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Elasticity and plasticity of epithelial gap closure
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Epiboly, during which a tissue closes around the surface of the egg, pervades animal development. This
epithelial gap closure involves cell intercalations at the edge of the gap, but the interplay between these plastic
cell rearrangements and the elasticity of the tissue is not understood. Here, inspired by serosa closure in the
beetle Tribolium, we study this interplay in a minimal continuum model of the closure of a circular gap bounded
by a contractile actomyosin cable. We reveal how two different closure mechanisms emerge at the tissue scale
from the energy barrier Eb to and the energy �E released by intercalation: If Eb � �E , cells intercalate into
the gap to close it. For a fluidized tissue in which Eb � �E , however, cells deintercalate from the boundary into
the bulk of the tissue, consistently with Tribolium serosa closure. We also discover an emergent mechanical role
of the inhomogeneities of the actomyosin cable observed in Tribolium. Our work thus explains the mechanical
basis for Tribolium serosa closure and processes of epiboly and wound healing more generally.

DOI: 10.1103/qtcv-gk3y

I. INTRODUCTION

One of the most conserved morphogenetic tissue move-
ments during development is epiboly [1], the spreading and
closing of an epithelium over the egg [Fig. 1(a)]. The best-
studied instantiation of this epithelial gap closure is probably
epiboly in fish, during which tissue spreading is mediated by a
contractile actomyosin cable at the leading edge of the tissue
and cell division, cell intercalations, and cell shape changes
within the tissue [2–7]. In particular, cell intercalations at the
leading edge reduce the number of cells there to accommodate
the change of the length of the leading edge during epiboly
[Fig. 1(a)].

A particularly simple version of epiboly arises in the beetle
Tribolium [8,9], in which an extraembryonic tissue, the serosa,
spreads over the embryo. Unlike zebrafish epiboly, there are
no cell divisions in the serosa [9]. During serosa closure, the
tissue fluidizes near its leading edge, where an inhomoge-
neous actomyosin cable contracts the tissue [9].

The mechanical basis for epiboly and the role of tissue
fluidization in this important morphogenetic process remain
unclear, however, as does, specifically, the mechanical role of
the inhomogeneity of the actomyosin cable in Tribolium epi-
boly. This is because continuum descriptions of the interplay
of tissue geometry and elasticity and the cell intercalations
within the tissue are lacking.
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Borrowing the language of foams [10], these cell intercala-
tions, during which the network of cell-cell contacts changes,
are T1 transitions. Mechanically, they are plastic rearrange-
ments associated with crossing an energy barrier and the
release of elastic energy after crossing said barrier [11–15].
The vanishing of this energy barrier defines tissue fluidization.
The large amount of recent interest, in the physics litera-
ture [13,14,16–23], in the mechanisms and phase transitions
of tissue fluidization and, more biologically, the importance
of tissue fluidization, beyond epiboly, in development and
disease [24,25] stress the need for coarse-grained descriptions
of plastic cell intercalations in tissue mechanics.

Here, we describe the dynamics of this interplay of elas-
ticity and plasticity in a minimal geometry of epithelial gap
closure [Fig. 1(b)]: a circular gap surrounded by a contractile
cable closes axisymmetrically in a circular, flat tissue. By
coarse-graining a discrete model of intercalations within the
tissue, we discover how the energy barrier to and the elastic
energy released by intercalations control the gap closure dy-
namics at the tissue scale.

II. RESULTS

We consider a circular gap surrounded by a contractile
cable in a concentric circular tissue [Fig. 1(b)]. Initially, the
gap has radius s0 and the tissue has radius s1. Points at radius
s in this undeformed configuration end up at radius r(s, t )
in the deformed configuration. As in the general continuum
theories of nonlinear plasticity [26,27] and morphoelastic-
ity [28], this deformation decomposes multiplicatively into
plastic intercalations and elastic relaxation [Fig. 1(b)]. Inter-
calations reduce or increase the number of cells in each ring
surrounding the gap and hence change the rest length of this
ring. The ring at radius s, which has rest length 2πs in the un-
deformed configuration, thus has rest length 2πs f (s, t ) in the
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FIG. 1. Mechanics of epiboly. (a) Schematic of epiboly: a tissue
closes around the surface of an egg. Epiboly is associated with a
contractile actomyosin cable at the leading edge of tissue. During
epiboly, the number of cells at the tissue boundary changes due to cell
intercalations. (b) Minimal model of epiboly: a circular gap of radius
s0 closes in a concentric circular flat tissue of radius s1 (top left).
The gap is surrounded by a cable with uniform contractility �. The
axisymmetric deformation decomposes into slow plastic intercala-
tions and fast elastic relaxation. The intermediate configuration after
intercalation (bottom) is described by the intercalation stretch f (s, t )
and the radii s0(t ), s1(t ) of the gap and the tissue. This intermediate
configuration is not in general geometrically compatible (dashed
lines). Points at radius s in the undeformed configuration are at radius
r(s, t ) in the deformed configuration (top right). See text for further
explanation.

intermediate configuration [Fig. 1(b)], where f (s, t ) is an
intercalation stretch. Moreover, intercalations across the tis-
sue boundaries result in the formation of new rings of cells.
The respective intrinsic radii of the gap and of the tissue in
the intermediate configuration, s0(t ) and s1(t ), are therefore
in general different from their values s0(0) and s1(0) in the
initial, undeformed configuration [Fig. 1(b)].

A. Mechanical model

The timescale of plastic intercalations is much slower than
the timescale of elastic relaxation; in Tribolium epiboly, for
example, these are of the order of minutes and seconds, re-
spectively [9]. Hence, at each instant in time, the elastic part of
the deformation is determined by minimizing the mechanical
energy

E (t ) = 2π

∫ s1(t )

s0(t )
e(s, t ) s ds + 2π�r(s0(t ), t ). (1)

The first term is the elastic energy; the second term is the
contribution from the cable, with uniform contractility �. The

(a) (b)

No. of cells =

FIG. 2. Intercalation dynamics. (a) Discrete model of cell inter-
calations in the bulk of the tissue: each of the Ni cells in a ring of
radius si can intercalate outwards or inwards, with rates ρ±

i , to the
rings of radii si±1 = si ± δs. This defines the effective intercalation
rate Ii from si to si+1. Inset: each cell has aspect ratio α = 2πβ.
(b) Intercalation at the (inner) boundary: intercalations into the gap
[I (s0) < 0] form an additional inner ring of cells, so ṡ0 < 0; deinter-
calation into the bulk [I (s0) > 0] reduces the number of cells in the
innermost ring, but does not empty it, so ṡ0 = 0.

elastic energy density in Eq. (1) is

e(s, t ) = C

2
[Es(s, t )2+Es(s, t )Eφ (s, t )+Eφ (s, t )2] f (s, t )

(2)

for axisymmetric deformations. We derive this expression in
Appendix A. Here, C is an elastic modulus and the elastic
strains are

Es(s, t ) = ∂r

∂s
(s, t ) − 1, Eφ (s, t ) = r(s, t )

s f (s, t )
− 1. (3)

The elastic energy density in Eq. (2) includes a factor of
f (s, t ) because intercalations change the local cell density and
hence the reference area element.

B. Intercalation dynamics

To close the model, we need to impose the slow dynamics
of the intercalation stretch f (s, t ) and of the boundaries s0(t ),
s1(t ). For this purpose, we coarse-grain a minimal discrete
model of intercalations [Fig. 2(a)] in which the intermedi-
ate configuration of the sheet consists of concentric rings of
cells of width δs. The ring of radius si thus has intrinsic
length 2πsi fi(t ), where fi(t ) = f (si, t ). The discrete cells
have undeformed aspect ratio α [Fig. 2(a), inset], so that
the number of cells in this ring is Ni(t ) = [2πsi fi(t )]/(α δs).
Each cell in this ring can intercalate outwards or inwards, to
the rings of radii si±1 = si ± δs, with respective rates ρ±

i (t )
[Fig. 2(a)]. The effective rate at which cells intercalate from si

to si+1 is therefore Ii(t ) ∝ Ni(t )ρ+
i (t ) − Ni+1(t )ρ−

i+1(t ). With
these definitions, Ni(t + δt ) − Ni(t ) = [Ii−1(t ) − Ii(t )] δt , so,
taking the continuum limit δt → 0, δs → 0,

∂ f

∂t
= −β

s

∂I

∂s
, (4a)

where β = α/2π . This holds in the bulk of the tissue, for
s0(t ) < s < s1(t ). We therefore obtain an equation valid for
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s0(t ) � s � s1(t ) by including Dirac-δ corrections at the tis-
sue boundaries, viz.,

∂ f

∂t
= −β

s

∂I

∂s
+ �0(t )δ(s − s0(t )) + �1(t )δ(s − s1(t )).

