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Predicting bifurcation points via extreme learning machine methods trained
on time-series datasets and parameters in discrete dynamical systems
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This paper proposes a data-driven method for obtaining the bifurcation points of a system utilizing a method
based on Extreme Learning Machine with input parameter channels (ELM-IPC) trained on the time-series
datasets from discrete dynamical systems. The input parameter channels permit the proposed method to align
the original parameter spaces of the time-series datasets with the derived parameter spaces of the ELM-IPC
model; this results in the accurate analysis of the bifurcation points of a system. To demonstrate the effectiveness
of this approach, we apply it to two discrete dynamical systems: the two-dimensional Hénon map and the
four-dimensional system comprising two conservatively coupled Hénon maps. Our results indicate that it is
possible to obtain the bifurcation points of a system even in parameter spaces where multiple solutions coexist
or periodic solutions with periods exceeding 100 are present.
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I. INTRODUCTION

Dynamical systems are ubiquitous across a wide range of
fields; they appear frequently in mechanical, electrical, com-
munication, biological, and ecological systems. In general,
dynamical systems consist of state variables and parameters.
Variations in these parameters can give rise to bifurcation phe-
nomena, which can induce significant changes in the behavior
of the state variables. Consequently, deriving the bifurcation
points of a system, i.e., the specific parameter values at which
bifurcations occur, within a broad parameter space is essential
for the understanding of the qualitative behavior of dynamical
systems.

Several methods for deriving the bifurcation points of a
system have been proposed [1–5], and the selection of the
appropriate method depends on the type of bifurcation phe-
nomena under investigation; such methods typically rely on
underlying mathematical models based on simplifications and
assumptions. Constructing such models for application related
to real-world problems is often complex and time consum-
ing, making the derivation of bifurcation points a challenging
task. Here, we focus on a novel approach: the derivation
of the bifurcation points of a system based on data-driven
mathematical models constructed via machine learning tech-
niques, including neural networks (NNs). As such, the use
of data-driven methods represents a promising approach for
obtaining the bifurcation points of a system, especially given
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that existing methods have numerous limitations [1–5]. This
is especially true in environments where time-series datasets
are available but standard mathematical modeling proves
challenging.

NNs are typically trained on time-series datasets for a
known parameter and then used to predict the future states
of the system for the same parameter value. NNs demonstrate
efficacy in both short- and long-term time-series forecasting
[6–8]. There have also been numerous studies focused on
predicting the behavior of a system with unknown parame-
ters using NNs trained on time-series datasets with several
known parameters [9–24]. The methods developed in these
studies can be broadly categorized into two classes: Principal
component analysis (PCA) [25]-based methods [9–15] and
non-PCA-based methods [16–24].

One significant early contribution to PCA-based methods
was made by Tokunaga, who proposed a method using a
feedforward NN (FFNN) [26] trained on time-series datasets
for several parameter values [9]. A characteristic of the FFNN
method is the use of PCA on the connection weights and
biases to replicate the behavior of a dynamical system with
unknown parameter values. In 2017, extreme learning ma-
chine (ELM) [27] methods were developed; these methods
were considered to be an improvement on FFNNs [14], which
they have largely superseded. ELM is associated with a fast
learning speed and good performance in terms of generaliza-
tion. Hereafter, we refer to the ELM method used in Ref. [14]
as “ELM-PCA”. The ELM-PCA method simplified and accel-
erated the algorithm [9] using common connection weights
and biases across the hidden layers of all ELMs and applying
the PCA only to the connection weights of the output layers.
Applications of the ELM-PCA method to the Hénon map [28]
and the Rössler equations [29] have demonstrated accuracy
that is comparable to that of the method developed by Toku-
naga [9] while reducing the training time by a factor of 1000.
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Moreover, the method has shown high accuracy in the predic-
tion of the Lyapunov exponents [30], further demonstrating its
effectiveness when applied to nonlinear time-series analysis.

