) distribution
with a g distribution. To this end, we examine the standard
deviation (o) which provides a direct measure of the width of
the localization-measure distribution. The standard deviation
of the B function is given by o(Beta(x, 8)) = /Var(P(A),
where

Var(P(A)) = A2 20‘5

(¢ +B)y(a+p+1)
is the variance of the fitted B distribution. For classi-
cally ergodic systems, Schnirelman’s theorem [54] (quan-
tum ergodicity) states that there exists a subsequence of

(32)
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—-(e)k = 2300.0 -(Hk = 3000.0
18
T2
g
6
0
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FIG. 10. Distribution P(A) of the localization measure A derived
from PH functions for the C; billiard at deformation parameter a =
0.2 in the m = 0 (GOE) symmetry sector. Panels (a)—(f) correspond
to increasing wave numbers k = 300, 500, 1000, 1500, 2300, and
3000, respectively. Black histograms show numerical data obtained
from PH functions, while solid red curves represent fits by the
B distribution (31). The vertical green line marks the maximum
value of P(A). With increasing k, the distribution becomes pro-
gressively narrower and more sharply peaked, indicating increasing
phase-space delocalization and convergence toward the semiclassical
ergodic limit.

eigenfunctions of density one whose semiclassical measures
converge to the Liouville measure on the energy shell. As a
consequence, in billiards projections of these measures into
configuration space yield spatial equidistribution of the corre-
sponding eigenfunctions. While the theorem itself does not
provide quantitative rates of convergence, semiclassical ar-
guments and random—wave models suggest that fluctuations
of localization measures should systematically decrease with
increasing energy. This is a special, limiting case of the prin-
ciple of semiclassical condensation of Wigner and Husimi
functions [55].

Across all studied billiard geometries, we observe a clear
algebraic decay of the o (Beta(x, 8)) ox k=7 with exponents
clustered around y = 0.4. This behavior is robust across
symmetry sectors (m = 0, 1) and deformation parameters a.
The result indicates a systematic self-averaging trend consis-
tent with semiclassical expectations associated with quantum
ergodicity [56]. In physical terms, increasing energy progres-
sively suppresses phase-space inhomogeneities. Importantly,
the observed decay is algebraic rather than exponential,
indicating that semiclassical convergence is governed by
power-law scaling, as seen in Fig. 12.

—-(a) k = 300.0 —-(b)k = 500.0

18
T2

—

321[Z(e)k = 2300.0 ~(Hk = 3000.0

— =

0.00 0.15 0.30 0.45 0.60 0.00 0.15 0.30 0.45 0.60
A A

FIG. 11. Same as Fig. 10, but for the m = 1 (GUE) symmetry
sector of the Cz billiard at a = 0.2. The absence of time-reversal
symmetry leads to systematically narrower distributions P(A), con-
sistent with enhanced phase-space delocalization compared to the
GOE case.

D. Approach to quantum ergodicity

Using Poincaré-Husimi functions, we analyzed entropy-
based localization measures whose distributions are well
described by B distributions over a broad range of ener-
gies and deformation parameters a. It is observed that the
o (Beta(a, B)) for the m = 1 irrep is consistently smaller than
for m =0 at a given k. A characteristic feature observed
across the studied cases is a power-law decay of the distri-
bution width with increasing wave number,

o(Beta(a, B)) x k7, y=04. (33)

This behavior indicates a gradual reduction of localization
fluctuations toward the semiclassical limit. The extracted de-
cay exponents remain comparable across symmetry sectors
and deformation strengths within the predominantly ergodic
regime. These findings are consistent with the expectations
of quantum ergodicity, which predicts convergence of phase-
space measures for a subsequence of eigenstates of density
one. Although the theorem does not provide quantitative con-
vergence rates, the observed scaling suggests that localization
fluctuations decrease systematically with energy.

An interesting question that arises is whether a systematic
relation exists between the average maximal Lyapunov ex-
ponent (Apn,x) within the chaotic region of phase space and
the intercept D obtained from the linear fits in the loglog
representation

log,, o (Beta(ct, 8)) = D — y log,y k.
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FIG. 12. Decay of the width og = o(Beta(e, B)) of the fit-
ted B distribution describing the chaotic eigenstate statistics of
the localization measure A for the deformations parameters a €
{0.15,0.18,0.2,0.25, 0.35, 0.4}. Shown is log,, 05 versus log;,k
(decadic logarithms). (a) m = 0 (GOE), (b) m = 1 (GUE). For all
studied deformations a = 0.15, 0.18, 0.20, 0.25, 0.35, and 0.40, the
data follow an approximately linear trend on the log-log scale,
consistent with og o< k™7, indicating a progressive suppression of
localization fluctuations in the semiclassical limit. The power-law
behavior holds throughout the predominantly ergodic regime (0.05 <
a < 0.31), corresponding to @ = 0.15,0.18, 0.20, 0.25 and persist-
ing in the mixed regime at ¢ = 0.35 and 0.40, where chaotic states
exhibit only weak localization. Each dot represents the standard
deviation of the § distribution fitted on an ensemble of 2000 PH
functions.

