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Violation of local equilibrium thermodynamics in one-dimensional Hamiltonian-Potts model
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We investigate nonequilibrium phase coexistence associated with a first-order phase transition by numerically
studying a one-dimensional Hamiltonian-Potts model with fractional spatial derivatives. The fractional derivative
is introduced so as to reproduce the low-wave-number density of states of the standard two-dimensional model,
allowing phase coexistence to occur in a minimal one-dimensional setting under steady heat conduction. By
imposing a constant heat flux through boundary heat baths, we observe the stable coexistence of ordered and
disordered phases separated by a stationary interface. We find that the temperature at the interface systematically
deviates from the equilibrium transition temperature, demonstrating a clear violation of the local equilibrium
description. This deviation indicates that equilibrium metastable states can be stabilized and controlled by
a steady heat current. Furthermore, the interface temperature obtained in our simulations is in quantitative
agreement with the prediction of global thermodynamics for nonequilibrium steady states. These results confirm
that the breakdown of local equilibrium and the stabilization of metastable states are intrinsic features of
nonequilibrium first-order phase transitions, independent of spatial dimensionality. Our study thus provides a
minimal and controlled numerical model for exploring the fundamental limits of thermodynamic descriptions in

nonequilibrium steady states.

DOI: 10.1103/rz41-krv6

I. INTRODUCTION

The nonequilibrium dynamics of Hamiltonian systems are
usually described by hydrodynamic equations with local equi-
librium thermodynamics [1-6]. However, there are notable
exceptions. One example is a first-order phase transition
[7-9]. A characteristic feature of first-order phase transitions
is the presence of hysteresis [10]. In an order-disorder transi-
tion [11,12], the transition temperature observed upon cooling
from the disordered state is lower than that observed upon
heating from the ordered state. These transition temperatures,
for both cooling and heating processes, generally deviate from
the equilibrium transition temperature 7;. As a result, super-
cooled disordered states and superheated ordered states are
often observed as a transient dynamical process.

These observations suggest that metastable states may
become steady states when the system is driven out of equilib-
rium. To investigate this possibility, we consider steady states
under heat conduction, where two heat baths with tempera-
tures 77 and T, are attached to the left and right boundaries
of the system. When the temperatures satisfy 71 < T, < Tz,
phase coexistence emerges, with ordered and disordered re-
gions separated by an interface.

The primary goal of this paper is to determine, using a
microscopic dynamical model, whether the temperature at the
interface is equal to 7. If the local equilibrium thermodynam-
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ics holds at each point in the system, the interface temperature
should be equal to T.. However, the validity of this assumption
is not self-evident due to the presence of metastable states.

Recently, a new theoretical framework, termed global
thermodynamics [13—15], has been proposed to describe the
thermodynamics of nonequilibrium stationary states. This
theory questions the validity of the local equilibrium ap-
proximation and provides quantitative predictions for phase
coexistence under a steady heat current, in contrast to other
extended frameworks of thermodynamics [16-23]. Global
thermodynamics predicts that the interface temperature devi-
ates from the equilibrium transition temperature, implying a
breakdown of the local equilibrium approximation and sug-
gesting that the equilibrium metastable state can be stabilized
and controlled by an applied heat current.

Furthermore, this prediction is quantitatively consis-
tent with numerical simulations of the two-dimensional
Hamiltonian-Potts model, which exhibits phase coexistence
under a steady heat current [24]. In these simulations, a heat
flux is imposed at the boundaries while conserving the to-
tal energy, and phase coexistence in steady heat conduction
emerges from the solution of the Hamiltonian equation of mo-
tion. The deviation of the interface temperature from 7; is well
described by the formula obtained by global thermodynamics.

However, the previous work suffers not only from finite-
size effects but also from finite-roughness effects arising
from finite grid spacing. In systems with a small size and
coarse spatial discretization, local equilibrium properties are
restored. This is because long-wavelength fluctuations, as well
as regularities in short-wavelength fluctuations, play an essen-
tial role in the breakdown of local equilibrium. Consequently,
numerical simulations must be performed on very large spatial
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grids, leading to a substantial computational cost and making
it difficult to carry out additional simulations and verify the
reproducibility of the results.