The majority of non-PCA-based methods are based on the
NN with input parameter channels (channels for inputting
known parameters) [16–19]. The input parameter channels are
applied to the input of the NNs and enable NNs to train known
parameters. These non-PCA-based methods [16–19] intro-
duce the input channels into each NN, enabling it to replicate
the behavior of the system with unknown parameter values.
The approach used in Ref. [16] employs a feed-forward ra-
dial basis function network [31] and has been extended to
recurrent NNs, such as the echo state network [32] and next
generation reservoir computing [33], which are known to be
effective for time-series predictions, in Refs. [17–19]. These
non-PCA-based methods predict the behavior of a system
with unknown parameters without relying on PCA using the
input parameter channel. These non-PCA-based methods have
been applied to a broad range of dynamical systems, including
three-dimensional autonomous systems, such as the Rössler
equations, the chaotic food chain model [34], and bistable
systems [35], as well as four-dimensional autonomous sys-
tems, such as the power system model [36] and multistable
systems [37]. Notably, the method presented in Ref. [16] was
successfully applied to time-series datasets in circuit experi-
ments on the Colpitts oscillator [38], where it demonstrated
high accuracy in reproducing the behavior of the system. It is
notable that the presence of noise in the experimental data did
not significantly affect the accuracy of the results, highlighting
the robustness of the method. Furthermore, training on time-
series datasets that include transient states further improved
reproducibility [16]. In Ref. [17], the same method was found
to work well in problems related to the information entropy
and reproducibility of basins in systems with unknown param-
eters, further demonstrating the effectiveness of the method in
problems related to nonlinear time-series analysis.

For instance, D. E. Ozan [19] proposed a method for a
parameter sensitivity analysis based solely on the time-series
data obtained from dynamical systems; this method utilizes
echo state networks with input parameter channels. Specifi-
cally, this data-driven parameter sensitivity analysis method
involves the use of the first derivatives of the output of the
reservoir layer with respect to the initial conditions and pa-
rameters in echo state networks trained on time-series data,
and it then utilized these derivatives in the adjoint method.
Furthermore, it was demonstrated that this method can effi-
ciently and accurately identify the optimal parameter values
that lead to a minimization of the acoustic energy in thermoa-
coustic time-delay systems. We note that the aforementioned
research reports on PCA-based and non-PCA-based methods
focus on verifying the feasibility of predicting the behavior of
dynamical systems at unknown parameters [9–18,20–24] and
their parameter sensitivity analysis [19].

On the other hand, the present work not only estimates
attractors but also combines bifurcation theory and neural
networks trained on time-series datasets, resulting in directly
predicting the parameters at which bifurcations occur (i.e.,
bifurcation points). In this work, our objective is to directly
predict bifurcation points; this is clearly distinct from the
research goals of previous studies. Moreover, apart from the

work presented in Ref. [39], no methods for identifying the
bifurcation points of a system using NNs have been proposed.
The method proposed in Ref. [39] for predicting the bifur-
cation points of a system is based on the ELM-PCA method
[14]. This method has been applied to the Hénon map, and it
was demonstrated that the ELM-PCA method trained on time-
series datasets with several parameters can effectively derive
the bifurcation points for the period-doubling and saddle-node
bifurcations in unknown parameter spaces. However, the de-
rived parameter spaces obtained via the ELM-PCA method
were found to be out of alignment with the original param-
eter spaces of the time-series datasets used in training the
ELM-PCA model. This is because the principal component
spaces are employed as substitutes for the original parameter
spaces, and these two spaces are scaled differently. Moreover,
compressing the high-dimensional connection weights of the
ELM-PCA model into low-dimensional principal components
via PCA results in the loss of information. This often leads to
distortions in the derived sets of bifurcation points (bifurcation
curves).

