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We explore the framework based on the Kirkwood-Dirac quasiprobability distribution to quantify the con-
tribution of coherence to work extraction during generic, cyclic quantum evolutions. In particular, we focus
on “anomalous processes,” counterintuitive scenarios in which, due to the negativity of the quasiprobability
distribution, work can be extracted even when individual processes are associated with energy gain. Applying
this framework to qubits undergoing sequences of single- and two-qubit gate operations, we identify specific
conditions under which such anomalous work exchanges occur. Furthermore, we analyze the quasiprobabilistic
structure of deep quantum circuits and establish a compositional relation linking the work statistics of full
circuits to those of their constituent gates. Our work highlights the role of coherence in the thermodynamics
of basic elements of quantum computation and provides a foundation for systematically studying potential
thermodynamic relevance of specific quantum circuits.
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I. INTRODUCTION

Quantum coherence lies at the heart of many quantum
technologies and fundamental quantum phenomena [1–5].
Recent advances have revealed that coherence plays a crucial
role [6–15] in quantum thermodynamics [16–24]. In particu-
lar, the presence of initial coherence during work extraction
processes challenges the classical notions of thermodynamic
constraints, allowing for anomalous processes that defy clas-
sical intuition. Quantum thermodynamic features are often
explored through work statistics, which capture the impact of
energy fluctuations in quantum processes [21,25–27]. How-
ever, standard approaches to work statistics for quantum
systems often rely on projective energy measurements, par-
ticularly within the widely adopted two-point measurement
(TPM) scheme [28–34]. Although projective measurements
are commonly implemented, they inherently destroy quantum
coherence of the initial state in the energy eigenbasis, making
the protocol invasive and leading to violations of the first
law [35,36], or of the no-signalling-in-time condition [28,37].
To overcome this limitation, quasiprobability distributions,
in particular the Kirkwood-Dirac quasiprobabilities (KDQs)
[28,38–40], have emerged as powerful alternatives and have
attracted a lot of interest, both theoretically [41–48] and ex-
perimentally [49–51]. This framework allows for a consistent
description of quantum work statistics that preserve and reveal
the effects of coherence. Notably, KDQs can take negative or
complex values, intrinsically signaling nonclassical features
such as quantum interference and anomalous energy transi-
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tions, which can either enhance or hinder the extraction of
work.

In this paper, we investigate the quasiprobability struc-
ture of work distribution in quantum circuits, focusing on
how the coherence of the input state enables anomalous
thermodynamic behavior. Using a systematic framework, we
decompose the KDQs of deep circuits into those of their
constituent gates, showing that the overall unitary transfor-
mation can exhibit negative KDQs, and thus anomalous work
extraction, even if individual gates do not. We also identify
conditions under which global KDQs simplify to combina-
tions of single-gate KDQs. Through examples with universal
single- and two-qubit gates, we show how coherence-induced
anomalies enable work extraction beyond classical limits,
offering insight into thermodynamic advantages of specific
quantum circuits.

The remainder of the paper is organized as follows: In
Sec. II we provide an overview on the thermodynamics of
cyclic transformations in the presence of initial coherences,
by introducing the KDQs. We show that energy varying pro-
cesses can lead to anomalous contributions to work extraction.
In Sec. III, we explore the nonclassical thermodynamic fea-
tures of single-qubit transformations; we first study the most
general unitary transformation and then elementary quantum
gates as the Hadamard and the π/8 gate. In Sec. IV, we
provide a framework for relating deep quantum circuit KDQs
with those of their constituent gates and to decompose them
into contributions from these individual components. Then, in
Sec. V, we study the KDQs of two-qubit gates, showing how
they simplify when the input state is factorized, and identify-
ing the gates for which KDQs retain a simplified form even in
the presence of initial entanglement. In Sec. VI, we analyze
the thermodynamic properties of a representative two-qubit
circuit by applying the decomposition of KDQs and the results
on two-qubit gates, both derived in the preceding sections.
Finally, we give some concluding remarks in Sec. VII.
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II. QUANTUM THERMODYNAMICS OF CYCLIC
TRANSFORMATIONS

We consider a cyclic transformation described by the uni-
tary evolution Û over the time interval t ∈ [0, τ ]. The initial
or final Hamiltonian is Ĥ = ∑

k Ek�̂k , with eigenvalues {Ek}
and eigenprojectors {�̂k = |Ek〉〈Ek|}. The system is initially
prepared in the input state ρ̂ and, after the unitary evolution,
its energy change can be described by the extractable work,

WU = Tr[Ĥ(ρ̂ − Û ρ̂Û†)]. (1)

One of the most widely used approaches to measure the
work performed on or extracted from a quantum system is
the TPM scheme. This protocol involves performing two
projective measurements in the eigenbasis of the system’s
Hamiltonian, first at time t = 0, and, later, at time t = τ , at
the end of the transformation. The outcomes of these measure-
ments form pairs (Ei, E f ), which are distributed according to
a joint probability distribution pUi f (ρ̂ ), which depends on the

initial state ρ̂ and the unitary dynamics Û . However, marginal-
izing the latter distribution over all the possible outcomes
of the first measurement does not always lead to the right
probability of getting outcome E f from the second measure-
ment, pUf (ρ̂), so that the procedure turns out to be invasive
[28]. One of the major sources of this invasiveness is the
incompatibility between the initial state and the eigenbasis
of the initial Hamiltonian: [ρ̂, �̂i] �= 0; in this case, the first
projective measurement irreversibly destroys any coherences
present in ρ̂ with respect to that basis, thereby altering the
subsequent system evolution.

To investigate work statistics within noninvasive thermody-
namic frameworks, the TPM joint probability distribution is
replaced by quasiprobability distributions. Among these, the
KDQs [28,36,38,39,41,43,44,47,48,50] are widely adopted
and are defined as

qU
i f (ρ̂) = Tr[Û†�̂ f Û�̂iρ̂]; (2)

KDQs are linear in ρ̂ and their marginal sums over initial
and final indices are always properly normalized. However,
differently from canonical probability distributions, they can
become negative and nonreal.

The work extracted from a cyclic transformation can be
expressed in terms of the KDQs as follows:

WU [ρ̂] =
∑
i �= f

qU
i f (ρ̂)(Ei − E f ) =

∑
i �= f

ReqU
i f (ρ̂)(Ei − E f );

(3)

the real part of the KDQ is the so called Margenau-Hill
quasiprobability (MHQ) [28,44,52–55], which can be writ-

ten as ReqU
i f (ρ̂ ) = 1

2 Tr [{Û†�̂ f Û , �̂i}ρ̂]. While the real part
directly contributes to the extracted work, the imaginary part
does not influence this first moment but plays a role in higher-
order moments (see Appendix A) and, crucially, will come
into play as well when evaluating KDQ’s of unitary processes
expressed in terms of gates.

In our scheme, the initial or final Hamiltonian is the non-
interacting Ĥ = E

∑L
j=1 Ẑ j , where Ẑ j is the Pauli matrix

acting on the computational basis such that Ẑ j |↑ j〉 = |↑ j〉 and
Ẑ j |↓ j〉 = −|↓ j〉 (X̂ j and Ŷj are the remaining ones), E fixes the

FIG. 1. (a) Sketch of the protocol for a two-qubit system, whose
state is transformed by a unitary Û decomposed into elementary
gates constituting a quantum circuit. We explore the role of the
coherences and of the quantum circuit in the extractable work and in
its nonclassical statistics. (b) Pictorial representation of population
and coherent parts of the KDQs in a single-qubit system. The blue
arrows refer to the population part, the red arrows to the coherent
part that potentially lead to nonclassicality. Dashed lines indicate the
time-reversed processes.

single qubit energy, and L is the number of qubits. Our goal is
to investigate how the nonclassicality of the work distribution
is influenced by the properties of the transformation, that we
will treat as a quantum circuit decomposed in elementary
gates. The protocol is sketched in Fig. 1(a), with the example
of a two-qubit system.

The input quantum state can be always written as

ρ̂ =
∑

ik

λik|Ei〉〈Ek| = �(ρ̂) + χ̂ , (4)

where �(ρ̂) = ∑
i λii|Ei〉〈Ei| is the dephased version of

the state ρ̂ in the Hamiltonian eigenbasis and χ̂ =∑
i �=k λik|Ei〉〈Ek| contains the associated coherences. χ̂ can

be interpreted as the coherence injected into the mixed state
�(ρ̂). Since the KDQs are linear in ρ̂, they can be easily split
into population and coherent contributions

qU
i f (ρ̂) = qU

i f (�(ρ̂)) + qU
i f (χ̂ ), (5)

where qU
i f (�(ρ̂)) = |kUi f |

2
λii and qU

i f (χ̂ ) = ∑
k
′(kUk f )∗kUi f λik;

see Appendix B for the detailed derivation. The primed sum∑
k
′ indicates summation over all the k �= i, while the quantity

kUi f = 〈E f |Û |Ei〉 represents the transition amplitude between
two different energy eigenstates. The population part of the
KDQ is given by the transition probability of the process
|Ei〉 → |E f 〉 weighted by the population λii and always con-
tributes positively to the KDQ. On the other hand, the coherent
part of the KDQ arises from the product of the transition
amplitudes of the process |Ei〉 → |E f 〉 and of the time-reverse
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process |E f 〉 → |Ek〉 (with k �= i). The mixing of potentially
negative and complex transition amplitudes, each weighted
by different coherences, can result in negative and complex
coherent parts of the KDQs, which may ultimately lead to
negative total KDQs. The two contributions to KDQ are
pictorially represented in Fig. 1(b) for a two-level system,
where we indicate with solid lines the transitions and with
dashed lines their time reversed. The negativity of the real
part of KDQs, i.e., negativity of MHQs, signals the presence
of “anomalous processes” that contribute in a counterintu-
itive way to the work extraction. For instance, processes
|Ei〉 → |E f 〉 associated to larger final eigenergies E f > Ei

with negative KDQ anomalously contribute positively to work
extraction, making them advantageous in contrast to the clas-
sical scenario. On the other hand, processes corresponding to
smaller final energies E f < Ei with negative KDQ negatively
impact work extraction and are thus detrimental.

Moreover, the injection of coherences in thermal states
allows for the possibility of positive work extraction during a
cyclic transformation. In particular, in a cyclic transformation
with a thermal input state, the work satisfies the Jarzynski
equality (JE) [56,57] which implies WU � 0. This means
that no work can be extracted. However, the introduction of
coherence can potentially lead to a violation of this bound.
In the specific case of a qubit, any classical state represented
in energy the basis without population inversion (i.e., with
population imbalanced toward the low energy state) is thermal
with positive temperature and thus satisfies WU � 0. Thus,
the injection of coherence is essential to achieve positive
work extraction. In addition, in the absence of population
inversion, the nonpositivity of qU

i f (χ̂ ) is a necessary but not
sufficient condition for this to occur, as discussed in detail in
Appendix B.

III. KDQS OF SINGLE-QUBIT TRANSFORMATIONS

We now consider single-qubit operations; we first focus
on the most general unitary transformation and then on the
specific Hadamard and π/8 gates. Let ρ̂ be a input state,
with populations λ↑↑ = p and λ↓↓ = 1 − p, and coherences
λ↑↓ = γ = |γ |eiϕ and λ↓↑ = γ ∗ = |γ |e−iϕ , where p ∈ [0, 1]
and |γ | � √

p(1 − p) to guarantee positivity of the state. The
most general single-qubit unitary transformation can be ex-
pressed as R̂(θ, n) = e−i(θ/2)n·σ̂ up to a global phase factor,
with σ̂ = (X̂ , Ŷ , Ẑ ). The extractable work through R̂(θ, n) is

WR[ρ̂] = 2E
[(

n2
x + n2

y

)
sin2(θ/2) − 2ReqR

↓↑(ρ̂)
]
, (6)

see Appendix C for the detailed derivation. The MHQ
ReqR

↓↑(ρ̂) is crucial and its negativity signals the presence
of anomalous processes |↓〉 → |↑〉 and enhances the work
extraction.

The extractable work can be split in population and co-
herent parts: WR[ρ̂] = WR[�(ρ̂)] + WR[χ̂ ]. Since �(ρ̂) of
a qubit is always thermal, the population term WR[�(ρ̂)]
is always negative. Thus, the possibility of having positive
extractable work relies entirely on the coherent part of the
work (see Appendix C),

WR[χ̂] = −4E ReqR
↓↑(χ̂ ), (7)

that is, it depends on the coherent part of the MHQ associated
to process |↓〉 → |↑〉. To recap, negative ReqR

↓↑(χ̂ ) is essential
for achieving positive WR[χ̂], which can counteract the detri-
mental negative WR[�(ρ̂)] and ultimately exceed it, leading
to a overall positive extracted work.