To overcome these difficulties, we study in this paper
a one-dimensional Hamiltonian-Potts model with the intro-
duction of fractional-order spatial derivatives. In this setup,
simulations can be performed with a large number of spatial
grids along the direction of the heat current, since there are no
transverse directions perpendicular to it. However, as is well
known, the phase transitions do not occur in one-dimensional
systems with short-range interactions.

To induce a phase transition, following a standard
dimensional-reduction strategy, we introduce a fractional spa-
tial derivative into the model so as to reproduce the same
density of states at low wave numbers as in the standard
two-dimensional model. The use of the fractional derivative
provides a systematic way to reproduce the low-wave-number
spectral properties of the two-dimensional model, while
preserving the Hamiltonian structure, which is not straight-
forward in models with generic long-range interactions. This
dimensional reduction enables us to isolate the essential
mechanisms responsible for the violation of local equilib-
rium in a minimal setting, free from geometrical constraints
and finite-size effects inherent to higher-dimensional systems.
Moreover, the simplicity of the one-dimensional configuration
allows for precise numerical investigations and may also facil-
itate experimental realizations.

By attaching heat baths with temperatures 71 < 7. < 75 at
the ends of the one-dimensional Hamiltonian-Potts model, we
realize steady heat conduction accompanied by phase coexis-
tence. We find that the interface temperature again deviates
from the equilibrium transition temperature and is consis-
tent with the prediction of global thermodynamics. These
results confirm that the stabilization of metastable states and
the violation of local equilibrium are universal consequences
of nonequilibrium first-order transitions, independent of sys-
tem dimensionality. Our results therefore establish a minimal
model for exploring the fundamental limits of thermodynamic
descriptions in nonequilibrium steady states.

The remainder of this paper is organized as follows. In
Sec. II, we review previous studies on the two-dimensional
Hamiltonian-Potts model and global thermodynamics. In
Secs. I and IV, we present the details of the one-dimensional
Hamiltonian-Potts model and the results of numerical simu-
lations, respectively. Finally, we summarize our findings in
Sec. V.

II. PREVIOUS WORK
A. Overview of global thermodynamics

The local equilibrium approximation assumes that each
part of a system is locally in equilibrium and that the behavior
of a nonequilibrium system can be described by integrating
the properties of these local equilibrated parts [1,2,4,5]. How-
ever, this approximation is known to break down in the pres-
ence of strong heat currents and steep temperature gradients.
In particular, when the entire system is strongly influenced
by nonequilibrium effects, such as during phase transitions
or in the presence of metastable states, the local equilibrium
assumption fails to provide an adequate description.

In contrast, global thermodynamics aims to characterize
nonequilibrium steady states more accurately by treating the
entire system as a single thermodynamic entity, rather than
decomposing it into locally equilibrated subsystems [13-15].
A central concept in this framework is the introduction of
a global temperature. The global temperature reflects the
energy distribution of the entire system and is constructed
to satisfy fundamental thermodynamic relations even under
nonequilibrium conditions. Specifically, the global tempera-
ture T is defined as the spatial average of the local temperature
weighted by the density,

Jo dx p(x)T (x)
Jo " dx px)

where p(x) is the density and 7 (x) is the local temperature
at position x, and L, is the system size. In equilibrium sta-
tistical mechanics, temperature is defined through the average
kinetic energy. Equation (1) can be regarded as its extension to
nonequilibrium steady states, expressed as a density-weighted
spatial average of the local kinetic temperature.

Furthermore, within the framework of global thermody-
namics, a variational principle is formulated to determine the
thermodynamic properties of phase coexistence under steady
heat flow. This variational principle can be viewed as a natural
extension of Maxwell’s construction in equilibrium and pro-
vides theoretical predictions for nonequilibrium steady states.
One of the key results derived from this framework is a quanti-
tative prediction for the deviation of the interface temperature
of a first-order order-disorder transition from the equilibrium
transition temperature. This result implies that a superheated
ordered state can be stably maintained near the interface, of-
fering perspectives on the thermodynamics of nonequilibrium
steady states.

