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Temperature chaos as a logical consequence of the reentrant transition in spin glasses
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Temperature chaos is a striking phenomenon in spin glasses, where even slight changes in temperature
lead to a complete reconfiguration of the spin state. Another intriguing effect is the reentrant transition, in

which lowering the temperature drives the system from a ferromagnetic phase into a less ordered spin-glass
or paramagnetic phase. In the present paper, we reveal an unexpected connection between these seemingly
unrelated phenomena in the finite-dimensional Edwards-Anderson model of spin glasses by introducing a
generalized formulation that incorporates correlations among disorder variables. Assuming the existence of a
spin-glass phase at finite temperature, we establish that temperature chaos arises as a logical consequence of
reentrance in the Edwards-Anderson model. Our findings uncover a previously hidden mathematical structure
relating reentrance and temperature chaos, offering a new perspective on the physics of spin glasses beyond the

mean-field theory.

DOI: 10.1103/gp1w-qcbs

I. INTRODUCTION

Statistical-mechanical studies of spin glasses have un-
covered a number of striking phenomena, including replica
symmetry breaking in the mean-field Sherrington-Kirkpatrick
model [1-3], as well as deep connections with fields beyond
traditional physics, such as computer science [4], inference
problems [5], and a number of other domains [6,7].

Many of these theoretical developments concern mean-
field-type models. By contrast, much less is known on firm
theoretical grounds about the finite-dimensional Edwards-
Anderson model [8], especially in two and three dimensions,
which are most relevant to experiments [9]. For these cases,
numerical simulations remain the primary investigative tool.

Numerical studies suggest the existence of two coun-
terintuitive phenomena in the finite-dimensional Edwards-
Anderson model, reentrant transitions, and temperature chaos.
A reentrant transition, where the lower-temperature phase
is less ordered than the higher-temperature phase, has been
observed in two, three, and four dimensions, near the bound-
ary between the ferromagnetic and nonferromagnetic (spin
glass or paramagnetic) phases [10-17]. Another notable phe-
nomenon is temperature chaos, in which small changes in
temperature within the spin-glass phase lead to a complete
reorganization of the spin configuration [18-35]. It is worth
noting for later discussions that temperature chaos has been
studied predominantly in the case with symmetric distribu-
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tions of disorder, where positive and negative interactions
occur with equal probability, far from the region of the phase
diagram where reentrant transitions have been observed. As
a result, little attention has been given to the possibility of a
connection between the two.

One of the notable recent developments in spin-glass
theory is the discovery of the significant impact of spatial
correlations in disorder variables [36—38]. Spatially correlated
disorder has been shown to induce anomalous behaviors, in-
cluding straight, nonreentrant, phase boundaries between the
ferromagnetic and nonferromagnetic phases, under the condi-
tion that temperature chaos is absent. If temperature chaos is
present, then the ferromagnetic phase is confined to a single
line, the Nishimori line (NL) [6,39-41], and is surrounded by
the spin-glass phase in the model with strong correlations in
disorder variables. Furthermore, assuming replica symmetry
breaking in the Edwards-Anderson model, the distribution of
the magnetization on the NL exactly matches the distribution
of the replica overlap in the spin-glass phase, with support
on a finite interval. This result implies that the magnetiza-
tion fluctuates from one measurement to another or from one
disorder realization to another, which is an unusual prop-
erty for a macroscopic quantity. However, these surprising
conclusions pertain specifically to models with strongly corre-
lated disorder and cannot be directly extended to the standard
Edwards-Anderson model with uncorrelated disorder.

In the present paper, we extend the theoretical framework
for correlated disorder proposed in Ref. [36] by introducing
an additional parameter that controls the level of frustration.
Analysis of the resulting model reveals an unexpected rela-
tion between temperature chaos and the reentrant transition
in the Edwards-Anderson model with uncorrelated disorder.
Specifically, we demonstrate that, under the assumption of the
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existence of a spin-glass phase, the phase boundary between
the ferromagnetic and spin-glass phases is nonreentrant if
temperature chaos is absent. The contrapositive of this state-
ment is that temperature chaos exists if the phase boundary
is reentrant. This establishes a highly nontrivial mathematical
relationship between two seemingly unrelated physical phe-
nomena observed in different regions of the phase diagram
in the Edwards-Anderson model, which is derived through
the analysis of a model with correlations in disorder variables
beyond the Edwards-Anderson model.

The correlated disorder model introduced in this work is
closely related to the model proposed by Kitatani [42], who
used it to argue against the existence of a reentrant transition
in the Edwards-Anderson model. Our model can be viewed
as a reformulation of his model, by incorporating a more
natural parametrization of the control variables. This formula-
tion allows for a more direct and modern analysis, leading to
conclusions that do not necessarily align with Kitatani’s.

The structure of this paper is as follows. We begin by intro-
ducing a correlated disorder model and show how it reduces
to known models in several special cases in Sec. II. Then, in
Sec. III, we first analyze several limiting cases to construct
two-dimensional (2D) cross sections of a 3D phase diagram.!
In the later part of Sec. III, we integrate these results to es-
tablish a logical relation between reentrance and temperature
chaos from the 3D phase diagram, under the assumption of
the existence of a spin-glass phase. We conclude the paper in
the final section.

II. FORMULATION OF THE PROBLEM

Let us first introduce the model and define several physical
quantities that are central to our discussion.

A. Problem definition

We consider the +J Ising spin glass with the dimensionless
Hamiltonian

H=-BY ©SSs; (Si==l), )
(i)

where B is the inverse temperature (coupling constant), 7;;(=
+1) denotes the quenched disorder variable associated with
the bond (ij), and S; is the Ising spin at site i. The summation
runs over all interacting spin pairs on a given lattice, with
no restriction on the dimensionality or the structure of the
lattice. Consequently, our theory applies also to the all-to-all
interacting, infinite-range, Sherrington-Kirkpatrick model® in
addition to the finite-dimensional Edwards-Anderson model if
we choose the parameters appropriately as described below.