Let us now move to elementary single-qubit gates. We
recall that any unitary transformation Û can be expressed
as a sequence of elementary quantum gates chosen from a
universal gate set. In particular, we consider the approximately
universal set of single-qubit quantum gates given by {Ĥ, T̂ },
see Ref. [58], with Ĥ = 1√

2
(X̂ + Ẑ ) being the Hadamard gate

and T̂ = |↑〉〈↑| + eiπ/4|↓〉〈↓| being the π/8 gate.
We first observe that the gate T̂ has the structure P̂φ =

|↑〉〈↑| + eiφ |↓〉〈↓|, so that it commutes with both the projec-
tors �̂↑ and �̂↓; therefore, its associated KDQs are trivial:

qPφ

↓↑(ρ̂) = qPφ

↑↓(ρ̂) = 0, qPφ

↓↓(ρ̂) = 1 − p, qPφ

↑↑(ρ̂) = p.
(8)

On the other hand, the KDQs associated to the Hadamard gate
are (see Appendix D)

qH
↓↓(ρ̂ ) = (1 − p) − γ ∗

2
, qH

↓↑(ρ̂) = (1 − p) + γ ∗

2
,

qH
↑↓(ρ̂ ) = p − γ

2
, qH

↑↑(ρ̂) = p + γ

2
. (9)

Thus, using Eq. (6), we can compute the work extractable
through an Hadamard gate, reading

WH [ρ̂] = E (2p − 1)︸ ︷︷ ︸
WH [�(ρ̂ )]

+ (−2|γ |E cos ϕ)︸ ︷︷ ︸
WH [χ̂]

. (10)

We observe that ReqH
↓↑(χ̂ ) < 0 for cos ϕ < 0. Among these

values of the phases, only those with | cos ϕ| >
1−2p
2|γ | produce

positive extractable work. On the other hand, the condition
ReqH

↓↑(ρ̂) < 0 can be obtained for |γ || cos ϕ| > 1 − p (with
cos ϕ < 0). At the same time, |γ | � √

p(1 − p), which im-
plies

√
p(1 − p)| cos ϕ| > 1 − p that cannot be satisfied in the

absence of population inversion (p � 1
2 ). Thus, ReqH

↓↑(ρ̂) � 0
and so the processes |↓〉 → |↑〉 do not anomalously contribute
to the work extraction. The coherence can, however, suppress
the effectiveness of the process making the extractable work
positive. An example case is given by the choice (p, |γ |, ϕ) =
( 1

2 , 1
2 , π ) for which the extractable work is positive, WH [ρ̂] =

E , and the nonzero KDQs are qH
↓↓(ρ̂) = qH

↑↓(ρ̂) = 1
2 . The

injection of coherences do not lead to negative values of the
MHQs of interest, yet they are responsible for violating the
thermal bound W � 0 by suppressing the detrimental pro-
cesses |↓〉 → |↑〉.

A. KDQs and work extraction in the Hadamard-like
time evolution

We now consider the example of a quantum time evolu-
tion that, at a specific time, realizes the Hadamard gate. It
is instructive to explore the thermodynamic behavior during
the system’s dynamics, as it offers insight into various non-
classical features that may emerge. The Hadamard gate Ĥ =

1√
2
(X̂ + Ẑ ) can be realized by the evolution of a quantum

system under the Hamiltonian Ĥh = h(X̂ + Ẑ ) (with h > 0)
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FIG. 2. Real part of q↓↑ and work extracted from a pure state |ψ (p, ϕ)〉 = √
p|↑〉 + eiϕ

√
1 − p|↓〉 that undergoes a transformation

described by Ĥh = h(X̂ + Ẑ ), with h > 0. (a) The population is fixed to p = 1
2 and different values of the phase ϕ are considered. (b) The

phase is fixed to ϕ = π/2 and different values of the population p ∈ [0, 0.5] are considered.

until time tH = π

2
√

2h
. Indeed, at time tH , the latter unitary

becomes

Ûh(tH ) := ÛH = −iĤ, (11)

and reproduces the Hadamard gate up to a global phase that
does not affect the quasiprobabilities and, in general, the time
evolution of the system. The Hamiltonian can be also written
as Ĥh = ω nh · σ̂, where ω := √

2h = π
2tH

, nh = ( 1√
2
, 0, 1√

2
),

and σ̂ = (X̂ , Ŷ , Ẑ ).
At t �= tH , it is possible that the MHQ Req↓↑(ρ̂) becomes

negative, meaning that anomalous processes come into play.
To show that, we first consider as input the pure state with
p = 1

2 , i.e., an equatorial state on the Bloch sphere. It is the
relative phase between |↑〉 and |↓〉 that controls the work
extraction. In Fig. 2(a) we report the dynamics of ReqUh (t )

↓↑ (ρ̂)
and extractable work for different values of the relative phase
ϕ with fixed p = 1

2 . We observe the presence of anomalous
work extraction processes which is marked by the presence
of negative ReqUh (t )

↓↑ (ρ̂). All the KDQs ReqUh (t )
↓↑ (ρ̂) become

positive at ωtH = π
2 , when the Hadamard gate is realized;

however, anomalous processes with negative MHQ are found
in the pre-Hadamard time window ωt ∈ (0, π/2), for any
value of the phase except ϕ = 0 and ϕ = π . Thus, a complex
relative factor between the superposed states is required to get
anomalous positive contribution to the extractable work; the
larger nonclassical work extraction contribution is obtained
in the neighborood of ϕ = π/2. In the post-Hadamard time
window, all of the ReqUh (t )

↓↑ (ρ̂) remain positive, excluding the
presence of anomalous processes contributing positively to
work extraction. However, it is still possible to have negative
ReqUh (t )

↑↓ (ρ̂) = −ReqUh (t )
↓↑ (ρ̂) + 1

2 sin2(ωt ), which can lead to
the presence of detrimental anomalous processes that nega-
tively contribute to the extractable work.

After having analyzed the KDQs, the question that arises
is as follows: What is the effect of these anomalous pro-

cesses on the total extracted work? We first observe that, for
p = 1

2 , the total contribution to the work is only given by the
coherent part of the state, see Eq. (D8). Coherences are nec-
essary to get nonzero extractable work. In the pre-Hadamard
time window, the phases in the neighborood of ϕ = π/2 are
advantageous for extracting work, with the latter growing
basically linearly; while, in the post-Hadamard time window,
phases in the neighborood of ϕ = π are advantageous with
a decay that is smooth and nonlinear. The anomalous pro-
cesses [ReqUh (t )

↓↑ (ρ̂) > 0] present in the pre-Hadamard time
window enhance the work extraction at short times (giving
rise to a linear growth). In Fig. 2(b) we perform the same
type of analysis by fixing the phase to ϕ = π/2 and varying
the population in the interval p ∈ [0, 0.5]. In this case, it is
possible that Wt [�(ρ̂)] < 0, so that positive coherent part of
the work is not sufficient to get total positive extractable work.
We observe that the MHQ ReqUh (t )

↓↑ (ρ̂) is negative at short
times, when the total extractable work is positive and grows.

We also compare Wt [χ̂] with Wt [�(ρ̂)] = Wt [ρ̂] −
Wt [χ̂] showing that, in the pre-Hadamard time window,
Wt [χ̂] dominates on the negative Wt [�(ρ̂)], causing the
extractable work to be positive. Finally, we observe that a
state with population p = 1

2 is the one that reaches the larger

negative values of ReqUh (t )
↓↑ (ρ̂ ) and larger values of positive

extractable work. On the other hand, by sending p → 0 we
approach the T = 0 thermal case, where the system is in the
ground state |↓〉, and the work is dominated by its large and
negative population contribution.

IV. DECOMPOSITION OF KDQS OF DEEP CIRCUITS

Anomalous processes can impact the work distribution of
complex unitary transformations. In the context of single-
qubit transformations, while the individual gates from the
approximately universal set {Ĥ , T̂ } exhibit positive MHQs,
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FIG. 3. (a) Sketch of the KDQs of a unitary transformation de-
composed in multiple gates, with a pictorial representation of the
full KDQ qUN ...U1

i f (ρ̂) and the three possible KDQs associated to

the constituent gates: (i) q
Uj+1
i f (ρ̂ j ) with Ûj+1 not in the border of

U , (ii) qU1
i f (ρ̂), and (iii) qUN

i f (ρ̂N−1). (b) pictorial representation of

the structure of the operator M̂Uj+1
i f whose derivation is given in

Eq. (13). The yellow block represents the operator ÛN . . . Û1, the blue
block represents the operator Ûj . . . Û1, The red block represents the
operator ÛN . . . Ûj+2 and the green block is the constituent gate Ûj+1.

certain combinations of these gates may not preserve this
property. Consequently, for a quantum circuit represented
by a unitary transformation Û , the relationship between its
quasiprobabilities and those of the individual gates used in its
decomposition is expected to be nontrivial. Uncovering such
relationship could potentially simplify the characterization of
quasiprobabilities in complex or deep circuits by revealing
underlying patterns that govern their structure. We refer to this
type of decomposition as horizontal decomposition, since it
expresses the full KDQs in terms of those associated with the
gates that horizontally decompose the overall transformation
(time direction).

In the following, we consider a generic quantum circuit
of depth N : Û = ÛN . . . Û1, with the constituent gates Ûj

belonging to an approximately universal set. We are interested
in finding a relation between the KDQs associated to the full
deep quantum circuit Û and those of the constituent gates.
The latter can be located in three different positions: inside
the circuit [case (i)] or at the borders, meaning that it is
the first gate Û1 [case (ii)] or the last one, ÛN [case (iii)].
The three cases are pictorially depicted in Fig. 3(a). In each
of the three cases, the difference between the full KDQ and
those associated to the constituent gates Ûj+1 is

qU
i f (ρ̂) − q

Uj+1

i f (ρ̂ j ) = Tr
[
M̂Uj+1

i f ρ̂
]
, (12)

M̂Uj+1

i f =

⎧⎪⎪⎨
⎪⎪⎩

(ÛN . . . Û1)†[�̂ f , ÛN . . . Û2]Û1�̂i if j = 0,

(ÛN . . . Û1)†([�̂ f , ÛN . . . Ûj+2]Ûj+1�̂iÛ j . . . Û1 − �̂ f ÛN . . . Ûj+1[�̂i, Ûj . . . Û1]) if j = 1, . . . , N − 2,

−(ÛN . . . Û1)†�̂ f ÛN [�̂i, ÛN−1 . . . Û1] if j = N − 1,

(13)

with j = 0, . . . , N − 1, ρ̂ j := (Ûj . . . Û1)ρ̂(Ûj . . . Û1)† and

ρ̂ j=0 := ρ̂. The operator M̂Uj+1

i f depends on the incompatibil-
ity between the initial Hamiltonian projectors and the gates
that precede Ûj+1 together with the incompatibility between
the final Hamiltonian projectors and the gates that follow
Ûj+1. Its structure is pictorially depicted in Fig. 3(b) and its
detailed derivation is reported in Appendix E. If the reduced
circuit preceding and following the constituent gate in ques-
tion commute with the initial and final projectors, then M̂Uj+1

i f
is zero and thus the KDQ reduces to that of the constituent
gate. Otherwise, the KDQ of the full circuit is altered. In the
former case, no energy exchange occurs in the surrounding
circuit, so the work distribution depends only on the gate
itself. When the correction appears, however, its structure and
physical significance are subtle and nontrivial.

From Eq. (12), it follows that

qU
i f (ρ̂) = 1

N

N−1∑
j=0

q
Uj+1

i f (ρ̂ j ) + 1

N
QU

i f (ρ̂), (14)

with QU
i f (ρ̂) := ∑N−1

j=0 Tr[M̂Uj+1

i f ρ̂]. The full KDQ is the
weighted sum of the KDQs associated to all the constituent
gates that decompose Û corrected by QU

i f (ρ̂ ) that depends on
the incompatibility between Hamiltonian projectors and the
various parts of the circuit.

A. Decomposition of KDQs of single-qubit circuits
and minimality of the HTH circuit

In this section, we provide an operational example of
decomposition of KDQs, by showing that, given the approxi-
mately universal set {Ĥ , T̂ }, the circuit Ĥ T̂ Ĥ is the minimal
circuit in which the full KDQs do not coincide with those of
the constituent gates.

Since the gate T̂ commutes with the initial or final Hamil-
tonian projectors, it simplifies the structure of the KDQs
associated with the full circuit. Note that here, by Hamilto-
nian projectors, we mean the projectors onto the eigenstates
of the Hamiltonian at the start and at the end of the cyclic
process, i.e., the projectors onto the eigenstates of the Pauli-Z
operators.

Let us first consider circuits with depth N = 2 written as
Û = V̂ Û for which Eqs. (E12) and (E13) hold. The KDQs of
the full circuit correspond to those of its constituent gates if at
least one of the commutators [�̂i, Û ] or [�̂ f , V̂ ] is zero. The
possible circuits are ĤĤ = 1̂, Ĥ T̂ , T̂ Ĥ , and T̂ T̂ for which the
KDQs are either trivial (ĤĤ ) or they correspond to that of the
Hadamard gate.