T= ey

B. Prediction by global thermodynamics

As discussed above, global thermodynamics predicts that
the interface temperature deviates from the equilibrium tran-
sition temperature. For an order-disorder phase transition with
a constant density p(x) = p, in Eq. (1), the relationship be-
tween the interface temperature and the equilibrium transition
temperature is given by global thermodynamics as follows
[13-15,24]:
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which holds in the linear-response regime close to equilib-

rium. Here, X denotes the interface position, 8 = T'(X) is

the interface temperature, and 7} and 7, are the temperatures

of th(j, heat baths satisfying 7} < T, < T,. The quantities 7,

and Ty represent the global temperatures of the ordered and

disordered regions, respectively, and satisfy
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where L, denotes the system size in the direction of heat
conduction. Furthermore, T, and 74 obey
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where ¢ = (T, — T1)/T; characterizes the temperature differ-
ence between the hot and cold heat baths. By combining
Egs. (2) and (4), the interface temperature is predicted as

2T — Ty — 9T =% for Ty,
epred =

N . 5
2T — 1 + ¢TCL§ for T». ®)

Introducing the heat current J and the thermal conductivities
ko and kg4 of the ordered and disordered phases, respectively,
the interface temperature can be rewritten as

1 I\X(L,—-X)
2L,
This relation predicts that the interface temperature is higher

(lower) than T, when k, < kg (ko > kq), indicating the stabi-
lization of a superheated (supercooled) state.

9pred =T+ |J|< (6)

Ko Kd

C. Hamiltonian-Potts model

Attempts have been made to verify the nontrivial inter-
face temperature predicted by global thermodynamics, as
discussed in the previous section, using microscopic mod-
els. However, violations of local equilibrium have not been
confirmed in numerical simulations of particle systems for
gas-liquid coexistence [25]. This is likely because extremely
large numbers of particles and system sizes are required to
observe thermodynamic behavior in such simulations, and
the accessible system sizes are typically too small to reveal
violations of local equilibrium. Indeed, it has been esti-
mated that at least 107 particles are necessary to detect such
effects [26].

As an alternative to particle-based simulations, several
studies have employed continuous-field models. In particu-
lar, a previous study investigated the interface temperature
using numerical simulations of a continuous-field model
that exhibits phase coexistence under steady heat conduc-
tion [24]. Since there is no established standard model for
order-parameter dynamics coupled to heat conduction, a two-
dimensional n-state Hamiltonian-Potts model was proposed.
The Hamiltonian is given by

n—1
1
=— | 4 D+ IValP 1+ Vg t, 7
7{2A 4;M)HqH+(® )
where g;(i =1, --- ,n — 1) are field variables defined on the

two-dimensional domain D = L, x L,, p; is the momenta
conjugate to ¢;, and |Vg;|> represents the gradient energy
associated with spatial variations of the fields. The potential
term V(g) describes the interactions among the fields and
determines the structure of local energy minima.

In the previous study, the coexistence of ordered and dis-
ordered states in an isolated system was first demonstrated
through numerical integration of the Hamiltonian equations of
motion. Subsequently, by fixing the total energy and imposing
heat fluxes at the boundaries, phase coexistence under steady
heat conduction was realized. A key feature of this system
is that the interface temperature deviates from the equilibrium
transition temperature, indicating that a metastable state of the
equilibrium state is stabilized by the heat current. Moreover,
the magnitude of this deviation was found to be quantitatively
consistent with the prediction of global thermodynamics given

by Eq. (6). Nevertheless, numerical simulations of the model
(7) remain computationally demanding, suffering from finite-
size effects and long simulation times required to obtain
sufficient ensemble statistics in steady states.

III. MODEL

A. Model overview

In this section, we introduce a one-dimensional
Hamiltonian-Potts model, which can be regarded as a
continuous extension of the discrete Potts model [27]. In
the standard continuous formulation, a second-order spatial
derivative appears in the Hamiltonian, as in Eq. (7). As is
well known, this leads to the absence of phase transitions in
one-dimensional systems. To overcome this limitation, we
introduce the fractional spatial derivative. The Hamiltonian is
as follows:

’H:/dxh,

n—1 n
1 2 2
h=> Z?m)+@%ﬂ+£¥b, ®)
where ¢; (i = 1,...,n — 1) are real scalar fields defined on

the one-dimensional domain 0 < x < L with periodic bound-
ary conditions g(0) = g(L,), and p; are the momentum fields
conjugate to g;.