This paper proposes a data-driven method for deriving
the bifurcation points of a system based on ELM with input
parameter channels (ELM-IPCs) that avoids dimensionality
reduction, ensuring that the original parameter spaces directly
align with the derived parameter spaces. First, we implement
the input parameter channels in the standard ELM model
[27] to construct the ELM-IPC model. The ELM-IPC model
incorporates and permits training on known parameters. Sec-
ond, we then develop a method for deriving the bifurcation
points of a system based on ELM-IPC. Third, we demonstrate
the effectiveness of the proposed method by applying it to
the Hénon map and a model comprising two conservatively
coupled Hénon maps [40], the latter of which exhibits multi-
periodic solutions exceeding 100 periods. Finally, we discuss
the strengths of the proposed method and compare the model
developed here with the method presented in Ref. [39]. This
discussion presents the primary advantage of the proposed
method: the capacity of the model to derive the bifurcation
points of the system while maintaining alignment between the
original parameter spaces of the dynamical system and the
derived parameter spaces of the ELM-IPC model.

II. THE ELM-IPC MODEL

Figure 1 shows a schematic of the ELM-IPC model. The
ELM-IPC model is an FFNN composed of three layers: an
input layer, a hidden layer, and an output layer. The input layer
contains the channels for training on the known parameters.
The output of the ELM-IPC model is expressed by the fol-
lowing discrete dynamical system:

x(k + 1) = f (x(k),λ),

= β · h(x(k),λ), (1)

where x(k) = [x1(k), . . . , xN (k)]� ∈ RN represents the state
variables at a discrete time k, and λ = [λ1, . . . , λP]� ∈ RP

represents the known parameters of the dynamical sys-
tem. The matrix β ∈ RN×M is made up of the connection
weights of the output layer, and the vector function h(·, ·) =
[h1, . . . , hM ]� ∈ RM is the output of the hidden layer. N ∈ N
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FIG. 1. A schematic of the ELM-IPC model. x(k) =
[x1(k), . . . , xN (k)]� is the state variables at a discrete time k.
λ = [λ1, . . . , λP]� is the known parameters of the dynamical
systems and correspond with the input parameter channels. The
vector function h(·, ·) = [h1, . . . , hM ]� represents the output of the
hidden layer. W is the connection weights matrix of the hidden
layer, and b is the biases vector. β is the connection weights matrix
of the output layer.

is the dimension of the state variables, P ∈ N represents the
dimension of the known parameters, and M ∈ N is the num-
ber of hidden neurons. The vector function h(·, ·) is described
as follows:

h(x(k),λ) = ζ

1 + e−ρ·z − σ, (2)

z = W ·
[

x(k)
λ

]
+ b. (3)

Equation (2) represents the sigmoid function, which op-
erates element-wise on the vector z = [z1, . . . , zM]� ∈ RM .
The ELM-IPC model receives x(k) and λ, such that
[x(k)�,λ�]� = [x1(k), . . . , xN (k), λ1, . . . , λP]� ∈ RN+P, as
described in Eq. (3), and can produce outputs for any given
λ. The parameters of the sigmoid function ζ , σ, ρ ∈ R are
determined by the minimum and maximum values of the state
variables x(k) in the target data. The matrix W ∈ RM×(N+P)

and the vector b ∈ RM represent the connection weights and
biases of the hidden layer, respectively. Both are initialized
utilizing uniform random values in the range [−1, 1].

During the training phase of the ELM-IPC model, the
weights W and biases b are set to their initial values, and
only the output layer weights β are optimized based on the
following equation:

β = X(k + 1) · H†,

= X(k + 1) · (H� · H)−1 · H�, (4)

where X(k + 1) = [x(1), x(2), . . . , x(k + 1), . . . , x(L)] ∈
RN×L represents the target data of length L ∈ N. H ∈ RM×L

denotes the output matrix of the hidden layer based on the
training data. H† represents the Moore-Penrose pseudoinverse
of the matrix H. The matrix H is expressed as

H = ζ

1 + e−ρ·Z − σ, (5)

where

Z = W ·
[

X(k)
�

]
+ B. (6)