Thus, all of the single-qubit circuits with depth N = 2
made up of gates belonging to the aforementioned set, have
full KDQs that correspond to those of the Hadamard gate.

We then move to circuits with depth N = 3, described by
Û = M̂V̂Û for which Eqs. (E15), (E16), and (E17) hold. In
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TABLE I. Commutation relations of Eq. (15) for different cir-
cuits with depth N = 3.

M̂V̂Û [�̂ f , M̂V̂ ] [�̂ f , M̂]; [�̂i, Û ] [�̂i, V̂ Û ]

ĤĤ T̂ = 0 �= 0; = 0 �= 0
T̂ ĤĤ �= 0 = 0; �= 0 = 0
Ĥ T̂ Ĥ �= 0 �= 0; �= 0 �= 0
T̂ T̂ Ĥ = 0 = 0; �= 0 �= 0
Ĥ T̂ T̂ �= 0 �= 0; = 0 = 0
T̂ Ĥ T̂ �= 0 = 0; = 0 �= 0
ĤĤĤ = 0 �= 0; �= 0 = 0
T̂ T̂ T̂ = 0 = 0; = 0 = 0

this case, it is sufficient that

[�̂ f , M̂V̂ ] = 0 or [�̂ f , M̂] = [�̂i, Û ] = 0 or [�̂i, V̂ Û ] = 0
(15)

to guarantee that the total KDQs can be trivially written as the
KDQs of one of the constituent gates.

The possible circuits with depth N = 3 made up of the
gates Ĥ and T̂ are ĤĤ T̂ , T̂ ĤĤ , Ĥ T̂ Ĥ , T̂ T̂ Ĥ , Ĥ T̂ T̂ , T̂ Ĥ T̂ ,
ĤĤĤ , and T̂ T̂ T̂ . For any of these circuits we evaluate the
commutators in Eq. (15) that are widely simplified by using
the identities [�̂k, T̂ ] = [�̂k, T̂ T̂ ] = 0, that hold for any k.
The results are reported in Table I.

Of these eight possible transformations, only Ĥ T̂ Ĥ does
not satisfy any of the three commutation conditions of Eq. (15)
and so its full KDQs cannot be trivially reduced to that of one
of the constituent gates. For this reason, we identify it as the
minimal circuit for which the full KDQs do not simply reduce
to those of the constituent gates. A possible consequence of
the latter observation is that the work distribution of the full
circuit Ĥ T̂ Ĥ can be potentially characterized by anomalous
processes with ReqHT H

↓↑ < 0 or ReqHT H
↑↓ < 0, even though

such anomalies are absent in the constituent gates.
To illustrate this explicitly, we consider a system ini-

tialized in the pure input state |ψ (θ, ϕ)〉 = cos(θ/2)|↓〉 +
eiϕ sin(θ/2)|↑〉, where θ is the mixing angle and ϕ the rela-
tive phase. The mixing angle and the population are related
through the relation cos(θ/2) = √

1 − p and sin(θ/2) = √
p,

θ � π/2 guarantees no population inversion. While the state
evolves under the transformation described by the circuit
Û = Ĥ T̂ Ĥ , we are interested in analyzing the behavior of the
MHQs that contribute to the work, shown in Fig. 4.

We find that, for both MHQs of interest, there are
significant regions in the parameter space where the work dis-
tribution is influenced by nonclassical anomalous processes.
Such nonclassicality is advantageous for work extraction
when the MHQ associated with the transition |↑〉 → |↓〉 be-
comes negative, while that associated with the reverse process
|↓〉 → |↑〉 remain positive. For this reason, we analyze in
detail the decomposition of the KDQs at the coordinates (θ =
π/2, ϕ = π/2) (indicated by a red dot in the figure), where
Re qHT H

↑↓ (ρ̂) is largely positive and Re qHT H
↓↑ (ρ̂) is largely neg-

ative. Moreover, as will become evident shortly, these specific
values of (θ, ϕ) exemplify a scenario in which the full circuit
exhibits anomalous processes, whereas the contribution to
work extraction from the single constituent gates does not.

FIG. 4. MHQs associated to the Ĥ T̂ Ĥ circuit that contribute to
the work extraction for an input state ρ̂(θ, ϕ) = |ψ (θ, ϕ)〉〈ψ (θ, ϕ)|
with |ψ (θ, ϕ)〉 = cos(θ/2)|↓〉 + eiϕ sin(θ/2)|↑〉. The two panels re-
port the MHQs associated to the two different processes |↑〉 → |↓〉
(a) and |↓〉 → |↑〉 (b). The red dot indicates the values of (θ, ϕ) for
which an in-depth analysis is performed in the main text.

The input state is ρ̂ = |ψ〉〈ψ |, where |ψ〉 =
|ψ (π/2, π/2)〉 = 1√

2
(|↑〉 + i|↓〉). The first gate Ĥ

transforms ρ̂ → ρ̂H = Ĥ ρ̂Ĥ†, with ρ̂H = |ψH 〉〈ψH | and
|ψH 〉 = 1√

2
(|↑〉 − i|↓〉); the KDQ associated to this

gate and to the process |↓〉 → |↑〉 is ReqH
↓↑(ρ̂) = 1

4 .
At the same time, we have ReqH

↑↓(ρ̂) = 1
4 , and so

the extractable work is identically zero. Subsequently,
the gate T̂ transforms ρ̂H → ρ̂T H = T̂ Ĥ ρ̂(T̂ Ĥ )

†
, with

ρ̂T H = |ψT H 〉〈ψT H | and |ψT H 〉 = 1√
2
(|↑〉 + e−iπ/4|↓〉).

Since the transformation is given by the π/8 gate, we have
qT

↓↑(ρ̂H ) = qT
↑↓(ρ̂H ) = 0. Finally, the application of the

second Ĥ gate transforms the state according to ρ̂T H →
ρ̂HT H = Ĥ T̂ Ĥ ρ̂(Ĥ T̂ Ĥ )

†
, with ρ̂HT H = |ψHT H 〉〈ψHT H |

and |ψHT H 〉 = 1
2 [(1 + e−iπ/4)|↑〉 + (1 − e−iπ/4)|↓〉]. The

two KDQs of interest are ReqH
↓↑(ρ̂T H ) = 1

4 ( 2+√
2

2 ) and

ReqH
↑↓(ρ̂T H ) = 1

4 ( 2−√
2

2 ), both of which are positive,
indicating the absence of anomalous processes.

Let us now consider the full transformation, represented by

Ĥ T̂ Ĥ = 1

2

[
1 + eiπ/4 1 − eiπ/4

1 − eiπ/4 1 + eiπ/4

]
. (16)

The straightforward computation of the KDQs leads to

ReqHT H
↓↑ (ρ̂) = 1 − √

2

4
< 0, (17)

ReqHT H
↑↓ (ρ̂) = 1

4
> 0, (18)

which means that, differently from the constituent gates, the
extractable work receives anomalous positive contributions
from the process |↓〉 → |↑〉.

V. KDQS OF TWO-QUBIT GATES

As mentioned above, any unitary transformation Û can be
expressed as a sequence of elementary quantum gates chosen
from a universal gate set. We have also mentioned that the
set {Ĥ, T̂ } is an approximately universal set of single-qubit
quantum gates [58]; furthermore, the set {Ĥ, T̂ , ÛCNOT} is
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approximately universal for any unitary transformation acting
on L-qubit states [58,59]. The CNOT gate is the two-qubit gate
that flips (leaves unchanged) the second qubit depending on
whether the first qubit is in state |↓〉 (|↑〉).

In a two-qubit system the initial or final Hamiltonian
is Ĥ = E (Ẑ ⊗ 1̂ + 1̂ ⊗ Ẑ ) and so the projectors are
�̂↑↑ = |↑↑〉〈↑↑|, �̂↑↓ = |↑↓〉〈↑↓|, �̂↓↑ = |↓↑〉〈↓↑|,
and �̂↓↓ = |↓↓〉〈↓↓|. To simplify matters, we rename
the two-qubit eigenbasis as {|↓↓〉, |↓↑〉, |↑↓〉, |↑↑〉} =
{|E0〉, |E1〉, |E2〉, |E3〉}; the associated eigenergies are
{E0 = −2E , E1 = 0, E2 = 0, E3 = 2E}. Thus, the extractable
work through a generic two-qubit unitary cyclic transforma-
tion Û is

WU [ρ̂] =
∑
i �= f

qU
i f (Ei − E f )

= 2E
[(

qU
10 − qU

01

) + (
qU

20 − qU
02

) + 2
(
qU

30 − qU
03

)
+ (

qU
31 − qU

13

) + (
qU

32 − qU
23

)]
. (19)

For brevity, we have omitted the explicit dependence of qU
i f on

ρ̂ that is now a two-qubit state. We observe that 10 of the 16
total KDQs contribute to the work extraction.

Our interest is to explore the features of the KDQs for two-
qubit gates that can decompose a generic two-qubit circuit Û .
The latter can be decomposed in gates belonging to the set
{Ĥ, T̂ , ÛCNOT}, thus each constituent gate is either CNOT or the
tensor product of local gates Û ⊗ V̂ , in which Û and V̂ are
built as sequences of gates belonging to the approximately
universal single-qubit set G1 = {Ĥ , T̂ }. In Appendix F, we
present a comprehensive analysis of the problem, the main
results of which are summarized in the following. The appli-
cation of CNOT always produces real and positive (classical)
KDQs, for any input state. The application of local operations
Û ⊗ V̂ on factorized states ρ̂ = σ̂ ⊗ τ̂ produces factorized
KDQs,

qU⊗V
(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qU

αiα f
(σ̂ )qV

βiβ f
(τ̂ ), (20)

where the indices αi, βi and α f , β f are uniquely defined
by the indices i and f through the Table II reported in
Appendix F. We refer to this as a vertical decomposition
because, in a quantum-circuit representation, unlike the hor-
izontal decomposition discussed in Sec. IV, the KDQ is
decomposed along the vertical direction of the circuit: The full
two-qubit transformation is expressed in terms of the KDQs
of the single-qubit gates acting on each qubit wire at the same
circuit depth.

Moreover, any tensor product of local gates can be ex-
pressed as a sequence including either a Hadamard or a
P̂φ gates: Ĥ ⊗ Ĥ , Ĥ ⊗ P̂φ , P̂φ ⊗ Ĥ , and P̂φ ⊗ P̂φ ; see Ap-
pendix F. Thus, the computation of the KDQs of complex
local transformations Û ⊗ V̂ possibly passes through the com-
putation of those of their constituent gates to which they are
related through Eq. (12).

We observe that the 10 KDQs of interest are identically
zero if both the unitaries applied to the two qubits have
the P̂φ structure, for any input state. On the other hand, the

application of transformations of the form Ĥ ⊗ P̂φ and P̂φ ⊗
Ĥ to a factorized state produces (see Appendix F)

qH⊗Pφ

i f (σ̂ ⊗ τ̂ ) = qH⊗Pφ

(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qH
αiα f

(σ̂ )qPφ

βiβ f
(τ̂ )

=

⎧⎪⎪⎨
⎪⎪⎩

0 if βi �= β f

p qH
αiα f

(σ̂ ) if βi = β f = ↑,

(1 − p) qH
αiα f

(σ̂ ) if βi = β f = ↓,

(21)

qPφ⊗H
i f (σ̂ ⊗ τ̂ ) = qPφ⊗H

(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qPφ

αiα f (σ̂ )qH
βiβ f

(τ̂ )

=

⎧⎪⎪⎨
⎪⎪⎩

0 if αi �= α f

p qH
βiβ f

(τ̂ ) if αi = α f = ↑,

(1 − p) qH
βiβ f

(τ̂ ) if αi = α f = ↓.

(22)

Furthermore, the application of Ĥ ⊗ Ĥ to a factorized state
produces KDQs that can be written as the product of two
single-qubit Hadamard KDQs as well; however, due to the
mixing of the imaginary parts of the KDQs associated to
the two single-qubit gates with positive MHQs, Ĥ ⊗ Ĥ can
produce more intriguing effects, possibly leading to negative
MHQs on the full transformation. Thus, it is possible that
the work overall has contributions from anomalous processes,
even in the absence of population inversion.

