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Kinetic theory of pattern formation in a generalized multispecies Vicsek model
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The theoretical understanding of pattern formation in active systems remains a central problem of interest.
Heterogeneous flocks made up of multiple species can exhibit a remarkable diversity of collective states that
cannot be obtained from single-species models. In this paper, we derive a kinetic theory for multispecies systems
of self-propelled particles with (anti)alignment interactions. We summarize the numerical results for the binary
system before employing linear stability analysis on the coarse-grained system. We find good agreement between
theoretical predictions and particle simulations, and our kinetic theory is able to capture the correct lengthscale
in the emergent coexistence phases through a Turing-Hopf instability. Extending the kinetic framework to
multispecies systems with cyclic alignment interactions, we recover precisely the same emergent ordering as
corresponding simulations of the microscopic model. More generally, our kinetic theory provides an extensible

framework for analyzing pattern formation and collective order in multispecies active matter systems.
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I. INTRODUCTION

Far from equilibrium, order emerges in unexpected ways
when alignment gives way to antialignment. The emergence
of order in nonequilibrium systems indeed challenges tra-
ditional notions of phase transitions in equilibrium settings,
and even more so when multiple species interact. There,
even simple alignment or antialignment rules can give way
to a collection of patterns. In single-species active systems,
simple interaction rules are already sufficient to produce a
variety of nontrivial collective behaviors [1-3]. In this context,
theoretical explorations have been strongly motivated by the
remarkable patterns observed in natural systems. From col-
lective motion in animal groups [4,5], to bacterial clustering
[6], and ordered states in myosin filaments [7,8], nature never
ceases to astound and inspire physicists.

Polar and nematic flocking are classic examples of collec-
tive behavior in active matter, with much of their theoretical
foundation built on the analysis of the now classical Vicsek
model [9-15]. In the Vicsek model, self-propelled particles
experience local alignment interactions leading to a transi-
tion from disorder to ordered flocks [16,17]. Nonetheless,
flocking has been documented in a broad spectrum of sys-
tems and shown to arise even with modified alignment rules
(e.g., metric-free interactions, self-aligning interactions or
even pure antialignment interactions) [18-21] and even in
the absence of explicit alignment mechanisms [22-25]. Fur-
thermore, particles often self-organize in surprising ways in
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the presence of repulsion [26], volume effects [27,28], or
to relieve frustration generated by antialigning interactions
[29-34].

The rich behavior of active systems, in both theoretical and
experimental studies, calls for analytical approaches that can
bridge microscopic dynamics and macroscopic phenomena
[35,36]. Various approaches have been used to derive hydro-
dynamic theories of Vicsek-like models. While Toner and Tu
pioneered the hydrodynamic description of polar flocks using
a top-down symmetry-based approach [37,38], the precise
nature of the transition to flocking remains a subject of intense
theoretical scrutiny as their original conclusions were later put
in question [39]. Promising progress was made recently by
Jentsch and Lee [40], who reported exact predictions agreeing
with high-precision numerical studies of the Vicsek model
[41]. So did Chaté and Solon who proposed simultaneously
exact scaling relations also demonstrating close agreement
with these numerical results [42]. In response to this claim,
Chen et al. argued that neglected nonlinear couplings in
number-conserving systems prohibit such exactness, while
Chaté and Solon maintain that these couplings are symmetry-
forbidden [42-46].

Other strategies follow instead a bottom-up approach,
starting from microscopic equations to derive hydrodynamic
equations through kinetic theories and coarse-graining ap-
proaches. Such strategies allow one to establish the form of
the hydrodynamic equations but also determine the depen-
dence of transport coefficients on physical parameters. For
instance, the Boltzmann-Ginzburg-Landau (BGL) approach,
rooted in the Boltzmann equation and based on a low-
density binary collision assumption, has successfully been
used to describe the disorder-to-order transition in the Vic-
sek model [47—-49] and nematic systems [50]. Alternatively,
the Smoluchowski approach, often based on a mean-field
Fokker-Planck formulation, has been used to derive contin-
uum level hydrodynamic equations for Vicsek-like models
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to understand the large-scale dynamics and spatial organi-
zation, bridging continuum theory to collective phenomena
[26,36,51]. BGL and Smoluchowski schemes have been sys-
tematically compared, demonstrating that while both yield
identical hydrodynamic structures for simple point-like par-
ticles, significant discrepancies arise for self-propelled rods
[52]. They concluded that the BGL framework offers bet-
ter control, as it naturally resolves ambiguities regarding
interaction terms that are often obscured by the closure ap-
proximations required in the Smoluchowski formalism [52].
However, as the BGL approach is limited to systems with
tractable interaction kernels, Smoluchowski approaches are
often favored for complex extensions of Vicsek-like models.
We note that alternative kinetic theories of Vicsek-like sys-
tems also exist [53,54]. Importantly, all these methods involve
approximations; the choice of which to employ depends sub-
tly on the specific model and the phenomena one wishes to
capture.

In recent years, interest has shifted beyond single-species
models to binary mixtures of self-propelled particles [55-57].
In these systems, antialignment interactions have been shown
to produce novel coexistence patterns [34,58,59], while the
introduction of nonreciprocal couplings has opened a new
frontier in nonequilibrium physics and attracted significant
attention [60—66]. Moving to general multispecies archi-
tectures, there exists a vast literature on cyclic interaction
networks (e.g., Rock-Paper-Scissors games) used for instance
to study competition in biological and social systems [67].
While these topologies are standard in population dynam-
ics, they have seldom been studied in the context of active
matter systems. Notably, systems driven by nonreciprocal
attraction-repulsion cycles have revealed remarkable self-
organized dynamics, including chasing phases and active
molecules [68-70].

In Ref. [34], we generalized the two-species Vicsek
model to include arbitrary reciprocal intra- and interspecies
couplings. Using extensive particle-based simulations, we
uncovered a rich phenomenology where, counter-intuitively,
antialignment interactions can drive phase separation and
global polar order, leading to stable periodic traveling bands.
We further extended this to multispecies (m > 2) systems,
demonstrating that cyclic alignment interactions can generate
stable traveling stripes whose behavior depends critically on
the parity of the cycle length, analogous to the scalar dy-
namics observed in nonreciprocal attraction-repulsion cycles
[68-70]. In this paper, we complement these numerical find-
ings by deriving a comprehensive kinetic theory based on a
Smoluchowski approach, allowing us to analytically explain
the origin and stability of the coexistence phases reported in
Ref. [34].

The paper is organized as follows. In Sec. II, we introduce
the microscopic model. Section III presents a kinetic theory
of the coarse-grained system, derived via an angular Fourier
mode analysis of the Fokker-Planck equation. In Sec. IV, we
apply linear stability analysis to the two-species system, iden-
tifying a region of finite-wavelength instability and comparing
these predictions with particle-based simulations. Section V
extends this framework to multispecies systems with cyclic
alignment, demonstrating how our theory rationalizes the
emergent ordering observed in simulations. Finally, we

provide concluding remarks in Sec. VI. Technical details on
the numerical methods and stability analysis are provided in
the Appendices.

II. MODEL

We consider a two-dimensional model of N self-propelled
point particles belonging to m species. We assume an equal
proportion of species such that N = mM, where M is the
number of particles in each species. Particles are confined
to a two-dimensional periodic domain of size L x L with
a global number density of p = N/L?>. The state of each
particle i is defined by its position r; and orientation angle
6;, with a unit heading vector p; = (cos 6;, sin ;)7 . Particles
move with self-propulsion speed vy in their heading direction.
They experience rotational diffusion and interact through a
local alignment torque (metric interactions). The position and
orientation of each particle i are described by the following
overdamped Langevin equations:

r; = vop, (1a)
éi = Z Js(i),s(j) sin(@,- — 9,') + \/ﬁ éi» (lb)
JeN;:

where &;(t) is a zero-mean, unit-variance Gaussian white
noise. The first term in Eq. (1b) is the local alignment torque,
where the summation runs over the set of neighbors N; =
{j:Iri—r;| <o,i# j}. The coupling constant Jy; ;) is
determined by the species indices s(i) and s(j), and results
in alignment (ferromagnetic) interactions if Jy; sy > 0 or
antialignment (antiferromagnetic) interactions if Jy) 4y < 0.
We emphasize that Eq. (1b) employs an additive interaction
rule (unnormalized sum). While standard Vicsek-like simula-
tions often use a mean-sine model with a normalization of the
alignment term by the number of neighbors ||, this additive
form significantly simplifies the analytical treatment while
capturing all the relevant phases and phase co-existences re-
ported in Ref. [34].

For our particle-based simulations, we numerically solve
Eq. (1) using an Euler-Maruyama scheme with timestep
At =5 x 1073, self-propulsion speed vy = 1 and interaction
range o = | (unless stated otherwise), starting from a disor-
dered homogeneous state.

III. KINETIC THEORY

A. Smoluchowski approach

Starting from the microscopic Langevin equations (1), we
use Dean’s approach to obtain a Fokker-Planck equation for
the one-particle probability distribution [71]. To do so, we ex-
tend the procedure followed by Refs. [29] and [32] to multiple
species similarly to what was done in Ref. [62].

We write the particle density as

M
c(r,0,1) = Z(S(r —r{(t))8(0 — 07(1)), 2)

i=1

for each species a € {1, - -- , m}. Upon a change of variables,
using It6 calculus and neglecting stochastic fluctuations (valid
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in the high density case [72]), we obtain the following general
multispecies Fokker-Planck equation

3¢ = —vop - Vec" + D, 35c" — 35T %], 3)
with
Tl = c“(r,0,1)
2
x / dzr’f do’ Zfabcb(r’, ', 1)sin(6 — 0),
B, (r) 0 b
4

where B, (r) is the ball of radius o centered at point r.