'To avoid confusion, we write “3D” for the phase diagram with
three axes and “three dimensions” for the spatial dimensionality of
the lattice.

2The parameters should be rescaled by appropriate powers of the
system size for the Sherrington-Kirkpatrick model.

The configuration of disorder variables 7 = {7;;} is as-
sumed to follow the probability distribution

eﬂp Zm Tij
Z:(Bp)

where Z;(y) is the partition function of the Ising model for a
given disorder realization t,

Zi(y) =) & B, 3)
N

1
P(t) =1 Z:(y) @

and A is the normalization constant. The latter can be com-
puted explicitly using the gauge transformation 7;; — ;0,0
with o; = £1,
By Z(i jy Tij
e j
A= Z.(y)—————
Z Tz
1 Z eﬂﬂ Z(m Tij0i0j
= e Yz E
. - (B)

1
_ E E e’ Z(ij) 7SS
2N
S T

= (2cosh ), 4)

where Np is the total number of bonds (i.e., interacting spin
pairs).

The distribution in Eq. (2) describes correlated disorder,
since it does not generally factorize into a product of indepen-
dent distributions:

P() # [ [ p(xip) ©)
(i)

for any function p(-), unless y = B,.

B. Reduction to known models

The distribution P(7) in Eq. (2) depends on two parame-
ters, y and B, and reduces to the standard Edwards-Anderson
model when y = B,

ePr 2T

POb=5 = Geosn B
(T)|V*:517 (2 cosh ,Bp)NB ’

(6)
in which the disorder variables t;; are independent and identi-
cally distributed and thus spatially uncorrelated.

The distribution P(t) generalizes the correlated-disorder
model discussed in Ref. [36], corresponding to the special
case y = 0:

ZN eﬁﬁzrif
2N Z.(Bp)

P(0)ly=0 = . @)

The model proposed by Kitatani [42] can be recovered by
identifying y — K, and B, — K, + a. As will be shown in
the following sections, our parametrization in Eq. (2) facil-
itates a more direct and natural analysis via the 3D phase
diagram with axes (y, B,,1/B8). A reinterpretation of Ki-
tatani’s argument will be presented later in this paper.

Our distribution function of Eq. (2) unifies these cases and
provides a new perspective, especially on the most important
case of the Edwards-Anderson model.
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It is helpful to clarify the roles of the partition functions
Z.(y) and Z;(B,) in the probability distribution P(7) defined
in Eq. (2), a feature absent in the Edwards-Anderson model,
Eq. (6).

Let us first focus on the term involving B, namely
ePr Tz, (Bp)- When frustration is weaker, the free energy

Bt (Bp) = —InZ:(B)) ®)

tends to be lower, corresponding to a larger value of Z;(8,),
as systems with less frustration are typically more stable than
those with stronger frustration. Indeed, in the limit 8, — oo,
only frustration-free configurations of the disorder variables ©
contribute significantly,

eNRISp
eWNs—=a)B,

if 7;; = &;&; for some {§;
(Ja > 0)

Z.(By) — { =1

otherwise,
9

since frustration-free configurations possess the lowest
possible ground-state energy, equal to that of the pure
ferromagnetic system. This dominance of frustration-free
configurations is expected to persist even at finite f,. Ac-
cordingly, the factor 1/Z;(8,) increases the relative weight of

J

disorder configurations with stronger frustration compared to
the Edwards-Anderson model, where this factor is absent. We
also note that, despite this bias toward stronger frustration,
the fully ferromagnetic spin configuration remains one of
the ground states generated by disorder configurations sam-
pled from the distribution efr 2 i /Z:(B,), as proven in the
appendix of Ref. [36].

The additional factor Z;(y) in Eq. (2) partially compen-
sates for the denominator 1/Z;(B,), as it appears in the
numerator and enhances the probability of configurations with
weaker frustration. As a result, the parameter y allows for
more flexible control over the system properties compared to
the model discussed in Ref. [36], where this degree of freedom
is absent. As we will show below, this added flexibility leads
to the identification of a previously unrecognized relationship
between temperature chaos and reentrance.

C. Distribution functions of physical quantities
The distribution function of the magnetization
Pi(x|B, Bp, v) and the distribution function of the overlap

P> (x|B1, Ba, y) of two replicas {Sf])} and {Si(z)} with the same
set of disorder {t} are defined as follows:

eﬂnsz.i ZSS( — 1lv21 Si)gﬂzfijsisj

1
Pix1B. By v) = 5 D Ze(¥)

Z.(Bp) Z.(B)
1 8(x — L 3. 8,0,)efr Lo f L 1iiSiS;
— _ZZT(V)ZS,G ( NZ[ ) (10)
VA £ Z:(Bp)Z:(B)
| P Ty 8(x = & 3, SO TusS o D
Pyxlpr. oY) = D Ze(y) L )
T t(ﬂp) Zr(ﬂl)zr(ﬂZ)
(1) ¢(1) (2) ¢(2)
1 Ssan 8(x — 5 30, SIS )P K S S oh LSS
=Y Z.() =2 i ) (11
2NA ZT(ﬁI)ZT(ﬁz)

T

In both equations, we have applied the gauge transformation
7;j — 1;j0;0; and S; — S;0; to move from the first expression
to the second.

It is useful to note that P»(x|8;, B2, ¥) is independent of
Bp. This holds for any gauge-invariant quantity as can be
verified by applying the same gauge transformation to move
from the first to the second line of Eq. (11). An impor-
tant consequence of this observation is that P (x|81, B2, y)
can be interpreted as the replica overlap for the Edwards-
Anderson model defined in Eq. (6), with the disorder
parameter 8, replaced by y. The same holds for any gauge-
invariant quantity including the spin-glass order parameter.
This property will play a central role in the discussion
that follows.