Equation (5) represents the sigmoid function, similar to
that in Eq. (2), acting element-wise on each component of
the matrix Z ∈ RM×L. In Eq. (6), the term [X(k)�,��]� ∈
R(N+P)×L represents the training data of length L, con-
sisting of the state variable matrix at time k, X(k) =
[x(0), x(1), . . . , x(k), . . . , x(L − 1)] ∈ RN×L, and � is the
known parameter matrix given by � = [λ, . . . ,λ] ∈ RP×L.
The matrix B = [b, . . . , b] ∈ RM×L is the bias matrix. We
note that Eqs. (4), (5), and (6) describe the learning rule used
to predict the state variable x(k + 1) based on the value of
the state variable x(k) and the parameter λ. By substituting
the optimized β obtained from Eqs. (4), (5), and (6) into
Eq. (1), the ELM-IPC model can be accurately represented
by an N-dimensional discrete dynamical system.

III. A METHOD FOR DERIVING THE BIFURCATION
POINTS OF DISCRETE DYNAMICAL SYSTEMS

BASED ON ELM-IPC

The ELM-IPC model represents the N-dimensional dis-
crete dynamical system described in Eq. (1). The solution
satisfying the initial condition x(k) is given by

x(k + 1) = ϕ(1, x(k),λ). (7)

We note that solutions that return to the initial value x(k) after
m iterations of the map are referred to as m-periodic points.
An m-periodic point satisfies the expression

ϕ(m, x(k),λ) − x(k) = 0. (8)

The characteristic equation at a given m-periodic point is
defined as follows:

χ (μ) = det

(
∂ϕ

∂x(k)
(m, x(k),λ) − μIN

)
= 0, (9)

where IN ∈ RN×N is the identity matrix, and μ ∈ R is the
characteristic multiplier. Local bifurcation points at the m-
periodic points can be computed by solving Eqs. (8) and
(9) simultaneously; this can be done via numerical methods,
such as Newton’s method. These bifurcation conditions can
be encapsulated by the following expression:

F(x(k),λ) :=
[
ϕ(m, x(k),λ) − x(k)

χ (μ)

]
= 0. (10)

When solving Eq. (10) using Newton’s method, the Jacobian
matrix DF(x(k), λι) is required. DF(x(k), λι) is given by

DF(x(k), λι) =
⎛
⎝

∂ϕ

∂x(k) − IN
∂ϕ

∂λι

∂χ

∂x(k)
∂χ

∂λι

⎞
⎠, (11)

where λι represents the bifurcation parameter and is the ι-
th component of λ = [λ1, λ2, . . . , λP]� ∈ RP. Equation (11)
includes the derivatives of the m times composite map,
ϕ(m, x(k),λ), with respect to the initial conditions and the
bifurcation parameter. These derivatives can be obtained re-
cursively from other derivatives of the mapping with respect
to the initial conditions and the bifurcation parameter, and
this recursive process is utilized m times. Here, the mapping
refers to the ELM-IPC output. A method for composing these
derivatives has been established in Ref. [41]. The derivatives
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with respect to the bifurcation parameter of the ELM-IPC
output are derived in detail in the Appendix of this work.
Additionally, because the derivatives with respect to the ini-
tial conditions of the ELM-IPC output are expressed in the
same form as those of the ELM-PCA, we refer the reader
to Ref. [14] for further information on those derivatives. We
note that the derivatives of the ELM-IPC output can also
be computed using automatic differentiation, as implemented
in numerous programming environments, including Python
(e.g., TensorFlow, JAX, and PyTorch), Julia (e.g., Flux, Lux,
Enzyme, and Zygote), and other languages that support auto-
matic differentiation.

The above defines a method for deriving bifurcation points
based on the ELM-IPC model. By incorporating known pa-
rameters into the input of the ELM-IPC model, the proposed
method permits the derivation of the bifurcation points of
a system while maintaining alignment between the original
parameter spaces of the dynamical system and the derived
parameter spaces of the ELM-IPC model.