(4b)

The amplitudes �0(t ),�1(t ) of these Dirac δ’s are determined
by cell number conservation, as are the dynamics ṡ0(t ), ṡ1(t ):
In the absence of cell divisions, as in Tribolium epiboly [9],
for any S > s0(t ), the rate of change of the number of cells in
s0(t ) < s < S balances intercalation across s = S. Thus

d

dt

(∫ S

s0(t )
f (s, t ) s ds

)
+ βI (S) = 0. (5a)

Differentiating under the integral sign, we obtain∫ S

s0(t )

∂ f

∂t
(s, t ) s ds − ṡ0(t ) f (s0(t ), t )s0(t ) + βI (S) = 0. (5b)

Using Eq. (4b) and performing the integral, we then find

βI (s0(t ), t ) + s0(t )

2
�0(t ) = ṡ0(t )s0(t ) f (s0(t ), t ). (5c)

As illustrated in Fig. 2(b), if I (s0(t ), t ) < 0, then cells in-
tercalate into the gap at the inner boundary, so ṡ0(t ) < 0. Thus
ṡ0(t ) = βI (s0(t ), t )/[s0(t ) f (s0(t ), t )] < 0, �0(t ) = 0 satisfy
Eq. (5c). By contrast, if I (s0(t ), t ) > 0, then cells dein-
tercalate from the boundary into the bulk of the tissue.
This reduces the number of cells in the innermost ring
of cells, but does not remove it. Hence the intrinsic
inner radius of the intermediate configuration remains un-
changed, i.e., ṡ0(t ) = 0, although elastic relaxation can of
course still change the deformed radius r(s0(t ), t ). Equa-
tion (5c) then implies �0(t ) = −2βI (s0(t ), t )/s0(t ). An
analogous argument at the outer boundary s = s1(t ) shows
that ṡ1(t ) = βI (s1(t ), t )/[s1(t ) f (s1(t ), t )] > 0 and �1(t ) = 0
if I (s1(t ), t ) > 0, but if I (s1(t ), t ) < 0, then ṡ1(t ) = 0 and
�1(t ) = −2βI (s1(t ), t )/s1(t ). In this way, the intercalation
dynamics break time-reversal symmetry at the boundaries of
the gap.

C. Intercalation rates

We are left to determine the dependence of the interca-
lation rates Ii(t ) on the mechanics, for which we need to
impose the single-cell intercalation rates ρ±

i (t ). Intercalation
involves crossing a barrier Eb > 0 in the energy landscape at
the T1 transition point [Fig. 3(a)]. During the T1 transition, the
system releases (�E < 0) or gains (�E > 0) elastic energy

FIG. 3. Intercalation energetics. (a) Sketch of the energy land-
scape near a T1 transition (insets), illustrating the energy barrier
Eb > 0 at the T1 transition point and the elastic energy released
(�E < 0) or gained (�E > 0) during intercalation. (b) Energy land-
scape for �E � Eb (high energy barrier). Insets: model of a high
energy barrier, resulting from opening a gap in the tissue during
intercalation. (c) Energy landscape for Eb � �E (fluidized tissue).

[Fig. 3(a)]. We therefore impose

ρ±
i ∝ exp

(
−E±

b,i + �E±
i

θ

)
, (6)

in which E±
b,i and �E±

i are, respectively, the energy barrier to
and the energy released or gained by an inward (−) or outward
(+) intercalation at s = si, and the effective temperature θ rep-
resents, e.g., active tension fluctuations [13,18–21,29] driving
intercalations. A similar model, inspired by the Eyring model
of chemical kinetics [30], has been deployed previously on T1
transitions in tissues [11].

The Kramers rate model [31,32] would provide an alterna-
tive description of these rates, but it depends on the details
of the shape of the energy landscape near the two energy
minima. While this shape is being studied, for example in
the vertex model [12–14], resolving these details is beyond
the scope of our analysis. In the Kramers model, these rates
are also inversely proportional to the friction. This indicates
that the friction between, e.g., the tissue and the egg that
we have neglected thus far, merely modulates the effective
temperature θ .

Here, Ni → Ni − 1 and Ni±1 → Ni±1 + 1 in an inter-
calation from si to si±1 = si ± δs, so fi → fi − β δs/si

and fi±1 → fi±1 + β δs/si±1, with, on Taylor expanding,
fi±1 = fi ± δs f ′(si) + 1

2δs2 f ′′(si ) + O(δs3). During this in-
tercalation, the elastic part of the deformation, i.e., r(s, t ), is
fixed, so we consider the elastic energy density in Eq. (2) as
e(s, f (s)). Hence

�E±
i = 2π δs

{[
e

(
si, fi − β δs

si

)
si + e

(
si±1, fi±1 + β δs

si±1

)
si±1

]
− [e(si, fi )si + e(si±1, fi±1)si±1]

}

= δs3

[
β2

s

∂2e

∂ f 2
± β

d

ds

(
∂e

∂ f

)]
s=si
f = fi

+ O(δs4), where
∂e

∂ f
= C

2

(
E2

s − E2
φ − Es − 2Eφ

)
,

∂2e

∂ f 2
= Cr2

s2 f 3
> 0. (7)

We derive these expressions for ∂e/∂ f , ∂2e/∂ f 2 in detail in
Appendix B using Eqs. (2) and (3). Unlike this energy released

or gained during intercalation, the energy barrier Eb is not
determined by the tissue-scale mechanics in the elastic model:
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FIG. 4. Dynamics of epithelial gap closure. Top row: dynamics for a high energy barrier (�E � Eb). (a) Plot of the inner radius
r0(t ) ≡ r(s0(t ), t ), scaled with its initial contracted value r0(0+) before intercalations, against time t , for increasing values of contractility
�. Inset: plot of r0(0+) against �. (b) Plot of the energy E (t ), scaled with E (0+), against t , for increasing values of �. Inset: plot of E (0+)
against �. (c) Plot of the intercalation rate I (s, t ) against s, at increasing times t . Inset: decrease of f (s0(t ), t )s0(t ), proportional to the number
N0(t ) of cells surrounding the gap, with time. Bottom row: analogous plots for the fluidized model (�E � Eb). (d) Plot of r0(t ). (e) Plot of
E (t ). (f) Plot of I (s, t ) against s. Inset: plot of N0(t ). Parameter values: s0(0) = 0.2, s1(0) = 1, C = ϑ = 1, B = 0.1, β = 0.02 [panels (c),(f)]
� = 0.02. a.u. denotes arbitrary units.

it is in general a property of the mechanics at the cell scale. In
what follows, we therefore focus on two limiting cases.

1. High-energy-barrier model

We begin with the case Eb � �E of a high energy bar-
rier [Fig. 3(b)]. The energy barrier to an edge of length 


undergoing a T1 transition has the generic scaling Eb ∼ 
2

as 
 → 0 [14]. In our continuum limit 
 ∼ δs, so we impose
Eb = B δs2, where B is a constant. In this minimal model, a
constant cost of opening up cell junctions during intercalation
[Fig. 3(b), insets] sets Eb. In particular, this scaling ensures
Eb � �E .

Importantly, from Eq. (6), this implies ρ+
i = ρ−

i at leading
order. Hence subleading terms contribute to the leading-order
expression for Ii ∝ Niρ

+
i − Ni+1ρ

−
i+1. Physically, this means

that even though Eb � �E , �E cannot be neglected, and
hence time-reversal symmetry remains broken, also in the
bulk of the tissue.

To take the continuum limit, we still need to impose the
asymptotic scaling of the effective temperature, θ = ϑ δsτ . In
the “cold” case (large τ ), there are no intercalations for Eb

cannot be overcome. In the “hot” case (small τ ), intercalations
are driven independently of the mechanics. Here, we therefore
analyze the interesting intermediate case, which is τ = 2, as
shown in Appendix C. With this, we obtain, there,

I ∝ −
[

d

ds
(s f ) + 2β

ϑ
s f

d

ds

(
∂e

∂ f

)]
e−B/ϑ . (8)

This finally couples the intercalation rate to the mechanics, via
the expression for ∂e/∂ f given by Eq. (7), and hence closes
the model. The energy barrier merely rescales the intercalation

rate (or, equivalently, time) and the aspect ratio α = 2πβ only
rescales ϑ .

2. Fluidized model

Next, we turn to the case Eb � �E of a fluidized tissue
[Fig. 3(c)], in which the intermediate-temperature case corre-
sponds to τ = 3 and we find, in Appendix C,

I ∝ −s f exp

(
−β2

sϑ

∂2e

∂ f 2

)
sinh

[
β

ϑ

d

ds

(
∂e

∂ f

)]
, (9)

in which ∂e/∂ f , ∂2e/∂ f 2 are given in Eq. (7). Strikingly, β

does not merely rescale ϑ in this case: there is an emergent
role of the microscopic cell geometry at the macroscopic scale
of the fluidized tissue.