8zf,?(r, 1) =— %[32 ;f+l(r» 1)+ 3zf;f—1(l‘, t)]

B. Fourier expansion and linear stability analysis

To make progress, we move to Fourier space to analyze
Eq. (3). Defining the Fourier transform as

fix, 1) = /dee""%“(r, 0,1), (35)

we can express the particle density in terms of its angular
mode decomposition as follgws:

c(r,0,1) = EZe—m"f,f(r,t). (6)

Upon expansion, reindexing and performing all angular
derivatives, we obtain at order n the following governing
equation for the angular mode f,/(r, 1)

— D, fo(x, 1)

J, ’ m / —in'0’ ( pa / a /
—;/ d’r / A"y ne " (fo (e D (0 1) = fl (e O f0 (1), (7
B, (r) 0 -
where we have used that
PO)- Ve =10, +e70,), (8)
and defined
3, = 0y —idy, 0 =0, + i, 9)

Noting that fozn dfe ™M =25 8.0, Where §,, o is the Kronecker 6 function, we have

V
dfir, 1) =— Eo[az

+ = Zjab/

B, (r)

9 (6 1)+ 0 fe (r,1)]

A [fo (O fP0 1) —

— D, fA(r, 1)

S e 0 f2 @ n). (10)

Rather than performing a closure operation by letting o, 5 = 0 and f§' = 0, as commonly done in the literature [47,51,62],
we keep all orders of n for now (as in Refs. [26,29,32]). Furthermore, we treat the interaction kernel exactly, rather than

approximating it by a § function as done in Refs. [36,62].

1. Perturbation around the disordered state

The Fokker-Planck equation [Eq. (3)] always has a trivial
uniform disordered solution

cg=p"2m, 1<a<m (11)

where p¢ is the system density of species a. We perturb around

the disordered solution and write our infinitesimal perturba-
tion as a plane-wave mode such that

(r,0,1) = Z’L + el @k ga gy (12)
T

where ¢ < 1 is a small perturbation amplitude, k = (k,, k)
is the wave vector with magnitude k = |k| and ©%(0) is the
angular dependence of the perturbation. Thus, following the
angular Fourier transform, we have

FHr, ) = p*8,0 + eet DRI QL (13)

We insert this perturbation into Eq. (10) and linearize with
respect to €. Most of the terms are straightforward to deal
with, apart from the interaction term, which requires more
attention. Letting this integral interaction term be called Kjy,
inserting the perturbation Eq. (13), and only looking at linear
terms in &, we get

n
Kine = 3 Zjabseﬂ(k)tpa
b

x/ d’r'e*T 8,190 — 8,197 ). (14)
B, (r)

ik-r

We can calculate the integral of ¢'*" over the ball of radius

o using polar coordinates, finding that
_— 2 .
f 2re* = 0 1 (o kyeT, (15)
B, (r) k

with J; the Bessel function of the first kind of order 1.
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Using this identity, we obtain

Kin = £ 7 1,0 k)p" S (81 + 80,100 (16)
k b

Inserting the perturbation into the remaining terms, we arrive
at an infinite hierarchy of equations of the form

pR)®G =" (L), ®], (17)
b1
with the linear operator
ab iUO . .
(£ It = (Sa,b - 7((kx - lky)(sn,lfl + (ke + lky)‘sn,lJrl)

2 o,
- Drn (Sn,l + 7/0 Jl (Uk)Jub(an.—l + 8}1,1)871,1'
(18)

Higher angular modes, corresponding to |n| > 1, are
strongly damped as the diagonal —D,n? terms then dominate;
we can thus truncate these equations at a sufficiently large
|n] = N, [29,73]. This gives us an eigenvalue equation, with
matrix £, eigenvalues u and eigenvector ®. We can express
L as a block matrix. For example, for m = 2 species, we
have

Lan EAB}
L= , 19
[LBA L (19)

where each block is of size (2N, 4+ 1) x (2N, + 1). The diag-
onal matrix blocks are tridiagonal, and the off-diagonal blocks
have zeros everywhere except for the diagonal entries at
n =1 ==+£1. This matrix can become very large even for
moderate values of N.. We thus resort to computing the eigen-
values of this matrix numerically.

K = geﬂt+ik~rn2Jab|: Jl (Uk)( n—1 l(n Doy (D? —
b 0

where we have used Eq. (15) and the following result f B,(r) d?

2. Perturbation around the ordered state

We now look at perturbing around the spatially homoge-
neous ordered solution which takes the form of a von Mises
distribution [26]

,0 exp(k“ cos(0 — 07))
cp(0) = , (20)
2 Ip(k%)
where I,,(-) is the modified Bessel function of the first kind of
order n, 6§ is the direction of polar order, and «“ is an effec-
tive alignment parameter. Searching for a time-independent
spatially uniform steady state solution to Eq. (3), we find that

7T
et = TN b cos (98 — 60), Q1)

where W’ is the polar order parameter of species b (see
Appendix A for a detailed derivation).

The order parameter is then determined self-consistently
through the following transcendental equation [26]

a
v = M, (22)
Ip(k?)

in which k¢ depends on the order parameters of all the species.
We note that the trivial disordered solution V¢ =0, 1 < a <
m always exists. However, for strong enough alignment and
low noise, there exists a polar ordered solution, with order
parameters W¢ > 0.

Having found an ordered solution (if one exists), then, we
can once again perturb around this solution with a plane-wave
mode. In Fourier space, this takes the form

f;(l‘, 1) = pa%ein%‘ + geu(k)H-ik-rq)z’ (23)
where we have defined I} = I,(k“) for ease of notation. Insert-
ing this perturbation into Eq. (10) and linearizing we can once
again derive an infinite hierarchy of equations. Special care is
again required when considering the interaction integral, for
which we eventually get

17, . o’n (1P . 1° )
n+1 _i(n+1)0¢ 5 b b 1 6! xa _ =1 i) pa
73 e o<I>_l> +p - _I(’)’e 0Pl —1(1)7 eo )|,

(24)

r' = mo?. This gives us a linear system of the form of Eq. (17).

Noting that I_; = I}, we can finally write the linear operator in this case as

(‘Cab)nl - 3ab|: l20 ((kx - iky)an,lfl + (kx + ik}')an,l+l) - Drnz(S s

+Jab Jl(Gk)—(Ia

From here, just as for the disordered state perturbation, we
can truncate all modes |n| larger than N, > 1 to form an
eigenvalue equation which we solve numerically.

t(nfl)(?tj‘(sly] 7

ZJac)O T leU(Sn I+1 — e_i%(sn,ll):|

1ei(n+l)9381,—l)' (25)

IV. TWO-SPECIES SYSTEMS

In this section, we will study a generic system with two
species (m = 2). We will start by summarizing the phases and
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FIG. 1. Phase diagram from particle simulations of the microscopic model with additive sine interactions. We solve Eq. (1) with the
following parameters: N = 20000, p = 100, and D, = 0.2. Phases were classified numerically, with data averaged over 10 independent
realizations for each data point. See details of the order parameters and classification in Ref. [34] and Appendix B. Here, we list the
phases observed and the parameters used to obtain the associated example snapshots: (a) nematic stripes, demixed (dark-green plus),
Jaa = —0.12, J4p = 0.06; (b) flocking stripes (dark-blue star), Js4 = —0.08, J4p = 0.08; (c) parallel flocking (purple upward triangle), Jia =
—0.04, J4p = 0.12; (d) nematic stripes, mixed (light-green hexagon), Jas = —0.12, J4p = —0.06; (e) antiparallel flocking stripes (light-blue
diamond), Ju4 = —0.08, J45 = —0.12; (f) antiparallel flocking (pink downward triangle), Ji4 = —0.02, Ju5 = —0.12. We also observed a
disordered state (orange circle), independent flocking (pink square), and independent nematic ordering (khaki cross). Phase boundaries were

added manually as a visual guide.

phase co-existences observed in our numerical simulations of
the microscopic dynamics [34]. We will then use the coarse-
graining and linear stability analysis developed in Sec. III to
study the stability of the homogeneous disordered and ordered
phases observed.

A. Simulation of microscopic equations

We begin with the m = 2 species case (i.e., binary sys-
tems), enforcing symmetric intraspecies couplings (Js4 =
Jpp) and reciprocal interspecies couplings (Jap = Jpa) [74].
Although the phase diagram for mean-sine alignment was
established in Ref. [34], we verify here that all the phases
persist in the additive sine model [Eq. (1)] (see Fig. 1). We
note that the additive nature of the interaction results in an
effective rescaling of parameters by the average neighborhood
size, (|V;|) ~ 300.

Phases were identified via order parameters quantifying
polar order, nematic order, demixing, and periodicity (see
Appendix B for details). First, we observe a liquid parallel
flocking phase for Jup > 0 and J44 > 0, which persists into the
regime of weak intraspecies antialignment J44 < 0 [Fig. 1(c)].
Analogously, a liquid antiparallel flocking state emerges for
Jap < 0 [Fig. 1(f)], in which the species exhibit polar order
in opposite directions. This phase and its transition from a
disordered state in the case of fully antialigned couplings
(Jaa < 0, J4p < 0) were previously studied in Ref. [58].

Increasing intraspecies antialignment triggers the emer-
gence of striped phases. Near the boundary Jip =~ —Jaa, a

stable flocking stripes phase appears [Fig. 1(b)], featuring
high-density bands of alternating species traveling in the
same direction. Despite increased clustering compared to the
mean-sine model [34], the characteristic wavelength remains
A~ 1.22 (see Appendix C). Meanwhile, transitioning from
liquid antiparallel flocking to stronger intraspecies antialign-
ment (Jap < Jaa) yields system-wide antiparallel flocking
stripes [Fig. 1(e)], characterized by periodic bands of
opposing polarity.

At stronger intraspecies antialignment, we observe nemat-
ically ordered coexistence patterns with spatially periodic
bands or lanes parallel to the direction of motion. These
are distinguished by their time-averaged demixing behav-
ior: demixed nematic stripes are encountered for Jsp > 0
[Fig. 1(a)] and mixed nematic stripes are encountered for
Jap < 0 [Fig. 1(d)].