The magnetization and the spin-glass order parameter are
the average of x by these distribution functions,

1
m(B. B y) = /0 PixlB. By y)xdx  (12)

1
q(ﬁl,ﬂz,w:/o PGB, B y)xdx,  (13)

(

where the interval of integration is restricted to x > 0 to avoid
trivial vanishing by the Z, symmetry.

It is easy to see from the above equations that P; and P, are
equal to each other,

Pl(x“gv ﬂp’ V) =P (x|p = ﬂv ﬁZ = ﬂpv V)

This is a remarkable relation because it connects the property
of the present model on the left-hand side with that of the
Edwards-Anderson model on the right-hand side, as men-
tioned in a previous paragraph.

Another useful relation is that Py(x|8, Bp, y) is invariant
under the exchange of 8 and 8,

Pl(-x“gv :3[)7 V) = P](X'ﬂp, ﬂv )/)

These equations are central to the following discussions as
was the case in Ref. [36].

(14)

15)

III. STRUCTURE OF THE PHASE DIAGRAM

This is the main section of the paper, where we investigate
the structure of the 3D phase diagram drawn with axes y, 8,
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and 1/8. To this end, it is useful to start from the analyses of
a few limiting cases, which provide 2D cross sections of the
3D phase diagram.

Readers may find it useful to refer to the final results
presented as the 3D phase diagrams in Sec. III E even before
they are cited explicitly in the main text. One of those figures
is for the case without temperature chaos and reentrance, and
the other figure is for the case with temperature chaos and
reentrance. Their 2D cross sections are discussed below to
construct the final 3D phase diagrams.

A B,=0
When B, = 0, the probability distribution of disorder is
gauge invariant,
Z
P(1) = #’/). (16)
2N (2 cosh y )Ns
In this case, the average of any gauge-invariant physical quan-
tity is equal to the average for the Edwards-Anderson model
with the disorder parameter value y. For example, the energy
is

1 087
E(B.0,7) = - Sz, 25D

2N (2 cosh y )Ns Z.(B)
1 Z(B)
_ Zt,, ﬁ
- (2coshy>NBZ ¢ Z.(B) {an

This expression can be evaluated explicitly under the NL
condition y = B as in the Edwards-Anderson model, with the
result [6,39-41]

E(B,0, B) = —Nj tanh j. (18)

By contrast, the average of any gauge noninvariant quan-
tity vanishes. For instance, the magnetization is, under fixed
boundary conditions to avoid trivial vanishing,

m(B,0,y)

1

> S P LTSS,
= ot ;ZI(J/)—

Z:(B)
= ; Zg Zs Si(T[ eﬂzfi/'sisj
~ 22N(2cosh y )Ns er()/) 76
=0. )

As a consequence of these observations, the cross sec-
tion of the 3D phase diagram at 8, = 0 has the same structure
as in the Edwards-Anderson model having y as the parameter
to control the disorder, as long as gauge-invariant quantities
such as the spin-glass order parameter are concerned. Con-
sequently, the model has the same phase boundaries between
the paramagnetic and spin-glass and ferromagnetic phases as
in the Edwards-Anderson model. See Fig. 1.

It is important to remember that the ferromagnetic
phase in the Edwards-Anderson model is replaced by the
spin-glass phase because m(8, 0, y) = 0. Nevertheless, the
boundary line between the ferromagnetic and spin-glass
phases, denoted II or II’ in Fig. 1, is very likely to keep
existing in the present model because the spin-glass or-
der parameter and other gauge-invariant physical quantities

0 y o0

FIG. 1. Schematic phase diagram for B, = 0, showing a cross
section of the 3D phase diagrams in Sec. III E. The phase boundaries
have the same shape as in the Edwards-Anderson model on the
same lattice, with B, replaced by y. The ferromagnetic phase of
the Edwards-Anderson model is replaced by a Mattis-like spin-glass
phase (M-SG) with vanishing magnetization (m = 0). Reentrance
is assumed along boundary II, but not along II'. NL denotes the
Nishimori line (8 = y). Boundary I indicates the transition between
paramagnetic and nonparamagnetic phases. 8. ~! is the critical tem-
perature of the pure Ising model, which is recovered in the limit y —
oo for gauge-invariant quantities. ﬂg" is the spin-glass transition
temperature of the Edwards-Anderson model recovered at y = 0.

such as the free energy are likely to have a singularity
across the ferromagnetic—spin-glass boundary in the Edwards-
Anderson model, which is a property to be shared by the
present model.

In the phase diagram of Fig. 1, we have assumed the ex-
istence of a spin-glass phase in the Edwards-Anderson model
on the same lattice, which is believed to be the case in three
and higher dimensions, see, e.g., Refs. [43-45].

Notice that the ferromagnetic phase in the Edwards-
Anderson model is replaced by the Mattis-like spin-glass
phase. In this phase, the magnetization vanishes and the spin-
glass order parameter is finite. The distribution function of the
overlap P»(x|B1, B2, ¥) is gauge invariant and therefore has
the same functional form as in the Edwards-Anderson model.
In the latter model, this region is in the ferromagnetic phase,
and P»(x|B1, B2, y) has two delta peaks when both 8; and 8,
lie in this ferromagnetic phase,

Py(x|B1, B2, v)

_ |-+ 3806+ 9) B = B2)
18— qu)+ 38(x+4q1) (B #B)’

where ¢, is the overlap of ferromagnetically ordered spin
states at two temperatures. Therefore, the Mattis-like spin-
glass phase in the present model has no replica symmetry
breaking or temperature chaos, which are characterized by
a nontrivial functional form of P,(x|B1, B2, y) for B = B>
and the single delta function §(x) for B; # B,. The reason
for the name Mattis-like spin-glass phase will be explained
in Sec. IIIC.

We point out that we have assumed the existence of the
ferromagnetic phase in the Edwards-Anderson model for y
above a threshold value. This fact has so far been proven

(20)
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rigorously only in a restricted part of the phase diagram
[41,46], [47].