D. Numerical results

We analyze the intercalation dynamics in these two
cases numerically, by integrating Eq. (4b) in MATLAB (The
MathWorks, Inc.) and solving the boundary value problem
associated with Eq. (1) at each time step using its bvp4c
solver, as explained in detail in Appendix B. We discuss the
case of a fixed tissue radius, r(s1(t ), t ) = s1(0) here in Fig. 4,
but note that a force-free boundary condition at s = s1(t ) gives
similar results (Appendix D).

We begin by observing that the radius of the gap decreases
in the case of a high energy barrier [�E � Eb, Fig. 4(a)].
At higher contractility �, not only is the contracted radius
before intercalations smaller [Fig. 4(a), inset], but also the
gap shrinks faster [Fig. 4(a)]. At early times, passive in-
tercalations dissipate energy [Fig. 4(b)]. Unsurprisingly, this
dissipation is faster at higher �, because the elastic energy
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FIG. 5. Dynamics of epiboly for �E � Eb. Effect of βC/ϑ on
(a) r0(t ) and (b) the initial intercalation rate I (s, 0+). Inset of panel
(b) Plot of I (s, t ) against s for increasing times t at large βC/ϑ . Other
parameter values as for Fig. 4.

before intercalations increases with � [Fig. 4(b), inset]. At
later times, however, energy starts to increase [Fig. 4(b)]. This
stresses that energetically unfavorable active intercalations at
the boundaries of the tissue can persist to build up stresses
in the tissue. Importantly, the intercalation rate is negative
near the gap [Fig. 4(c)], so these dynamics are driven by cells
intercalating into the gap. As a result, the number of cells
surrounding the gap decreases [Fig. 4(c), inset].

For a fluidized tissue [�E � Eb, Fig. 4(d)], the radius of
the gap decreases, too, but appears to converge later. Unlike
the previous case, the energy starts to increase earlier at higher
� [Fig. 4(e)]. Strikingly, however, the intercalation dynamics
at the cell scale are different: the intercalation rate is positive
near the gap [Fig. 4(f)], so cells deintercalate from the gap into
the bulk of the tissue, whence the number of cells surrounding
the gap decreases [Fig. 4(f), inset].

Equation (8) suggests that outward intercalation at the
inner boundary is also possible for Eb � �E if βC/ϑ is
large. This leads, however, to transient widening of the gap
[Fig. 5(a)] as the intercalation rate at the inner boundary in-
creases [Fig. 5(b)] and, also, to more intercalation at the outer
boundary than at the inner boundary at late times [Fig. 5(b),
inset].

Thus only the fluidized model is compatible with the
observed dynamics of Tribolium epiboly, where cells deinter-
calate from the boundary into the bulk [9]. This is consistent
with the fluidization of the Tribolium serosa near its boundary
inferred previously from cell shapes [9].

E. Model of cable inhomogeneities

The inhomogeneity of the contractile cable surrounding the
Tribolium serosa leads to inhomogeneous cell aspect ratios
α = 2πβ. To describe their effect, we average the intercala-
tion rates for β varying around its mean, 〈β〉.

In the high-energy barrier limit [�E � Eb, Eq. (8)], I de-
pends linearly on β, so 〈I (β )〉 = I (〈β〉) and inhomogeneities
do not affect the average intercalation rate.

The fluidized limit [�E � Eb, Eq. (9)] is more com-
plex: I varies nonmonotonically with β at the inner boundary
s = s0 [Fig. 6(a)]. This is unsurprising since I → 0 for
β � 1 (because �E � 〈�E〉 for both inward and out-
ward intercalations, so there is no net intercalation) and for
β � 1 (because deintercalating a wide cell is unfavorable,
�E � 〈�E〉). Thus I (β ) has a maximum at some β = β1.
Hence, if β1 < β < 〈β〉, then I (β ) > I (〈β〉) [Fig. 6(a)], so
more constricted cells (with smaller β) intercalate preferen-

FIG. 6. Effect of cable inhomogeneities in the fluidized regime,
�E � Eb. (a) Plot of the intercalation rate I in Eq. (9) at t = 0+,
s = s0 against β, highlighting a maximum at β = β1, and an inflec-
tion point at β = β2 > β1. See text for further explanation. (b) Plot of
β1 and β2 against �. Parameter values: s0 = 0.2, C = 1, (a) ϑ = 0.1,
� = 0.01, (b) ϑ = 0.02.

tially. This is consistent with the experimental observation, in
Tribolium, that the cells with higher myosin levels deinter-
calate [9]. Further, I has an inflection point at β = β2 > β1.
For β > β2, I is a convex function of β [Fig. 6(a)], so
〈I (β )〉> I (〈β〉) [33]. This means that the average intercalation
rate is higher than for a homogeneous cable. In other words,
the inhomogeneities of the cable surrounding the Tribolium
serosa [9] can favor its closure. We stress that these two
nonlinear effects only arise in the fluidized limit. Finally, we
note that β1 and β2 both increase with increasing contractility
� [Fig. 6(b)], so our model suggests that these effects require
contractility to be sufficiently weak.

III. DISCUSSION

In summary, we have shown how the interplay of elasticity
and plasticity drives epithelial gap closure. We have discov-
ered how the microscopic energetics of intercalation at the
cell scale can give rise to very different macroscopic dynam-
ics at the tissue scale. More generally, our work provides a
continuum mechanical framework for understanding epiboly
and related processes of wound healing [34–39], which addi-
tionally involve active cell migration, but for which the role of
tissue fluidization has been recognized, too [40,41].

More biologically, our work explains the mechanical role
of the two key, experimentally observed features [9] of Tri-
bolium epiboly for serosa closure: (i) tissue fluidization near
the closing gap, which our model shows to be required for
deintercalation of cells from the boundary; and (ii) inhomo-
geneities of the contractile cable, which our model shows to
increase the effective intercalation rate for a fluidized tissue.

Our model of serosa closure is a minimal model of the
closure of a gap in a flat sheet, neglecting the curvature of the
serosa. Similarly, our model neglects the details of the energy
barrier to intercalations on the mechanical state of the tissue.
In Appendix D, we therefore analyze the effect of three exten-
sions of our minimal model: (i) the effect of the boundary at
the outer edge introduced by our sheet model and its boundary
condition, (ii) the effect of a refined energy-barrier model
in the case of a high-energy barrier, and (iii) the effect of
tissue curvature. In all three cases, we find that the qualitative
behavior of the model does not change. This indicates that our
model is not “too minimal” and that it captures the essential
physics of epiboly.
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Finally, our minimal model predicts that a gap in a fluidized
tissue shrinks, but does not close fully at constant contractility
[Fig. 4(d)]. How the strengthening of contractile cables [35]
or stresses exerted by the tissues surrounding the Tribolium
serosa contributes to overcoming this limit is an open biologi-
cal question. Meanwhile, extending our continuum framework
to three-dimensional intercalations, described by a tensorial
intercalation stretch, is an important challenge for future the-
oretical work.
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APPENDIX A: DERIVATION OF THE ELASTIC
ENERGY DENSITY

In this appendix, we derive the energy of an incompressible
neo-Hookean axisymmetric elastic sheet [Eq. (2) of the main
text]. The sheet remains flat throughout its deformation. In its
undeformed configuration, it has thickness εh, where ε � 1
is an asymptotic parameter in which we will expand the full
three-dimensional elasticity and plasticity of the sheet. Our
derivation is based on similar calculations for morphoelastic
shells [43,44] and rods [45], with our notation based on that
of Refs. [44,45].

1. Geometry of an axisymmetric elastic sheet

We begin by deriving the geometry of the different
configurations of the sheet. We start with the undeformed con-
figuration V of the sheet (Fig. 7), which we describe in terms
of its midsurface S . With respect to the basis B = {er, eφ, ez}
of cylindrical coordinates, a point on S has position vector

ρ(s, φ) = ser(φ), (A1)

where s is the radial coordinate and φ is the azimuthal coordi-
nate. The position of a point in V is therefore

r(s, φ, ζ ) = ρ(s, φ) + εζez, (A2)

FIG. 7. Undeformed configuration V of an axisymmetric sheet of
thickness εh with respect to the basis er, eφ, ez of cylindrical polars.
The midsurface is S, on which ζ = 0, where ζ ∈ [−h/2, h/2] is the
transverse coordinate.

where ζ ∈ [−h/2, h/2] is the transverse coordinate (Fig. 7).
The tangent basis of V is therefore

∂r
∂s

= er,
∂r
∂φ

= seφ,
∂r
∂ζ

= εez, (A3)

with corresponding scale factors

χs = 1, χφ = s, χζ = ε. (A4)

In particular, the volume element of V is

dV = χsχφχζ ds dφ dζ = εs ds dφ dζ . (A5)

As the sheet deforms, V maps to its deformed configuration
Ṽ . Under this mapping, S maps to the deformed midsurface
S̃ , with position vector