Finally, in the decoupling limit (J4p ~ 0), intraspecies in-
teractions dominate, leading to independent flocking (Ja4 >
0) or nematic order (J44 < —0.1). A disordered homogeneous
phase exists within a diamond-shaped region defined by small
|Jag|] and —0.1 < J44 < 0. While this section focuses on the
high-density regime to highlight coexistence phases, we note
that flocking stripes persist at lower densities and noise levels
[34]. Phase diagrams in the (D,, Jap) and (p, J4p) planes are
explored in subsequent sections. Although the phases here
are only reported for a fixed system size of N =2 x 10%,
we performed a finite size analysis in Ref. [34], confirming
that all phases persist up to much larger system sizes, with no
noticeable shift in the phase boundaries.
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We have tested the robustness of the observed phases to
ensure that the patterns are true attractors rather than long-
lived transients. First, long numerical simulations confirm
that the coexistence phases observed persist over extremely
long timescales. We also checked that each phase behavior is
obtained from a range of different initial conditions including
random (used throughout this study) and purely aligned initial
conditions as well as initial conditions in which initial par-
ticle orientations are drawn from the von Mises distribution,
which is the ordered solution to the Fokker-Planck equation.
Finally, we initialized systems using the steady-state solutions
taken from across nearby phase boundaries and confirmed that
these systems converged to the expected phase behavior. For
instance, simulations initialized from a mixed nematic stripe
configuration but evolved with parameters corresponding to
the antiparallel flocking stripes regime eventually reorganize
into the expected anti-flocking pattern.

B. Disordered state perturbation

We perform a linear stability analysis of the homogeneous
disordered state by solving for the eigenvalues of the matrix
L given in Eq. (19). Exploiting the rotational invariance of the
disordered state, we restrict the perturbation to the direction
k = (k, 0) without loss of generality. Solving the eigenvalue
problem defined by Eqgs. (17) and (18), truncated at N, = 50,
yields the growth rates (k). We classify the stability of the
system based on the real part of the spectrum:

(1) If Re(u(k)) < O for all k£ then the disordered state is
stable;

(2) If maxRe(u(k)) > 0 and is found at k. = 0, then we
expect a system-wide flocking (or antiflocking) instability;

(3) If maxRe(u(k)) > 0 and is found at k. > 0, then we
expect a finite wavelength instability.

The resulting stability phase diagram in the (Jua, Jag)
plane is presented in Fig. 2(a), alongside spectra and snapshots
from particle simulations corresponding to these three regimes
[Figs. 2(b)-2(d)].

We identify a diamond-shaped region defined by Ja4 <
0 and small-to-moderate |J,g| where the disordered homo-
geneous state is stable (Re(u(k)) < 0) [Fig. 2(b)]. Outside
this region, instabilities drive the system toward order. When
Jaa > 0 or |Jyp| is large, the spatially homogeneous state
becomes unstable to long-wavelength perturbations (k. = 0),
indicating a flocking instability [Fig. 2(c)]. Note that while
this indicates the onset of polar order, distinguishing between
parallel and antiparallel alignment requires analysis of the
eigenvector structure or the nonlinear dynamics.

In the remaining region of phase space, the growth rate
is maximized at a finite wave number k. > 0, indicating
a finite-wavelength instability [Fig. 2(d)]. This predicts the
emergence of a pattern with a characteristic wavelength A
1/k., physically analogous to the length scale selection in Tur-
ing patterns [75], though arising here via a finite-wavelength
Hopf bifurcation—a mechanism often referred to as Turing-
Hopf bifurcation [76,77]. The coexistence patterns observed
in simulations originate from a coupling of the density and
polarization modes whereby the density mode becomes dom-
inant at a finite wave number with a nonzero imaginary
part. This drives oscillatory behavior of the density field,

which in turn induce polarization fluctuations through local
(anti-)alignment interactions. This feedback between density
and polarization amplifies perturbations at the characteristic
wavelength selected by the instability, manifesting as travel-
ing waves. At higher densities, we also observe a crossover
in mode dominance, which may play a role in the stabi-
lization of flocking bands (see Appendix D1 for details).
Across the parameters tested, the instability occurs system-
atically in the range k. € [4.995, 5.134], corresponding to
a characteristic lengthscale Apsa € [1.224, 1.258], which is
strikingly consistent with the wavelength of the traveling
phase observed in numerical simulations (see Appendix C).
This emergent wavelength is also consistent with our ear-
lier results for m = 2 in the mean-sine model [34]. This
indicates that the coexistence patterns are robust against the
exact form of the alignment averaging, and rather originate
from the competition between the inter- and intraspecies
alignment rules. This mechanism contrasts with the clas-
sic Turing instability in which stationary patterns arise as
a result of differential diffusion between an activator and
inhibitor.

C. Ordered state perturbation

We consider a nontrivial polar ordered solution charac-
terized by magnitudes W4, W2 > 0 and orientation angles
64, 08. Defining the complex polarity ¥* = W4, and
aligning 65 with the x axis without loss of generality, the
second species must align either parallel (% = 0) or an-
tiparallel (05 = ) to the first [62]. Consequently, assuming
homogeneous and reciprocal couplings, the system exhibits
either parallel flocking (¥4 = ¥®) or antiparallel flocking
W = =y

To determine the existence of these solutions, we exam-
ine the mean-field self-consistency relation x = I, (ax)/Iy(ax),
which exhibits a critical point at a = 2, above which a non-
trivial solution x > O appears. For a system with p4 = p5,
Jaa = Jpg, Jap = Jpa, a nontrivial ordered solution to the
Fokker-Planck equation exists if

702" (Jaua + Jug) > 2D, parallel flocking,

702 (Jau — Jug) > 2D, antiparallel flocking.  (26)
In regimes where both parallel and antiparallel solutions sat-
isfy the existence condition, we select the state with the larger
polar order magnitude. This selection rule effectively results
in parallel flocking for J4p > 0 and antiparallel flocking for
JAB < 0.

Where an ordered solution exists, we construct the linear
stability matrix [Eq. (25)], truncated at order |n| = N,, and
compute its eigenvalues. Unlike the disordered phase, the
ordered state breaks rotational symmetry; thus, one needs to
solve this eigenvalue problem for all possible values of k
and check for the direction of the largest growing modes. In
practice, however, it suffices to check perturbations parallel
[k = (k, 0)] and perpendicular [k = (0, k)] to the direction of
flocking (see Appendix E for justification).

The resulting phase diagram is shown in Fig. 2(e). We
classify the stability scenarios as follows:
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FIG. 2. Linear stability analysis results. (a) Phase diagram of linear stability around the disordered homogeneous solution. Yellow indicates
the disordered state is stable [Re(u(k)) < O Vk]; purple indicates a flocking instability [max{Re(u(k))} > O at k. = O]; blue is a finite
wavelength instability [max{Re(u(k))} > 0 at k. > 0]. (b)—(d) Growth rates from the disordered state linear stability analysis alongside
snapshots from numerical simulations with the same parameters. (b) Disordered stable (Ju4 = —0.05, J4p = 0.02). (c) Flocking instability
(Jaa = —0.04, J43 = 0.10). (d) Finite wavelength instability (Ju4 = —0.10, J4p = 0.10) with k. &~ 5.1 indicated with a vertical gray dashed
line. There is also a zoomed in snapshot showing the stripe wavelength A = 1.23¢; in the particle simulations. (¢) Phase diagram of linear
stability around the ordered homogeneous solution (both parallel and perpendicular to direction of order). Purple indicates the parallel or
antiparallel flocking state is stable [Re(u(k)) < 0 Vk]; blue is a short-wavelength instability [max Re(u(k)) > 0 at k. > 2]; gray indicates no
uniform ordered solution from the Fokker-Planck equation exists to perturb around. (f)—(i) Growth rates from the ordered state perturbation
parallel to direction of travel with k = (k, 0) alongside snapshots from numerical simulations with the same parameters. (f) Parallel flocking
state is stable (J44 = —0.02, J43 = 0.08). (g) Antiparallel flocking state is stable (J44 = —0.02, J43 = —0.08). (h) Finite wavelength instability
from parallel ordered state (J4a = —0.10, Jsp = 0.11). (i) Finite wavelength instability from the antiparallel ordered state (J44 = —0.10,
Jap = —0.11). Parameters for linear stability analysis: N. = 50, D, =0.2, vo =1, 0 =1, p = 100. The microscopic simulations were
performed with N = 2 x 10* particles.

(1) Stable ordered state. If Re(uu(k)) < O for all k, then the
homogeneous flocking state (parallel or antiparallel) is stable
[Figs. 2(f) and 2(g)].

(2) Finite-wavelength instability. If max Re(u(k)) > 0 at
k. > 0, then the system displays a finite wavelength instability
leading to pattern formation [Figs. 2(h) and 2(1)].

Notably, we identify regions of finite-wavelength instabil-
ity for both J4p > 0 and J45 < O close to the boundary of the
region described in Eq. (26); these regions were not captured
by the stability analysis of the disordered state.