It is worth noting that the Ising spin glass with the prob-
ability distribution proportional to the partition function in
Eq. (16) has been experimentally implemented on a quan-
tum computer under the NL condition y = §, and the exact
energy expression of Eq. (18) has been successfully con-
firmed [48,49]. This is the first experiment to test this exact
solution.

B. Cross section at fixed 3,

Let us next fix B, to a finite value, not necessarily
By, =0. Since the average of any gauge-invariant quan-
tity has no dependence on B,, for example P (x|B1, B2, v)
and the spin-glass order parameter ¢, the structure of
the phase diagram in Fig. 1 remains unchanged for any
fixed value of B, as long as gauge-invariant quantities
are concerned.

Notice, however, that the vanishing of the magnetization
holds true only for small values of g, because

ePr 2T > S B2 1SS

1
m(B, Bp, v) = ;;Z’(V)zr(ﬁp) Z:(B)

= L2

Za o ebr Y100 ZS S; e >TSS
Z(Bp)Z:(B)

which may become finite for larger B,. Accordingly, the
Mattis-like spin-glass phase will be replaced by the ferromag-
netic phase for large ,.

. (2D

C.y—>

The configurations of disorder variables 7 surviving
in the limit y — oo are those without frustration t;; =
&&; (&5 = =£1), ie., the Mattis model [50], as discussed
in Sec. II B,

Moy if {t;; = &§;} for some {£&;};

eWNs=®Y(3g > 0)  otherwise.

Z(y) — {
(22)

Then, only those nonfrustrated configurations remain in the
sum over t for the average of a function f(7),

Bp 2_&i&;
Y P(0)f(x) - Z eZ G © (23)
T p

where Z;(8,) is the partition function of the pure ferromag-
netic Ising model coming from Z; (8, ) in Eq. (2), which serves
as the normalization.

Consequently, the distribution function of the magnetiza-
tion becomes

Pl(x|ﬁs ﬁp’ OO)
eﬂpZ&E/ ZS (_x_ _Z S)@BZEIEJSS
Z Zi1(Bp) Zi(B)

N Para

111 \
M-SG A

0 ﬁp ’BCO o0

FIG. 2. Cross section of the phase diagram at y — 00. B is
the critical inverse temperature of the pure Ising model on the same
lattice. The lower left part is the Mattis-like spin-glass phase. NL is
the Nishimori line 8 = §,. Denoted by I is the boundary between
the paramagnetic and ferromagnetic and spin-glass phases, which
is the cross section of the boundary I in the 3D phase diagram in
the first figure of Sec. II1 E. The same applies to III as the boundary
between the Mattis-like spin-glass and ferromagnetic phases. MCP
is the multicritical point.

) S; Bp D &+ Y EiE;SiS;
z,(ﬂ,»z,(ﬁ)z ( Z )e
1 1
[ — S I S By Y EiEi+B ZSI'S;'_
Z B 2 (x N 25 )e

(24)

The above expression shows that this is the overlap of two
independent pure Ising models with inverse temperatures B,
and . If we take the average of x, which is the magnetization,
then we find

m(B, Bp, 00) = my(Bp)m;(B), (25)

the product of pure Ising magnetization values at 8, and B.
This quantity is nonzero if and only if 8, > B and B > B,
where B is the critical inverse temperature of the pure Ising
model on the given lattice. Therefore, the cross section of the
3D phase diagram for the limit y — oo is as shown in Fig. 2.

The lower left part of Fig. 2 (87! < Beo™", By < Beo) is
in the Mattis-like spin-glass phase without frustration. The
reason is that the magnetization vanishes in this region, but
the spin-glass order parameter g is independent of S, and
has the same value as in the case of 8, = 0. The latter was
discussed in Sec. IIT A, where it was argued that g > 0 for
B < ,3;01. This Mattis-like spin-glass phase in the limit
y — 00 continues to the region with sufficiently large y as
drawn in Fig. 1.

It may be helpful to note that the left axis at 8, =0
in Fig. 2 corresponds to the right axis y — oo in Fig. 1.
The critical point at 8 = B in the limit y — oo in Fig. 1
then extends horizontally in Fig. 2, marking the boundary
between the paramagnetic phase and the ordered (Mattis-
like spin-glass or ferromagnetic) phase. This is because the
spin-glass order parameter g, being gauge invariant, does not
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111 \
SG Ferro \\

0 o
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FIG. 3. Cross section of the phase diagram at y = 0 when tem-
perature chaos does not exist in the Edwards-Anderson model. MCP
is the multicritical point. Denoted by I is the boundary between the
paramagnetic and ferromagnetic and spin-glass phases, which is the
cross section of the boundary I in the 3D phase diagram in the first
figure of Sec. III E. The same applies to III as the boundary between
the spin-glass and ferromagnetic phases. 8, ! is the spin-glass transi-
tion temperature of the Edwards-Anderson model.

depend on B,. Consequently, the boundary between the g = 0
(paramagnetic) and g # 0 (spin-glass or ferromagnetic)
phases appears as a horizontal line in the §,-8 phase diagram.

It is also worth pointing out that there exists another type
of the NL, defined by 8 = B, in the §,-8 phase diagram for
fixed y, including the limit y — oo, as will be discussed in
the following subsection.

D.y=0

The model in the limit y = 0 was examined in detail in
Ref. [36]. For completeness, we briefly summarize the main
results here, along with some generalizations to the case of
small but finite y .

The structure of the phase diagram depends on the presence
or absence of temperature chaos in the Edwards-Anderson
model. We therefore treat these two cases separately.