As seen in Fig. 12, the intercept D increases with the de-
formation parameter a, while simultaneously y ~ 0.4 remains
unchanged as (An.) decreases. This suggests a separation
of roles between classical dynamical instability and the
semiclassical scaling of fluctuations of the phase-space en-
tropy localization measure: the Kolmogorov—Sinai entropy
hgs, which for the present billiard system coincides with
the phase-space average of the unique positive Lyapunov
exponent hgs = (Amax), appears to set the prefactor (dis-
tribution width), while the decay exponent y governs the
approximately universal rate of convergence toward quantum
ergodicity across all studied deformations. For a quantitative
analysis of D = f(hks), the interval a € [0.2, 0.34] is particu-
larly noteworthy, since hgs depends approximately linearly on
a in this regime Fig. 13. Overall, the results show that fluctu-
ation properties of localization measures provide information
complementary to conventional spectral diagnostics and of-
fer a useful perspective on the trend toward semiclassical
behavior.

VI. GENERAL CONCLUSIONS

We have presented a combined analysis of spectral correla-
tions and eigenstate localization in the Cs-symmetric billiard
introduced in Ref. [32]. Using a contour-integral based ap-
proach and an explicit projection onto irreducible symmetry

2.00

0.04 0.08 0.12 0.16 020 0.24 0.28 0.32
a

FIG. 13. Average maximal Lyapunov exponent (A.) as a func-
tion of the deformation parameter a. In the interval a € [0.2, 0.34],
the decrease of (Anax) is approximately linear. Comparing the (Amax)
values for the given a values with their accompanying intercept
values D from Fig. 12 it is seen that an increase of D is associated
with a decrease of (A ). For each initial condition in phase space,
the trajectory was iterated until the finite-time maximal Lyapunov
exponent stabilized within the prescribed numerical tolerance.

sectors, we obtained large spectra in the m =0 and m = 1
subspaces and computed Poincaré-Husimi representations for
large ensembles of eigenstates.

On the spectral side we analyzed the nearest-neighbor-
spacing statistics showing excellent agreement with random-
matrix universality when analyzed within each symmetry
sector with eigenvalues in the interval k € [5,3600]: the
real m = 0 irreducible representation follows GOE statis-
tics, while the complex m =1 irreducible representation
follows GUE statistics, despite the time-reversal invariance
of the underlying classical dynamics. Long-range correla-
tions, quantified by the spectral rigidity As(L), agree with
the corresponding GOE/GUE predictions up to the expected
saturation scale controlled by the shortest relevant periodic
orbit, consistent with semiclassical arguments. Our main
focus has been on phase-space eigenfunction localization
in the chaotic regime. We characterized the phase-space
structure of eigenstates using Poincaré-Husimi functions
and an entropy localization measure A, constructed from
said functions. For predominantly chaotic ensembles, the
empirical distribution P(A) is well described by a g dis-
tribution across a broad range of energies and geometry
deformations. To quantify the approach toward the semiclas-
sical regime, we tracked the width of the fitted distribution
via o(Beta(o, 8)) and found a robust power-law decay
o (Beta(x, B)) o k77 with y & 0.4 for all investigated defor-
mations within the nearly fully ergodic interval. This trend
indicates a systematic and quantifiable suppression of local-
ization fluctuations with increasing energy, consistent with the
qualitative expectations associated with quantum ergodicity
[54]. Beyn’s method shows promise of being an extremely
efficient method for calculating high-energy spectra of non-
convex billiards with automatic verification of eigenvalue
accuracy. To the best of our knowledge, it has not previ-
ously been applied to quantum billiard computations at this
scale.
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APPENDIX A: NUMERICAL DETAILS:
BEYN CONTOUR METHOD

To compute high-lying eigenvalues of the Helmholtz op-
erator in billiard domains, we employ a contour-integral
method for nonlinear eigenvalue problems based on the
framework of Beyn [57,58]. The primary motivation for
adopting Beyn’s contour-integral method is that within the
deformation-parameter range of interest, the billiard boundary
becomes nonconvex and exhibits strongly varying curva-
ture. Under these conditions, the traditional Vergini-Saraceno
method [59] is no longer directly applicable. Beyn’s method,
similar to the expanded boundary integral method [60], gives
eigenvalues with a small imaginary component. This residual
imaginary part provides a practical indicator of numerical
accuracy, reflecting discretization errors associated with the
finite-dimensional approximation of the Fredholm operator
and highlighting spurious solutions.