The potential term is constructed from

n—1
Q=Y (q—ap" )
i=1

For any choice of n, the potential energy attains its minimum
at g; = g;j. The set of vectors §;; is chosen such that the
distances between any pair of distinct minima are equal. To
this end, we take g;; to be the coordinates of the vertices of
a regular simplex in (n — 1) dimensions. Specifically, they
satisfy

Z@‘j =0,
j=1
n—1
Z(ézj)z =1,
i=1

n—1

> @Gij = G = Qo1 — 8;p), (10)

i=1
where Qg is a constant, which we fix as Qg =2n/(n — 1)
throughout this paper. One explicit choice of g;; satisfying
Eq. (10) is given by

RV SO/ W I G |

_ 1 0iJ n—1)32 =J=n

gy = | T T @ . an
n—1 J=n

B. Fractional derivatives

The spatial derivative appearing in Eq. (8) is a skew-
Hermitian nonlocal operator acting on ¢;, which we denote
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by D. It is defined through its Fourier representation as

Do) = B % Rlate } 12
(Dg)(x) [mk[CI()] (12)
This operator does not satisfy a semigroup property, and there-
fore, D? # 9,.

Equation (12) is defined under periodic boundary condi-
tions, which are naturally incorporated through the Fourier
representation. Here, L denotes the system size in the numer-
ical simulations. The Fourier transform F; and its inverse F,
are defined as

L
Filg()] = f dx q(x)e™,
0
. 1 .
FlQW] = 7 3 0™, (13)
k

with wave numbers k = 2an/L (n € Z).

Although phase transitions do not occur in one-
dimensional systems with short-ranged interactions when
standard spatial derivatives are used, the introduction of the
nonlocal operator D in Eq. (12) effectively modifies the long-
wavelength properties of the system. In particular, the density
of state at low wave numbers changes from p(k) o k~'/2 to
p(k) = const, which is the same scaling as in the standard
two-dimensional model. This correspondence enables the re-
alization of phase transitions in the present one-dimensional
framework.

C. Methods

In this study, based on the one-dimensional Hamiltonian-
Potts model (8), we investigate phase transitions and phase
coexistence separated by an interface. Since a stable interface
requires a first-order phase transition, we set n = 5 for which
the Potts model exhibits a first-order phase transition in two
dimensions. The resulting g;; in Eq. (11) are

Gn=3G6V5-1 —V5-1 —J/5-1 —J/5-1),
Go=1(—/5-1 3J5-1 —J/5-1 —J/5-1),
Gn=t=V5-1 —V5-1 3/5-1 —/5-1),
Gu=3(-v5-1 —/5-1 —/5-1 3/5-1),
gs=301 1 1 1. (14)

1. Equilibrium states

We first investigate equilibrium phase transitions in the
Hamiltonian-Potts model (8). Equilibrium properties are an-
alyzed using either the Langevin equation or the Hamiltonian
equation. The system is discretized with a lattice spacing
Ax =1/4.

The Langevin dynamics is given by

oH
Ag; = piAt, Ap;=— 5o +ypi |At+ W,
qi
(Wi =0, (WiW;) =2ykgT (Ax)(A)S; j, 5)

where T is the temperature and y is the friction coefficient.
We perform simulations with system size L, = 256. The

parameters are set to At = 0.01 and kg = y = 1. The aver-
age of physical quantity A(q, p) is calculated by a temporal
average over an interval t

1 T
(A) = —/ dt A(q, p). (16)
T Jo
The Hamiltonian dynamics is described by
36]: Bp, 87‘[
- = Di, . = T (17)
ot dt 8q;

where the total energy H is conserved. To examine equilib-
rium dynamics within the Hamiltonian framework, the initial
conditions are prepared using equilibrium configurations ob-
tained from the Langevin simulations.

Using the Langevin equation (15), we determine the aver-
age energy density (k) as a function of the temperature 7.
In contrast, from the Hamiltonian equations (17), the tem-
perature (T) is defined through the thermodynamic relation
between energy density 4 and entropy. In the standard model
with local operators, this definition is equivalent to the average
kinetic energy,

1 4
(T) = <L—X/dx;p%>. (18)

Whether this relation holds in the present model with the
nonlocal operator D in Eq. (12) is not obvious. However,
since the quadratic form of the kinetic term is unchanged,
we expect that the equipartition property remains valid, and
thus the above relation still provides a consistent definition of
temperature.