1. No temperature chaos in the Edwards-Anderson model

If there is no temperature chaos in the Edwards-Anderson
model, then the phase diagram for y = 0 with axes 8, and
B has straight horizontal and vertical phase boundaries; see
Fig. 3. The existence of the spin-glass phase is assumed in
the Edwards-Anderson model. Otherwise, there is no ordered
phase at finite temperatures in this phase diagram, which is ex-
pected to be the case in two spatial dimensions [12,14,16,51].

a. Horizontal boundary. The reason for the horizontal
boundary, named I in Fig. 3 separating the paramagnetic and
ordered (spin-glass and ferromagnetic) phases, is as follows.
We first note that the case 8, = 0 corresponds to the Edwards-
Anderson model with equal probabilities for T = £1. Hence,
the vertical axis at 8, = 0 represents the Edwards-Anderson
model with the spin-glass transition at finite temperature g, !
accompanying singularities in the spin-glass order parameter
q and the distribution function P»(x|Bi, B2, 0). Since these
gauge-invariant quantities do not depend on B, see Eq. (11),

FIG. 4. Cross section of the phase diagram at y = 0 under the
putative reentrant transition. It is shown in the main text that this
structure is not allowed. Point P is on the NL (8 = 8,) in the fer-
romagnetic phase and other points Q, S, and R are in the spin-glass
phase. Denoted by I is the boundary between the paramagnetic and
ferromagnetic and spin-glass phases.

the singularity should persist for any 8, at the same tempera-
ture, leading to the horizontal phase boundary.

b. Vertical boundary. Physically, reentrance implies that a
less ordered phase appears at lower temperature. We show that
such reentrance contradicts the identity to relate the magneti-
zation distribution and the overlap distribution, Eq. (14).

Suppose that reentrance exists, as illustrated in Fig. 4,
and consider point Q with coordinates Q(8 = B, B, = Bp1),
which lies in the spin-glass phase below the NL (8 = $,) and
therefore B; # Bp1. The distribution function of the magneti-
zation at point Q is a delta function centered at zero, reflecting
the absence of spontaneous magnetization,

Pi(x|B1, Bp1, 0) = 8(x) (B # Bp1)- (26)

Next, consider point P, which lies directly above Q on
the NL. Point P has coordinates P(8 = 8,1, B, = Bp1) since
the second coordinate is shared with Q by construction and
the first coordinate is equal to the second on the NL.

According to Eq. (14), the magnetization distribution
at Q, Pi(x|B1, Bp1, 0), is equal to the overlap distribution
P, (x|B1, Bp1, 0), where the two spin configurations are sam-
pled at inverse temperatures f8; (point Q) and B,; (point P),
respectively. As shown in Eq. (11), the overlap distribution
P,(x|B1, B2, 0) is independent of B, and therefore constant
along horizontal lines in Fig. 4. Consequently, the overlap
distribution between Q and P is equal to that between R and
S. Therefore, we have

Pl(-x“gl’ ﬁplv O)=P2(.X|ﬁ1, IBPI’O)’ (27)

where the left-hand side is the magnetization distribution at Q
and the right-hand side is for the spin-state overlap between R
and S.

Now recall that the vertical line at 8, = 0, where points
R and S are located, corresponds to the Edwards-Anderson
model. If the Edwards-Anderson model does not exhibit tem-
perature chaos, then the overlap distribution between R and S
is nontrivial and cannot be a delta function:

Py(x[B1, Bp1, 0) # 8(x)  (B1 # Bp1), (28)
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FIG. 5. Cross section of the phase diagram at y = 0 when the
multicritical point is below the NL. It is shown in the main text
that this structure is not allowed. Each point has the coordinate as:
Q(By, B, S(B, Bp), P(By, By), and R(B, B). P and R are on the NL.

which contradicts Eqgs. (26) and (27). This contradiction im-
plies that the reentrant phase diagram shown in Fig. 4 is not
permissible under the assumption that the Edwards-Anderson
model lacks temperature chaos.

A similar logic applies to the case with the ferromagnetic
phase lying under the spin-glass phase at lower temperatures.
This proves that the phase boundary is vertical.

c. Multicritical point on the NL. We can show that the
multicritical point, where three phases meet, lies on the NL
B = Bp. Suppose that the multicritical point is below the NL
as illustrated in Fig. 5. Points Q and S have coordinates with
B and B, exchanged, Q(8,, B) and S(B, B,). The reason is
as follows. If P on the NL has (8,, 8,) and R on the NL has
(B, B), then the corresponding off-NL points are Q(8,, #) and
S(B, Bp). Then Eq. (15) is not satisfied because Q is in the
ferromagnetic phase and S is not.

Similarly, the NL does not lie below the multicritical point
because, then, part of the NL is in the spin-glass phase,
which is not allowed by the identity on the NL m(8, B8,0) =
q(B, B, 0).

d. Small but finite y. In the above analysis, we used
Eqgs. (14) and (15) with y = 0. As seen in these equations,
the logic developed above based on these equations remains
valid for any finite y. We also assumed the existence of a
spin-glass phase in the Edwards-Anderson model with equal
probabilities for 7;; = £1. This assumption is likely to hold
even when the probabilities are unequal, i.e., for finite y in
Eq. (15), as long as y remains below a certain threshold
[15]. Beyond this threshold, less frustrated configurations of
T become dominant with larger weights Z, (), and a different
phase may emerge.

Consequently, the phase diagram shown in Fig. 3 re-
mains valid for finite values of y below a threshold.
For larger y, the spin-glass phase is replaced by the
less frustrated Mattis-like spin-glass phase as discussed in
Sec. IIIC. Even in this regime, the boundary between the
ferromagnetic and Mattis-like spin-glass phases remains a
vertical straight line, according to Eq. (14) as discussed
above.
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FIG. 6. Cross section of the phase diagram at y =0 when
temperature chaos exists in the Edwards-Anderson model. The co-
ordinate of each point is P(8,, 8), Q(8,. B,), R(0, B), S(0, B,).

e. Nontrivial distribution of the magnetization. Accord-
ing to Eq. (14) with 8 = B,, the distribution function of
the magnetization in the present model on the NL is equal
to the distribution function of the replica overlap in the
Edwards-Anderson model with disorder parameter y. If
replica symmetry breaking of the Parisi type [2] occurs in the
latter, then the distribution function P»(x|8, 8, y) takes a non-
trivial form with support over a finite interval. Consequently,
the magnetization distribution P;(x|8, 8, y) in the present
model exhibits the same behavior. This implies that the
magnetization can vary from one experimental realization to
another, which is highly unusual for a macroscopic quantity.