ρ̃(s, φ) = s̃(s)er (φ), (A6)

where s̃(s) is the deformed radial coordinate,1 which defines
the stretches

f̃s(s) = ds̃

ds
, f̃φ (s) = s̃(s)

s
. (A7)

As the sheet deforms, normals to S need not a priori remain
normal to S̃ . Hence a point in V at transverse position ζ will
end up, in Ṽ , at transverse position ζ̃ (s, ζ ), and displaced by
a distance ες̃ (s, ζ ) parallel to S̃ . The position of a point in Ṽ
is therefore

r̃(s, φ, ζ ) = ρ̃(s, φ) + εζ̃ (s, ζ )ez + ες̃ (s, ζ )er(φ). (A8)

Now, using commata to denote partial differentiation, we can
calculate

∂ r̃
∂s

= ( f̃s + ες̃,s)er + εζ̃,sez, (A9a)

∂ r̃
∂φ

= (r̃ + ες̃ )eφ, (A9b)

∂ r̃
∂ζ

= ε(ζ̃,ζ ez + ς̃,ζ er). (A9c)

a. Plastic deformation: Intermediate configuration

In the general continuum framework for plasticity [26,27],
similarly to the theory of morphoelasticity [28], the defor-
mation gradient tensor F̃ decomposes multiplicatively into a
plastic deformation gradient Fp and an elastic deformation
gradient F, viz., F̃ = FFp. The plastic deformation gradient is
associated with the deformation from the undeformed config-
uration into an intermediate, virtual configuration V0, which
we define by prescribing

Fp =
⎛
⎝1 0 0

0 f (s) 0
0 0 1

⎞
⎠, (A10)

which introduces the intercalation stretch f (s). As discussed
in the main text, the preferred length of the ring at posi-
tion s in the undeformed configuration is thus 2πs f (s) in

1The deformed radial coordinate is r(s) in the main text and in
the remaining appendices of this paper, but, in this appendix, we
use the more cumbersome tilde notation to indicate the different
configurations of the sheet.
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the intermediate configuration. We note that this intermediate
configuration is not in general compatible, i.e., it cannot be
embedded into three-dimensional Euclidean space [28]. With
this definition, the scale factors in the intermediate configura-
tion are

χ0
s = 1, χ0

φ = s f (s), χ0
ζ = ε, (A11)

and so the volume element is, using Eq. (A5),

dV 0 = χ0
s χ0

φχ0
ζ ds dφ dζ = εs f (s) ds dφ dζ = f (s) dV.

(A12)

b. Calculation of the deformation gradient tensors

The deformation gradient tensor F̃ mapping
the undeformed configuration V of the sheet
to its deformed configuration Ṽ is defined to
be [28]

F̃ = Grad r̃ = 1

χ2
s

∂ r̃
∂s

⊗ ∂r
∂s

+ 1

χ2
φ

∂ r̃
∂φ

⊗ ∂r
∂φ

+ 1

χ2
ζ

∂ r̃
∂ζ

⊗ ∂r
∂ζ

.

(A13a)

From Eqs. (A3) and (A9), it follows that

F̃ =
⎛
⎝ f̃s + ες̃,s 0 ς̃,ζ

0 f̃φ 0
εζ̃,s 0 ζ̃,ζ

⎞
⎠. (A13b)

From this and Eq. (A10), we compute

F = F̃
(
Fp)−1 =

⎛
⎜⎜⎝

f̃s + ες̃,s 0 ς̃,ζ

0
f̃φ
f

0

εζ̃,s 0 ζ̃,ζ

⎞
⎟⎟⎠. (A14)

2. Elasticity of the sheet

We assume that the elastic sheet is made of an incompress-
ible neo-Hookean hyperelastic material [28], so that the elastic
part of the energy is2

E =
∫∫∫

V0
e dV 0, (A15a)

in which the energy density is

e = C

2
(I1 − 3), (A15b)

with C > 0 a material parameter and I1 = tr C the first in-
variant of the right Cauchy–Green tensor C = F
F [28]. We
stress that the integral is over the intermediate configuration
V0 of the sheet, with volume element dV 0 given by Eq. (A12).
Assuming the simplest, neo-Hookean constitutive relation
does not restrict our analysis: general hyperelastic constitutive
relations are known to reduce to the neo-Hookean one for thin
shells [44,46,47].

2In this appendix, we use E and e to denote the elastic part of the
energy and the corresponding three-dimensional energy density; in
the main text and the other appendices, these symbols denote the total
energy and the effective two-dimensional elastic energy density. We
resort to this duplication to simplify our notation.

In the deformed configuration, the force on an area element
dS̃ with unit normal m̃ is Tm̃ dS̃, where T is the Cauchy
stress tensor [28,48]. For the neo-Hookean material assumed
in Eq. (A15b),

T = C(FF
 − pI), (A16)

in which p is the Lagrange multiplier that imposes the in-
compressibility condition det F = 1, and I is the identity [49].
The next step is to relate this force on an area element in the
deformed configuration to the force on the corresponding area
element dS in the undeformed configuration, which has unit
normal m. For this purpose, as in Ref. [44], we introduce

P = J̃ TF̃
−
 = CQ, with Q = J̃ [F(Fp)−
 − pF̃

−

],

(A17)

where J̃ = det F̃ = det F det Fp = f . Using Nanson’s rela-

tion m̃ dS̃ = J̃ F̃
−


m dS [28,48], we obtain Tm̃ dS̃ = Pm dS,
and hence, similarly to the derivation of the Cauchy equa-
tion of classical elasticity [28,48] and to Ref. [44], the
equation

Div Q
 = 0, (A18a)

determining the configuration of the sheet minimizing the
elastic energy in Eq. (A15a). Since B is independent of the
transverse coordinate ζ , this separates into

(Qez),ζ
ε

+ ∇ · Q
 = 0, (A18b)

in which the nabla operator denotes the gradient within the
plane ζ = 0.

Equation (A18a) is to be solved subject to force-free
boundary conditions at the top and bottom surfaces of the
sheet, which read T±ñ± = 0 [28], where ñ± are the normals
to these surfaces, and T± are the Cauchy tensors evaluated
there. By the above, these are equivalent to Q±ez = 0, where
Q± are evaluated on ζ = ±h/2.

3. Asymptotic expansion

We can now derive the effective elastic energy density of
the sheet by asymptotic expansion for small deformations. We
start by defining the elastic strains Es, Eφ to match Eq. (3) of
the main text by writing

f̃s = 1 + εEs, f̃φ = f (1 + εEφ ). (A19)

We introduce expansions

ζ̃ = ζ̃(0) + εζ̃(1) + O(ε2), ς̃ = ς̃(0) + O(ε), (A20a)

and

Q = Q(0) + εQ(1) + O(ε2), p = p(0) + O(ε). (A20b)

At leading order, Eq. (A18b) is (Q(0)ez),ζ = 0. This means
that Q(0)ez is independent of ζ , so the boundary conditions
become 0 = Q(0)ez + O(ε). Expanding definition (A17) using
Eqs. (A10), (A13b), and (A14), we find, at leading order, the
differential equations

ς̃(0),ζ = 0, ζ̃(0),ζ − p

ζ̃(0),ζ
= 0. (A21a)
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The expansion of the incompressibility condition det F = 1 to leading order leads to

ζ̃(0),ζ = 1. (A21b)

By definition of the midsurface, ζ̃(0) = ς̃(0) = 0 on ζ = 0, so these equations integrate to

ζ̃(0) = ζ , ς̃(0) = 0, p(0) = 1. (A22)

As noted in Ref. [44], we need not continue the explicit expansion beyond this order. Rather, it is sufficient to consider a formal
expansion

F =
⎛
⎝1 + εa(1) + ε2a(2) + O(ε3) 0 εv(1) + O(ε2)

0 1 + εb(1) + ε2b(2) + O(ε3) 0
εw(1) + O(ε2) 0 1 + εc(1) + ε2c(2) + O(ε3)

⎞
⎠, (A23)

consistent with Eq. (A14). By direct computation, a(1) = Es, b(1) = Eφ . The incompressibility condition becomes

1 = det F = 1 + ε(a(1) + b(1) + c(1) ) + ε2(a(2) + b(2) + c(2) + a(1)b(1) + b(1)c(1) + c(1)a(1) − v(1)w(1) ) + O(ε3). (A24)

From this, we obtain

c(1) = −a(1) − b(1), (A25a)

c(2) = a2
(1) + a(1)b(1) + b2

(1) − a(2) − b(2) + v(1)w(1).

(A25b)

We can now compute, using Eq. (A10),

F̃ = FFp =
⎛
⎝ 1 + O(ε) 0 εv(1) + O(ε2)

0 f + O(ε) 0
εw(1) + O(ε2) 0 1 + O(ε)

⎞
⎠.