2. Nonequilibrium states

In the previous studies of the two-dimensional
Hamiltonian-Potts model (7) with standard (integer-order)
spatial derivatives, nonequilibrium steady states were realized
by imposing constant heat input and output at the boundaries.
In that case, the heat flow can be obtained from the time
derivative of the Hamiltonian density. Specifically, for
integer-order derivatives, the Hamiltonian density satisfies the
local conservation law

on + o 0 (19)
a  ax
from which the heat current J is directly given by
3q,‘
J=- i—. 20
D pis, (20)

1

In contrast, when the spatial derivative is replaced by the
nonlocal operator D, the corresponding local conservation law
does not take the simple form of Eq. (19), and the heat current
cannot be defined straightforwardly in this manner. Therefore,
in this study, we generate nonequilibrium steady states by
attaching two heat baths with different temperatures to the
boundaries of the system.

Figure 1 shows a schematic illustration of the system. The
entire system is divided into three regions: (i) —L,/2 < x < 0,
(1) 0 < x < Ly, and (iii) Ly < x < 3L, /2. In regions (i) and
(iii), we solve the Langevin equation, while in region (ii),
we solve the energy-conserving Hamiltonian equation. The
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Region (i) Region (ii) Region (iii)
Interface X
Heat bath Ordered | Disordered  Heat bath
T < T, phase | phase T > T,
|
I 0 L]

Langevin Eq. Hamiltonian Eq. Langevin Eq.
FIG. 1. Schematic illustration of the system. The central region
(i1) evolves under Hamiltonian dynamics, while the left and right
regions (i) and (iii) are coupled to heat baths at temperatures 7; and
T>, respectively, described by Langevin equations. Under steady heat
conduction, phase coexistence emerges with an interface at position
X, separating the ordered and disordered phases. The interface tem-

perature is denoted by 6.

temperatures of the region (i) and (iii) are fixed at 7} and 73,
respectively.
The Langevin dynamics in regions (i) and (iii) is given by

SH
Ag; = piAt, Ap; = —<£ + VI’i)At + Wi,
SH
Ag; = piAt, Ap;=— g +ypi A+ W (21
i

where the noise terms satisfy
Wa2).0) =0,
(Wa2.iWa.2).j) = 2vksT.2)(Ax)(AD)S; ;. (22)

In the central region (ii), the Hamiltonian dynamics (17) is
solved without dissipation or noise, so that the total energy is
exchanged only through the boundaries.

IV. RESULTS

In this section, we present the results of numerical sim-
ulations of the equilibrium Langevin equation (15), the
nonequilibrium Langevin equations (21), and the Hamiltonian
equation (17). The Hamiltonian and Langevin equations are
integrated using a second-order symplectic scheme and a
second-order stochastic Runge-Kutta scheme, respectively.
For equilibrium simulations, periodic boundary conditions
implemented via the complex discrete Fourier transform
are used, whereas for nonequilibrium simulations, Neumann
boundary conditions implemented via the real discrete cosine
transform are employed.

A. Equilibrium

We first present the results for equilibrium states obtained
from the Langevin equation (15) and the Hamiltonian equa-
tion (17). Figure 2 shows the dependence of the energy density
(h) on the temperature T'.

For the Langevin dynamics, two simulation protocols are
employed: the temperature is gradually increased starting
from T = 0, and gradually decreased starting from 7" = 2. As
shown in Fig. 2, the resulting hysteresis clearly indicates the
presence of a first-order phase transition.