It is important to note that Fig. 2 primarily highlights
short-wavelength instabilities. A region of long-wavelength

instability is found throughout the upper half plane, al-
beit with very small eigenvalue amplitudes, decaying as
we get deeper into the ordered phase (see Appendix F).
We also observe a sharp discontinuity in the critical wave
number k. between short-wavelength modes (k. =~ 5.1, A =
1.23) and long-wavelength modes (k. < 1.55). Given we
are concerned with patterns of a short-wavelength with A ~
1.23, we have therefore chosen a minimum cutoff value of
k. = 1.8. This threshold corresponds to approximately one-
quarter of the simulation box size shown in Fig. 2, ensuring
a clear distinction between microscopic ordering and macro-
scopic clustering. We also use an instability threshold of

034117-7



LARDET, CHEN, AND BERTRAND

PHYSICAL REVIEW E 114, 034117 (2026)

< < <
(a) 0.15 * * * A A A A A (b) 0.15 ha 4 A4 A 4 4o 4o a4 a (C) 0.15 A A A A A A
* * * A A A A & ha 4 4 4 4o 4o 4 4 a A A A A a A
* * * A A A A & ha 4 4 4 4o 4o 4 4 a A A A A a A
* * * * A A A A P *x * * * * * * * * A * * * * *
0.104* * * * Ao 4o a a 0.J0** * * * *x * * x * 0.10 * * * * *
* * * * A A A A P *x * * * * * * * * A * * * *
* # x *x * A A A ke * * x x  x  x % * % *
+ + & *x * A A A ke * *x x * *
- - - - * A A A A A | - - - - - -
0051*% = + + * * Ao Ao 4o a 005+ =+ = 0.05 1 . .
+ = o+ @ A A A a ke - *
L A A A a4 re » . *
+ o+ e A A a " *
[Sq] L A A A e e [Sa] *
= 00040 SEs 2 000fs =000 .
e o o v v v be .
e o o o v Vv v v be o . .
e o o o v Vv v v be o . .
—0.0541e o o o o v Vv v v —0.05 e o = —0.05 1 . .
e o o o o V V V V vV Pe o o e o .
L L L L v v v ee L L L L ] L ] L ]
L L L L v v v ee L L L L L ] L ] L ]
e o o v v v v
—0.101¢ = = vovy —0.10 1 —0.10 pev v
e o v v v v v v v
e o v v v vV v v vy v
e o v v v vV v v vy v
. v Vv v v v v v vy v
~0.15 , ' ~0.15 : : : ~0.15 , :
—-0.15 —=0.10 —0.05 0.00  0.05 025 050 075  1.00 50 100 150 200
Jaa D, P

FIG. 3. Comparison of linear stability analysis and particle-based simulations. The background colors represent the results of the linear
stability analysis combining information from the disordered and ordered state perturbations. Yellow indicates that the homogeneous disordered
state is linearly stable to perturbations. Purple indicates that the homogeneous parallel flocking or antiparallel flocking state is stable to
perturbations from any direction. Blue indicates a finite wavelength instability in any direction, either from the homogeneous disordered or
ordered state. The numerical phase classifications are superimposed as scatter points, obtained from particle simulations of the microscopic
equations (1). See the caption of Fig. 1 for a description of the phase symbols and Ref. [34] for details of the order parameters used for
classification. The parameters kept constant in each phase diagram are: (a) D, = 0.2, p = 100; (b) Ja4» = —0.08, p = 100; (c) Jsa = —0.08,
D, = 0.2. For the linear stability analysis N, = 50 and for the particle simulations N = 2 x 10*.

max Re(p) > 1072, which is 20 times smaller than the value
of D, used here, ensuring that only genuine instabilities are
captured, excluding negligibly small long-wavelength growth
rates discussed above. In fact, a weak long-wavelength in-
stability is observed even for effective one-species systems
with small coupling values when J44 = Jap (see Appendix F).
In regions where no solution to the Fokker-Planck equa-
tion exists, the linear stability of the ordered state is naturally
undefined.

D. Comparison with numerical simulations

We now synthesize the results of the linear stability anal-
yses for the disordered and ordered states, comparing them
directly to the phases observed in microscopic particle-based
simulations. Figure 3 presents the combined phase diagrams
in the (Jaa, Jag), (D, Jap), and (p, Jap) planes.

We find that the stability boundary of the disordered state
(orange circles) is predicted remarkably well by the linear
stability analysis (light yellow region). Similarly, the regimes
of parallel and antiparallel flocking (purple and pink sym-
bols) are well captured, although the emergent microscopic
states tend to exhibit significant clustering rather than being
spatially homogeneous [see Figs. 1(c) and 1(f)]. This cluster-
ing is a known characteristic of Vicsek models with additive
interactions [78].

In the remainder of the phase space, the linear theory
predicts a finite-wavelength instability with a predicted char-
acteristic lengthscale of A ~ 1.23. This value is in excellent
agreement with the wavelength measured in simulations,
A = 1.222 £ 0.049 (see Appendix C for further details). This
instability region correlates strongly with the coexistence
phases found in simulations (blue and green symbols). The

transition from homogeneous parallel flocking (purple up-
ward triangle) to the flocking stripes phase (dark-blue star)
is in quantitative agreement with the theoretical prediction
from the linear stability analysis. Furthermore, both the mixed
and demixed nematic lane/stripe phases (green symbols) fall
within the predicted finite-wavelength instability region; these
states can be further distinguished via a more refined analysis
of the linear stability results (see Appendix G).

Finally, we note that the antiparallel flocking stripes phase
(light-blue diamond) is only partially captured by the linear
analysis. A portion of this regime is predicted to show stable
homogeneous antiparallel flocking. This discrepancy likely
arises from nonlinear effects, which may stabilize striped
patterns over a uniform ordered state.

V. MULTISPECIES ALIGNMENT CYCLES

A. Multispecies flocking stripes

While the existence of flocking stripes in multispecies sys-
tems (m > 2) was established in prior work [34], we now
employ analytical tools to elucidate the origin and ordering
of these structures.

We consider cyclic alignment interactions where in-
traspecies couplings are antialigning and each species aligns
exclusively with the next in the sequence [see Figs. 4(a) and
4(f)]. Defining the index s = a — 1 for speciesa € {1, ..., m},
the coupling matrix is given by

—J, § =y,
Jo=1J, s =(+1) (modm), 27
0, otherwise,
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FIG. 4. Analysis of the flocking stripes phase with m = 5 (top) and m = 6 (bottom) species. (a), (f) Schematics of the cyclic interactions
according to Eq. (27). The black arrows — represent the interspecies alignment and the inverted chevron arrows (& represent the
intraspecies antialignment. In panel (a) the gray arrows denote the ordering of the stripes in simulations. In panel (f) the blue and red
triangles denote the grouping of species in the stripes. (b), (g) Snapshots of simulations of the microscopic equations (1) with parameters
N =2 x 10* p =100, D, = 0.2, and J = 0.05m. (c), (h) Growth rates obtained from linear stability analysis of the disordered state, using
the same parameters used in the simulations for panels (b), (g). Both show a finite wavelength instability with k. &~ 5. The growth rate
associated with the largest eigenvalue is highlighted in red with the largest eigenvalue given by p*(k.). (d), (i) Time-averaged density
profiles, projected along the direction of motion, are shown for simulations of the microscopic equations with a mean-sine alignment
in the flocking stripes phase to explain the stripe ordering (p = 100, D, = 0.2, J = 10(m + 1)). As shown in panels (b), (g), a more
clustered version of the flocking stripes phase is observed in the additive-sine model studied in this study. (e), (j) Coefficients of the
eigenvector associated with u*(k.) in the complex plane. The largest magnitude coefficients are colored according to the species they

correspond to.

where J > 0 and 5,5 € {0, ..., m — 1}. In contrast with the
binary (m = 2) case, the couplings are no longer fully recipro-
cal due to the absence of interactions from species a to a — 1.

Particle-based simulations confirm that the flocking stripes
phase persists for m > 2 (Figs. 4(b), 4(g), and movies S1,
S2 in Ref. [84]). While the additive-sine interactions lead to
greater clustering than observed in mean-sine models [34],
the ordering dynamics remain consistent. Note that for clarity,
we utilize the mean-sine model to generate the time-averaged
density profiles shown in Figs. 4(d) and 4(i). Indeed, it is
much easier to produce time-averaged profiles from system-
spanning stripes and the ordering and spacing of the species
remain consistent for both models.

Much like the two species flocking stripes, linear stability
analysis with cyclic alignment couplings for m > 2 predicts a
finite wavelength instability with k., & 5 [Figs. 4(c) and 4(h)],
matching the emergent stripe wavelength found in simula-
tions. However, the internal structure of these stripes depends
critically on the parity of m. For odd values of m, the system
forms m distinct chasing stripes. Species s chases species
(s —2) (mod m), resulting in a spatial separation between
sequential species in the interaction cycle of Ax = A(m —
1)/(2m) [Fig. 4(d)]. For even values of m, due to the bipartite
nature of the interaction graph, species instead group by par-
ity. Odd-numbered and even-numbered species form distinct
clusters that flock together, effectively reducing the system
to the two-species phenomenology. The separation between
sequential species is thus Ax = A/2.

This parity dependence can be understood intuitively by
considering the properties of the circulant matrix. Each
species only aligns with the next one in the sequence, gener-
ating a directed interaction cycle. Through this cycle, species
s — 2 indirectly aligns with species s via species s — 1. This
continues backwards along the cycle, creating a propagating
chain of alignment from s — s — 2. The parity of m then de-
termines how this chain closes. If m is even, then there are two
distinct chains created through this process, corresponding to
the groupings observed in simulations. However, if m is odd,
then this relation cycles through all species before returning
to its starting point, thus producing a single ordered sequence
of m chasing stripes.

We rationalize these topological differences by examin-
ing the eigenvector ®*(k.) associated with the most unstable
mode, determined by the eigenvalue equation:

LO* (k) = ™ (ko)™ (ko). (28)

Figures 4(e) and 4(j) display the coefficients of the eigen-
vector @4 (k.) in the complex plane for all species a and
modes n. The eigenvectors are normalized such that the largest
coefficient (corresponding to the dominant mode) has unit
magnitude (typically n = 0, or n = =1 at higher densities; see
Appendix D 1). We highlight the coefficients corresponding to
the dominant modes.

We color the coefficients according to the species they
correspond to and notice some key differences in structure
between odd and even values for m. The distribution of
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these coefficients in the complex plane reveals the mechanism
underlying the spatial ordering. For odd m, the m largest
coefficients correspond to the m roots of unity. The angular
separation between species a and a + 1 (mod m) is exactly
2r(m — 1)/(2m) [Fig. 4(e)]. This phase shift in the complex
plane maps directly to the spatial shift of A(m — 1)/(2m)
observed in simulations. Conversely, for even m, the coeffi-
cients collapse onto the real axis [Fig. 4(j)]. Sequential species
are separated by a phase angle of &, causing odd-numbered
species to cluster at +1 and even-numbered species at —1.
This corresponds to the half-wavelength separation (A/2) ob-
served in the bipartite grouping of the even-m simulations.
Precisely the same ordering of stripes was found in the mean-
sine model, though with a lower degree of clustering at the
same densities, compared to the additive-sine type, as ex-
plained in Sec. IV A for the two species case.