Also derived is the possible existence of replica symmetry
breaking on the NL B8 = B, since P>(x|B, B, y) is nontrivial
on the NL if it is nontrivial in the Edwards-Anderson model.
If replica symmetry breaking indeed exists on the NL, then it
is in marked contrast to the case of uncorrelated disorder in the
Edwards-Anderson model, where replica symmetry breaking
is absent on the NL [52-54].

2. Temperature chaos in the Edwards-Anderson model

If temperature chaos exists in the Edwards-Anderson
model, then the ferromagnetic phase exists only on the NL as
illustrated in Fig. 6 because of Eq. (14), which is reproduced
here for the reader’s convenience,

P(x|B, Bp, 0) = Pa(x|B, By, 0). (29)

We apply this equation to point P in Fig. 6 with the coordinate
(Bp, B), where B, # B sinceitis off the NL. Equation (29) im-
plies that the distribution of the magnetization P;(x|8, 8,, 0)
at P is equal to the replica overlap of spin states P»(x|8, B,, 0)
at R and S for the Edwards-Anderson model. The definition
of temperature chaos is that the overlap of spin states vanishes
when two states have different temperatures but with the same
set of disorder variables,

Py(x|B, Bp, 0) = 8(x) (B # Bp). (30)

Therefore, P (x|B, Bp, 0) for point P should also be a trivial
delta function §(x), demonstrating that there is no magnetiza-
tion at P.
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FIG. 7. Three-dimensional (3D) phase diagram for the case
without temperature chaos and reentrant transition in the Edwards-
Anderson model. The existence of the spin-glass phase is assumed.
Denoted by the symbols I, II’, and III are the phase boundaries.
The surface EA represents the Edwards-Anderson model y = B,
not a phase boundary. The ferromagnetic-spin-glass boundary in the
Edwards-Anderson model is a straight vertical line illustrated by the
blue dashed line. Two ferromagnetic phases for large §,, are separated
by the boundary II’ and have different characteristics.

The same is true for finite y as long as it is below the
threshold value, i.e., the corresponding Edwards-Anderson
model is in the spin-glass phase as discussed before.

E. 3D phase diagram: Relation
between temperature chaos and reentrance

We proceed to integrate the findings from the previous
subsections in order to construct the 3D phase diagram. This
leads to the surprising result that temperature chaos and reen-
trance in the Edwards-Anderson model, previously regarded
as unrelated phenomena, are intimately connected.

As in the preceding subsections, it is convenient to treat the
cases with and without temperature chaos separately.

1. No temperature chaos in the Edwards-Anderson model

The 3D phase diagram in the absence of temperature chaos
but in the presence of the spin-glass phase is shown in Fig. 7.

To understand this structure, it is convenient to start from
the boundary between the paramagnetic and nonparamagnetic
(spin-glass or ferromagnetic) phases, named I, marking the
onset of the spin-glass order parameter g, which is gauge
invariant. The cross section with the plane 8, = 0 is shown
in Fig. 1. As discussed in Sec. IIT A, this boundary I is an
extension of the boundary between the paramagnetic and
nonparamagnetic phases in the Edwards-Anderson model at
By =0. As mentioned in Sec. IIIB, this boundary has no
dependence on f,, and consequently the surface I for this
boundary is flat along the B, axis in the 3D phase diagram.
This fact is reflected in the straight horizontal boundary I in
the constant-y cross sections in Fig. 2 for y — oo and Fig. 3
fory =0.

Next is the boundary III between the ferromagnetic and
spin-glass phases. As shown in Sec. III D 1, this boundary
is vertical for any constant-y cross section, as illustrated in
Figs. 2 and 3. This observation is reflected in the 3D phase
diagram in Fig. 7 as the vertical surface III. This fact has a
profound consequence, as explained next.

The vertical boundary III crosses the Edwards-Anderson
plane y = B, by a straight vertical, nonreentrant, line shown
in blue dashed in Fig. 7 marking the boundary between the
ferromagnetic and spin-glass phases in the Edwards-Anderson
model. We have therefore derived the following Proposition.

Proposition 1. 1f the Edwards-Anderson model has a spin-
glass phase at finite temperature and the spin-glass phase does
not have temperature chaos, then the boundary between the
ferromagnetic and spin-glass phases has no reentrance.

Remark. Proposition 1 does not address what happens
in reentrance if temperature chaos is present. In particular,
reentrance may be absent when temperature chaos exists, as
observed in the Sherrington-Kirkpatrick model [29,55,56].
However, in finite dimensions, numerical evidence suggests
that such a scenario is unlikely [10-35].

This result is illustrated as the vertical boundary II’ in
Figs. 1 and 7. There exist two ferromagnetic phases for large
By separated by the boundary II’, one to the right of the
plane II’ for larger y, and the other to the left for smaller
y. Both of these phases have finite magnetization m # 0 but
have different characteristics. In the small-y ferromagnetic
phase, the possible existence of support on a finite interval for
the distribution function of the magnetization as discussed in
Sec. IIT D 1 suggests that this ferromagnetic phase may have
some spin-glass characteristics. In contrast, the ferromagnetic
phase with larger y shares the same gauge-invariant distri-
bution of the overlap P>(x|Bi, B2, y) with the case B, =0
in the Mattis-like spin-glass phase. The latter lacks intrinsic
spin-glass properties such as replica symmetry breaking. The
boundary II’ separates these different ferromagnetic phases.