Conversely, the application of transformations of the form
Ĥ ⊗ P̂φ , P̂φ ⊗ Ĥ , and Ĥ ⊗ Ĥ to an entangled state yields
KDQs with a complex structure that cannot be directly de-
composed into a product of single-qubit KDQs. As a result,
performing a vertical decomposition for entangled states is
significantly more complex. In Appendix F, we discuss in
detail the KDQ structure of two-qubit nonfactorized states,
showing that they can be computed using Eq. (F14). This
equation provides a framework for vertically decomposing the
KDQs of entangled input states. Specifically, if both two-qubit
gates have the P̂φ structure, then the 10 KDQs contributing
to the work extraction are identically zero. Moreover, if only
one of the two gates has the P̂φ structure and the indices αiα f

(for P̂φ acting on the first qubit) or βiβ f (for P̂φ acting on the
second qubit) are opposite, then the corresponding KDQ also
vanishes. The relation between the indices of the two-qubit
KDQs and those of the single-qubit KDQs follows that of
Eq. (F7). Consequently, these conditions eliminate 6 of the
10 KDQs contributing to work extraction, leaving 4 KDQs
nonzero. If both the gates have the Ĥ structure, then no sim-
plifications apply, and all the ten KDQs must be considered.
Finally, we recall that for a CNOT gate, the full KDQ is always
positive, even when the input state is entangled.

VI. PRACTICAL EXAMPLE OF A SIMPLE
TWO-QUBIT CIRCUIT

In this section, we apply our findings on a simple quantum
circuit composed of two gates. The circuit is defined by the
unitary transformation V̂ made of the gate Ĥ⊗2 followed by
the CNOT gate, thus V̂ = ÛCNOTĤ⊗2. The extractable work
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through a generic two-qubit unitary transformation Û , is given
by Eq. (19).

Unlike the single-qubit case, a large number of processes
now contribute to work extraction. Therefore, it is useful to
introduce quantities that can collectively quantify the overall
positive and negative contributions of the MHQs to the ex-
tractable work. We introduce the two vectors

ri< f = (
Re qV

01, Re qV
02, 2Re qV

03, Re qV
13, Re qV

23

)
, (23)

ri> f = (
Re qV

10, Re qV
20, 2Re qV

30, Re qV
31, Re qV

32

)
, (24)

that contain respectively all the MHQs associated to processes
with Ei < E f and Ei > E f . For brevity, we have omitted the
dependence on the input state ρ̂. We note that processes with
i f = 03, 30 have double weight because they contribute with
a factor 2 to the work extraction, see Eq. (19). Second, we in-
troduce the negative parts of the vectors, r−

i< f and r−
i> f , which

are vectors filled with zeros where the MHQs are positive
and with −Re qi f where Re qi f < 0. At the same time, we
introduce the positive parts of the vectors, r+

i< f and r+
i> f , which

are vectors filled with zeros where the MHQs are negative and
with Re qi f where Re qi f > 0. Thus, the Euclidean norms

‖r−
i< f ‖, ‖r+

i< f ‖, ‖r−
i> f ‖, ‖r+

i> f ‖ (25)

quantify how much negative and positive MHQs contribute
to the work extraction. The presence of nonzero ‖r−

i< f ‖ and
‖r−

i> f ‖ indicates the presence of anomalous processes benefi-
cial and detrimental for work extraction, respectively.

As input state, we consider the most general factor-
ized and symmetric pure state |�(θ, ϕ)〉 = |ψ (θ, ϕ)〉⊗2, with
|ψ (θ, ϕ)〉 = cos(θ/2)|↓〉 + eiϕ sin(θ/2)|↑〉. The behavior of
the four norms for different values of the input parameters
θ and ϕ is shown in Figs. 5(a)–5(d); Figs. 5(e) and 5(f),
instead, display the total extractable work and its coherent
part, respectively. We note that the extractable work is positive
in the neighborhood of θ = π/2 and for specific values of ϕ,
which define a region of the parameter space characterized
by peaks in ‖r+

i> f ‖ and ‖r−
i< f ‖, which signals the presence of

beneficial anomalous processes. Elsewhere, ‖r+
i< f ‖ dominates

and the extractable work is basically negative. Conversely,
the coherent part of the work is positive in a large region of the
parameter space, but not large enough to counterbalance the
negative contribution of the population part of the work. As
θ → π/2, the population part of the input state approaches
the infinite temperature state 1

4 1̂, from which no work can
be extracted, as it remains invariant under unitary transforma-
tions. Therefore, the extractable work is purely coherent, and
within a specific interval of ϕ, it becomes positive. For these
reasons, we conduct a detailed analysis of the MHQs in the
region described above.

More specifically, we fix θ = π/2 and vary ϕ ∈ [0, 2π ],
corresponding to the region marked with a red bar
in Fig. 5. Thus, the input state is |�〉 = |ψ〉⊗2, with
|ψ〉 = 1√

2
(|↑〉 + eiϕ |↓〉). Let us first consider the processes

|Ei〉 → |E f 〉 with Ei < E f , which are described by the
KDQs qU

01, qU
02, qU

03, qU
13, qU

23. We observe that [�̂2, ÛCNOT] =
[�̂3, ÛCNOT] = 0 and so, by using Eq. (E13), we obtain

qV
02(ρ̂) = qH⊗2

02 (ρ̂ ), qV
03(ρ̂) = qH⊗

03 (ρ̂),

qV
13(ρ̂) = qH⊗2

13 (ρ̂ ), qV
23(ρ̂) = qH⊗2

23 (ρ̂ ), (26)

FIG. 5. Thermodynamic features of the circuit V̂ = ÛCNOTĤ⊗2

for an input state |�(θ, ϕ)〉 = |ψ (θ, ϕ)〉⊗2, with |ψ (θ, ϕ)〉 =
cos(θ/2)|↓〉 + eiϕ sin(θ/2)|↑〉 for different values of θ and ϕ param-
eters. Panels (a)–(d) report the norms in Eq. (25) that are defined
from the vectors (23) and (24). Panel (e) reports the total extractable
work in the same range of input parameters and panel (f) reports the
coherent part of the work. The red line indicates the values of (θ, ϕ)
for which an in-depth analysis is performed in the text.

while, using Eq. (E14), we have

qV
01(ρ̂) = qH⊗2

01 (ρ̂ ) + qCNOT
01 (ρ̂H⊗2 ) + QV

01(ρ̂)

2
, (27)

where we have defined ρ̂H⊗2 = Ĥ⊗2ρ̂Ĥ⊗2. Thus, the presence
of the CNOT gate simplifies most of the KDQs considered.
However, since [�̂1, ÛCNOT] �= 0 and [�̂0, Ĥ⊗2] �= 0, the cor-
rection QV

01(ρ̂ ) plays a central role. In Fig. 6(a) we report the
MHQs associated to the process i f = 01 together with those
associated to the processes i f = 02, 03, 13, 23 that can be
directly derived from the single qubit Hadamard MHQs. In
fact, by using Eq. (20), we obtain

ReqH⊗2

i f (ρ̂ ) = qH⊗2

(αiβi )(α f β f )(|ψ〉〈ψ | ⊗ |ψ〉〈ψ |)
= ReqH

αiα f
(|ψ〉〈ψ |) ReqH

βiβ f
(|ψ〉〈ψ |)

− ImqH
αiα f

(|ψ〉〈ψ |) ImqH
βiβ f

(|ψ〉〈ψ |). (28)

The indces αi, βi and α f , β f are uniquely defined by the in-
deces i and f according to Table II, reported in Appendix F.
We observe that the processes i f = 01, 03 are those that pos-
sibly lead to negative values of the MHQs. Specifically, for
ϕ ∈ (π/2, π ) ∪ (π, 3π/2), we have ReqV

03(ρ̂) < 0, and for
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FIG. 6. Real part of KDQs (or MHQs) and extractable work in a two-qubit circuit made of Ĥ⊗2 followed by the CNOT gate. The unitary
describing the circuit is V̂ = ÛCNOTĤ⊗2. The input state is |�〉 = |ψ〉⊗2 with |ψ〉 = 1√

2
(|↑〉 + eiϕ |↓〉). (a) MHQs associated to processes i f =

01, 02, 03, 13, 23 (different colors, 13 and 23 are superposed) under the gate Ĥ⊗2 as a function of the phase ϕ. (b) MHQs associated to
the processes i f = 01 as a function of the phase. Different curves report the MHQs and corrections defined in Eq. (E14) associated to the
transformation V̂ as a function of the phase ϕ. (c) MHQs as a function of the phase ϕ for the processes i f = 10, 20, 30, 31, 32, the MHQ of
the processe i f = 10 corresponds to that of the process i f = 20 and the MHQ of i f = 30 corresponds to that of i f = 32. (d) Extractable work
and its components as a function of the phase ϕ. The black thick curve is the total extractable work, the colored curves are its components
defined in Eq. (29).

ϕ ∈ (0, π/2) ∪ (3π/2, 2π ) we have ReqV
01(ρ̂ ) < 0. The other

processes are characterized by positive MHQs for any value
of the phase.

In Fig. 6(b) we focus on the KDQ of the i f = 01 pro-
cess, that cannot be written as those of the Hdamard gate
and so it cannot be factorized. We report the full MHQ of
the process, those of its constituent gates and the correction
ReQV

01(ρ̂). We observe that the latter is always negative (ex-
cept for ϕ = 0), and since the MHQs of the constituent gates
are never negative, it can be identified as the source of the
negativity in the overall MHQ of the circuit. This negativity
arises for ϕ ∈ (0, π/2) ∪ (3π/2, 2π ), where the correction
becomes sufficiently negative to counterbalance the positive
contributions from the MHQs of the constituent gates.

As a further step, we explore the behavior of the MHQs
associated to the processes |Ei〉 → |E f 〉 with Ei > E f , that
increase the extractable work in the case in which the work
distribution is classical. Their behavior is reported in Fig. 6(c).
We observe that the processes i f = 10 and i f = 20 are en-
tirely suppressed, exhibiting zero MHQs. On the other hand,
the processes i f = 30 and i f = 32 have always positive
MHQs, and so positively contribute to the work extraction.
The only process that is detrimental for the work extrac-
tion is i f = 31, whose MHQ is negative for ϕ ∈ (0, π/2) ∪
(3π/2, 2π ).

Finally, we analyze the extractable work. Since at p = 1/2
the population part of the input state does not allow for work
extraction, work is fully due to quantum coherences, and we
are specifically interested in understanding which type of pro-
cesses contribute to the work extraction. To this end, we split
the work [Eq. (19)] in different components WU

i f [ρ̂] such that

WU [ρ̂] =
∑
i< f

WU
i f [ρ̂], (29)

where WU
i f [ρ̂] := 2E (1 + δi,0δ f ,3)(qU

f i(ρ̂) − qU
i f (ρ̂ )). Each

Wi f takes into account the contribution to the work of all
the processes that couple the eigenstates |Ei〉 and |E f 〉, the
results are reported in Fig. 6(d). We observe that there are
well separated regions in which the extractable work takes

different sign. For ϕ ∈ (0, π/2) ∪ (3π/2, 2π ), the presence
of coherences is detrimental, since the extractable work is
largely negative and so the transformation incurs a significant
energetic cost. On the other hand, ϕ ∈ (π/2, π ) ∪ (π, 3π/2),
the extractable work becomes positive and the presence of
coherences becomes advantageous. Specifically, the positive
extractable work is mainly affected by W03, which is the
work contribution coming from energy exchange processes
between the lowest and the highest energy states. The latter
brings a significant positive contribution that derives from
the negativity of the MHQ [see Fig. 6(a)], and, as a result, a
process of the form |Ei〉 → |E f 〉 (with Ei < E f )occurs, which
is anomalously responsible for the emergence of positive
extractable work, although not exclusively.

VII. CONCLUSIONS AND OUTLOOK

We have explored a general framework for analyzing the
thermodynamic properties of quantum circuits using KDQs.
Their real parts, the MHQs, capture the first moment of work
and reveal the thermodynamic role of quantum coherence.
Notably, a negative coherent contribution to the MHQ can
cause transitions that would normally be beneficial to become
unfavorable and those that would typically be detrimental to
become favorable when sufficiently strong. Such negativity
acts as a signature of nonclassical, anomalous processes that
could facilitate the extraction of work beyond classical ther-
modynamic bounds.

In this paper, we first explored the thermodynamic features
of the KDQs for single-qubit gates, beginning with a general
transformation and then focusing on specific examples, such
as the Hadamard and π/8 gates. We introduced a systematic
method for characterizing work statistics in quantum circuits
by decomposing horizontally the KDQs of an entire circuit
into those of its elementary gates, as shown in Eq. (12). This
gate-level decomposition establishes a direct connection be-
tween the thermodynamic behavior of complex circuits and
the properties of their basic components. In deep circuits,
structural compatibilities often simplify the resulting KDQs.
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Notably, for single-qubit operations, the HT H gate sequence
serves as a minimal example where the KDQs of the circuit
cannot be simply reduced to those of its constituent gates, re-
vealing genuinely nonclassical anomalous features even when
its constituent parts do not exhibit such behavior individually.
Interestingly, although the work distribution of the full circuit
depends only on the real parts of quasiprobabilities, since it
is directly related to the MHQs of the full transformation, it
is strongly affected by the interplay of the imaginary parts of
the KDQs of the constituent gates, as illustrated in the simple
example of Eq. (28). We also analyzed the thermodynamic
properties of two-qubit gates, such as the CNOT, for which
the KDQs are real and positive, signaling thermodynamically
classical behavior. More generally, the KDQs of two-qubit
gates factorize under local operations and are therefore ver-
tically decomposable with separable inputs. With entangled
inputs, the vertical decomposition remains possible but re-
sults in more complex structures. In both cases, however,
by exploiting the properties of single-qubit gates, one can
significantly simplify the computation, as many KDQs turn
out to be zero. As a practical demonstration, we provided an
operational example of a simple two-qubit quantum circuit,
whose thermodynamic behavior was analyzed using the de-
composition of KDQs and the specific properties of two-qubit
gates discussed in the previous sections.