(A26)

Substituting p = 1 + O(ε) in Eq. (A17) then leads to

Q =
⎛
⎝ O(ε) 0 ε f (v(1) + w(1) )

0 O(ε) 0
ε f (v(1) + w(1) ) 0 O(ε)

⎞
⎠. (A27)

Since Q(0) = 0, Eq. (A18b) becomes (Q(1)ez),ζ = 0, whence,
similarly to before, Q(1)ez = 0. This implies

w(1) = −v(1). (A28)

Using Eqs. (A25) and (A28), we can simplify the asymptotic
expansion of the right Cauchy–Green tensor C = F
F and
hence compute

I1 = tr C = 3 + 4ε2
(
a2

(1) + a(1)b(1) + b2
(1)

) + O(ε2). (A29)

To leading order and using Eq. (A12), the elastic energy in
Eq. (A15a) becomes

E =
∫∫

S
ê s ds dφ = 2π

∫
C

ê s ds, (A30)

in which C is the line generating the undeformed midsurface
S . The effective energy density is

ê = ε

∫ h/2

−h/2
e dζ . (A31a)

On substituting Eq. (A29) into Eq. (A15b), we find

ê = 4ε3hC

2

(
E2

s + EsEφ + E2
φ

)
f . (A31b)

This is the asymptotic form of Eq. (2) of the main text.
The form of the equation in the main text is obtained by
setting ε = 1 or, more formally, by substituting εh → h,
εEs → Es, εEφ → Eφ , and identifying the effective elastic
modulus 4hC → C.

APPENDIX B: GOVERNING EQUATIONS
AND NUMERICAL METHODS

In this appendix, we derive the governing equations and
discuss the numerical solution of the intercalation problem.

1. Governing equations for the elastic problem

We begin by deriving the boundary value problem that de-
scribes the deformed configuration r(s) of the sheet. We vary
the energy in Eq. (1) of the main text, using the expression for
the energy density in Eq. (2) of the main text to find

δE
2πC

=
∫ s1

s0

[ns(s) δEs(s) + nφ (s) δEφ (s)] f (s) s ds

+ �

C
δr(s0), (B1)

where we have defined

ns(s) = Es(s) + Eφ (s)

2
, nφ (s) = Eφ (s) + Es(s)

2
. (B2)

The definitions in Eqs. (3) of the main text give
δEs(s) = δr′(s), δEφ (s) = δr(s)/[s f (s)]. We now define the
stresses

Ns = f (s)

fφ (s)
ns(s), Nφ (s) = nφ (s)

fs(s)
, (B3)

where we have introduced the stretches

fs(s) = r′(s), fφ (s) = r(s)

s
, (B4)
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consistently with their definition in Eq. (A7) during the derivation of the elastic energy density in Appendix A. Hence

δE
2πC

=
∫ s1

s0

[Ns(s)r(s)δr′(s) + Nφ (s) fs(s)δr(s)] ds + �

C
δr(s0)

=
∫ s1

s0

[
fs(s)Nφ (s) − d

ds
(rNs)

]
δr(s) ds + r(s1)Ns(s1) δr(s1) +

[
�

C
− r(s0)Ns(s0)

]
δr(s0). (B5)

The deformed shape of the sheet is thus described by

dr

ds
= fs,

dNs

ds
= fs

r
(Nφ − Ns), (B6)

of which the first equation follows from definitions (B4) and
the second from the variation. The variation also yields the
boundary conditions: at the inner boundary, we impose

r(s0)Ns(s0) = �

C
. (B7a)

At the outer boundary, there are two natural choices,

r(s1) = s1 or Ns(s1) = 0. (B7b)

In the main text, we choose the first of these conditions; we
discuss the second choice in Appendix D, where we will
see that this only affects results at a quantitative, rather than
qualitative level.

a. Numerical solution of the elastic problem

As announced in the main text, at each time step, we
solve these elastic governing equations, given the intercalation
stretch f (s) at this point in time, using the bvp4c function of
MATLAB (The MathWorks, Inc.).

During the numerical solution, we compute successively,
from r(s), Ns(s), and the fixed f (s),

fφ (s) = r(s)

s f (s)
, Eφ (s) = fφ (s) − 1, (B8a)

followed by

Es(s) = fφ (s)

f (s)
Ns(s) − Eφ (s)

2
, fs(s) = Es(s) + 1, (B8b)

and finally

Nφ (s) = 1

fs(s)

[
Eφ (s) + Es(s)

2

]
. (B8c)

In this way, we can compute the right-hand sides of
Eqs. (B6), so Eqs. (B8) close the solution of the boundary-
value problem.

b. Calculation of derived quantities

We can also now derive the explicit expressions, given in
Eq. (7) of the main text, for the quantities derived from the
energy density that appear in the expressions for the interca-
lation rates in Eqs. (8) and (9) of the main text derived above.
From Eqs. (3) of the main text and Eq. (B4),

∂Es

∂ f
= 0,

∂Eφ

∂ f
= − fφ

f 2
= −Eφ + 1

f
. (B9)

Equation (2) of the main text then yields

∂e

∂ f
= C

2

[(
E2

s + EsEφ + E2
φ

) + f (Es + 2Eφ )
∂Eφ

∂ f

]

= C

2

(
E2

s − E2
φ − Es − 2Eφ

)
, (B10a)

∂2e

∂ f 2
= −C(Eφ + 1)

∂Eφ

∂ f
= C f 2

φ

f 3
= Cr2

s2 f 3
> 0, (B10b)

as stated in Eq. (7) of the main text. To obtain expressions for
I and dI/ds, from Eqs. (8) and (9) of the main text, we need
to compute

d

ds

(
∂e

∂ f

)
= C

2

[
(2Es − 1)

dEs

ds
− 2(Eφ + 1)

dEφ

ds

]
,

(B11a)

d2

ds2

(
∂e

∂ f

)
= C

2

[
2

(
dEs

ds

)2

+ (2Es − 1)
d2Es

ds2

− 2

(
dEφ

ds

)2

− 2(Eφ + 1)
d2Eφ

ds2

]
, (B11b)

d

ds

(
∂2e

∂ f 2

)
= C fφ

f 3

(
2

d fφ
ds

− 3 fφ
f

d f

ds

)
. (B11c)

We can use governing equations (B6), relations (B8), and
their derivatives repeatedly to obtain explicit expressions for
the right-hand sides of these results that allow us to compute
them without numerical differentiation of any of these elastic
quantities.

2. Numerical integration of the intercalation dynamics

For numerical integration of the intercalation dynamics,
given by Eqs. (4) of the main text, it is convenient to make
a change of variables. We define

s(σ, τ ) = s0(τ )(1 − σ ) + s1(τ )σ, t (σ, τ ) = τ. (B12a)

Since

σ (s, t ) = s − s0(t )

s1(t ) − s0(t )
, τ (s, t ) = t, (B12b)

the inverse of this change of variables is well-defined. This
allows us to move the problem from s ∈ [s0(t ), s1(t )] to the
fixed interval σ ∈ [0, 1]. The chain rule yields(

∂ f

∂t

)
s

=
(

∂ f

∂τ

)
σ

− σ ṡ1(τ ) + (1 − σ )ṡ0(τ )

s1(τ ) − s0(τ )

(
∂ f

∂σ

)
τ

,

(B13a)(
∂I

∂s

)
t

= 1

s1(τ ) − s0(τ )

(
∂I

∂σ

)
τ

, (B13b)
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and so Eq. (4a) of the main text becomes(
∂ f

∂τ

)
σ

= 1

s1(τ ) − s0(τ )

{
− 1

s0(τ )(1 − σ ) + s1(τ )σ

(
∂I

∂σ

)
τ

+ [σ ṡ1(τ ) + (1 − σ )ṡ0(τ )]

(
∂ f

∂σ

)
τ

}
. (B14)

As discussed in the main text, the dynamics of ṡ0(τ ), ṡ1(τ ) are
determined by

ds0

dτ
=

⎧⎨
⎩

I (0, τ )

s0(τ ) f (0, τ )
if I (0, τ ) < 0,

0 otherwise,
(B15a)

ds1

dτ
=

⎧⎨
⎩

I (1, τ )

s1(τ ) f (1, τ )
if I (1, τ ) > 0,

0 otherwise.
(B15b)

We solve Eqs. (B14) and (B15) on a uniform grid {σi} of Nmesh

points with spacing �σ . We choose Nmesh = 20 (in Fig. 4 of
the main text and Appendix D) or Nmesh = 30 (in Fig. 5 of
the main text). We perform the time integration of Eqs. (B14)
and (B15) in MATLAB using a custom fourth-order Runge–
Kutta solver [50] with time step �τ .