While we highlight m = 5 and m = 6 here, these parity-
dependent behaviors are consistent across m =2 to 7 (see
Appendix H). The parity of m also influences the imaginary
part of the growth rate Im(u(k.)), as detailed in Appendix D 2.

B. General alignment cycles
Going further, we consider a more general form of cyclic
couplings
Jaa, 8§ =s,
Jo =Vl =G+
0, otherwise,

(mod m), 29)

where J44 are the intraspecies couplings and Jsp are the
couplings from one species in the cycle to the next. The cor-
responding Fokker-Planck equation always has a disordered
uniform solution. A parallel ordered solution also exists if
72 pt(Jaa + Jug) > 2D, just as in the two-species case. For
even m, an antiparallel ordered solution exists with species
in the cycle facing in alternating directions (e.g., 8§ = 0 for
acf{A,C E}, and 95:71 for be {B,D,F} in the m =6
case). No such antiparallel solution exists for odd m. Instead,
we expect more complex phases, with greater coupling frus-
tration and oscillatory dynamics. Here, we will only explore
the phase space Jyp > 0 for general m species, to perturb
around the flocking stripes phase observed for Jyu = —Jsp.
A full exploration of the phases for m > 2 species is left for
future work.

Numerical simulations for m = 5 and m = 6 species repro-
duce the same phases observed for m = 2 species: disordered,
flocking independently, flocking stripes, and demixed nematic
stripes [Figs. 5(a) and 5(d)]. However, key differences include
an expansion of the disordered region to larger |J44| and |J4p],
and a wider region of the flocking stripes phase with strong
polar order and demixing, but exhibiting in some cases a
different stripe ordering at long times [see pink star snapshots
in Fig. 5(b) and 5(e)]. Rather than following the species or-
dering s — s — 2, the stripes now arrange in direct species
order s — s — 1, as the interspecies alignment dominates over
the intraspecies antialignment, favoring a single-step chasing
chain. The stripes are also less distinctive, with a mixture
of stripe wavelengths observed, across different realizations.
We verified that this alternatively ordered flocking stripes

phase was also found in simulations of the mean-sine align-
ment model (Appendix I 1). Deeper into the demixed nematic
stripes phase, we also observed new attractor configurations
for the coexistence patterns—see Appendix 11 for further
details.

Linear stability analysis was carried out for both m = 5 and
m = 6 phase diagrams, based on perturbations from both the
uniform disordered state and parallel flocking state, with the
results plotted as background colors in Figs. 5(a) and 5(d). As
in the two-species case, a stable disordered state is found in
pale yellow regions, while finite wavelength instabilities with
k. =~ 5.1 appear in the light blue regions. In the remainder of
the phase space, the ordered state exhibits weakly damped
modes along the parallel direction kj, with growth spectra
showing multiple peaks at k ~ {1.8,5.3, 8.4, ...} that decay
slowly in amplitude [Figs. 5(c) and 5(f)]. This is the same
weak long-wavelength instability found earlier in the two-
species case (see Sec. IVC and Appendix F); however, a
combination of a lower per-species density (since total density
was maintained) and the nonreciprocal nature of the cyclic
couplings leads to an increase in the magnitude of the growth
rates measured (see Appendix 12). Due to the weak growth
rates, structures only appear after very long transient times in
the homogeneous flocking phase. For long times, they may
continue to show both regions of mixed homogeneous flocks
and demixed stripes, as can be seen by the snapshots in the
lower right panels in Figs. 5(b) and 5(e), which have been
run for four times as long as the other realizations. As the
couplings move deeper into the ordered phase, the maximum
growth rate max Re(u(k)) approaches zero, reflected in the
phase diagrams as a gradual transition from pink to purple
background colors. Much deeper in the ordered phase, beyond
the parameters shown in the phase diagram, the growth rates
become negligible compared to the rotational diffusion rate
D,, and the system is effectively stable. The change of mode
dominance from blue to pink regions, and the subsequent
decline in mode amplitude are discussed in more detail in
Appendix 12.

Examining the eigenvectors of the peaks in the growth
spectra [Eq. (28)] reveals the internal ordering within the
stripes. Coloring the eigenvector coefficients by species, we
observe that for both odd and even m, the largest contributions
correspond to the m roots of unity, though now with an angular
separation of 277 /m [leftmost insets of Figs. 5(c) and 5(f)]. For
even m, at every second mode peak, the eigenvector structure
changes to show an angular separation of 4w /m between
species. For all values of m, the eigenvector winding direc-
tion alternates between successive instability peaks, which
is consistent with the oscillatory nature of Jj(ck), which
changes sign between peaks. We found all of these eigen-
values have Im(u) < 0, so the spatial ordering of the stripes
is read clockwise round the unit circle (see Appendix I3).
Thus, this predicts alternating stripe ordering between peaks
of the growth spectra from s — s &+ 1, with the dominant
mode favoring s — s — 1, which matches the ordering gen-
erally observed in simulations. The coexistence of multiple
weakly unstable modes with similar growth rates thus pro-
vides a unified explanation for both the change in stripe
ordering and the mixture of wavelengths observed in simu-
lations of the m > 2 cyclic alignment model for Jag = |Jaal.
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FIG. 5. Phase behavior of general multispecies alignment cycles for m =5 (a)—(c) and m = 6 (d)—(f). (a), (d) Phase diagrams in
(Jaa, Jag) space with N =2 x 10%, p =100, and D, = 0.2. Symbols correspond to numerical simulations—see the caption of Fig. 1 for
the correspondence between phase behavior and symbols. Pink stars are here representing flocking stripes with different stripe ordering.
Background colors correspond to the results of the linear stability analysis, combining information from the disordered and ordered state
perturbations as was done in Fig. 3 for instance. Yellow indicates that the homogeneous disordered state is linearly stable to perturbations. Blue
indicates a finite wavelength instability in any direction, either from the homogeneous disordered or ordered state, with k. &~ 5.1. The gradient
of pink to purple corresponds to a weak finite wavelength instability from the ordered flocking state, in the k; direction. (b), (e) Snapshots from
simulations (left to right, top to bottom): flocking stripes [blue star, (Jaa, Jag) = (—0.35, 0.3)]; flocking stripes with alternative ordering [pink
star, (Jaa, Jap) = (—0.2, 0.3)]; demixed nematic stripes [dark-green plus, (J4a, Jag) = (—0.35, 0.1)]; long-time flocking stripes with alternative
ordering deeper in ordered phase [pink star, (Jaa, Jag) = (0.05, 0.3)]. (c), (f) Growth rates obtained from linear stability analysis of the ordered
state, in the kj direction for the same parameters as in the pink star top right snapshots in panels (b), (e), i.e., (Jas, Jap) = (=0.2,0.3). The
coefficients of the eigenvector associated with each of the mode peaks are visualized in the complex plane. The largest magnitude coefficients
are colored according to their species.

Higher order symmetry groupings may be possible for larger can reliably predict the emergent patterns and instabilities in
even m; a systematic investigation of this is left for future microscopic particle-based simulations. For binary systems,
work. our analysis successfully delimits the boundaries of the dis-
ordered, homogeneous flocking, and coexistence phases. A
key result is the identification of a finite-wavelength instability
VL. CONCLUSION AND DISCUSSION that accurately predicts the emergence of flocking stripes (and
laned coexistence phases with intraspecies antialignment).
The characteristic length scale derived from the most unsta-
ble mode, Arsa & 1.23, is in excellent quantitative agreement
with the stripe periodicity observed in microscopic simula-
tions. This confirms that the formation of these high-density
traveling bands is driven by a linear instability mechanism
akin to a Turing instability, but mediated here by the nonequi-
librium nature of the active driving and alignment couplings
via a Hopf bifurcation.

We extended our theory to cyclic multispecies interactions,
in which each species aligns with the next in a directed cycle,
while antialigning with members of its own kind. In doing
so, we revealed a profound connection between the topology
of the interaction network and the spatial structure of the

The study of multiple species with competitive dynamics
is a rapidly developing field. In this work, we have derived a
kinetic theory for a multispecies generalization of the Vicsek
model in which multiple self-propelled particle species inter-
act through distinct (anti)alignment couplings. In doing so,
we bridge the gap between microscopic alignment rules and
macroscopic pattern formation. By performing a linear sta-
bility analysis, we have provided a theoretical foundation for
the rich phenomenology recently observed in particle-based
simulations [34]. Our work shows that multispecies systems
can exhibit a wealth of previously unexplored coexistence
phases.

We derived a kinetic theory for the model using a Smolu-
chowski approach and found that this mean-field approach
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flock. This class of system is directionally frustrated, as no
globally consistent order can satisfy all pairwise interactions.
As a result, the system resists homogeneous ordered states
and instead supports spatially structured dynamics, such as
the flocking stripes we observe. We demonstrated that the
“chasing” behavior of species is encoded in the complex phase
of the eigenvectors of the linearized operator. Again, our
kinetic theory correctly predicts a characteristic lengthscale,
which manifests as the stripe wavelength in simulations of the
microscopic equations.

Depending on the parity of the alignment cycle, we found
key differences in the emergent dynamics from both theory
and simulations. In odd-length cycles, the spatial separa-
tion between consecutive species in the alignment cycle is
consistently %)\ where m is the cycle length. In even-
length cycles, however, particles form two distinct groups
of stripes, with every second species overlapping with one
another, resulting in a stripe separation of A/2. The spectral
analysis offers a clean geometric explanation for the parity
effect: for odd interaction cycles, the phases are distributed
as roots of unity, mapping directly to a staggered spatial
chasing; for even cycles, the phases collapse onto the real
axis, forcing a bipartite clustering that reduces the system
to an effective two-species phenomenology. Perturbing the
coupling values around these multispecies flocking stripes,
we observed similar phases to the binary species system.
However, in the regime J4p > |J44|, We also uncovered an al-
ternative species ordering of the stripes, which is accompanied
by a change in the structure of the eigenvalues and eigenvec-
tors obtained from the linear stability analysis of the ordered
state.