The framework we have introduced provides a tool for
exploring the quantum thermodynamics of cyclic transforma-
tions, modeled as quantum circuits, in the presence of initial
coherence, potentially leading to nonclassical work statis-
tics. Our method for computing and decomposing KDQs of
arbitrary quantum circuits establishes a foundation for inves-
tigating quantum thermodynamics in the context of quantum
computation through the lens of quasiprobability theory. As
a perspective, it would be interesting to explore how initial
coherence and KDQ negativity can enhance work extrac-
tion in specific quantum circuits, building on our analysis of
the general structure and conditions for coherence-enabled
processes. Further possible future studies include the inves-
tigation of other quantum resources, such as nonstabilizerness
[60–63], in nonclassical work extraction through the lens of
quasiprobabilities. Finally, we mention that the framework for
decomposing KDQs into their constituent gates discussed in
this work provides a perspective for studying the temporal
propagation of nonclassical work distributions in deep quan-
tum circuits. Beyond quantum computation, our framework is
also applicable to the study of nonclassical thermodynamic
phenomena in out-of-equilibrium many-body quantum sys-
tems, such as driven-dissipative phase transitions or ergodicity
breaking phenomena.
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APPENDIX A: REAL AND IMAGINARY PARTS OF KDQS

In this Appendix, we derive the explicit expressions for
the real and imaginary parts of the KDQs, emphasizing their
contributions to the first and second moments of the work.
The protocol is a cyclic transformation, with initial or final
Hamiltonian Ĥ = ∑

k Ek�̂k , while Û is the unitary evolution
operator. To explicitly obtain real and imaginary parts of the
KDQs, we follow Ref. [28] and recall the following identities:

Tr[Û†�̂ f Û�̂iρ̂] = Re(Tr[Û†�̂ f Û�̂iρ̂])

+ i Im(Tr[Û†�̂ f Û�̂iρ̂]),

Tr[�̂iÛ†�̂ f Û ρ̂] = Re(Tr[Û†�̂ f Û�̂iρ̂])

− i Im(Tr[Û†�̂ f Û�̂iρ̂]), (A1)

by adding the two equations, we obtain the real part of the
KDQ, or MHQ, that reads

ReqU
i f (ρ̂) = 1

2 Tr[{Û†�̂ f Û , �̂i }ρ̂]. (A2)

On the other hand, by performing the difference between the
two equations, we obtain the imaginary part of the KDQ

ImqU
i f (ρ̂) = 1

2i
Tr[[Û†�̂ f Û , �̂i]ρ̂]. (A3)

Recalling that the extractable work reads

WU [ρ̂] = Tr[Ĥρ̂] − Tr[ĤÛ ρ̂Û†]; (A4)

we now use Ĥ = ∑
i Ei�̂i and write the initial

mean energy as Tr [Ĥρ̂] = ∑
i Ei Tr[�̂iρ̂]. Using

the identity 1̂ = ∑
f Û�̂ f Û†, we obtain Tr [ρ̂Ĥ] =∑

i f Ei Tr [Û†�̂ f Û�̂iρ̂] = ∑
i f EiqU

i f (ρ̂ ); note that at this
level the indices i and f do not have any different meaning,
they both span on all the Hamiltonian eigenstates. At the
same time, we can insert Ĥ = ∑

f E f �̂ f in Tr [ĤÛ ρ̂Û†], to

obtain Tr [ĤÛ ρ̂Û†] = Tr [Û†ĤÛ ρ̂] = ∑
f E f Tr [Û†�̂ f Û ρ̂].

With the help of the identity 1̂ = ∑
i �̂i, the final mean

energy becomes Tr [ĤÛ ρ̂Û†] = ∑
i f E f Tr [Û†�̂ f Û�̂iρ̂] =∑

i f E f qU
i f (ρ̂). Both initial and final mean energies are

expectation values of quantum observables, so they are real.
This can be shown explicitly by using Eq. (A3):∑

i f

ImqU
i f (ρ̂)(Ei − E f )

= 1

2i
(Tr[[1̂, Ĥ]ρ̂] − Tr[[Û†ĤÛ , 1̂]ρ̂]) = 0,

where we have used
∑

f E f Û†�̂ f Û = Û†ĤÛ and
∑

i Ei�̂i =
Ĥ.

Thus, the extractable work can be written in terms of KDQs
(or MHQs) as

WU [ρ̂] =
∑

i f

qU
i f (ρ̂)(Ei − E f ) =

∑
i f

ReqU
i f (ρ̂)(Ei − E f ),

(A5)

and it can be interpreted as the sum over all possible energy
transition processes from initial eigenstates with energy Ei to
final energy eigenstates with energy E f , each weighted by the
associated MHQ. As mentioned in the main text, the MHQs
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can be negative, and so processes of the type |Ei〉 → |E f 〉,
with Ei < E f , can anomalously positively contribute to the
work extraction.

The imaginary parts of the KDQs affects higher-order
moments. For instance, the work variance, that is related to
the second moment, cannot be described by the MHQs [28].
Specifically, the work variance (�W )2 = 〈W 2〉 − 〈W 〉2 has an
imaginary part that is directly affected by the imaginary part
of the KDQ:

Im(�WU )2 = iTr[[Û†ĤÛ , Ĥ]ρ̂] = −2
∑

i f

EiE f ImqU
i f (ρ̂).

(A6)

APPENDIX B: POPULATION AND COHERENT PARTS
OF KDQS, CORRECTION TO JARZYNSKI EQUALITY

The input quantum state can be written as ρ̂ =∑
ik λik|Ei〉〈Ek| = �(ρ̂ ) + χ̂ , where �(ρ̂) = ∑

i λii|Ei〉〈Ei| is
its diagonal dephased version in the initial or final Hamilto-
nian eigenbasis and χ̂ = ∑

i �=k λik|Ei〉〈Ek| is its coherent part.
As a result, the KDQs can be split in population and coherence
contributions

qU
i f (ρ̂) = qU

i f (�(ρ̂)) + qU
i f (χ̂ ), (B1)

where

qU
i f (�(ρ̂)) = (Û†�̂ f Û )iiλii, (B2)

qU
i f (�(ρ̂)) =

∑
k

′(Û†�̂ f Û )kiλik, (B3)

the primed sum
∑

k
′ indicates summation over all the k �= i

and (Ô)ki = 〈Ek|Ô|Ei〉. Let us now observe that

(Û†�̂ f Û )ki = 〈Ek|Û†|E f 〉〈E f |Û |Ei〉 := (
kUk f

)∗
kUi f , (B4)

where we have used (〈ψ |Ô|φ〉)∗ = 〈φ|Ô†|ψ〉, �̂ f =
|E f 〉〈E f | and we have introduced the transition amplitude
kUi f = 〈E f |Û |Ei〉. Thus, we can compactly write the KDQs as

qU
i f (�(ρ̂)) = ∣∣kUi f

∣∣2
λii, qU

i f (χ̂ ) =
∑

k

′(kUk f

)∗
kUi f λik; (B5)

the population part of the KDQs is given by the transition
probability of the process |Ei〉 → |E f 〉 weighted by the popu-
lation of the initial state λii and always contributes positively
to qU

i f (ρ̂). On the other hand, the coherent part of the KDQs
is a combination of the |Ei〉 → |E f 〉 and the time-reversed
|E f 〉 → |Ek〉 (with k �= i) transition amplitudes each weighted
with the associated coherences λik; it is responsible for possi-
ble nonpositivity of the full KDQs.

Let us now take a step back and take the input state to be
thermal in the basis of the initial Hamiltonian, i.e., �(ρ̂) =
ρ̂β = e−βĤ/Z , with Z = Tr [e−βĤ], and χ̂ = 0. Consider the
work WU performed on the system during the process U . Then
the average of the e−βWU satisfies the JE [56,57],

〈e−βWU 〉 = e−β�F , (B6)

where �F is the difference between the free energy of the
final thermal state and that of the initial thermal state, both at

temperature β. Moreover, the JE implies

〈WU 〉 � �F. (B7)

In a cyclic transformation, initial and final Hamiltonians coin-
cide, and so

〈e−βWU 〉 = 1, 〈WU 〉 � 0, (B8)

which means that it is not possible to extract work from a
thermal state through a cyclic transformation.

The presence of coherences can potentially lead to the
violation the JE. To see this, let us suppose that ρ̂ has ther-
mal populations, so that �(ρ̂) is thermal, but coherences
are present in the state (χ̂ �= 0). In this case, given a cyclic
transformation, we have [28]

〈e−βWU 〉 = Tr[(ρ̂β )−1ρ̂Û†ρ̂β Û†]e−β�F ; (B9)

we now write ρ̂β = ∑
k λ

β

k �̂k , with λ
β

k = e−βEk

Z , and we obtain

〈e−βWU 〉 =
∑

i f

λ
β

f

λ
β
i

Tr[�̂iρ̂Û†�̂ f Û ]

=
∑

i f

qU
i f (ρ̂ )e−β(E f −Ei ). (B10)

Finally, explicitly taking ρ̂ = ρ̂β + χ̂ , we get

〈e−βWU 〉 =
∑

i f

qU
i f (ρ̂β )e−β(E f −Ei )

+
∑

i f

qU
i f (χ̂ )e−β(E f −Ei ) = 1 + �

β

U (χ̂ ), (B11)

where we have used JE to get
∑

i f qU
i f (ρ̂β )e−β(E f −Ei ) =

1, and we have introduced the correction �
β

U (χ̂ ) :=∑
i f qU

i f (χ̂ )e−β(E f −Ei ) that can possibly be negative or com-
plex. The JE being corrected by a nonthermal component,
the bound 〈WU 〉 � 0 does not hold anymore and cases where
〈WU 〉 < 0 (i.e., positive work extraction) are admitted.

In a two-level system with Hilbert space spanned by
{|↓〉, |↑〉} with initial or final Hamiltonian Ĥ = E↑�̂↑ +
E↓�̂↓ (E↑ > E↓), any incoherent quantum state �(ρ̂) =
p|↑〉〈↑| + (1 − p)|↓〉〈↓| admits a thermal description with
p = e−βE↑

Z and 1 − p = e−βE↓
Z , whose temperature, β =

− 1
E↑−E↓

ln( p
1−p ), is positive (β � 0) in the absence of pop-

ulation inversion, p � 1
2 . Thus, under this condition, it is

impossible to get positive extractable work, and the injection
of coherence is a necessary condition for 〈WU 〉 < 0.

APPENDIX C: KDQS AND WORK EXTRACTION
IN A GENERIC SINGLE-QUBIT TRANSFORMATION

We consider a cyclic protocol that evolves the state ρ̂ under
the most generic unitary Û with initial and final Hamiltonian
Ĥ = ∑

k Ek�̂k , whose KDQs are

qU
i f (ρ̂) = Tr[Û†�̂ f Û�iρ̂], (C1)

where the indices i and f refer to the same basis. Let us
consider the most generic single qubit circuit, described by
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the unitary transformation

Û (α, θ, n) = eiαR̂(θ, n), (C2)

where R̂(θ, n) is given by

R̂(θ, n) = e−i(θ/2)n·σ̂ = 1̂ cos

(
θ

2

)
− i(n · σ̂ ) sin

(
θ

2

)
.

(C3)

The form of the KDQs does not depend on the global phase
and reads

qR
i f (ρ̂ ) = Tr[R̂(θ, n)†�̂ f R̂(θ, n)�̂iρ̂]. (C4)

In the energy basis, {|↑〉, |↓〉}, the rotation operator R̂(θ, n)
reads

R̂(θ, n) =
[

u↑↑ u↑↓
u↓↑ u↓↓

]
, (C5)

with u↑↑ = cos( θ
2 ) − inz sin( θ

2 ), u↑↓ = −i(nx − iny) sin( θ
2 ),

u↓↑ = −i(nx + iny) sin( θ
2 ), and u↓↓ = cos( θ

2 ) + inz sin( θ
2 ).