Beyn’s method can be used to find all solutions (z, v(z))
of operators satisfying the following equation 7' (z)v(z) =0
where z is typically a complex parameter and v(z) the solution
vector. Since in the boundary integral method this is exactly
the equation we are solving [43], Beyn’s method is applicable.
Let T'(k) denote the linear Fredholm operator arising from
the boundary integral formulation of the Helmholtz equation.
For k inside a contour I' in the complex plane, the inverse
operator admits the following expansion due to Keldysh’s
theorem [61]:

Nr
1
T@™ =) — v, +RQ),

n=1

(AL)

where {),} are Nr eigenvalues enclosed by I, v,, and w, are
the corresponding right and left eigenvectors of T (A,), with
the normalization wlT’()»,l)vn =1 [see Egs. (6) and (7) in
Ref. [57]], and R(z) is analytic inside I". This representation
forms the theoretical basis of contour-integration methods for
nonlinear eigenvalue problems. The robustness of the method
is guaranteed due to interior Helmholtz problems with closed
boundaries having only real eigenvalues, implying that all
the poles of Eq. (Al) are on the real axis and therefore we
are never evaluating nearly singular Fredholm matrices on
the contour (although care is taken when Fredholm matrices
are being evaluated near the intersection of the contour with
the real axis since an eigenvalue could be lying close). For

1071 \g(63/66) - Bue)
, : ® (61/62)
10- \ (49/61) ® (61/63) (60‘61)
[ )

(61/61) ~ (60/61L
= 100 (49/63) : e ab
< ©(47/61) I
2 1077 o (48/62) : 1 12 13 14 16
il H
= 48

10-° oS 13580
. < 0/62) (61/61) (61/61)
10 - o) ® (617617 &~~~ (e1%61) ®
10—13 :
< o] o~ ©o o < o o n
— — o~ o~ m < n

Nr

FIG. 14. Log-lin plot of the average residual (|res(A;)ll2) =
(T (A j)v(A)ll2) for a =10.2 and m = 0 as a function of the con-
tour discretization Np. The contour (R = 0.4) encloses the interval
k € (1404.0, 1404.8) containing 61 nonspurious eigenvalues, over
which the average is taken. An exponential decrease of the residual
is observed up to Ny ~ 12, followed by saturation at (||res(2;)|l,) ~
8 x 107'2. The labels above each point show (keep/found), where
“found” denotes the total number of eigenvalues detected inside the
contour, while “keep” denotes the number of nonspurious eigenval-
ues that pass the post-processing filtering criteria and are retained
for analysis. Although the residual magnitude appears stable for
Nr € (12,24), it does not find all the eigenvalues, as 1 or 2 eigen-
values close to the contour edges are lost. Therefore only at N = 24
(vertical dashed line) and beyond do we find all the eigenvalues
inside the contour. For the full spectral range k € (5, 3600) a con-
servative choice N = 50 was adopted, yielding uniformly small
residuals of order 10710,

an analysis of how N determines eigenvalue accuracy see
Fig. 14. Following Beyn the following lowest contour mo-
ments are constructed:

1 1
Ap = —fl T(x) 'Vdz, A=-— f T (z)"'V dz,
27i Jr 2wi Jr

(A2)
where V is a probing matrix with random columns. Inserting
Eq. (A1) into the definition of Ay gives

1
Ap = —f T(z)"'Vdz
2mwi Jr

1 Moo
= ww' +Rz)|Vd
2ri Jr <Z A Unty + (Z)) ¢

n:lz_ n

Mro 1 1
=) [_% dz]v” (wiV)+ — 7§ R(z)V dz.
p— 2wi Jrz— Ay 2mi Jr
(A3)

Since R(z)V is analytic on and inside I', Cauchy’s theorem
gives 351“ R(z)V dz = 0. Moreover, by the residue theorem,
ﬁ 551, ZJA dz = 1 for each A, inside I". Therefore,