The transition temperature cannot be uniquely determined
from the Langevin simulations due to the hysteresis. In

—e— Hamiltonian
g1 —— Langevin_up
—— Langevin_down
64
<
=
21 5.97552
ot
0.00 0.25 050 0.75 1.00 1.25 1.50
T,(T)
FIG. 2. Equilibrium  properties of  one-dimensional

Hamiltonian-Potts model. The ensemble-averaged energy density
(h) is shown as a function of the temperature 7' for simulations
based on the Langevin equation (15). The orange and green curves
correspond to protocols in which the temperature is gradually
increased from 7' =0 and decreased from T = 2, respectively,
revealing a clear hysteresis characteristic of a first-order phase
transition. The blue curve shows the average temperature (7') as
a function of the energy density 4 obtained from the Hamiltonian
dynamics (17), where a plateau indicates the equilibrium transition
temperature.

contrast, it can be identified from the Hamiltonian dynamics.
In Fig. 2, the temperature remains nearly constant over a finite
range of the energy density, yielding the equilibrium transition
temperature 7, >~ 0.634 £ 0.003.

Except in the vicinity of the transition temperature, the
temperature imposed in the Langevin simulations and the
temperature computed from the Hamiltonian dynamics agree
closely, supporting the equivalence of the ensembles away
from the phase transition. Our results further suggest that the
temperature can be consistently identified with the average
kinetic energy even in the presence of the nonlocal operator.

B. Nonequilibrium

We next present the results for nonequilibrium steady states
obtained from the coupled dynamics of the Langevin equa-
tions (21) and the Hamiltonian equation (17). The initial
conditions are prepared from equilibrium configurations of
the Langevin equation (15) at the temperatures 7 = 77 and
T =T, in regions (i) and (iii), respectively. Specifically, the
initial fields {piT‘,qiT‘} and {piTz, qiT2} are sampled from the
corresponding equilibrium ensemble.

In the central region (ii), the initial configurations at r = 0
are constructed by joining the two equilibrium configurations
as

pi(0 < x < Li/2,t = 0) = p]' (0 < x < Ly/2),
Pi(Le/2 <x < Lyt =0) = pl*(L/2 < x < Ly),
qi(0 < x < Ly/2,t =0)=¢q] (0 < x < Ly/2),
Gi(Le/2 < x <Lyt =0) =g (Le/2 <x <L), (23)
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(a)

0-700 — (1ix))

| Tiit(x)

0.66 -

0.64 1

0.62 1

0.60 1
—Lx/2 0 Lx/2 Lx

3Lx/2

0.70 1 /——-
1 4

0.63 1

0.56 1

0.491 — (Tx))

— Trit(x)
0.42 &

0.35 1
—Lx/2 0 Lx/2 Lx
X

3Lx/2

FIG. 3. Spatial profiles of the local temperature (7 (x)) in the
nonequilibrium steady states with 7} = 0.6 and 7, = 0.7 [panel (a)],
and 7} = 0.35and 7> = 0.7 [panel (b)]. The data in the central region
2Ax < x < L, — 2Ax are fitted by the piecewise linear function
Ti(x) defined in Eq. (25). The equilibrium transition temperature
T. ~ 0.634 is indicated for reference. The estimated interface tem-
peratures are 6 2~ 0.645 £ 6.92 x 1073 in panel (a) and 6 =~ 0.656 +
7.50 x 10~* in panel (b), both exceeding 7..

Starting from this initial state containing an interface, the
system evolves in time and reaches a nonequilibrium steady
state at approximately + >~ 1000. We then continue the time
evolution and evaluate the time-averaged local kinetic tem-
perature,

4
(T (x)) = <Z p%<x>>. (24)
i=1

Figure 3 shows the spatial profile of (T'(x)) for 7, = 0.7
with 77 = 0.6 in panel (a) and 77 = 0.35 in panel (b), both
satisfying 71 < T. < T». In both cases, (T (x)) exhibits an ap-
proximately linear profile, with a clear change at the interface
position X separating the ordered and disordered phases.

At the boundaries between the Hamiltonian region (ii)
and the Langevin heat-bath regions (i) and (iii), finite gaps
in (T (x)) are observed. To account for these boundary ef-

0.66 1 102
0.65 1
5
® 0.1
0.64 1
0.631_ , . , 0.0
0.3 0.4 0.5 0.6

T1

FIG. 4. Dependence of the interface temperature 6, the predicted
interface temperature 6pq from global thermodynamics [Eq. (5)],
and the interface position X on the bath temperature 7;. The tem-
perature of the hot bath is fixed to 7, = 0.7. Error bars represent
statistical uncertainties obtained from fitting (7' (x)) with Ty (x) in
Eq. (25). The horizontal red line indicates the equilibrium transition
temperature 7;, and the shaded region represents its uncertainty.

fects, we define the effective boundary temperatures as 77 =
(T (2Ax)) and Ty = (T (L, — 2Ax)).