The projectors and their rotated versions are

�̂↓ =
[

0 0
0 1

]
, R̂†�̂↓R̂ =

[
|u↓↑|2 u∗

↓↑u↓↓
u↓↑u∗

↓↓ |u↓↓|2
]
, (C6)

�̂↑ =
[

1 0
0 0

]
, R̂†�̂↑R̂ =

[
|u↑↑|2 u∗

↑↑u↑↓
u↑↑u∗

↑↓ |u↑↓|2
]
. (C7)

Finally, using

ρ̂ =
[

p γ

γ ∗ 1 − p

]
, (C8)

we can compute the KDQs:

qR
↓↓ = i|γ |e−iϕ f ∗

xygz(θ ) sin(θ/2) + (1 − p)|gz(θ )|2

qR
↓↑ = −i|γ |e−iϕ f ∗

xygz(θ ) sin(θ/2) + (1 − p)| fxy|2 sin2(θ/2)

qR
↑↓ = −i|γ |eiϕ fxygz(θ )∗ sin(θ/2) + p| fxy|2 sin2(θ/2)

qR
↑↑ = i|γ |eiϕ fxygz(θ )∗ sin(θ/2) + p|gz(θ )|2, (C9)

where we have have used γ = |γ |eiϕ , omitted the dependence
of KDQ on the input state ρ̂, and introduced the functions
fxy := nx + iny, gz(θ ) := cos(θ/2) + inz sin(θ/2).

Using the superscripts Re and Im to indicate respectively
real and imaginary parts of f and g, we obtain

qR
↓↓ =

[
−|γ | cos ϕ f RegIm sin

(
θ

2

)
+|γ | cos ϕ f ImgRe sin

(
θ

2

)
+|γ | sin ϕ f RegRe sin

(
θ

2

)
+|γ | sin ϕ f ImgIm sin

(
θ

2

)
+(1−p)|g|2

]

+ i

[
|γ | cos ϕ f RegRe sin

(
θ

2

)
+ |γ | cos ϕ f ImgIm sin

(
θ

2

)
+ |γ | sin ϕ f RegIm sin

(
θ

2

)
− |γ | sin ϕ f ImgRe sin

(
θ

2

)]
(C10)

qR
↑↑ =

[
|γ | cos ϕ f RegIm sin

(
θ

2

)
− |γ | cos ϕ f ImgRe sin

(
θ

2

)
− |γ | sin ϕ f RegRe sin

(
θ

2

)
− |γ | sin ϕ f ImgIm sin

(
θ

2

)
+ p|g|2

]

+ i

[
|γ | cos ϕ f RegRe sin

(
θ

2

)
+ |γ | cos ϕ f ImgIm sin

(
θ

2

)
+ |γ | sin ϕ f RegIm sin

(
θ

2

)
− |γ | sin ϕ f ImgRe sin

(
θ

2

)]
(C11)

qR
↓↑ =

[
|γ | cos ϕ f RegIm sin

(
θ

2

)
− |γ | cos ϕ f ImgRe sin

(
θ

2

)
− |γ | sin ϕ f RegRe sin

(
θ

2

)

− |γ | sin ϕ f ImgIm sin

(
θ

2

)
+ (1 − p)| f |2 sin2

(
θ

2

)]

+ i

[
−|γ | cos ϕ f RegRe sin

(
θ

2

)
− |γ | cos ϕ f ImgIm sin

(
θ

2

)
− |γ | sin ϕ f RegIm sin

(
θ

2

)
+ |γ | sin ϕ f ImgRe sin

(
θ

2

)]
(C12)

qR
↑↓ =

[
−|γ | cos ϕ f RegIm sin

(
θ

2

)
+ |γ | cos ϕ f ImgRe sin

(
θ

2

)
+ |γ | sin ϕ f RegRe sin

(
θ

2

)

+ |γ | sin ϕ f ImgIm sin

(
θ

2

)
+ p| f |2 sin2

(
θ

2

)]

+ i

[
−|γ | cos ϕ f RegRe sin

(
θ

2

)
− |γ | cos ϕ f ImgIm sin

(
θ

2

)
− |γ | sin ϕ f RegIm sin

(
θ

2

)
+ |γ | sin ϕ f ImgRe sin

(
θ

2

)]
(C13)
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from which it follows that

ImqR
↑↑ = ImqR

↓↓, ReqR
↓↓ = −ReqR

↑↑ + |g|2 (C14)

and also

ImqR
↓↑ = ImqR

↑↓, ReqR
↓↑ = −ReqR

↑↓ + | f |2 sin2(θ/2).
(C15)

We further observe that

ReqR
↓↓ − (1 − p)|g|2 = ReqR

↑↓ − p| f |2 sin2(θ/2) (C16)

ReqR
↑↑ − p|g|2 = ReqR

↓↑ − (1 − p)| f |2 sin2(θ/2) (C17)

implying, respectively

ReqR
↓↓ = ReqR

↑↓ − p| f |2 sin2(θ/2) + (1 − p)|g|2, (C18)

ReqR
↑↑ = ReqR

↓↑ − (1 − p)| f |2 sin2(θ/2) + p|g|2. (C19)

From Eqs. (C10)–(C13) we can also extract a relation between
different coherent parts of the KDQs. More specifically, we
first observe that |γ | only enters qR

i f (χ̂ ), while p or (1 − p)
only enter qR

i f (�(ρ̂)). Then,

ReqR
↑↑(χ̂ ) = ReqR

↓↑(χ̂ ); ReqR
↓↓(χ̂ ) = ReqR

↑↓(χ̂ ), (C20)

ImqR
↑↑(χ̂ ) = −ImqR

↓↑(χ̂ ); ImqR
↓↓(χ̂ ) = −ImqR

↑↓(χ̂ ).
(C21)

With the help of these relations for KDQs, we can write the
extractable work as

WR[ρ̂] =
∑

i f

(Ei − E f )qR
i f (ρ̂)

= (E↑ − E↓)qR
↑↓(ρ̂) + (E↓ − E↑)qR

↓↑(ρ̂), (C22)

or, using E↑ = −E↓ = E ,

WR[ρ̂] = 2E (qR
↑↓(ρ̂) − qR

↓↑(ρ̂))

= 2E (ReqR
↑↓(ρ̂) − ReqR

↓↑(ρ̂)), (C23)

where we made use the first relation in Eq. (C15). By using
the second relation in Eq. (C15), we obtain

WR[ρ̂] = 2E
[(

n2
x + n2

y

)
sin2(θ/2) − 2ReqR

↓↑(ρ̂)
]
. (C24)

We now focus on the coherent part of the extractable work.
To obtain it, we first observe that for a generic unitary Û , the
coherent part of the work is

WU [χ̂] =
∑

i f

(Ei − E f )qU
i f (χ̂ ) =

∑
i f

Ei Tr[Û†�̂ f Û�̂iχ̂] −
∑

f

E f qU
i f (χ̂ ) =

∑
i

Ei Tr

[
Û†

∑
f

�̂ f Û�̂iχ̂

]
−

∑
f

E f qU
i f (χ̂ )

=
∑

i

Ei Tr[�̂iχ̂ ] −
∑

f

E f qU
i f (χ̂ ) = −

∑
f

E f qU
i f (χ̂ ). (C25)

In the specific case of the single-qubit rotation we have

WR[χ̂] = −
∑

f

E f

∑
i

qR
i f (χ̂ ) = −E [(qR

↓↑(χ̂ ) + qR
↑↑(χ̂ )) − (qR

↓↓(χ̂ ) + qR
↑↓(χ̂ ))] = −2E (ReqR

↓↑(χ̂ ) − ReqR
↑↓(χ̂ )), (C26)

where we have used the relations between the real and imaginary parts of the coherent parts of KDQs in Eqs. (C20) and (C21).
From Eqs. (C12) and (C13) we also note that ReqR

↑↓(χ̂ ) = −ReqR
↓↑(χ̂ ), which implies

WR[χ̂] = −4E ReqR
↓↑(χ̂ ). (C27)

Thus, the coherent part of the work can be uniquely defined by the off-diagonal coherent KDQ q↓↑(χ̂ ).
For completeness, we mention that the population part of the work reads

WR[�(ρ̂)] = 2E (ReqR
↑↓(�(ρ̂)) − ReqR

↓↑(�(ρ̂))); (C28)

by using Eqs. (C12) and (C13), we obtain

ReqR
↓↑(�(ρ̂)) = (1 − p)| f |2 sin2

(
θ

2

)
, (C29)

ReqR
↑↓(�(ρ̂)) = p| f |2 sin2

(
θ

2

)
, (C30)

which, inserted in Eq. (C28), lead to

WR[�(ρ̂)] = 2E | f |2 sin2(θ/2)(2p − 1); (C31)

This derivation confirms the negativity of extractable work from a incoherent state, in the absence of population inversion
(p � 1

2 ).
Since WR[�(ρ̂)] is always negative, positive work extraction is only possible if the coherent contribution, WR[χ̂], is positive

and large enough to outweigh the negative term from WR[�(ρ̂)]. Thus, in the absence of population inversion, ReqR
↓↑(χ̂ ) <

0 (corresponding to WR[χ̂ ] > 0) is a necessary but not sufficient condition for having positive work extraction overall. The
necessary and sufficient condition is WR[χ̂] > |WR[�(ρ̂)]|, which corresponds to

|ReqR
↓↑(χ̂ )| > 1

2 | f |2 sin2(θ/2)(1 − 2p) with ReqR
↓↑(χ̂ ) < 0. (C32)
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APPENDIX D: EXPLICIT DERIVATION OF:
KDQS AND WORK EXTRACTION IN THE

HADAMARD-LIKE TIME EVOLUTION

The Hadamard gate Ĥ = 1√
2
(X̂ + Ẑ ) can be implemented

through the time evolution of a quantum system governed
by an appropriate Hamiltonian Ĥh = h(X̂ + Ẑ ) (with h > 0)
until time tH = π

2
√

2h
. To understand why this is the case, let

us write the Hamiltonian as Ĥh = ω nh · σ̂, with ω := √
2h,

nh = ( 1√
2
, 0, 1√

2
) and σ̂ = (X̂ , Ŷ , Ẑ ). The unitary evolution

operator is Ûh(t ) = e−i(ωt )nh·σ̂ = cos(ωt )1̂ − i(nh · σ̂ ) sin(ωt ).
At time tH , the latter unitary becomes

Ûh(tH ) := ÛH = −iĤ, (D1)

and so it reproduces the Hadamard gate up to a global phase
that does not affect the quasiprobabilities and, in general,
the time evolution of the system. Thus, the action of the
Hadamard gate corresponds to the action of the unitary

ÛH = e−iÔH , ÔH = π

2
√

2
(X̂ + Ẑ ). (D2)

We now evaluate KDQs and extractable work for transforma-
tions governed by an Hadamard-like time evolution, namely
an evolution governed by an Hamiltonian Ĥh = h(X̂ + Ẑ ).
Since Ûh(t ) = e−i(ωt )nh·σ̂ is a rotation (C3) of an angle θ = 2ωt
around the unit vector nh, we can use Eq. (C9) and obtain

qUh (t )
↓↓ (ρ̂) = i|γ |e−iϕ 1√

2
g(ωt ) sin(ωt ) + (1 − p)|g(ωt )|2

qUh (t )
↓↑ (ρ̂) = −i|γ |e−iϕ 1√

2
g(ωt ) sin(ωt ) + (1 − p)

1

2
sin2(ωt )

qUh (t )
↑↓ (ρ̂) = −i|γ |eiϕ 1√

2
g(ωt )∗ sin(ωt ) + p

1

2
sin2(ωt )

qUh (t )
↑↑ (ρ̂) = i|γ |eiϕ 1√

2
g(ωt )∗ sin(ωt ) + p|g(ωt )|2, (D3)

where we have used fxy = 1√
2

and gz(θ ) := g(ωt ) =
cos(ωt ) + i 1√

2
sin(ωt ).

We can fix the time to tH and obtain

qH
↓↓(ρ̂ ) = (1 − p) − |γ |e−iϕ

2
,

qH
↓↑(ρ̂ ) = (1 − p) + |γ |e−iϕ

2
, (D4)

qH
↑↓(ρ̂) = p − |γ |eiϕ

2
, qH

↑↑(ρ̂) = p + |γ |eiϕ

2
. (D5)

The latter result can be also derived by using qH
i f (ρ̂) =

Tr[Ĥ�̂ f Ĥ�̂iρ̂]. The extractable work is

WH [ρ̂] = 2E
[(

n2
x + n2

y

)
sin2(θ/2) − 2ReqH

↓↑(ρ̂)
]

= E (2p − 1)︸ ︷︷ ︸
WH [�(ρ̂ )]

+ (−2|γ |E cos ϕ)︸ ︷︷ ︸
WH [χ̂]

, (D6)

where we have used nx = 1√
2
, ny = 0 and θ/2 = ωtH =

π/2. WH [χ̂] can be alternatively found by using WH [χ̂] =
−4E ReqH

↓↑(χ̂ ). Positive extractable work is achieved

for cos ϕ < 0 and | cos ϕ| >
1−2p
2|γ | . We also observe that

maxϕ WH [ρ̂] = E↑(2p − 1) + 2E↑|γ | is obtained at ϕ = π

and it is positive for 2|γ | > 1 − 2p, which means that the
coherence needs to be larger than the population imbalance
between the ground |↓〉 and excited state |↑〉, up to a factor
two.