Nr
Ay = Z v, (wiv). (Ad)
n=1
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Similarly, we have for the first moment

1
| = — f 2T (z)"'Vdz
2mi r

1 AL
¥
% Z( E Y VW, +R(Z)>de

n=1 n

_Z[Zmﬁz—

+ — ?g ZR(2)V dz.
2mi r

dz:| U, (w V)

(AS5)

Again, zR(z)V is analytic inside I', so its contour integral

vanishes. =1+
Z/\,hencez—m FZ dz =\,
Therefore,
Nr
A=) dnvn (wiV). (A6)
n=1
The common term gets relabeled as o) = wV,
Ao—Zvn o, AI—ZA v, (A7)

n=1

where r = Nr is the number of eigenvalues inside I" (all
unique since we are in a given irreducible representation).
Introducing the matrices

= [U], M) Ur] S Cera
A = diag(Ay, ..., A,) € C™,
ol (A8)
C = e (CrxL’
o

where r = rank(Ag) by construction, N is the dimension of
T (z), and L is the number of expected eigenvalues in the
contour with additional padding (due to the fact that there
are fluctuations around the smooth part of Weyl’s law we
reasonably increase the probing size of the random matrix V
as to not lose potential eigenvalues.) Therefore, Eq. (A7) can
be written compactly as

Ay =PC, A} = DPAC. (A9)
We compute the singular value decomposition
Ag=USW', UeCV % eR™, WeC", (A10)

and since Ag = ®C has guaranteed rank r, the columns of U
form an orthonormal basis of the eigenspace spanned by the
vectors {v,}, implying that the matrix

S=U"®eC™ (Al1)
is invertible. Constructing now the reduced matrix
B=U"A,wx !, (A12)

FIG. 15. Two successive complex contour centers ko, and kg
with their associated circular integration contours (black). Since the
accuracy of the projected eigenvalues obtained from diagonalizing
(A16) deteriorates near the contour boundary, adjacent contours are
chosen to overlap slightly. Only eigenvalues lying within the inner,
nonoverlapping regions (green dashed circles) are retained, thereby
preserving numerical accuracy. The contour radius is estimated using
Weyl’s law, supplemented by a small safety margin to ensure that
no eigenvalues are missed. In practice, we employ a trapezoidal
discretization with N = 50 quadrature nodes and parametrize each
contour as I'; = {ko;, + Rexp (jo)|¢p = %”,j =1,...,N — 1} where
R is chosen such that at most 150 eigenvalues are expected within
the contour In the computation the contour radius was restricted to
R < 0.5 (high £ range), since larger values led to spurious solutions
(manifested as unresolved small singular values, where the numer-
ical threshold for zero becomes ambiguous) and reduced precision
(see integral algorithm 1, step 4 in Ref. [57]). This discretization
is sufficient for the moment matrix A, to become unambiguously
numerically rank-deficient, indicating that all physical eigenvalues
enclosed by the contour have been captured.

and using Eq. (A9), we obtain
B=U"(dAC)WE!
=UTd)A(CWE)
=SACWE™h. (A13)

Multiplying Ay = ®C on the left by U’ and using
Egs. (A9) and (A10) we get

U'Ay=U"dC = W' = SC. (A14)
Right multiplication by W £ ! yields
I, =SCWZX!, hence CWE'=5"1 (A15)
Therefore,
B=SAS, (A16)

showing that the diagonal matrix A we are seeking is avail-
able by simply diagonalizing the reduced matrix B, whose
construction is relatively straightforward. To accelerate the
evaluation of 7'(z) along the contour, matrix elements are
interpolated using Chebyshev expansions constructed along
radial “rays” in the complex plane Fig. 15 [62]. Acceptance
intervals are introduced to maintain uniform interpolation ac-
curacy in the presence of highly oscillatory Hankel kernels. In
particular, for large arguments the outgoing Hankel function

014220-11



MATIC OREL AND MARKO ROBNIK

PHYSICAL REVIEW E 114, 014220 (2026)

admits the asymptotic form [44]

Hl(l)(kr) ~ % exp |:i<kr - 3%)]
ol o)
=,/—— exp|i|Re(k)r — — | | exp(=Im(k) r),
7 kr 4

(A17)

valid for |kr| — oo where the complex wave number is writ-
ten as k = Re(k) 4+ i Im(k). Equation (A17) shows that for
complex wave numbers the kernel acquires an exponential
factor exp(—Im(k)r). For Im(k) < O, this term grows as
exp(|Im(k)| ), imposing practical constraints on the contour
shape (for instance, one may employ an elliptic contour whose
minor axis is oriented perpendicular to the real axis and
chosen significantly smaller than the major axis, the latter
determining the expected number of enclosed eigenvalues)
and on the maximum distance scale within the billiard for a
prescribed numerical accuracy.