We note that the distinction between odd and even cycle
dynamics mirrors observations in other active matter sys-
tems with cycles of attraction and repulsion [68], suggesting
universality in the underlying mechanisms governing cyclic
interactions in active systems. The dynamics of the cyclic
model are reminiscent of intransitivity in game theory, such
as in the classic game of rock-paper-scissors. This structure
has been widely used to study competitive interactions across
various socioecological systems [67,79-82], and can even be
a mechanism to sustain coexistence in microbial communities
[83]. This suggests the importance of the role of intransitivity
in active matter models, such as ours, not only as a source of
stable oscillatory dynamics, but which could also imitate the
dynamics of biological processes.

These results highlight the utility of kinetic theory not just
for computing phase boundaries, but for decoding the geome-
try of collective motion in complex networks. While the linear
stability analysis successfully predicts instability wavelengths
and parity-dependent pattern selection, several limitations re-
main. The chosen coarse-graining method works well for the
moderate-to-high densities used here, but is expected to be
less useful for low density systems where fluctuations play
a greater role. Moreover, the analysis is restricted to pertur-
bations around stationary uniform base states and therefore
cannot describe nonlinear pattern selection, traveling band
propagation, or coarsening. Near phase boundaries, weakly
nonlinear methods would be needed to characterize the bifur-
cations more precisely. Perturbations around more complex
base states, such as nematic, offset species polar, or spatially

inhomogeneous states, are promising directions for further
work.

Nevertheless, our kinetic theory framework provides a
powerful foundation for understanding emergent phases in
multispecies active systems more generally. Future work
will leverage this theoretical approach to explore a broader
class of systems with complex interaction networks, with
the potential of revealing new emergent phases and their
self-organizing principles. As experimental realizations of ac-
tive matter move toward mixtures of synthetic colloids or
robotic swarms, our framework provides a general tool for
designing interaction rules that target specific self-organized
architectures.
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APPENDIX A: DERIVATION OF «*

In this Appendix, we derive the expression for «“ in
Eq. (21), used in the ordered state perturbation of the
two-species system. Starting with the Fokker-Planck equa-
tion (3), we will assume a steady state solution of the
form

a 0—69)
pa e cos( 5
() = ——

27 (k) (AD

Then all temporal and spatial derivatives in Eq. (3) will vanish
giving us

d[A(6)] =0, (A2)
where

A(0) = D, dycl(0)

2w
— c4(0)mo? Zlab/ do'ch(0')sin(@’ — 0).
b 0
(A3)

For this equation to hold for all 6, we require the function
inside the derivative to be constant, i.e., A(8) = Ay. Hence,
integrating both sides of A(9) = A( over 0, we get

2 2 2
Ap=-T Zjab/ d@/ do'c(0)ch(0")sin(0’ — 0),
2 = 0 0
(A4)

with the diffusion term disappearing due to the periodicity
of cj. Now, the right-hand side is antisymmetric under a
change of variable 6 <> 6’, which forces Ay = 0. Therefore,
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we have

2
D, 3ycl(0) = ci(O)mo? Zfab/ do'ch(@’)sin(®' — 6).
b 0

(AS)
For the left-hand side of this equation we have
D, 9pc(0) = —D,k“ sin (6 — eg)cg(e). (A6)

Note that c(6) is strictly positive and so can be canceled on
both sides of Eq. (AS5) giving

2w
—D,k“sin(6 — 6) = no? Zfab/ do’ch(0)sin(0' — 9).
X 0

(AT)
Let us perform the integral on the right-hand side:

K

2
/ do’'ch(0)sin(0’ — 6) (A8a)
0

,Ob 1 m b '_gb
= 70 / de’ e =% sin(@’ — 9) (A8b)
0
,Ob 1 2 )
= 2T / dgpe <% sin(¢p — 6 + 6), (A8c)
0 0

where we have performed a change of variables ¢ =6’ —
9(’)’ . Now, using the trigonometric identity sin(A + B) =
sinA cos B + cos Asin B, withA = ¢ and B = 96’ — 6, we get

b

P 1 b 2 beose .
ZEI()(—Kb)I:COS(QO_G),/(; & ?sing do

2
+ sin(6g — 0) f &' 05 cos d¢]. (A9)
0

The first integrand is the product of an even function (eKb cos )
and an odd function (sin ¢), thus its integral over the whole
period from O to 27 is zero. The second integral follows from
a known identity. We therefore have

b
_P by cin (b
= EmZﬂll(K )Sln(90 — 9) (AlOa)
= —p"W’sin6 - 6Y), (A10b)

. by
recalling that W’ = Z')Ez,; is the polar order parameter of

species b. We thus have the following equality:

o
D,

2
sin (0 — 06)c" = —— Y Jup"W’sin (0 — 67).  (AlD)
b

To remove the dependence on 6, let us project both sides of
this equation onto sin(f — ) by integrating over 6. For the
left-hand side, we obtain

2
K“/ do sin® (0 — 6f) = k. (A12)
0

For the right-hand side, we obtain

2
/ dsin (6 — 65) sin (0 — 65) = 7 cos (8] — 65).
0
(A13)

Therefore, all together we derive the following explicit ex-
pression for x“:

mo? byyb b
K= > Jup W cos (67 — 65).
"

(A14)

APPENDIX B: ORDER PARAMETERS
FOR PHASE CLASSIFICATION

Here we provide a brief overview of the quantities used
to classify the phases in Fig. 1 (polar order, nematic order,
demixing, and periodicity). Further details on the calculation
of the order parameters and classification of phases can be
found in Ref. [34].

For a set Q2 of particles, the polar order and nematic order
of the system are given by

>, (B1)

1
Vo ={(—
< 3]

S ! (B2)

Q =\ 7~ )
12|

where |€2| is the number of particles in the set 2 and the
angular brackets denote an average over time, once in steady
state. Here, P;(t) = (cos6;(t), sin6;(¢)) is the unit polar ori-
entation vector and {;(z) = (cos26;(t), sin 26;(¢)) is the unit
nematic orientation vector. We measure the polar and nematic
order within each species W4, Wp, S4, Sp as well as the overall
order W, S. We also measure the difference in polar/nematic
direction between the two species 66y and §6s.

To quantify the local species-species phase separation, we
measure the demixing order parameter:

N
_ 1 1 1
d={->" — 3 Suun — 5 )1 B3
<N 2 1D, (i),5(j) 2> (B3)

J€D;i

Y o)

ieQ

D@

ieQ

where D; = {j : [r; — r;| < 07/2} and Jy.;)(j) is a Kronecker
8. This quantity measures the average ratio of same species
particles to total number of neighbors within a radius of
o7/2. This distance was chosen such that D; is almost only
comprised of particles of the same species in the striped
coexistence phases. Note that 1/2 is subtracted in the order
parameter calculation so that d > 0 describes a demixed bi-
nary system and d = 0 describes a completely mixed system.

Finally, we also measure any periodicity displayed by the
system to more accurately distinguish micropatterned states
and macroscopic flocks (i.e., between the liquid antiparallel
flocking and antiparallel flocking stripes phases as the demix-
ing parameter remains nonzero for both). A system is labeled
as periodic if we observe a large peak in the vicinity of k =
1/x ~ 0.8 in the power spectrum |8 (k)|? of the density fluc-
tuations parallel to the direction of order. The classification of
the nine phases using these order parameters is summarized in
Table 1.
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TABLE I. Classification of emergent phases. The definitions of the order parameters are given in Appendix B.

v Wy, Vg |60y | S Sa, Sp |86 d Periodicity
Parallel flocking >0 >0 0 >0 >0 0 0 No
Antiparallel flocking 0 >0 >0 >0 >0 0 0 No
Flocking stripes >0 >0 0 >0 >0 0 >0 Yes
Antiparallel flocking stripes 0 >0 >0 >0 >0 0 >0 Yes
Nematic stripes (demixed) 0 0 — >0 >0 0 >0 Yes
Nematic stripes (mixed) 0 0 — >0 >0 0 0 Yes
Independent flocking 0 >0 >0 0 0 — 0 No
Independent nematic ordering 0 0 — 0 >0 >0 >0 Yes
Disordered 0 0 — 0 0 — 0 No

APPENDIX C: STRIPE WAVELENGTH IN SIMULATIONS

Here, we examine the structure factor to measure the stripe
wavelength from the particle-based simulations of the micro-
scopic equations [Egs. (1a) and (1b)]. We define the structure
factor S(k) as the Fourier transform of the density fluctuation
correlation function

S(k) = (I6p(k, 1)), (C1)

Here, 6p(k, t) is the Fourier transform of the density fluc-
tuations Sp(r,t) = p(r,t) — (p(r,t))r, Where p(r,t) is the
local density measured in square grids of length £ = 0.2,
centered on r, from a coarse-grained snapshot of the system
at time t. We then look for a peak of the structure factor in
Fourier space k*, which would correspond to a characteristic
lengthscale in the system [Fig. 6(b)]. We exclude the region
|k*| < 0.5 as this would correspond to lengths on the scale of
the macroscopic clusters rather than the stripe wavelength—
see Figs. 6(a) and 6(b). The average stripe separation in real

) [

ot

FIG. 6. Wavelength of flocking stripes in particle-based simula-
tions of the microscopic equations. (a) Snapshot of a system with
flocking stripes and (b) its structure factor. The location of the peak
k* is highlighted in red. (c) Histogram of the same-species stripe
wavelength A = 2/|k*| for systems classified as parallel flocking
stripes in Fig. 1. The mean wavelength of A = 1.22 is shown as a
vertical dashed black line.

space will be given by 1/|k*|. Defining the stripe wavelength
to be the distance between density peaks of the same species,
we have A = 2/|k*| as the stripes are of alternating species.
We measured the stripe wavelength for all the systems classi-
fied as parallel flocking stripes in Fig. 1, with 10 realizations
for each, and show a histogram of their values in Fig. 6(c). The
mean stripe wavelength is measured to be A = 1.222 + 0.049.
This is in quantitative agreement with the wavelength found
for the mean-sine model simulations of A & 1.23 [34].