IV. NUMERICAL EXPERIMENTS

This section derives the bifurcation points of two discrete
dynamical systems using the novel method proposed here.
Here, the method is applied to the Hénon map [28] (a well-
known two-dimensional discrete dynamical system) and a
system composed of two conservatively coupled Hénon maps
[40] (a four-dimensional discrete dynamical system that ex-
hibits multi-periodic solutions with periods exceeding 100).
Here, we demonstrate that this model can be used to obtain the
period-doubling and saddle-node bifurcation curves observed
in both dynamical systems.

A. Hénon map

The Hénon map can be expressed as follows:

x1(k + 1) = 1 − λ1x1(k)2 + x2(k),

x2(k + 1) = λ2x1(k), (12)

where x(k) = [x1(k), x2(k)]� ∈ R2 represents the state vari-
ables, and λ = [λ1, λ2]� ∈ R2 represents the parameters
describing the dynamical system. In the following, we fo-
cus on the bifurcation phenomena in the parameter space
(λ1, λ2) ∈ [1.2, 1.6] × [0.1, 0.2]. Based on the results pre-
sented in Ref. [9], the parameters used to train the ELM-IPC
model are taken to be

λ
(ν)
1 = 0.2 sin

(
2π (ν − 1)

8

)
+ 1.4, (ν = 1, . . . , 8), (13)

λ
(ν)
2 = 0.05 cos

(
2π (ν − 1)

8

)
+ 0.15, (ν = 1, . . . , 8), (14)

where λ(ν) = [λ(ν)
1 , λ

(ν)
2 ]� ∈ R2 is the known training param-

eters for the ν-th point; we note that this experiment uses
the eight training parameters λ(ν), (ν = 1, . . . , 8). For each
parameter λ(ν), we consider 1000 time-series data points of
x(k) in the steady state. Thus, the training and target data for
the ELM-IPC model are made up of 8000 time-series data
points of the known parameters. The number of input, hidden,
and output neurons of the ELM-IPC model was set to 4, 35,

FIG. 2. Two-parameter bifurcation diagrams for the Hénon map
obtained using the method proposed in Ref. [2] and that proposed
in this work. It is noted that extremely close agreement between
the obtained results is observed. (a) Results obtained considering
the difference equation. (b) Results obtained utilizing the method
proposed here.

and 2, respectively. The parameters of the sigmoid function
were adjusted to ζ = 2.3, σ = 1.1, and ρ = 1.0 based on
the maximum and minimum values of x1(k) and x2(k) in the
target dataset. Figure 2 shows the two-parameter bifurcation
diagrams of this system. Panel (a) illustrates the bifurcation
curves obtained from the difference equation in Eq. (12),
while panel (b) represents the bifurcation curves derived using
the proposed method. The orange lines are period-doubling
bifurcation curves (labeled PD), and the blue lines are saddle-
node bifurcation curves (labeled SN). The superscripts on
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the labels PD and SN indicate the number of periods in the
solutions. In the case of the period-doubling bifurcations,
the characteristic multiplier μ in Eq. (9) is set to μ = −1,
while for the saddle-node bifurcations, μ = 1. The bifurcation
curves are obtained by solving the bifurcation condition given
in Eq. (10) using Newton’s method. We note that Fig. 2(a) was
computed using the method for deriving bifurcation points
proposed in Ref. [2]. The method proposed here derives the
bifurcation points in the parameter space by training the ELM-
IPC model using the time-series datasets related to only eight
parameter points. One key advantage of this approach is that
the ELM-IPC model utilizes known parameters, ensuring that
the original parameter spaces of the dynamical system are
a direct match with the parameter spaces of the ELM-IPC
model. Additionally, it is observed that the bifurcation curves
obtained via the method presented here exhibit no signifi-
cant distortions; this is because, in contrast with PCA-based
methods, the method proposed here does not use dimensional
reduction. We note that the region on the right of Fig. 2 shows
multiple bifurcation curves intersecting (i.e., a coexistence re-
gion) and that the proposed method accurately captures these
bifurcation curves.