APPENDIX B: SYMMETRY REDUCED BIE FORMALISM

1. Desymmetrized Fredholm matrix

Here we derive the symmetric reduced BIE. We start by
defining the action of an operator R (representing, e.g., rota-
tion, reflection) on an arbitrary function of a vector variable
f(x) as the pullback Og,

Or(f(x)) = fF(R"'x). (B1)

For notational convenience we define the normal derivative
of the Green function as K(X, y) [see Eq. (11)],

_ikn(y) - (x —y)

(1)
1 dx.y) H, " (kd(x,y)).

O, Gr(x,y) = K(x,y) =

(B2)

We would now like to show that it is left invariant under
the action of R, that is

Or(K(x,y)) = KR™'x, R y) = K(x,), (B3)
which we now prove. Writing the action of R explicitly,
ikn(R7ly). (R Ix — R—1y)
4 d(R-1x, R-1y)
x H" (kd(R™'x, R 1y)), (B4)

we can use the fact that the dot product between vectors is
invariant to a simultaneous rotation of both

x-y=R"'x)- R y). (BS)

KR x,Rly) =

Both the numerator and the denominator prefactors to the
Hankel function are dot products of vectors so they are left
invariant

dR'x,R'y) = R 'x =R y|
=R 'x—y)
= VR Ix—y)  RI(x—y))
=y/x-y) - x-y)
= |x —y]
=d(x,y). (B6)

The same follows for the numerator

nR7'y)- R'x—R7'y) =n®R'y) R 'x—y)
=R 'ny) R 'x—y)
=R 'n@y) - R™'(x—y))
=n(y)- x—y) (B7)

where in line 2 we have used the fact that normals
transform as

n(R"'y) =R 'n(y). (B8)
Now using Egs. (B8) and (B6) in Eq. (B4) it automatically
follows that Eq. (B2) is invariant under R and Eq. (B3) is
proven.
Using these prerequisites, the relation

1
Au(x)) = EM(XH-/ K(x, y)u(y)ds(y) =0,  (B9)

Crunt
commutes with the action of R, that is
[A, Or]u(x) = A(Oru(x)) — OrA(u(x)) = 0. (B10)

To show this we will need the following relations, which
follow from Eq. (B3) and basic geometry

K(x,Ry) = K(R7'x, R"'Ry) = KR 'x, y),

ds(R7y) = ds(y). (B11)

Up to this point the symmetry operation R was arbitrary,
but now we will restict ourselves only to true symmetries
of the boundary Iy, since we will require OrT'yy = gy
Explicitly for a rotation this statement says

OrTrun = {(r(¢ + 6g), ¢ + 6Or)}
={(r(®), )} = Crun,

where O = angle(R). Writing the action of R on u(x) via
Eq. (B1) and using Eqgs. (B3) and (B11) we can write

(B12)

1
A(Ogru(x)) = 5u(R“x)+ / K(x,y)u(R™'y)ds(y)

Crun

Ryl
== yzu(R_lx)-i-/

Crun
Lur-! )+f
=—u X
2 r

= (OrAu)(x),

K(x,Rz)u(z)ds(z)

KR 'x, 2)u(z)ds(z)

full

(B13)

proving that Eq. (B10) and implying that if u(x) is a solution
of Eq. (BY), then Ogu(x) = u(R™'x) is also a solution. This
property has an important consequence. Since the solution
space is closed under the action of the symmetry operator Og,
solutions may be chosen to possess definite transformation
behavior under symmetry operations.