APPENDIX D: MODE DOMINANCE
1. Two-species systems

To elucidate the physical mechanism driving the finite-
wavelength instability, we analyze the eigenvector structure
associated with the largest growth rate. These results are sum-
marized in Fig. 7.

At low densities (p < p.), the spectrum of the disordered
state lies entirely in the left half-plane, indicating stability.
As p exceeds a critical threshold p., an eigenvalue with
positive real part emerges signaling a finite-wavelength in-
stability at k. ~ 5 [Fig. 7(b)]. The leading eigenvalue forms
a complex conjugate pair [Fig. 7(c)], and the corresponding
eigenvector is dominated by the n = 0 mode, i.e., the density
mode [Fig. 7(d)]. As the density is increased further, beyond
a crossover value p,, a different mode becomes dominant.
While the critical wave number remains approximately con-
stant (k. &~ 5), the growth rate becomes purely real [Figs. 7(e)
and 7(f)]. Concurrently, the eigenvector structure shifts, be-
coming dominated by the n = 1 modes, i.e., the polarity
modes [Fig. 7(g)]. Formally, these results indicate that the
system undergoes a Hopf bifurcation of type I, at p. [85]. This
is followed by a mode dominance crossover at p* from the
density mode to the polarity modes.

The critical density p. &~ 50 aligns well with the transition
from disorder to flocking stripes observed in particle-based
simulations. Regarding the crossover at p,, we hypothe-
size that systems with p. < p < p* exhibit an oscillatory
density instability (due to the density mode dominat-
ing and Im(u*(k.)) # 0), triggering the local demixing of
species. These fluctuations may locally push the density
above p,, thereby triggering the polarity-dominated mode
[Im(u*(k.)) = 0] and stabilizing the flocking bands. We note
that we did not observe distinct macroscopic signatures distin-
guishing the regimes below and above p, in the steady-state
simulations.
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FIG. 7. Mode dominance of the finite wavelength instability. (a) Eigenvalue with the largest real part as a function of density. (b), (e) Growth
rates at the triangle (o = 100) and square (p = 200) marker indicated in panel (a). At lower density, the orange growth rate dominates and at
higher density the purple growth rate dominates. (c), (f) Eigenvalues at k. in the complex plane. At lower density, the dominant eigenvalue is
a pair of complex conjugates [orange points in panel (c)]. At higher density, the dominant eigenvalue is real with no imaginary part [purple
point in panel (f)]. (d), (g) Coefficients of the eigenvector associated with u*(k.) in the complex plane. The coefficients associated with
mode n = 0 are colored in red, while those for modes n = +1 are colored in blue. The higher order modes are in gray. At lower density (d),
the n = 0 mode dominates. At higher density (g), the n = =1 modes dominate. Other parameters were D, = 0.2, Juy = —0.10, J45 = 0.10,
and N, = 50.

2. Multispecies systems In the intermediate density regime p, < p < ps, the linear
stability landscape is qualitatively similar across all species
counts: the leading eigenvalue py.x forms a complex con-
jugate pair for both odd and even m [Figs. 8(c) and 8(g)].
Beyond p,, we observe a mode dominance crossover analo-
gous to the two-species case [Figs. 8(b) and 8(f)]. However,
the spectral character of this new dominant mode depends

In multispecies systems, examining the structure of the
eigenvectors corresponding to the largest growth rate reveals
important differences between odd and even m (see Fig. 8).
We restrict our analysis to the unstable regime p > p., where
the system exhibits a finite-wavelength instability [Figs. 8(a)

and 8(e)].
increasing p - increasing p
Ll L
() ! " (b " ! & @ ° 3
T 2 ; 2
Odd m 2, /\ 2 | Even m N /'\ =,
< ﬁ§ = = I =
Q \ 0 Gy I &/\ 0
O m = N iw
e / W ) -1 > -1 /<° e\ 1 | /4 1 N—
5 ] [} 0 5 10 0 5 10 0 5 10
'\ / \ oo k k
- (c) 5 (d) 5 (8) 5 (h) 5
v oO = = Oo o = =
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FIG. 8. Dominant eigenvalue in odd vs even cycles. On the left side are results for m = 5 and on the right for m = 6. Growth rates at
p = 100 (a), (e) and p = 200 (b), (f). In the panels below each of these are the eigenvalues in the complex plane at k = k.. At lower density for
both m = 5 and m = 6, the eigenvalues with the largest real part are a pair of complex conjugates [orange points in panels (c), (g)]. At higher
density, the eigenvalues with the largest real part are complex conjugate for m = 5 [purple points in panel (d)], but collapse onto the real line
for m = 6 [purple point in panel (h)]. Other parameters were D, = 0.2, J = 0.05m and N. = 50.
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FIG. 9. Eigenvalue with maximum real part over all (k,, k)
values for linear stability from the ordered homogeneous state
(parallel flocking if J44 > O or antiparallel flocking if J45 < 0). Cou-
pling parameters were (a) Jy4 = —0.10, Jup = 0.11 and (b) Jas =
—0.10, Jup = —0.11. Other parameters were D, = 0.2, p = 100, and
N, = 50.

strictly on the parity of m. For odd m, the growth rate (k)
remains a complex conjugate pair. In contrast, for even m, the
eigenvalue becomes purely real [Figs. 8(d) and 8(h)].

APPENDIX E: DIRECTION OF INSTABILITY

In Fig. 9, we show max { Re(x(]k|))} in all directions
(ky, ky) for the linear stability from the homogeneous ordered
state. We see that either the fastest growing mode grows in
all directions uniformly (a), or in the direction parallel or
perpendicular to the direction of order (b), depending on the
parameters. It is therefore sufficient to check the linear sta-

max Re(u), Ky direction

bility in the directions (kx, 0) and (0, k), which allows us to
greatly save on computation time.

We tried starting particle-based simulations with an initial
configuration following a von Mises distribution [Eq. (20)]
and found that the initial instability, indeed, appears to either
start in the direction parallel or perpendicular to the direction
of polar/nematic order (see movies S3 and S4 in Ref. [84],
which were initialized from von Mises distributions with par-
allel and antiparallel flocking, respectively).

APPENDIX F: WEAK LONG-WAVELENGTH INSTABILITY

In the main text, we were mainly concerned with the short-
wavelength perturbation with k ~ 5.1 corresponding to the
emergent wavelength of stripes and lanes in the simulations.
However, we also identify that the ordered flocking state has
a weak long wavelength instability in both the parallel and
perpendicular directions in the upper half plane for m =2
species—see Fig. 10. The flocking striped state has a large
amplitude finite wavelength instability at kK ~ 5. Moving to
larger J44 from here, we find that the ordered state pertur-
bation has a weak amplitude finite wavelength instability in
both directions, but at longer wavelengths 0 < k < 2. The
peak of this instability decays quickly as we go deeper into
the ordered phase Jua, Jap > 0. We also verified that (k, 0)
and (0, k; ) were the two most unstable directions in the inset
to Fig. 10(d), similar to what we found in Appendix E.

Jaa = Jap = 0.004
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FIG. 10. Long wavelength instability in linear stability analysis of the ordered state. (a), (b) Phase diagrams in the (Ja4, Jap) plane of
the eigenvalue with maximum real part, with a logarithm scale, in both the k; (a) and k; (b) directions. (c), (d) Growth rates for the point
circled in red in panels (a), (b) with J44 = J4p = 0.004 (effectively one species) showing a long-wavelength instability of Re(u(k;)) = 0.018
at ky = 1.42 and Re(u(k,)) = 0.024 at k; = 0.31. Other parameters were D, = 0.2, p = 100 and N. = 50. The inset of panel (d) shows
max Re(u(k)) in (k,, k,) space. (¢) Snapshot of a particle-based simulation of the additive-sine model for m = 1 with N = 2 x 10° and the

same other parameters as used to generate panels (c), (d).
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Interestingly, a long-wavelength instability is observed
even for effective one-species systems. As an example, we
choose a system close to the order-disorder transition, such
that its instability amplitude is not too small in magnitude, as
shown in Figs. 10(c) and 10(d), and structures may therefore
be visible in a reasonable simulation time. Running a realiza-
tion of this system for long times, we indeed begin to observe
long-wavelength clustering in this one-species system with
the same parameters [Fig. 10(e)].

Given the extremely weak growth rate, we expect that
when max Re(u) < D,, these instabilities will be negligible
on the timescale of rotational diffusion. For the purposes of
classifying the phase diagrams in the main text, we use an
instability threshold of max Re(un) > 1072, which is 20 times
smaller than the value of D, used in most of the simula-
tions. In Fig. 2, this results in essentially the whole weak
long-wavelength instability region being classified as parallel
flocking stable (purple).

This weak amplitude instability is discussed again in more
detail for m > 2 species in Appendix 12.

APPENDIX G: DIFFERENCE BETWEEN MIXED
AND DEMIXED STRIPES

Within the region of finite-wavelength instability of the
disordered state in the two-species system, we identify a clear
distinction between mixed and demixed striped phases based
on the structure of the unstable eigenmodes. We examine the
eigenvector coefficients of the most unstable mode in the com-
plex plane. For parameters corresponding to demixed states
in the particle-based simulations, such as flocking stripes or
demixed nematic stripes [Fig. 11(b)], the dominant coeffi-
cients for the two species are separated by an angular distance
of m, lying on the real axis at £1 [Fig. 11(a)]. This cor-
responds to a spatial separation of A/2 between stripes of
alternating species. In contrast, for parameter values display-
ing the mixed nematic stripe phase in simulations [Fig. 11(d)],
the dominant coefficients coincide in phase at ®*(k.) =1
for both species. In this case, the two species are in phase
within each stripe, leading to a stripe spacing of A and mixing
between species.