The interface position X and the interface temperature 6
are determined by fitting (7 (x)) to the piecewise linear func-
tion

@-T)Hx=X)

Ta(x) =1 2 TOosX (25)
Tn=0)6=X) 4 g > x°
L.—2Ax—X =

over the fitting range 2Ax < x < L, — 2Ax.

In both panels of Fig. 3, the interface temperature 6 is
clearly larger than the equilibrium transition temperature 7.
This deviation indicates a breakdown of the local equilibrium
description at the interface. Furthermore, the temperature gra-
dient in the ordered phase is steeper than that in the disordered
phase, suggesting that the thermal conductivity «, in the or-
dered phase is smaller than k4 in the disordered phase.

Figure 4 shows the dependence of the interface temperature
0 and the interface position X on the bath temperature 7; for
fixed T, = 0.7. The interface temperature 6 exceeds T; beyond
its statistical uncertainty over the entire range of 7, providing
further evidence for the failure of the local equilibrium ap-
proximation at the interface.

According to global thermodynamics, the interface temper-
ature 6 is predicted as 6peq by Eq. (5). The global temperature
T is evaluated as

B 1 L.—2Ax
T = L _aAx /;Ax (T (x)) dx, (26)
which corresponds to the spatial average of the local kinetic
temperature. To reduce boundary effects, the integration is
performed over 2Ax < x < L, — 2Ax instead of the full sys-
tem length.

As shown in Fig. 4, the agreement between 6 and
Oprea is particularly good in the range 0.4 S 77 S Ti, where
the system remains close to equilibrium with 77 ~ T5.
This quantitative agreement supports the validity of global
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thermodynamics and confirms the breakdown of local equi-
librium at the interface in nonequilibrium steady states.

V. CONCLUSION

In this paper, we have investigated nonequilibrium steady
states associated with a first-order phase transition using
a one-dimensional Hamiltonian-Potts model with fractional
spatial derivatives. By introducing a nonlocal interaction that
reproduces the low-wave-number density of states of the stan-
dard two-dimensional model, we constructed a minimal set-
ting in which phase coexistence can be realized under steady
heat conduction. This dimensional reduction enables system-
atic numerical simulations with large system sizes, while
avoiding finite-size and geometrical effects inherent to higher-
dimensional systems.

Using this model, we demonstrated that the temperature at
the interface between ordered and disordered phases deviates
from the equilibrium transition temperature 7; in nonequi-
librium steady states. This deviation persists well beyond
statistical uncertainty and provides clear evidence for the
breakdown of the local equilibrium description at the in-
terface. Moreover, the observed interface temperature is in
quantitative agreement with the prediction of global thermo-
dynamics, confirming that metastable states can be stabilized
by a steady heat current even in a one-dimensional system.

The present results suggest that the stabilization of
metastable states and the deviation of the interface tempera-
ture from 7; are not accidental features of a specific model
or dimensionality. Rather, they are expected to be universal
consequences of nonequilibrium steady states involving first-
order phase transitions, independent of the spatial dimension
or the detailed form of the spatial derivative. The agreement

with global thermodynamics observed here supports the view
that such nonequilibrium effects are governed by macroscopic
constraints rather than microscopic details.

At the same time, our study highlights the importance
of carefully selecting microscopic models when investigating
nonequilibrium phase coexistence. Although the phenomenon
itself is expected to be model independent, strong finite-size
and discretization effects can easily obscure the violation
of local equilibrium. The present one-dimensional fractional
model provides a controlled minimal framework in which
these effects are substantially reduced, allowing reliable ac-
cess to the thermodynamic limit.

The predicted shift of the interface temperature should also
be observable in experimental systems. Possible candidates
include gas-liquid transitions, solid-liquid transitions, and ne-
matic transitions in liquid crystals, where steady heat currents
can be imposed, and phase coexistence is well established.
Experimental verification in such systems would provide a di-
rect test of nonequilibrium thermodynamics beyond the local
equilibrium paradigm.
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