For the rotational symmetry group Cs = {I, R, Rz} one has

O3 u(x) = u(x), (B14)

which follows directly from the cyclic nature of the symmetry
and R is the rotation operator in R2,

Rx — (cos(Zn’/3) —sin(2w /3))X

sin(27/3)  cos(27/3) (B15)
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The operator Og therefore admits eigenfunctions. Denot-
ing such eigenfunctions by u,,(x), we define

OR (4 (X)) = 1t (R™'X) = Ayt (X). (B16)
Applying the symmetry operation three times yields
(ORm) (%) = A3, 1 (X). (B17)

Consistency with the group property Of{ = I therefore re-
quires

A =1 (B18)
The eigenvalues are thus the cubic roots of unity,
A = e M3 =0,1,2, (B19)

and they can be identified exactly with characters of the irre-
ducible representations,

Km(R) = 727, (B20)

Equation (B16) may therefore be written as the symme-
try transformation law u,,(R™'x) = x,,(R) u,,(x), or more
generally,

U (R™X) = X (RY) 4 (X). (B21)

Physically, this expresses that boundary functions can be
classified according to their symmetry behavior. Each solution
belongs to a definite symmetry sector. To extract solutions
with definite symmetry, we introduce the projection operator
onto the sector m,

2

1
Up(X) = PLu(x) = 3 Z Xm(Re)* 0ﬁu(x).
=0

(B22)

Inserting u,,(x) into Eq. (B9) we can see that it is indeed a
solution whenever u(x) is

A(up(x)) = A(Ppu(x)) = Pp(A(u(x)) = 0, (B23)

where we have used the fact that P, is a linear operator.
Consequently, the boundary integral equation decomposes
into independent symmetry sectors labelled by m. This allows
the desymmetrization of Eq. (B9) into an integral over only
the fundamental domains if we restrict ourselves to only solu-
tions u,,(x) in a given irreducible representation labeled with
m = 0, 1, 2. Therefore we decompose the integration over the
full boundary into an integral over the fundamental domain
and the other parts of the domain will be constructed from
symmetry

K(x,y) u,(y)ds(y)

Ttun

2
=Y [ KRy u®yds)
¢=0 Y Truna

K(x, R'y) u,(y)ds(y)

Tfund

2
= xR
=0

2
=Y xR | K& RY) tn(y) ds(y).
£=0

Tfuna

(B24)

Finally, inserting Eq. (B24) into Eq. (B9) we have the
equation

Aty (X))

1 2
= Sun () + D xn(RY" / K(x, R"y) u,,(y) ds(y).
=0 Cfund
(B25)

Upon discretization of the fundamental boundary I'gyng us-
ing quadrature nodes {x;};_, and quadrature weights {¢;}}_,
(e.g., Gauss-Legendre), the BIE reduces to a matrix equation.
The symmetry-reduced boundary integral equation becomes

N
D AT u(xj) =0, (B26)
j=1
where the matrix elements are given by
1 2
A = S0+ D xR & K (%1, RYx;)), (B27)

=0
The matrix (B27) is then used in Beyn’s method [T (z)

matrix as used in Eqs. (Al) and (A2)] as described in
Appendix A.

2. Wave function in a given irreducible representation

For Dirichlet boundary conditions v |r,, =0, Green’s
theorem reduces to a pure single-layer potential term. Hence
the interior wave function in symmetry sector m is recon-
structed as [Gi(x, y) given in Eq. (9)]

Um(X) = —/r Gi(x, y)un(y)ds(y), xeQ. (B28)

Following the procedure above we reduce the boundary
integral to the fundamental boundary segment ['fypg using
Tt = U;_o RTuna and Eq. (B11), obtaining

2
e =-3 [
=0 VT

Using the symmetry transformation law (B21), i.e.,
Un(RYY) = xRt (y) = xm(RY)*u(y), we arrive at the
symmetry-reduced reconstruction formula

Gi(x, Ry) u,,(Ry)ds(y).  (B29)

fund

Gi(x, RYy) u,,(y) ds(y), (B30)

Cfund

2
Ynx) == xm(R")"
=0

where numerically the boundary integral over I'g,g is dis-
cretized using the same procedure as going from Eqgs. (B25)
to (B27).

3. Poincaré-Husimi function in a given irreducible
representation

The Poincaré-Husimi function (unnormalized) associated
with a boundary density is defined as [4,63]

H(q. p) = Heqpli) P (eqplu) = / ¢ @) uly)ds(y),
full (B31)
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where ¢, ,(y) denotes a boundary coherent state localized at the phase-space point (g, p). Restricting to a symmetry sector and
using the boundary decomposition 'y = U?:o RTynq together with the invariance ds(Ry) = ds(y), the projection amplitude

becomes
2 2
(Cqplitm) = / c; ,RY) u,(R'y) ds(y) = ) xm(R)* / c; yRY) un(y) ds(y), (B32)
=0 fund =0 fund
where Eq. (B21) has been used. The PH function in the mth irreducible representation therefore reads
) 2
Hu(q. p) =Y xm(R) / c; yRY) un(y)ds(y)]| - (B33)
=0 Cfuna
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