B. Two conservatively coupled Hénon maps

Two conservatively coupled Hénon maps can be described
by the following equations:

x1(k + 1) = λ1 − x1(k)2 − cx2(k) + ε(x1(k) − x3(k)),

x2(k + 1) = x1(k),

x3(k + 1) = λ2 − x3(k)2 − cx4(k) + ε(x3(k) − x1(k)), (15)

x4(k + 1) = x3(k),

where x(k) = [x1(k), x2(k), x3(k), x4(k)]� ∈ R4 represents
the state variables, and λ = [λ1, λ2, c, ε]� ∈ R4 represents
the parameters describing the dynamical system. Here, we
consider the case of c = 0.321 and ε = 0.4 and focus on the
parameter space (λ1, λ2) ∈ [0.89, 0.95] × [2.015, 2.035]. The
parameters used to train the ELM-IPC model are

λ
(ν)
1 = 0.03 sin

(
2π (ν − 1)

8

)
+ 0.92, (ν = 1, . . . , 8), (16)

λ
(ν)
2 = 0.01 cos

(
2π (ν − 1)

8

)
+ 2.025, (ν = 1, . . . , 8),

(17)

where λ(ν) = [λ(ν)
1 , λ

(ν)
2 ]� ∈ R2 represents the ν-th point in

the set of known training parameters. The training and target
data used for the ELM-IPC model consisted of 1000 time-
series data points of x(k) in the steady state for each training
parameter. Thus, the training and target data consisted of 8000
time-series data points and their corresponding known param-
eters. The number of input, hidden, and output neurons was set
to 4, 150, and 2, respectively. The parameters of the sigmoid
function were set to ζ = 1.2, σ = 0.2, and ρ = 1.0 based on
the maximum and minimum values of x1(k), x2(k), x3(k), and
x4(k) in the target data.

Figure 3 shows the two-parameter bifurcation diagrams
describing this system. Panel (a) shows the bifurcation curves

FIG. 3. Two-parameter bifurcation diagrams for the two conser-
vatively coupled Hénon maps obtained using the method proposed in
Ref. [2] and proposed in this work. It is noted that extremely close
agreement between the two sets of results is observed. (a) Results
obtained via the difference equation. (b) Results obtained using the
method proposed here.

obtained from the difference equation given by Eq. (15), and
panel (b) represents the bifurcation curves obtained using the
method proposed here. In the figure, the orange lines represent
the period-doubling bifurcation curves, and the blue lines
represent the saddle-node bifurcation curves. It can be seen
that the proposed method accurately identifies the bifurcation
points in the parameter space. The method is seen to be ef-
fective even when the parameter space exhibits bifurcation
phenomena involving solutions with periods of up to 256.
Remarkably, this is achieved despite the model being trained
on time-series datasets of only eight parameter points. As
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FIG. 4. Two-parameter bifurcation diagram for the Hénon map;
the results presented here were derived utilizing the ELM-PCA
method presented in Ref. [39]. Here, γ1 and γ2 represent the first
and second principal components in the PCA.

was the case in the investigation presented in the section, the
original parameter spaces of the dynamical system are aligned
with the derived parameter spaces of the ELM-IPC model, and
no significant distortion is observed in the derived bifurca-
tion curves. In Fig. 3, coexistence regions of multi-periodic
solutions can be seen to be scattered throughout the parameter
space; despite this complexity, the proposed method is seen to
accurately predict the bifurcation curves.