2. Temperature chaos in the Edwards-Anderson model

We move on to the case with temperature chaos in the
Edwards-Anderson model. To this end, it is useful to present
Proposition 1 as its contrapositive.

Contrapositive of Proposition 1. If the phase boundary be-
tween the ferromagnetic and nonferromagnetic phases of the
Edwards-Anderson model is reentrant, then the model either
exhibits temperature chaos in the spin-glass phase or has no
spin-glass phase at finite temperature.

Remark 1. Proposition 1 and its contrapositive do not ad-
dress what happens in temperature chaos if reentrance does
not exist. Temperature chaos may or may not exist if there is
no reentrance.

Remark 2. Proposition 1 and its contrapositive establish
a logical relationship between temperature chaos and reen-
trance. Nonetheless, the present theory does not determine the
existence or absence of either phenomenon itself.

Figure 8 is for the case with both reentrance and
temperature chaos. When the spin-glass phase in the Edwards-
Anderson model has temperature chaos, the ferromagnetic
phase in the region with large 8, and small y is replaced by the
spin-glass phase except on the NL (8, = B) as shown in Fig. 6

044140-8



TEMPERATURE CHAOS AS A LOGICAL CONSEQUENCE ...

PHYSICAL REVIEW E 112, 044140 (2025)

Ferro surface

4 oo

FIG. 8. Three-dimensional (3D) phase diagram for the case with
temperature chaos and reentrant transition in the Edwards-Anderson
model. The existence of the spin-glass phase is assumed. Denoted
by the symbols I, II, III, and IV are the phase boundaries, the cross
sections of which have been discussed in the previous subsection.
The surface EA represents the Edwards-Anderson model y = f,,, not
a phase boundary. In the present case, the ferromagnetic—spin-glass
boundary in the Edwards-Anderson model is reentrant as illustrated
by the blue dashed line, where EA and II cross. There is another
ferromagnetic phase on the surface bordered by thick black lines.
Also, the Mattis-like spin-glass phase exists in the region bordered
by the plane II and the reentrant plane IV in the large-8, region. The
point marked S, in the ferromagnetic phase moves horizontally as
the point B, in Fig. 9 moves vertically.

for y = 0. In the 3D phase diagram, the ferromagnetic phase
under NL condition 8, = B exists on the surface surrounded
by the thick black boundaries in Fig. 8.

It is worth calling attention to the following remarkable
fact.

Observation. The boundary III (between the ferromag-
netic phase and the Mattis-like spin-glass phase) has the
same shape as the boundary I (between the ferromagnetic
and paramagnetic phases). Similarly, the reentrant boundary
II (between the Mattis-like spin-glass phase and the spin-glass
phase) has the same shape as another reentrant boundary IV
(between the ferromagnetic phase and the Mattis-like spin-
glass phase in the large-f8, region). See Fig. 8.

To prove this Observation, let us consider the distribution
function of the magnetization P;(x|8, B,, v) in the ferromag-
netic phase in the region of large values y, §8,, and 8, the point
marked B, in Fig. 8. We fix the values of 8 to 8, and B, to
Bpa- In the identity of Eq. (14),

Py(x|Ba; Bpas v) = Pa(x|Bas Bpas ¥)s €2y

the right-hand side is the distribution function of the overlap
for the Edwards-Anderson model with the disorder param-
eter y. This equation relates the property of the present
model on the left-hand side Py (x|B,, Bpa, ¥) With the prop-
erty of the Edwards-Anderson model on the right-hand side
Py (x1Ba, Bpa> V)

Now, on the right-hand side P> (x|B,, Bpa, V), We fix y to
the range where the ferromagnetic phase exists at finite tem-
perature and choose 8, and B, both lying in the ferromagnetic

0 y o0

FIG. 9. Phase diagram of the original Edwards-Anderson model
with the independent and identically distributed disorder variables
under the parameter y. Notice that this is different from Fig. 1,
where the large-y region is the Mattis-like spin-glass phase. We
consider two points marked 8, and 8, and move the latter upward or
downward along the vertical line shown dotted until it hits boundary I
or boundary II. The corresponding point S, in the 3D phase diagram
of Figs. 8 and 10 moves horizontally until it hits the boundary III or
boundary IV.

phase as illustrated in Fig. 9. Then, since no temperature chaos
is expected to exist in the ferromagnetic phase, the right-hand
side of the above equation has two delta peaks at the value of
the spin-state overlap for inverse temperatures 8, and B,

Py(x|Ba. Bpas V) = 38(x —qi2) + 28(x + qin).  (32)

Correspondingly, the left-hand side Py(x|Ba, Bpa, ) for our
present model has the same expression. This means that the
point (B, Bpa, ¥) in the 3D phase diagram is in the ferromag-
netic phase, as expected.

We next fix 8, and y and change S, from the initial value
to smaller or larger values. Then, the point marked By, in
Fig. 9 moves upward or downward along the vertical line
with fixed y. When B, hits the para-ferro boundary I or the
reentrant boundary II, P> (x|B,, Bpa, ¥) becomes trivial, §(x).
Correspondingly, the point (8., Bpa, ¥) in the 3D phase dia-
gram (marked B, in Figs. 8 and 10) moves horizontally with
y and B = B, fixed, and hits the boundary III or boundary IV
at exactly the same value of B, as the point By, hits I or Il in
Fig. 9. This holds true for any y. Therefore, the shapes of the
boundaries I and II in Fig. 9 are precisely copied to those of
IIT and IV in the 3D phase diagram. |

We have established that if there is reentrance in the
Edwards-Anderson model as the boundary II in Fig. 9, then
our model also has a reentrant boundary IV. As 8, increases,
this boundary IV bends away from boundary II, as shown in
Fig. 8. Then there appears a region without magnetization be-
tween II and IV, which is another spin-glass phase because the
spin-glass order parameter g does not depend on 8, and thus
has the same value as in the Mattis-like spin-glass phase at
By = 0. This region between II and IV is indeed a Mattis-like
spin-glass phase according to the discussion in Sec. I[ITA. A
constant-y 2D cross section of Fig. 8 in the reentrant region is
shown in Fig. 10.