We now ask ourselves: under which conditions processes
of the form |↓〉 → |↑〉 anomalously positively contribute
to the extractable work? We need ReqH

↓↑(ρ̂) < 0 and so
|γ || cos ϕ| > 1 − p (with cos ϕ < 0), meaning that the ampli-
tude of the coherence corrected by an interference factor cos ϕ

must dominate on the ground-state population. However, to
preserve the positivity of the state, the coherences must satisfy
|γ | � √

p(1 − p), which implies that ReqH
↓↑(ρ̂) is negative

when
√

p(1 − p)| cos ϕ| � |γ || cos ϕ| > 1 − p that cannot be
satisfied for p � 1

2 . Thus, in the absence of population in-
version, the aforementioned anomalous processes does not
contribute to the work extraction through an Hadamard gate.
This means that, for negative cos ϕ, the coherences can sup-
press |↓〉 → |↑〉 processes, but not to the extent of assigning
them a statistically negative weight.

At t �= tH , it is possible that the MHQ Req↓↑(ρ̂) takes neg-
ative values, which leads to anomalous positive contributions
to the extractable work. In fact, by using Eq. (D3), we obtain

ReqUh (t )
↓↑ (ρ̂) = 1 − p

2
sin2(ωt )︸ ︷︷ ︸

Req
Uh (t )
↓↑ (�(ρ̂ ))

+ |γ |√
2

sin(ωt )

[
1√
2

cos ϕ sin(ωt ) − sin ϕ cos(ωt )

]
︸ ︷︷ ︸

Req
Uh (t )
↓↑ (χ̂ )

, (D7)

which can be negative in the absence of population inversion. For example, the pure state with p = |γ | = √
p(1 − p) = 1

2 and

ϕ = π
2 , at time ωt = π

4 , has ReqUh (t )
↓↑ (ρ̂) = 1−√

2
8 < 0.

Given Eq. (D7), we can compute the extractable work by using Eq. (C24) with nx = 1√
2
, ny = 0 and θ/2 = ωt :

Wt [ρ̂] =2E

[
1

2
sin2(ωt ) − 2ReqUh (t )

↓↑ (ρ̂)

]
= E (2p − 1) sin2(ωt )︸ ︷︷ ︸

Wt [�(ρ̂ )]

+ 4E |γ |√
2

[
sin ϕ cos(ωt ) sin(ωt ) − 1√

2
cos ϕ sin2(ωt )

]
︸ ︷︷ ︸

Wt [χ̂]

.

(D8)
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Finally, for completeness, we also compute the MHQ asso-
ciated to the processes |↑〉 → |↓〉 that is detrimental for the
work extraction when negative. In order to do that, we use
Eq. (C15) with | f |2 = n2

x = 1
2 and θ/2 = ωt , and we obtain

ReqUh (t )
↑↓ (ρ̂) = p

2
sin2(ωt ) − |γ |√

2
sin(ωt )

×
[

1√
2

cos ϕ sin(ωt ) − sin ϕ cos(ωt )

]
. (D9)

APPENDIX E: DECOMPOSITION OF KDQS OF DEEP
QUANTUM CIRCUITS: EXPLICIT DERIVATION

Let us consider a cyclic transformation with initial or final
Hamiltonian Ĥ = ∑

k Ek�̂k in which the input quantum state
ρ̂ undergoes a unitary transformation Û made of N consec-
utive gates, that we identify as constituent gates such that
Û = ÛN . . . Û1. We want to establish a relation between the
full KDQ

qU
i f (ρ̂) = qUN ...U1

i f (ρ̂) = Tr[(ÛN . . . Û1)†�̂ f (ÛN . . . Û1)�̂iρ̂]
(E1)

and those associated to the gates Ûj that decompose Û .
For instance, if we are interested in the second gate, then
the quasiprobability considered will be qU2

i f (Û1ρ̂Û †
1 ), that is

the KDQ associated to the unitary Û2, applied to the state
that has been already evolved by Û1. More generally, we
want to establish a relation between qU

i f (ρ̂ ) and the KDQs

associated to the unitary Ûj+1 applied to the state that
has been already evolved by the application of Ûj . . . Û1,

namely q
Uj+1

i f ((Ûj . . . Û1)ρ̂(Ûj . . . Û1)†) := q
Uj+1

i f (ρ̂ j ). We con-
sider j = 0, . . . , N − 1, with ρ̂ j=0 = ρ̂, and identify three
main cases:

(1) j = 1, . . . , N − 2: The KDQ of the constituent gate is
q

Uj+1

i f (ρ̂ j ); the transformation Ûj+1 applied to the state ρ̂ j =
(Ûj . . . Û1)ρ̂(Ûj . . . Û1)

† �= ρ̂ is followed by at least one gate
Ûj+2; Ûj+1 is not on the border of Û .

(2) j = 0: The constituent gate KDQs are of the form
qU1

i f (ρ̂), that are those associated with the first transformation

Û1 applied to the state ρ̂; Û1 is followed by at least another
gate Û2.

(3) j = N − 1: The constituent gate KDQs are of the form
qUN

i f (ρ̂N−1), that are those associated with the last transforma-

tion ÛN applied to the state ρ̂N−1; since ÛN is the last gate, it
is not followed by any other transformation.

The three cases are pictorially represented in Fig. 3(a) of
the main text. We first consider the case (i) and write the KDQ
associated to the constituent gate as

q
Uj+1

i f (ρ̂ j ) = Tr[Û †
j+1�̂ f Û j+1�̂i(Ûj . . . Û1)ρ̂(Ûj . . . Û1)†]

= Tr[(Ûj+1 . . . Û1)†�̂ f Û j+1�̂i(Ûj . . . Û1)ρ̂]; (E2)

we insert the identity 1̂ = (ÛN . . . Ûj+2)
†
(ÛN . . . Ûj+2) and we

obtain

q
Uj+1

i f (ρ̂ j )
= Tr[(ÛN . . . Û1)†(ÛN . . . Ûj+2)�̂ f Û j+1�̂i(Ûj . . . Û1)ρ̂].

(E3)

We now exchange (ÛN . . . Ûj+2) with �̂ f and �̂i with
(Ûj . . . Û1) by paying two commutators and, by comparing the
result with Eq. (E1), we obtain

qU
i f (ρ̂ ) − q

Uj+1

i f (ρ̂ j ) = Tr
[
M̂Uj+1

i f ρ̂
]
.

M̂Uj+1

i f := (ÛN . . . Û1)†([�̂ f , ÛN . . . Ûj+2]Ûj+1�̂iÛ j . . . Û1 − �̂ f ÛN . . . Ûj+1[�̂i, Ûj . . . Û1]). (E4)

Second, we consider the case (ii), in which the constituent gate KDQ is the one associated to the first transformation:

qU1
i f (ρ̂ ) = Tr[Û †

1 �̂ f Û1�̂iρ̂]

= Tr[(ÛN . . . Û1)†(ÛN . . . Û2)�̂ f Û1�̂iρ̂], (E5)

we exchange (ÛN . . . Û2) with �̂ f by paying a commutator and, by comparing the result with Eq. (E1), we get

qU
i f (ρ̂ ) − qU1

i f (ρ̂) = Tr
[
M̂U1

i f ρ̂
]

M̂U1
i f := (ÛN . . . Û1)†[�̂ f , ÛN . . . Û2]Û1�̂i. (E6)

Finally, we consider the case (iii), in which the constituent gate KDQ is the one associated to the last transformation:

qUN
i f (ρ̂N−1) = Tr[Û †

N�̂ f ÛN�̂i(ÛN−1 . . . Û1)ρ̂(ÛN−1 . . . Û1)†]

= Tr[(ÛN . . . Û1)†�̂ f ÛN�̂i(ÛN−1 . . . Û1)ρ̂]; (E7)

we exchange �̂i with (ÛN−1 . . . Û1) by paying a commutator and, by comparing the result with Eq. (E1), we get

qU
i f (ρ̂ ) − qUN

i f (ρ̂N−1) = Tr
[
M̂UN

i f ρ̂
]
,

M̂UN
i f := −(ÛN . . . Û1)†�̂ f ÛN [�̂i, ÛN−1 . . . Û1]. (E8)
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We can compactly write Eqs. (E4), (E6), and (E8) by defining the M̂Uj+1

i f operator as

qU
i f (ρ̂) − q

Uj+1

i f (ρ̂ j ) = Tr
[
M̂Uj+1

i f ρ̂
]
, (E9)

M̂Uj+1

i f =

⎧⎪⎪⎨
⎪⎪⎩

(ÛN . . . Û1)†[�̂ f , ÛN . . . Û2]Û1�̂i if j = 0,

(ÛN . . . Û1)†([�̂ f , ÛN . . . Ûj+2]Ûj+1�̂iÛ j . . . Û1 − �̂ f ÛN . . . Ûj+1[�̂i, Ûj . . . Û1]) if j = 1, . . . , N − 2,

−(ÛN . . . Û1)†�̂ f ÛN [�̂i, ÛN−1 . . . Û1] if j = N − 1,

(E10)

The message contained in the latter equation is the following:
The difference between the full KDQ and the one associated
to a specific constituent gate depends on the incompatibility
between the remaining gates and the projectors of the initial
or final Hamiltonian. Specifically, it depends on the incom-
patibility between the gates that precede the constituent gate
and the projectors on the initial Hamiltonian together with the
incompatibility between the gates that follow the constituent
gate and the projectors on the final Hamiltonian. The equa-
tion is pictorially represented in Fig. 3(b) of the main text.

We can render Eqs. (E4), (E6), and (E8) more compact by
summing their left-hand side and right-hand side; regarding
Eq. (E4), we consider all the possible cases, namely j =
1, . . . , N − 2. We have

qU
i f (ρ̂) = 1

N

N−1∑
j=0

q
Uj+1

i f (ρ̂ j ) + 1

N
QU

i f (ρ̂), (E11)

with QU
i f (ρ̂) := ∑N−1

j=0 Tr[M̂Uj+1

i f ρ̂]. Thus, the full KDQ can
be written as the weighted sum of the KDQs associated to
all the single gates that decompose Û , corrected by a term,
QU

i f (ρ̂), depending on the incompatibility between Hamilto-
nian projectors and combined constituent gates.

The simplest case is the one in which the full transfor-
mation is decomposed in two gates, that we name Û and V̂ .
The full circuit is Û = V̂ Û and the evolved state is ρ̂VU =
V̂ Û ρ̂(V̂ Û )†. By using Eq. (E8), we obtain

qVU
i f (ρ̂) − qV

i f (ρ̂U ) = − Tr[(V̂ Û )†�̂ f V̂ [�̂i, Û ]ρ̂]. (E12)

At the same time, by using Eq. (E6), we obtain

qVU
i f (ρ̂) − qU

i f (ρ̂) = Tr[(V̂ Û )†[�̂ f , V̂ ]Û�̂iρ̂]. (E13)

The compatibility between initial projectors and gate Û re-
duces the full KDQ to the one associated to gate V̂ , and,
vice versa, the compatibility between final projectors and the
gate V̂ reduces the full KDQ to the one associated to gate Û .
If gates and projectors are not compatible, then the relation
between the full KDQ and those of the constituent gates is not
trivial and reads

qVU
i f (ρ̂ ) = qU

i f (ρ̂) + qV
i f (ρ̂U )

2
+ 1

2
QVU

i f (ρ̂ ), (E14)

where the correction factor is QVU
i f (ρ̂) :=

Tr [(V̂ Û )†([�̂ f , V̂ ]Û�̂i − �̂ f V̂ [�̂i, Û ])ρ̂].

Another interesting case is the one in which the full cir-
cuit is decomposed into three gates. We first use Eq. (E4)
and get

qMVU
i f (ρ̂ ) − qV

i f (ρ̂U ) = Tr[(M̂V̂Û )†[�̂ f , M̂]V̂ �̂iÛ ρ̂]

− Tr[(M̂V̂Û )†�̂ f M̂V̂ [�̂i, Û ]ρ̂],

(E15)

while using Eqs. (E6) and (E8), we obtain, respectively,

qMVU
i f (ρ̂) − qU

i f (ρ̂) = Tr[(M̂V̂Û )†[�̂ f , M̂V̂ ]Û�̂iρ̂] (E16)

and

qMVU
i f (ρ̂) − qM

i f (ρ̂UV ) = − Tr[(M̂V̂Û )†�̂ f M̂[�̂i, V̂ Û ]ρ̂].