V. DISCUSSION

The principal advantage of the method proposed here is
its capacity to derive the bifurcation points of a system while
maintaining alignment between the original parameter spaces
of the dynamical system and the derived parameter spaces
of the ELM-IPC model. This strength is demonstrated by
comparing the results of this novel method with those of the
only previous study on obtaining the bifurcation points of
a system utilizing a data-driven model [39]. Hereafter, the
output of the ELM-PCA model (presented in Ref. [39]) is
written as x(k + 1) = φ(x(k), γ ), where γ = [γ1, γ2]� rep-
resents the principal components belonging to the derived
parameter spaces of the ELM-PCA model.

To highlight the advantages of the method presented
here, the comparative limitations of the previous method
are discussed. The bifurcation diagram for the Hénon map
(investigated in Sec. IV A of this work) derived using the
previous method [39] is shown in Fig. 4. We note that sig-
nificant distortions can be seen in these results toward the
left of the figure compared with the results obtained con-
sidering the Hénon map difference equations [see Fig. 2(a)].
Figure 5 shows the trajectory of the known training param-

FIG. 5. The bifurcation pass of the Hénon map. The red points
are the known training parameters λ(ν ), (ν = 1, . . . , 8) given in
Eqs. (13) and (14).

eters λ(ν), (ν = 1, . . . , 8) given in Eqs. (13) and (14). The
trajectory is referred to as the bifurcation pass. Figure 6 shows
the bifurcation locus, namely the trajectory of the principal
components γ (ν), (ν = 1, . . . , 8) corresponding to the known
training parameters λ(ν), (ν = 1, . . . , 8). We note that the
more similar the red points of the bifurcation locus and those
of the bifurcation pass are, the higher the accuracy of the

FIG. 6. The bifurcation locus of the Hénon map. The red points
are the principal components γ (ν ), (ν = 1, . . . , 8), which indirectly
correspond to the known training parameters λ(ν ), (ν = 1, . . . , 8).
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bifurcation points derived by the associated method. This is
because when dimensionality reduction based on PCA can
appropriately extract the principal components, results in a
closer match between the red points of the bifurcation pass
and those of the bifurcation locus. However, the red points in
Fig. 6 show substantial deviations from the known training
parameters λ(ν), causing the significant distortions observed
in Fig. 4. Moreover, the axes of the bifurcation diagram do
not align with those of the diagram derived from the Hénon
map. These limitations arise because the previous method
uses principal components, and the principal component
spaces, namely the derived parameter spaces of the ELM-PCA
model, do not directly correspond to the original parameter
spaces.

Next, the features and strengths of the proposed method
are highlighted. The bifurcation diagram derived using the
proposed method [shown in Fig. 2(b)] more accurately repro-
duces the diagram derived from the Hénon map difference
equations [Fig. 2(a)]. The derived parameter spaces of the
ELM-IPC model are directly aligned with the original param-
eter spaces of the dynamical system, thus addressing one of
the primary issues of the previous method. By incorporating
the input parameter channels, the proposed method enables
the ELM-IPC model to learn known parameters, making a
direct bifurcation analysis possible.

Finally, the differences between the two methods are high-
lighted in terms of the derivatives used in the ELM-PCA
and ELM-IPC methods. Since the ELM-PCA method cannot
learn known parameters, it requires the replacement of the
bifurcation parameter λι, which is the ι-th component of λ,
with the principal components γι, which is the ι-th component
of γ . Thus, the derived derivatives ∂φ/∂γι and ∂χ/∂γι of the
Jacobian matrix used in the application of Newton’s method
in the ELM-PCA method do not correspond to the original
derivatives ∂ϕ/∂λι and ∂χ/∂λι of the dynamical system being
considered. As a result, the derived Jacobian matrix used
in the ELM-PCA method no longer aligns with the original
Jacobian matrix of the dynamical system, which introduces
distortions in the obtained bifurcation diagram. This misalign-
ment makes a direct bifurcation analysis more challenging.
By contrast, the method proposed here incorporates the input
parameter channels of the system, allowing the ELM-IPC
model to directly learn the known parameters λ. This ensures
that the derived derivatives ∂ϕ/∂λι and ∂χ/∂λι based on the
ELM-IPC model [Eqs. (A1) and (A2)] directly correspond
to the respective derivatives of the dynamical system with
respect to λι. Consequently, the second column of the derived
Jacobian matrix in the ELM-IPC model [Eq. (11)] aligns
perfectly with the original Jacobian matrix, permitting a more
accurate bifurcation analysis.