In the numerical solution, we use the values { f (σi )} on
the grid to define a spline that allows efficient evaluation of
f by the bvp4c solver in the solution of the elastic prob-
lem. We differentiate this spline to evaluate the derivatives
{ f,σ (σi )}, { f,σσ (σi )} on the mesh, which allows us to evaluate
I and ∂I/∂σ on the mesh without further numerical differen-
tiation, as noted above.

To choose the time step �τ , we impose a Courant–
Friedrichs–Lewy condition [51]: we compute an effective
propagation speed {ui} = { f,τ (σi )/ f,σ (σi )} and choose �τ to
satisfy �τ < C �σ/ max {ui}, where C = 0.5.

Cell number conservation

If ṡ0(τ ) = 0 or ṡ1(τ ) = 0, then, as discussed in the main
text, Eq. (4a) changes to Eq. (4b), which includes Dirac δ’s at
the boundaries to satisfy the condition of cell number conser-
vation expressed by Eq. (5c) of the main text near the inner
boundary s = s0(t ).

In the numerical solution, we do not solve this equation in-
cluding Dirac δ’s, but rather impose cell number conservation
on the mesh. Differentiating Eq. (5a) of the main text, we
obtain∫ S

s0(t )

∂ f

∂t
s ds − ṡ0(t ) f (s0(t ), t )s0(t ) + βI (S) = 0. (B16)

If ṡ0(t ) = 0, then we split the integral at the second mesh point
s = s0 + �s (i.e., σ = �σ ), and evaluate the first part using
the trapezoidal rule and the second part using Eq. (4a) to find∫ S

s0

∂ f

∂t
s ds =

∫ s0+�s

s0

∂ f

∂t
s ds +

∫ S

s0+�s

∂ f

∂t
s ds

= �s

2

[
s0

∂ f

∂t
(s0) + (s0 + �s)

∂ f

∂t
(s0 + �s)

]

+
∫ S

s0+�s

(
−β

∂I

∂s

)
ds

= �s

2

[
s0

∂ f

∂t
(s0) − β

∂I

∂s
(s0 + �s)

]

− βI (S) + βI (s0 + �s), (B17)

having using Eq. (4a) again to obtain the final equality. On
substituting this result into Eq. (B16), we obtain

∂ f

∂t
(s0) = β

s0

[
∂I

∂s
(s0 + �s) − 2I (s0 + �s)

�s

]
, (B18a)

which thus replaces Eq. (4a) when ṡ0(t ) = 0. Similarly, for
ṡ1(t ) = 0, we find

∂ f

∂t
(s1) = β

s1

[
∂I

∂s
(s1 − �s) + 2I (s1 − �s)

�s

]
. (B18b)

We translate these equations to the variables (σ, τ ) used in the
numerical solution using Eqs. (B13b).

APPENDIX C: DERIVATION
OF THE INTERCALATION RATES

In this appendix, we derive the expressions for the interca-
lation rates used in the main text, and discuss their dependence
on the asymptotic scaling of the effective temperature. We re-
call the model for the single-cell intercalation rates introduced
in Eq. (6) of the main text,

ρ±
i ∝ exp

(
−E±

b,i + �E±
i

θ

)
, (C1)

in which the effective temperature is θ = ϑ δsτ and

�E±
i = δs3

[
β2

s

∂2e

∂ f 2
± β

d

ds

(
∂e

∂ f

)]
s=si
f = fi

+ O(δs4), (C2)

as obtained in Eq. (7) of the main text. We will derive explicit
expressions for ∂e/∂ f and ∂2e/∂ f 2 below, after deriving the
equations governing the elastic problem.

1. High energy barrier: Eb � �E

We begin with the case Eb � �E of a high energy barrier.
As in the main text, we analyze the simplest model, of a
constant energy barrier E±

b,i = B δs2, in which we have chosen
Eb = O(δs2) to ensure Eb � �E = O(δs3) from Eq. (C2). As
discussed in the main text, this model of a constant energy
barrier is of course a simplification, since one expects the
energy barrier to depend on details of the cell packing and
cell mechanics. As mentioned there, too, different values of
the exponent τ in the expression for the effective temperature
θ = ϑ δsτ yield different expressions for the effective interca-
lation rate Ii ∝ Niρ

+
i − Ni+1ρ

−
i+1 at leading order, and hence

different continuum models.

a. “Cold” intercalations: τ > 2

If τ > 2, then, on expanding the expressions (C1) for the
intercalation rates, we find

ρ±
i ∝ exp

(
− B

ϑ
δs−(τ−2)

)
→ 0 as δs → 0, (C3)
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since B > 0. Thus I = 0, too. Physically, the energy barrier
to intercalations cannot be overcome and hence there are no
intercalations, so this case is uninteresting.

b. “Hot” intercalations: τ < 2

If τ < 2, a similar expansion of the intercalation rates in
Eq. (C1) gives

ρ±
i ∝ 1 − B

ϑ
δs2−τ + O(δs3−τ , δs4−2τ ). (C4)

In the continuum limit δs → 0, Ni → n(s) = s f (s) from the
definitions in the main text. Hence, on Taylor expanding
Ni+1 = n(si ) + n′(si )δs + O(δs2), we infer

Ii ∝ −n′(si )δs + O(δs2, δs3−τ , δs4−2τ ), (C5a)

with 3 − τ , 4 − 2τ > 1 for τ < 2. Hence

I ∝ −dn

ds
. (C5b)

We note in passing that this illustrates that the propor-
tionality constant must scale with δs appropriately for the
continuum limit to converge.

Thus, for τ < 2, intercalation is independent of the me-
chanics, and the system is driven entropically to the state in
which dn/ds = 0, i.e., each ring of cells surrounding the gap
contains the same number of cells. This case is therefore not
interesting, either.

c. Intermediate case: τ = 2

Any interesting behavior must therefore arise in the inter-
mediate case τ = 2, in which expansion of Eq. (C1) using
Eq. (C2) yields

ρ±
i ∝ e−B/ϑ

{
1− δs

ϑ

[
β2

s

∂2e

∂ f 2
±β

d

ds

(
∂e

∂ f

)]}
+ O(δs2).

(C6a)

Equivalently, this establishes an expansion

ρ±(si ) = ρ0 + ρ±
1 (si)δs + O(δs2), (C6b)

where, by comparison,

ρ0 = e−B/ϑ , ρ+
1 (s) − ρ−

1 (s) = −2β

ϑ

d

ds

(
∂e

∂ f

)
e−B/ϑ .

(C7)

Now, expanding the definition Ii ∝ Niρ
+
i − Ni+1ρ

−
i+1,

I (si ) ∝ n(si )[ρ0 + ρ+
1 (si)δs]

− [n(si ) + n′(si )δs][ρ0 + ρ−
1 (si )δs] + O(δs2)

∝ {n(si )[ρ
+
1 (si ) − ρ−

1 (si)] − n′(si )ρ0(si)}δs

+ O(δs2). (C8a)

Substituting from Eqs. (C7), this yields

I ∝ −
[

dn

ds
+ 2β

ϑ
n

d

ds

(
∂e

∂ f

)]
e−B/ϑ , (C8b)

which is Eq. (8) of the main text. The intercalation rate now
depends on the mechanics, which leads to the interesting
behavior discussed in the main text. As noted there, the de-
pendence of I on e−B/ϑ merely rescales time, however.

2. Fluidized tissue: Eb � �E

We now turn to the fluidized case, in which we can neglect
the energy barrier Eb compared to �E . Again, there are dif-
ferent cases depending on the exponent τ .

a. “Hot” intercalations: τ < 3

In the case τ < 3, expanding the intercalation rates given
by Eq. (C1) yields

ρ±
i ∝ 1 − δs3−τ

ϑ
(Ai ± Bi ) + O(δ4−τ , δs6−2τ ), (C9)

where, from Eq. (C2),

Ai =
[
β2

s

∂2e

∂ f 2

]
s=si
f = fi

, Bi =
[
β

d

ds

(
∂e

∂ f

)]
s=si
f = fi

. (C10)

Taylor expanding Ni+1 = n(si ) + n′(si )δs + O(δs2) again,

Ii ∝ −n′(si )δs − 2Bin(si)δs3−τ + O(δs2, δs4−τ , δs6−2τ ).
(C11)

There are therefore three different subcases: First, if τ < 2,
then this reduces to

I ∝ −dn

ds
(τ < 2), (C12a)

which is the uninteresting result that we also found in the high-
energy barrier case for τ < 2: intercalation is independent of
the mechanics and the system is driven entropically to the state
in which all rings contain the same number of cells. Next, if
τ = 2, then, substituting from Eq. (C10),

I ∝ −
[

dn

ds
+ 2β

ϑ
n

d

ds

(
∂e

∂ f

)]
(τ = 2), (C12b)

which is, interestingly, Eq. (C8b) in the case of a vanishing
energy barrier, B = 0. The dynamics are therefore equivalent
to the high-energy barrier dynamics, up to rescaling the inter-
calation rate or, equivalently, time. Finally, if 2 < τ < 3, then