If there is no spin-glass phase in the Edwards-Anderson
model as expected in two spatial dimensions, then the region
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FIG. 10. Two-dimensional cross section of Fig. 8 with y fixed
in the reentrant region. Boundaries I and II do not depend on B,
and are horizontal lines, whereas boundaries III and IV are inde-
pendent of B and thus appear as vertical lines. This structure is
compatible with Eq. (15), which requires invariance of the magne-
tization distribution under the exchange of 8 and g, as discussed in
Sec. III D 1 on the location of the multicritical point using Fig. 5.
The point marked fB,, corresponding to the point with the same
symbol in Fig. 8, moves horizontally as the point 8, in Fig. 9 moves
vertically.

to the left of the surface II (the small-y region) is occupied by
the paramagnetic phase.

F. Kitatani’s model

Kitatani introduced a model closely related to ours with
a different parametrization corresponding to the replacement
v — K, and B, — K, + a [42]. His model with g, shifted
by a from that of the Edwards-Anderson model (y = ) is
represented by the surface denoted K in Fig. 11. He compared
this model with the Edwards-Anderson model (¢ = 0) and

 re——
‘ M-SG v

FCI%[‘O surface

==

FIG. 11. Kitatani’s model is denoted as K, a surface shifted from
the Edwards-Anderson model by the amount a. Part of this surface
lies in the Mattis-like spin-glass phase for large 8, between Il and IV
if there is reentrance in the Edwards-Anderson model.

discussed that the latter does not have reentrance under the
assumption that the ordered phase above the NL of his model
with a > 0 is ferromagnetic.

As observed in Fig. 11, part of his model is in the
Mattis-like spin-glass phase above the NL if there is reen-
trance in the Edwards-Anderson model. See also Fig. 10.
This conflicts with his assumption that the ordered phase
above the NL is always ferromagnetic. Conversely, if there
is no reentrance in the Edwards-Anderson model, then
his assumption is valid and the absence of reentrance
follows from his argument. However, this amounts to a
tautology.

G. Generalization

Our theory applies also to the case with Gaussian disorder.
One simply replaces 7;; by J;;, and the summation over t
variables is replaced by the integral over J;;,

_BZ(...)_>/ (”‘)n_dJif‘ (33)
20 T - (i) \/E

The conclusions in the above sections remain valid in the
Gaussian distribution.

Also, the Z, gauge glass can be treated very similarly. Its
Hamiltonian is [57]

H=—BY cos(t; —0; — Vi), (34)
(i)
where all angle variables can take one of the g discrete values,
k/g (k=0,1,...,q — 1) with the integer g(>2) fixed. The
Ising model corresponds to g = 2, and the model reduces to
the XY gauge glass in the limit ¢ — oo.
The gauge-invariant Potts model also belongs to the class
of models that can be analyzed in the same way. Following
Ref. [58], the Hamiltonian is

q—1
H= _B Z ZJ;J.”,\;A(;", (35)
1 =0
where A =oh, o=/ and k=0,1,...,q—1

(g = 2). The disorder variable Ji(j’) = 1;; obeys the following
distribution: 7;; = 1 with probability p and 7;; being one of
w, w?, ..., »!"" with probability (p — 1)/(g — 1) each. The
Ising model is reproduced by g = 2.

All these Hamiltonians are gauge invariant, and the theory
developed in the previous subsections applies with minimal
adjustments.

IV. CONCLUSION

The problem of spin glasses continues to be actively
studied more than 50 years after its formulation as the
Edwards-Anderson model [8]. Its scope has since ex-
panded well beyond the traditional boundaries of statistical
physics [4-7]. Despite this progress, only a limited num-
ber of analytical results with firm theoretical grounds have
been established for the Edwards-Anderson model, partic-
ularly in two and three dimensions, which are the cases
central to understanding experimental observations in real
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spin-glass materials [9]. Insights based on solid analytical
results are important not only for deepening theoretical un-
derstanding but also for providing independent verifications of
numerical studies.

This paper takes a step toward a more comprehensive un-
derstanding of the Edwards-Anderson model through exact
and rigorous analysis by uncovering an unexpected connec-
tion between temperature chaos and reentrance, phenomena
that are seemingly unrelated from a physical standpoint. The
central result of this work is that, assuming that a spin-glass
phase exists, the presence of reentrance necessarily leads to
the existence of temperature chaos in the Edwards-Anderson
model. This connection, though physically highly nontrivial,
arises naturally through a symmetry-based analysis of our
model with correlated disorder. It is important to emphasize
that Proposition 1 does not rule out the possibility of tem-
perature chaos in the absence of reentrance, as stressed in
the Remark to Proposition 1. This latter scenario applies, for
instance, to the infinite-range Sherrington-Kirkpatrick model
[29]. While we are unable to prove or disprove the existence
of either temperature chaos or reentrance, our results have
revealed a common nontrivial mathematical structure under-
lying these phenomena. The introduction of an additional
degree of freedom in the disorder distribution has enabled us
to identify this structure and to disclose the hidden connection
between temperature chaos and reentrance through the 3D
phase diagram.

A key strength of our approach lies in the modest analytical
effort it entails. The argument relies on a small number of
symmetry properties derived from the gauge symmetry inher-
ent in the model, yet it demonstrates that the two complex
physical phenomena, conventionally viewed as unrelated, are
in fact closely connected. Similar symmetry-based arguments
have previously yielded a range of nontrivial results for the
Edwards-Anderson model [6,39—41], which, combined with
the recent studies on correlated disorder [36,37], provided
motivation for the present work. We hope that our approach
serves as a fertile ground for further developments, both
analytically and numerically, in the studies of the Edwards-
Anderson model and related problems in the field of spin
glasses and beyond.
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