In summary, the method proposed here incorporates the
input parameter channels into the input of the ELM-IPC
model, allowing it to learn known parameters. This makes it
possible to compute the derivatives of the output of the model
presented here with respect to the bifurcation parameter, per-
mitting the prediction of the bifurcation points of a given
system while maintaining alignment of the derived parameter
spaces of the ELM-IPC model and the original parameter
spaces of the dynamical system being investigated.

VI. CONCLUSION

This paper proposes a novel method for obtaining the bi-
furcation points of a system based on the ELM-IPC model
trained on time-series datasets and the known parameters
of the discrete dynamical system. First, we constructed an
ELM-IPC model which incorporates the channels for the
known parameters as part of its input. Next, we developed
a method for deriving the bifurcation points to utilize within
the ELM-IPC model. Specifically, we derived the first and
second variational equations of the model through symbolic
differentiation, which enabled the numerical calculation of
the fixed-point and bifurcation conditions. To validate the
effectiveness of the proposed method, we applied it to the
Hénon map and a system comprising two conservatively cou-
pled Hénon maps, the latter of which exhibits multi-periodic
solutions with periods exceeding 100. The obtained results
demonstrated that the proposed method accurately obtains
the bifurcation points of the systems while maintaining a
correspondence between the original parameter spaces of
the dynamical system and the derived parameter spaces of
the model. Furthermore, as the method does not employ di-
mensional reduction techniques, no significant distortion was
observed in the derived bifurcation curves.

This work opens the possibility for methods based on
the ELM-IPC model to be developed that extend the ap-
proach presented here to the prediction of the bifurcation
points in continuous dynamical systems. As a future chal-
lenge, we plan to explore the application of the method
proposed here to time-series datasets obtained from chaotic
and high-dimensional systems, such as real circuits, nonlinear
time-delay oscillators, etc. In addition, we believe that pre-
dicting the bifurcation points of a system considering more
complex time-series datasets may require the derivation of
a method based on recurrent neural networks, which are
renowned for their superior predictive performance in attrac-
tor estimation and time-series forecasting compared with the
ELM. Representative examples of such architectures include
gated recurrent neural networks and reservoir computing
models.
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APPENDIX

In this Appendix, we present expressions for the derivatives
that are central to the method presented here; we note that ob-
taining these derivatives represent a key feature of this work.
Specifically, we derive the first derivative with respect to the
bifurcation parameter and the second derivative with respect
to the initial conditions and the bifurcation parameter of the
ELM-IPC output described in Eq. (1). The first derivative of
the ELM-IPC output, ϕ(1, x(k + m − r),λ), with respect to
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the bifurcation parameter λι can be expressed as follows:

∂ϕi

∂λι

(1, x(k + m − r),λ)

= ρ

ζ

M∑
j=1

Wj,(N+ι)βi, j{ζ − (h j + σ )}(h j + σ ), (A1)

where the subscripts i and j represent the element indices
of the vectors and matrices, with i ∈ [1, N] ⊂ N and j ∈
[1, M] ⊂ N. The variable r represents the recursion index,
with r ∈ [1, m] ⊂ N. The second derivative with respect
to the initial conditions x(k + m − r) and the bifurcation

parameter λι can be expressed as follows:

∂2ϕi

∂xl (k + m − r)∂λι

(1, x(k + m − r),λ)

= ρ2

ζ 2

M∑
j=1

Wj,lWj,(N+ι)βi, j

· {ζ − 2(h j + σ )}{ζ − (h j + σ )}(h j + σ ), (A2)

where the subscript l ∈ [1, N] ⊂ N represents the element
index of the vectors and matrices.
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