I ∝ −n
d

ds

(
∂e

∂ f

)
(2 < τ < 3). (C12c)

These are dynamics that do not arise in the high-energy
barrier case. They are independent (up to rescaling the interca-
lation rate or time), however, of β and ϑ . We will not analyze
these dynamics in detail.

b. Intermediate case: τ = 3

Instead, we will analyze the interesting dynamics of the
intermediate case τ = 3 in detail. Now

ρ±
i ∝ exp

(
−

{
β

ϑ

[
β

s

∂2e

∂ f 2
± d

ds

(
∂e

∂ f

)]})
+ O(δs). (C13)

Hence Ii ∝ Ni(ρ+
i − ρ−

i ) + O(δs), so

I ∝ −n exp

(
−β2

sϑ

∂2e

∂ f 2

)
sinh

[
β

ϑ

d

ds

(
∂e

∂ f

)]
, (C14)

which is Eq. (9) of the main text, where we analyze the
dynamics of this intermediate case in detail.
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FIG. 8. Dynamics of epithelial gap closure with a force-free outer boundary, similar to Fig. 4. Top row: dynamics for a high energy
barrier (�E � Eb). (a) Plot of the inner radius r0(t ) ≡ r(s0(t ), t ), scaled with its initial contracted value r0(0+) before intercalations, against
time t , for increasing values of contractility �. Inset: plot of r0(0+) against �. (b) Plot of the energy E (t ), scaled with E (0+), against t , for
increasing values of �. Inset: plot of E (0+) against �. (c) Plot of the intercalation rate I (s, t ) against s, at increasing times t . Inset: decrease
of f (s0(t ), t )s0(t ), proportional to the number N0(t ) of cells surrounding the gap, with time. Bottom row: analogous plots for the fluidized
model (�E � Eb). (d) Plot of r0(t ). (e) Plot of E (t ). (f) Plot of I (s, t ) against s. Inset: plot of N0(t ). Parameter values as in Fig. 4: s0(0) = 0.2,
s1(0) = 1, C = ϑ = 1, B = 0.1, β = 0.02 [panels (c), (f)] � = 0.02. a.u. denotes arbitrary units.

c. “Cold” intercalations: τ > 3

Finally, we discuss the case τ > 3. Since there is now no
energy barrier to intercalations, intercalations are possible,
but we expect only energetically favorable intercalations to
happen. Indeed,

ρ±
i ∝ exp

(
−

{
β

ϑ

[
β

s

∂2e

∂ f 2
± d

ds

(
∂e

∂ f

)]}
δs−(τ−3)

)
. (C15)

Upon taking the continuum limit δs → 0 and rescaling, we
find

ρ±
i ∝ H

{
−

[
β

s

∂2e

∂ f 2
± d

ds

(
∂e

∂ f

)]}
, (C16)

where H is the Heaviside function. As noted in Eq. (7) of the
main text and as shown in Appendix B, ∂2e/∂ f 2 > 0, so at
most one of ρ+

i and ρ−
i is nonzero. This means that, perhaps

not unexpectedly, intercalations can be energetically favorable
only in one direction. We thus obtain

I ∝

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

n if
d

ds

(
∂e

∂ f

)
< −β

s

∂2e

∂ f 2
;

−n if
d

ds

(
∂e

∂ f

)
>

β

s

∂2e

∂ f 2
;

0 otherwise.

(C17)

Again, these dynamics are not found in the high-energy barrier
case. We note that they also introduce an explicit dependence
on the aspect ratio β, but we will not analyze these dynamics
in detail.

APPENDIX D: ADDITIONAL RESULTS
AND EXTENSIONS OF THE MODEL

In this appendix, we discuss different extensions of the
minimal model presented in the main text, showing that our
results do not change qualitatively in these extended models.
This justifies our minimal model, which therefore captures the
essential physics.

1. Boundary condition at the outer boundary

We first discuss the role of the boundary condition at the
outer boundary introduced by our sheet model. In the main
text, Fig. 4 shows the dynamics for a fixed outer bound-
ary, r(s1(t ), t ) = s1(0). From Eq. (B7b), the alternative is
the force-free boundary condition Ns(s1(t ), t ) = 0. Results for
this boundary condition are shown in Fig. 8 and only differ at
a quantitative level: the boundary conditions thus have but a
slight effect on the dynamics of epiboly.

2. Refined high-energy barrier model

In this section, we determine the effect of a refined model
of the energy barrier, in the limit Eb � �E . As noted in
the main text, the generic scaling of the energy barrier with
edge length 
 is Eb ∼ 
2. The prefactor in this scaling relation
depends, in general, on the local and global mechanical prop-
erties of the tissue. In the absence of a model of this prefactor,
we will not pursue this further, here. However, we can and will
refine the scaling 
 ∼ δs that we have applied in the main text.

Indeed, the ring at radius si in the intrinsic configuration
has perimeter Pi = 2πr(si) in the deformed configuration, and
contains Ni = 2πsi f (si)/(α δs) cells. Hence the cell edges

044405-12



ELASTICITY AND PLASTICITY OF EPITHELIAL GAP … PHYSICAL REVIEW E 113, 044405 (2026)

FIG. 9. Dynamics of epithelial gap closure for the refined model of the energy barrier, for Eb � �E . (a) Plot of the inner radius
r0(t ) ≡ r(s0(t ), t ), scaled with its initial contracted value r0(0+) before intercalations, against time t , for increasing values of contractility
�. Solid lines: dynamics of the refined model, described by Eq. (D6); dashed lines: dynamics of the original model, corresponding to Eq. (8),
copied from Fig. 4 for comparison. Inset: plot of r0(0+) against �. (b) Plot of energy E (t ), scaled with E (0+), against t , for increasing values
of �. Inset: plot of E (0+) against �. (c) Plot of the intercalation rate I (s, t ) against s, at increasing times t . Inset: decrease of the number N0(t )
of cells surrounding the gap with time. Parameter values are as in Fig. 4 of the main text.

have lengths


i = Pi

Ni
= αr(si )

si f (si)
δs ∝ [1 + Eφ (si)] δs, (D1)

by comparison with definitions (3). We therefore impose

E±
b,i = B[1 + Eφ (si )]

2δs2, (D2)

in which B is again a constant. This satisfies the condition
Eb � �E of the high-energy barrier limit. Again, we focus
on the intermediate case τ = 2, in which Eq. (C6a) is replaced
with

ρ±
i ∝ e−B(1+Eφ )2/ϑ

{
1 − δs

ϑ

[
β2

s

∂2e

∂ f 2
± β

d

ds

(
∂e

∂ f

)]}

+ O(δs2). (D3a)

As before, this establishes an expansion

ρ±(si ) = ρ0(si) + ρ±
1 (si )δs + O(δs2), (D3b)

where, by comparison,

ρ0(s) = e−B[1+Eφ (s)]2/ϑ , (D4a)

ρ+
1 (s) − ρ−

1 (s) = −2β

ϑ

d

ds

(
∂e

∂ f

)
ρ0. (D4b)

The definition Ii ∝ Niρ
+
i − Ni+1ρ

−
i+1 now yields

I (si ) ∝ n(si )[ρ0(si ) + ρ+
1 (si )δs] − [n(si) + n′(si )δs]{ρ0(si )

+ [ρ−
1 (si ) + ρ ′

0(si )]δs} + O(δs2)

∝ {n(si )[ρ
+
1 (si) − ρ−

1 (si )] − n(si )ρ
′
0(si )

− n′(si )ρ0(si)}δs + O(δs2). (D5)

Substituting from Eqs. (D4), this yields

I ∝−
[

dn

ds
+ 2β

ϑ
n

d

ds

(
∂e

∂ f

)
− 2B

ϑ
n(1+Eφ )

dEφ

ds

]
e−B/ϑ (1+Eφ )2

,

(D6)

which has an additional term compared with Eq. (8) of the
main text.

Again, we solve for the resulting dynamics numerically,
and report our results in Fig. 9. This shows the same qualita-

tive dynamics as reported in Figs. 4(a)–4(c) in the main text
for the simpler model of the energy barrier.

3. Epiboly on a sphere

Finally, we analyze the role of the curved geometry of the
Tribolium serosa by extending our model to the axisymmetric
closure of a circular gap on a fixed spherical surface of unit
radius (Fig. 10).

a. Mechanics and geometry

We describe the position of a point in the undeformed
configuration V in terms of arclength s from the posterior
pole (Fig. 10). The gap is initially at s = s0, and the tissue
covers the region s0 � s � s1 = π to cover the pole of the
sphere. Intercalations near s = π are fundamentally discrete
events. It is therefore obvious that they cannot be described by
our continuum approach; in numerical calculations, we will
therefore add a boundary at s1 � π .