(E17)

Thus, by summing Eqs. (E16), (E15), and (E17), we obtain
the relation between the total KDQ and that of the constituent
gates:

qMVU
i f (ρ̂ ) = qU

i f (ρ̂ ) + qV
i f (ρ̂U ) + qM

i f (ρ̂UV )

3
+ 1

3
QMVU

i f (ρ̂),

(E18)

where the correction is now given by

QMVU
i f (ρ̂) := Tr[(M̂V̂Û )†[�̂ f , M̂V̂ ]Û�̂iρ̂] + Tr[(M̂V̂Û )†

×([�̂ f , M̂]V̂ �̂iÛ − �̂ f M̂V̂ [�̂i, Û ])ρ̂]

− Tr[(M̂V̂Û )†�̂ f M̂[�̂i, V̂ Û ]ρ̂].

APPENDIX F: KDQS OF TWO QUBIT-GATES:
DETAILED ANALYSIS

In this Appendix, we provide a in-depth analysis of the fea-
tures of the KDQs for two-qubit gates. In a two-qubit system
the initial and final Hamiltonian is Ĥ = E (Ẑ ⊗ 1̂ + 1̂ ⊗ Ẑ ).
Labelling the eigenstates as {|E0〉, |E1〉, |E2〉, |E3〉}, with as-
sociated eigenergies {E0 = −2E , E1 = 0, E2 = 0, E3 = 2E},
(see main text), a generic two-qubit input state can be written
as

ρ̂ =
∑

α′,α′′,β ′,β ′′=↑↓
λ(α′β ′ )(α′′β ′′ )|α′〉〈α′′| ⊗ |β ′〉〈β ′′|

=
4∑

m,l=1

λml |Em〉〈El |. (F1)
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TABLE II. Association of the indices αk and βk to any index k.

k αk βk

0 ↓ ↓
1 ↓ ↑
2 ↑ ↓
3 ↑ ↑

The extractable work through a generic two-qubit unitary
cyclic transformation Û is, then,

WU [ρ̂] =
∑
i �= f

qU
i f (Ei − E f )

= 2E
[(

qU
10 − qU

01

) + (
qU

20 − qU
02

) + 2
(
qU

30 − qU
03

)
+ (

qU
31 − qU

13

) + (
qU

32 − qU
23

)]
. (F2)

It is convenient to group the 10 (of 16) KDQs contributing to
the work extraction in the vector

qU = (
qU

01, qU
02, qU

03, qU
13, qU

23, qU
10, qU

20, qU
30, qU

31, qU
32

)
. (F3)

Let us now recall that any unitary operation can be approx-
imated to arbitrary accuracy by the set of gates {Ĥ , T̂ , ÛCNOT},
where ÛCNOT = |E3〉〈E3| + |E2〉〈E2| + |E1〉〈E0| + |E0〉〈E1| is
the controlled NOT gate that flips (keeps unchanged) the sec-
ond spin if the first one is in the state |↓〉 (|↑〉). Among the
gates in the aforementioned set, the CNOT gate is the only one
that acts on two qubits and can generate entanglement. The ac-
tion of the CNOT gate on the projectors �̂3 and �̂2 keeps them
unchanged and exchanges the other two: ÛCNOT�̂1ÛCNOT =
�̂0 and ÛCNOT�̂0ÛCNOT = �̂1 (Û †

CNOT = ÛCNOT). Thus, the only
nonzero KDQs are

qCNOT
33 (ρ̂) = Tr[�̂3ρ̂] = λ33 ∈ R+,

qCNOT
22 (ρ̂) = Tr[�̂2ρ̂] = λ22 ∈ R+,

qCNOT
01 (ρ̂) = Tr[�̂0ρ̂] = λ00 ∈ R+,

qCNOT
10 (ρ̂) = Tr[�̂1ρ̂] = λ11 ∈ R+, (F4)

which are real and not affected by possible coherences of
the initial state. Among these nonzero KDQs, only qCNOT

01 and
qCNOT

10 contribute to the extractable work. Albeit generating
quantum correlations between different quantum states, from
the thermodynamic point of view, the CNOT gate has classical
features given by a real and positive distribution of the work.

The CNOT gate is the only entangling two-qubit gate of
the set {Ĥ , T̂ , ÛCNOT}, thus, the remaining gates that decom-
pose a generic two-qubit transformation are (bi-)local and
have the form Û ⊗ V̂ . Let us first consider the case in which
the input state is factorized ρ̂ = σ̂ ⊗ τ̂ , σ̂ , and τ̂ being
generic one-qubit states. The KDQ reads

qU⊗V
i f (σ̂ ⊗ τ̂ ) = qU⊗V

(αiβi )(α f β f )(σ̂ ⊗ τ̂ )

= Tr[(Û ⊗ V̂ )†�̂α f β f Û ⊗ V̂ �̂αiβi (σ̂ ⊗ τ̂ )],
(F5)

where αk, βk are uniquely defined by the value of k as in the
the Table II.

We now observe that �̂αkβk = �̂αk ⊗ �̂βk and we obtain

qU⊗V
(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qU

αiα f
(σ̂ )qV

βiβ f
(τ̂ ); (F6)

namely, that the two-qubit KDQ is the product of the KDQs
of the single transformations. Thus, from Eq. (F6), it follows
that

qU⊗V
01 (σ̂ ⊗ τ̂ ) = qU

↓↓(σ̂ )qV
↓↑(τ̂ ),

qU⊗V
10 (σ̂ ⊗ τ̂ ) = qU

↓↓(σ̂ )qV
↑↓(τ̂ ),

qU⊗V
02 (σ̂ ⊗ τ̂ ) = qU

↓↑(σ̂ )qV
↓↓(τ̂ ),

qU⊗V
20 (σ̂ ⊗ τ̂ ) = qU

↑↓(σ̂ )qV
↓↓(τ̂ ),

qU⊗V
03 (σ̂ ⊗ τ̂ ) = qU

↓↑(σ̂ )qV
↓↑(τ̂ ),

qU⊗V
30 (σ̂ ⊗ τ̂ ) = qU

↑↓(σ̂ )qV
↑↓(τ̂ ),

qU⊗V
13 (σ̂ ⊗ τ̂ ) = qU

↓↑(σ̂ )qV
↑↑(τ̂ ),

qU⊗V
31 (σ̂ ⊗ τ̂ ) = qU

↑↓(σ̂ )qV
↑↑(τ̂ ),

qU⊗V
23 (σ̂ ⊗ τ̂ ) = qU

↑↑(σ̂ )qV
↓↑(τ̂ ),

qU⊗V
32 (σ̂ ⊗ τ̂ ) = qU

↑↑(σ̂ )qV
↑↓(τ̂ ). (F7)

Since sequences of Hadamard gates satisfy Ĥ2n = 1̂ and
Ĥ2n+1 = Ĥ for integer n, and powers of the T̂ gate generate
phase gates of the form P̂φ = |↑〉〈↑| + eiφ|↓〉〈↓| (with the
identity 1̂ corresponding to P̂0), any factorized two-qubit gate
Û ⊗ V̂ can be expressed as a sequence of gates in each of
which either a Hadamard or P̂φ gates act on both qubits:
Ĥ ⊗ Ĥ , Ĥ ⊗ P̂φ , P̂φ ⊗ Ĥ , and P̂φ ⊗ P̂φ .

Thus, the KDQs of nonentangling gates can be decom-
posed in those of their constituent gates whose possible
structure is described by the 2 × 20 matrix

Q(ρ̂) =
[

qPφ⊗Pφ (ρ̂) qPφ⊗H (ρ̂)

qH⊗Pφ (ρ̂) qH⊗H (ρ̂ )

]
. (F8)

We now consider a factorized input state ρ̂ = σ̂ ⊗ τ̂ and ob-
serve that P̂φ commutes with both �̂↑ and �̂↓ and so we get
the trivial KDQs

qPφ

↓↑(σ̂ ) = qPφ

↑↓(σ̂ ) = 0, qPφ

↓↓(σ̂ ) = 1 − p, qPφ

↑↑(σ̂ ) = p,
(F9)

for any single-qubit state σ̂ . Since the KDQs qU⊗V
i f (σ̂ ⊗ τ̂ )

depend on at least one of the two off-diagonal single qubit
KDQs (q↑↓ and/or q↓↑), see Eq. (F7), for transformations in
which gates with P̂φ structure act on both qubits, all the 10
KDQs of interest are identically zero. This result simplifies the
matrix (F8), which, for transformations applied to factorized
states, turns out to be

Q(σ̂ ⊗ τ̂ ) =
[

0 qPφ⊗H (σ̂ ⊗ τ̂ )

qH⊗Pφ (σ̂ ⊗ τ̂ ) qH⊗H (σ̂ ⊗ τ̂ )

]
. (F10)
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For transformations of the type Ĥ ⊗ P̂φ , the full KDQs can be
written as

qH⊗Pφ

(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qH
αiα f

(σ̂ )qPφ

βiβ f
(τ̂ )

=

⎧⎪⎪⎨
⎪⎪⎩

0 if βi �= β f

p qH
αiα f

(σ̂ ) if βi = β f = ↑,

(1 − p) qH
αiα f

(σ̂ ) if βi = β f = ↓,

(F11)
where we have used Eqs. (F6) and (F9) and used Table II as
reference. At the same time, we can use the same procedure
for transformations of the type P̂φ ⊗ Ĥ , and we obtain

qPφ⊗H
(αiβi )(α f β f )(σ̂ ⊗ τ̂ ) = qPφ

αiα f (σ̂ )qH
βiβ f

(τ̂ )

=

⎧⎪⎪⎨
⎪⎪⎩

0 if αi �= α f

p qH
βiβ f

(τ̂ ) if αi = α f = ↑,

(1 − p) qH
βiβ f

(τ̂ ) if αi = α f = ↓.

(F12)

On the other hand, the transformation Ĥ ⊗ Ĥ can lead to
less trivial effects. For instance, it is possible that anomalous
processes with negative MHQs emerge even if separately
the single-qubit MHQs do not admit them. As an example,
we can consider the initial state |ψ〉⊗2 with |ψ〉 = 1√

2
(|↑〉 +

eiπ/4|↓〉). The single-qubit KDQs associated to the Hadamard
gate are

qH
↓↓(|ψ〉〈ψ |) = 2 + √

2

8
+ i

√
2

8
,

qH
↓↑(|ψ〉〈ψ |) = 2 − √

2

8
− i

√
2

8
,

qH
↑↓(|ψ〉〈ψ |) = 2 + √

2

8
− i

√
2

8
,

qH
↑↑(|ψ〉〈ψ |) = 2 − √

2

8
+ i

√
2

8
, (F13)

and thus all the MHQs are positive, implying the
absence of anomalous processes. However, the full
KDQ qH⊗H

03 (|ψ〉〈ψ | ⊗ |ψ〉〈ψ |) = (qH
↓↑(|ψ〉〈ψ |))2

has
ReqH⊗H

03 (|ψ〉〈ψ | ⊗ |ψ〉〈ψ |) ≈ −0.0258, which means that
the process |↓↓〉 → |↑↑〉 anomalously positively contributes
to the extractable work.

Finally, we are interested in how quasiprobabilities behave
for generic input states that might be entangled. If the input
state is not factorized, then the two-qubit KDQs do not simply
reduce to the product of two single-qubit KDQs; their struc-
ture is more complex. However, we can observe that for a
generic two-qubit state ρ̂ defined in Eq. (F1), the full KDQs
associated to local transformations Û ⊗ V̂

qU⊗V
i f (ρ̂) = qU⊗V

(αiβi )(α f β f )(ρ̂)

=
∑

α′,α′′,β ′,β ′′=↑↓
λ(α′β ′ )(α′′β ′′ )q

U
αiα f

(|α′〉〈α′′|)

× qV
βiβ f

(|β ′〉〈β ′′|); (F14)

qU
αiα f

(|α′〉〈α′′|) and qV
βiβ f

(|β ′〉〈β ′′|) are not quasiprobabilities,
unless α′ = α′′ and β ′ = β ′′. However, if the single qubit
transformations to which they are associated have the P̂φ

structure, and one of the couples αiα f , βiβ f is ↑↓ or ↓↑, then
they are indentically zero. The reason is the same as above:
both the Hamiltonian projectors commute with P̂φ and so
qPφ

↓↑(|α′〉〈α′′|), qPφ

↑↓(|α′〉〈α′′|), qPφ

↓↑(|β ′〉〈β ′′|), qPφ

↑↓(|β ′〉〈β ′′|) are
identically zero since they contain products between orthog-
onal projectors. In any of the 10 KDQs (F14) composing the
vector q, at least one of the couples αiα f , βiβ f is ↑↓ or ↓↑ and
so if both Û and V̂ have the P̂φ structure, then all the KDQs of
interest are identically zero. Thus, the structure of the matrix
in Eq. (F10) is preserved also for nonfactorized states. The
remaining nonzero KDQs cannot be factorized, thus those
associated to transformations Ĥ ⊗ P̂φ , P̂φ ⊗ Ĥ and Ĥ ⊗ Ĥ
are not simply product of single-qubit KDQs and require a
case-by-case analysis.
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