APPENDIX H: ODD VERSUS EVEN FLOCKING STRIPES

In the main text, we reported differences in the stripe
configuration between m = 5 and m = 6 species with align-
ment cycles, citing their differences being due to the parity
of the cycle length. In Fig. 12, we perform the linear stability
analysis from the disordered state on all systems with species
numbers from m = 2 to m = 7, showing clear differences in
the stripe ordering and eigenvector structure depending on the
parity of m.

APPENDIX I: FURTHER MULTI-SPECIES
COEXISTENCE PATTERNS

1. Microscopic simulations

We verified that the alternative ordering of the multispecies
flocking stripes when Jap = |Jaa| is also observed in the
mean-sine type alignment model. Some example snapshots

(a) X g (b)
5 0'*:—§—F
= L e e ./'
—1 PN St g
-1 0 1
Re(®*(k.))
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g :III. % . ‘\I
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—1 0 1
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FIG. 11. Mixed and demixed phases linear stability comparison.
(a), (c) Coefficients of the eigenvector associated with p*(k.) in
the complex plane for (a) Jys = —0.14, Jyp = 0.05 and (c) Jaa =
—0.14, J43 = —0.05. The coefficients associated with mode n = 0
are colored in red and those for modes n = £1 are colored in
blue. The higher order modes are gray. The other parameters are
D, = 0.2, p =100, and N. = 50. To the right are snapshots with the
same parameters from simulations with N = 2 x 10* particles for (b)
Jaa = —0.14, J45 = 0.05 displaying nematic stripes with species that
are demixed and (d) Jy4 = —0.14, J4,p = —0.05 displaying nematic
stripes with species that are mixed.

are shown in Fig. 13, clearly displaying the stripe ordering of
s — s — 1 in both odd and even cases. A variety of emergent
stripe wavelengths are observed, despite all simulations being
carried out with the same box size. Interestingly, demixing
can even occur when J44 > 0 (i.e., no longer intraspecies
antialignment). This is not completely unexpected since the
m > 2 cyclically aligning systems are in general nonrecipro-
cal, which has been shown recently to be a generic mechanism
for demixing in active alignment models [66].

In m > 2 systems, we observed a new type of coexistence
pattern for strong intraspecies antialignment and interspecies
alignment (top left of phase diagrams in Fig. 5). Compared
to our original demixed nematic stripes, we observe, at long
times, that these systems tend to demix even further and form
larger scale single species regions (Fig. 14). We verified that
this pattern is an attractor, by initializing some simulations
from the final configuration of nearby phases in the phase
diagram to check that this configuration was still reached.

2. Mode dominance from the ordered perturbation

In Sec. VB, we observed a transition in eigenvalue behav-
ior in the linear stability analysis around the ordered state,
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FIG. 12. Comparison of odd and even numbers of species with cyclic alignment interactions. For each m = 2 to m = 7 three panels are
shown. On the left, a schematic of the cyclic interactions is shown. The black arrows — represent the interspecies alignment and the inverted
chevron arrows & represent the intraspecies antialignment. For even m, the blue and red lines show the grouping of species. For odd m, the
gray lines show the ordering of the stripes. In the center, the time-averaged density profiles, projected along the direction of travel, are shown
for simulations of the microscopic equations with a mean-sine alignment in the flocking stripes phase. The distance from one species to the
one it is aligning with is given as a fraction of A, the stripe wavelength of the same species. Simulation parameters were: N = 5m x 10%,
p =100, D, = 0.2, J = 10(m + 1). On the right, from linear stability analysis of the disordered state in the additive-sine interaction model,
the coefficients of the eigenvector corresponding to the largest eigenvalue @ (k) are plotted in the complex plane. The coefficients of mode n
with the largest magnitude are colored according to the species number they correspond to, in accordance with the colors used in the interaction
schematics. The linear stability analysis parameters were: N, = 50, p = 100, D, = 0.2, J = 0.05m.

FIG. 13. Snapshots of multispecies flocking stripes with alternative ordering in the mean-sine alignment model. (a)—(c) have m = 5 species
and (d)—(f) have m = 6 species. The schematic in each row shows the cyclic alignment rules in black, and the emergent ordering of the stripes in
gray dashed arrows, going in the opposite direction to the cycle. Coupling parameters are: (a) Jaa = —30, Jap = 100; (b) Jua = 0, Jap = 20; (c)
Jua =0, Jyp = 40; (d) Jag = —40, Jyp = 100; (e) Jaa = 0, Jap = 20; (f) Jy4 = 0, J4g = 60. Other simulation parameters were N = 2 x 10%,
D, = 0.2, and p = 100.
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FIG. 14. Additional demixed nematic coexistence pattern at long
times for m > 2. A snapshot is shown on the left, while the evolution
of its order parameters over time is shown in the right panel (polar
order ¥, nematic order S and demixing d order parameter). Note that
for m > 2, we subtract 1/m within the order parameter calculation
such that d = 0 is still the threshold for a demixed system. As such
the maximum value is now d = 1 — 1/m. Parameters used were
m=5 N=2x10* D,=02, p=100, Jyu =-04, and
JAB == 03

which was also accompanied by a change in stripe ordering
in the particle-based simulations. Here, we investigate further
this change in mode dominance across a slice of the phase
diagram in Fig. 5(a) at J4p = 0.3 for m = 5. In Fig. 15, we
observe the sharply peaked mode at k. ~ 5 decreases in am-
plitude as J44 increases, shown in blue in Figs. 15(b)-15(d).
For Jus £ —0.239, the dominant mode switches to the weakly
damped oscillatory mode, colored in pink, which has its max-
imum at k. &~ 2. The discontinuity across this transition is
clearly observed in Fig. 5(a) in both the maximum real part of
the eigenvalue spectrum, and its corresponding wave-number
location. This transition corresponds well with the change in

stripe behavior we observed in simulations, which we color
as blue stars and pink stars. As we increase J44 further, the
weakly damped oscillatory mode continues to decrease in
magnitude. In simulations, we thus begin to observe systems
that take much longer to demix.

Finally, in Fig. 15(f), we examine the magnitude of
max Re(u) as density and the number of species are varied.
We clearly see that the m = 5 growth rates are much larger
compared to the m = 2 case in the ordered phase. For m = 5,
the growth rates decrease as density is increased. However, the
m = 5 systems still have larger growth rates than m = 2, even
at comparable or higher per-species densities. We hypothe-
size that this is due to nontrivial effects of the nonreciprocal
coupling network, leading to more unstable states. This com-
parison supports our findings of an enhanced region of longer
wavelength stripe instabilities in the m > 2 systems shown as
a pink to purple shading in Fig. 5. In comparison, for m = 2,
the growth rates decrease sharply to much smaller magnitudes
at the transition from flocking stripes to homogeneous parallel
flocking states, hence the solid purple color in Figs. 2 and 3.

3. Stripe ordering from the complex eigenvector

From Egs. (13) and (23), the density perturbation for
species a at wave number k, in the parallel direction, takes
the form

§p%(x, 1) o XMW cos(Im(p) t + kx + Pa), (I1)

where ¢, = arg(®f) is the argument of the density component
of the eigenvector. The density peak of species a sits where the
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FIG. 15. Eigenvalues from the linear stability around the ordered state, looking in the k direction with N. = 100. (a) Most unstable
eigenvalue max Re(u) across a slice of the phase diagram in Fig. 5 at Ju5 = 0.3. An ordered solution only exists for Jy4 Z —0.29. The inset
shows the corresponding value of k. at which max Re(w) occurs. There is a sharp kink in the maximum eigenvalue at J44, = —0.239, at which
point the value of k. has a sharp discontinuity (plotted as a red dashed vertical line in both plots). Growth spectra across this transition are
shown in panels (b)—(e), with the blue and pink modes tracked across each value of J44. (f) Most unstable eigenvalue max Re(u), varying
total system density p and species number m, zoomed in on small amplitudes. Growth rates decrease as density is increased. They decay even

further in the ordered phase for m = 2.
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FIG. 16. Dominant eigenvalues from linear stability around the
ordered state in the k; direction, for m =5 (left) and m = 6 (right).
(a), (b) Imaginary part Im(u) of the m most dominant eigenvalues as
a function of kj, colored from most to least dominant at k; = 1.84.
(c), (d) The same dominant eigenvalues plotted in the complex plane
at k; = 1.84. Parameters correspond to the growth rates shown in
Figs. 5(c) and 5(f): Jaa = —0.2, Jup = 0.3, p = 100, D, = 0.2, and
N, =50.

cosine is maximized:

- Im(ﬂ)t - (ba

xu(t) = k

12)
The stripe velocity is x, = — Im(u)/k, so for k > 0O the di-
rection of travel is determined by the sign of Im(u). At any
fixed time, the species ahead in the direction of travel are
those with smaller ¢, when Im(u) < 0, and those with larger
¢, when Im(u) > 0. On the unit circle, decreasing argument
happens in the clockwise direction and increasing argument in
the anticlockwise direction, so:

(1) forIm(w) < 0, eigenvector coefficients should be read
in the clockwise direction;

(2) forIm(u) > 0, eigenvector coefficients should be read
in the anticlockwise direction.

For the instability around the disordered state for the flock-
ing stripes in Fig. 4, the dominant density mode corresponds
to a pair of complex conjugate eigenvalues (see Figs. 7 and 8).
We always took the eigenvalue with Im(u) > 0, so the eigen-
vector coefficients are read anticlockwise, giving s — s — 2
stripe ordering.

For the instability around the ordered state for the alter-
natively ordered flocking stripes in Figs. 5(c) and 5(f), the
relevant eigenvalues always have Im(u) < 0, as shown in
Fig. 16, so the eigenvector coefficients are read clockwise,
giving a predicted stripe ordering of s — s =+ 1, depending on
which instability peak is examined.
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