Now, reusing the notation of Appendix A, the position of a
point in the undeformed midsurface S is

ρ(s, φ) = sin s er(φ) + (1 − cos s) ez, (D7)

FIG. 10. Axisymmetric epiboly on a sphere of radius R = 1.
The undeformed configuration of an elastic sheet covers the region
s0 � s � s1 ≈ π of the sphere, where s is arclength from the poste-
rior pole. The thick, red line represents the contractile cable at the
edge of the gap. The local coordinate basis is {er, eφ, ez}, where φ is
the azimuthal coordinate.
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so that χφ = sin s. Thus s ds → sin s ds in the energy density.
We will use these coordinates, too, to describe the intrinsic
configuration V0 of the sheet.

Similarly, we will describe its deformed configuration Ṽ
using the deformed arclength r(s, t ) from the posterior pole,
so that ρ(s, φ) maps to the point

ρ̃(s, φ; t ) = sin r(s, t ) er (φ) + [1 − cos r(s, t )]ez. (D8)

A calculation similar to that in Appendix A yields the
stretches of the elastic sheet, and hence the strains

Es(s, t ) = ∂r

∂s
(s, t ) − 1, Eφ (s, t ) = sin r(s, t )

f (s, t ) sin s
− 1.

(D9)

With these definitions, the energy becomes

E (t ) = 2π

∫ s1(t )

s0(t )
e(s, t ) sin s ds + 2π� sin r(s0(t ), t ),

(D10)

in which the elastic energy density is unchanged from Eq. (2),

e(s, t ) = C

2
[Es(s, t )2+Es(s, t )Eφ (s, t )+Eφ (s, t )2] f (s, t ),

(D11)

although the strains are now given by Eqs. (D9). This can
be derived similarly to Eq. (1), but we will not spell out the
details here.

b. Intercalation dynamics

The dynamics of intercalation change similarly compared
to the flat model: the number of cells in the ring at s = si is
now Ni(t ) = [2π f (si, t ) sin si]/(α δs), so Eq. (4a) becomes

∂ f

∂t
= − β

sin s

∂I

∂s
. (D12a)

To extend this to the boundaries of the tissue, we therefore
replace Eq. (4b) with

∂ f

∂t
= − β

sin s

∂I

∂s
+ �0(t )δ(s−s0(t )) + �1(t )δ(s−s1(t )).

(D12b)

The equation of cell number conservation, replacing
Eq. (5a), is now

d

dt

(∫ S

s0(t )
f (s, t ) sin s ds

)
+ βI (S) = 0, (D13a)

and so Eq. (5c) becomes

βI (s0(t ), t ) + sin s0(t )

2
�0(t ) = ṡ0(t ) sin s0(t ) f (s0(t ), t ).

(D13b)

From this, we conclude that, if I (s0(t ), t ) < 0, then
ṡ0(t ) = βI (s0(t ), t )/[sin s0(t ) f (s0(t ), t )] < 0, �0(t ) = 0,
but that ṡ0(t ) = 0, �0(t ) = −2βI (s0(t ), t )/ sin s0(t ) if
I (s0(t ), t ) > 0. Analogously, if I (s1(t ), t ) > 0, then
�1(t ) = 0, ṡ1(t ) = βI (s1(t ), t )/[sin s1(t ) f (s1(t ), t )] > 0,
but �1(t ) = −2βI (s1(t ), t )/ sin s1(t ) and ṡ1(t ) = 0 if
I (s1(t ), t ) < 0.

c. Intercalation rates

As before, the intercalation rates ρ±
i (t ) are described

by Eq. (6) of the main text. Again, Ni → Ni − 1,
Ni±1 → Ni±1 + 1 in an intercalation from si to si±1,
so fi → fi − β δs/ sin si and fi±1 → fi±1 + β δs/ sin si±1.
Hence the energy released by an intercalation from si to
si±1 is

�E±
i = 2π δs

{[
e

(
si, fi − β δs

sin si

)
sin si

+ e

(
si±1, fi±1 + β δs

sin si±1

)
sin si±1

]

− [e(si, fi ) sin si + e(si±1, fi±1) sin si±1]

}

= δs3

[
β2

sin s

∂2e

∂ f 2
± β

d

ds

(
∂e

∂ f

)]
s=si
f = fi

+ O(δs4), (D14)

where we now find
∂e

∂ f
= C

2

(
E2

s − E2
φ − Es − 2Eφ

)
, (D15a)

∂2e

∂ f 2
= C sin 2r

f 3 sin 2s
> 0. (D15b)

As in the main text, we consider two cases: a high-energy-
barrier model with Eb = B δs2 � �E and a fluidized model,
in which Eb � �E .

In the case of high energy barrier, Eb � �E , the inter-
esting case is again τ = 2. A calculation similar to that in
Appendix C then replaces Eq. (8) of the main text with

I ∝ −
[

d

ds
( f sin s) + 2β

ϑ
f sin s

d

ds

(
∂e

∂ f

)]
e−B/ϑ . (D16)

In the fluidized case, Eb � �E , we again take τ = 3, and
Eq. (9) of the main text becomes

I ∝ − f sin s exp

(
− β2

ϑ sin s

∂2e

∂ f 2

)
sinh

[
β

ϑ

d

ds

(
∂e

∂ f

)]
.

(D17)

d. Numerical solution

Again, we derive the governing equations for the elastic
problem by varying the energy, now given by Eq. (D10). We
find

δE
2πC

=
∫ s1

s0

[ns(s) δEs(s) + nφ (s) δEφ (s)] f (s) sin s ds

+ �

C
cos r(s0)δr(s0), (D18)

where ns(s), nφ (s) are still given by Eqs. (B2). Defi-
nitions (D9) yield δEφ (s) = cos r(s) δr(s)/[ f (s) sin s] and
δEs(s) = δr′(s). Again, we define the stresses Ns(s), Nφ (s) by
Eqs. (B3), in which the stretches are now

fs(s) = r′(s), fφ (s) = sin r(s)

sin s
. (D19)

Hence
δE

2πC
=

∫ s1

s0

[Ns(s) sin r(s) δr′(s)
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+ Nφ (s) cos r(s)r′(s)δr(s)] ds

+ �

C
cos r(s0)δr(s0)

=
∫ s1

s0

[
fs(s)Nφ (s) cos r(s)− d

ds

(
Ns sin r

)]
δr(s) ds

+
[
�

C
cos r(s0) − sin r(s0)Ns(s0)

]
δr(s0)

+ sin r(s1)Ns(s1)δr(s1). (D20)

Equations (B6) are therefore replaced with

dr

ds
= fs,

dNs

ds
= fs

tan r(s)
(Nφ − Ns), (D21)

while boundary conditions (B7) become

Ns(s0) = �

C
cot r(s0) (D22a)

and

r(s1) = s1 or Ns(s1) = 0. (D22b)

We solve this elastic problem and the intercalation dynamics
numerically in a similar way to the planar model, the numeri-
cal of which we have described in detail in Appendix B.

e. Results

As announced above, we avoid the fundamental discrete-
ness of intercalations at s1 = π by introducing a boundary
at s1 � π . In Figs. 11 and 12, we plot the resulting dy-
namics for both choices of boundary conditions allowed by
Eqs. (D22b).

Once again, we find that the dynamics do not change qual-
itatively compared to the planar model discussed in the main
text. This hints that the minimal, planar model in the main text
captures the essential physics of epiboly.

FIG. 11. Dynamics of epithelial gap closure on a sphere, similar to Fig. 4 of the main text, with the boundary condition r(s1(t ), t ) = s1(t ).
Top row: dynamics for a high energy barrier (�E � Eb). (a) Plot of the inner radius r0(t ) ≡ r(s0(t ), t ), scaled with its initial contracted value
r0(0+) before intercalations, against time t , for increasing values of contractility �. Solid lines: dynamics on the sphere; dashed lines: dynamics
for the planar model for the same values of s0(0), s1(0). Inset: plot of r0(0+) against �. (b) Plot of the energy E (t ), scaled with E (0+), against t ,
for increasing values of �. Inset: plot of E (0+) against �. (c) Plot of the intercalation rate I (s, t ) against s, at increasing times t . Inset: decrease
of the number N0(t ) of cells surrounding the gap with time. Bottom row: analogous plots for the fluidized model (�E � Eb). (d) Plot of r0(t ).
(e) Plot of E (t ). (f) Plot of I (s, t ) against s. Inset: plot of N0(t ). Parameter values: s0(0) = 0.2, s1(0) = 3, C = ϑ = 1, B = 0.1, β = 0.02,
[panels (c), (f)] � = 0.02. a.u. denotes arbitrary units.
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FIG. 12. Dynamics of epithelial gap closure on a sphere, analogously to Fig. 11, but for the alternative boundary condition Ns(s1(t ), t ) = 0.
Parameter values are as for Fig. 11.
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