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As Moore’s law reaches its limits, Ising machines offer a promising alternative computing approach for
difficult optimization problems. However, many analog, time-continuous Ising machines rely on gradient-

descent-like dynamics to find solutions, which can limit speed and robustness. We investigate whether
momentum and Adam optimization can improve these systems. Since these optimizers are traditionally for-
mulated in discrete time, we derive continuous-time versions suitable for analog, time-continuous Ising-machine
dynamics. On Max-Cut benchmarks, we find that Adam-based dynamics substantially reduce time to target and

improve solution quality compared with gradient-descent- and momentum-based dynamics. We further introduce
a first-order continuous-time approximation of Adam that is intended as a simpler starting point for future
physical implementations and while performing better than the full Adam formulation in a continuous-time
setting. We also study a purely algorithmic discrete-time setting, where the performance gap is reduced on easier
problem instances, while the Adam-based update rule performs best on harder weighted problem instances.
These results identify continuous-time Adam dynamics as a powerful design principle for analog Ising machines.

DOI: 10.1103/qg6g-nk{3

I. INTRODUCTION

The miniaturization of transistors is approaching physical
limits, making it increasingly more difficult and costly to
continue the exponential growth of computing power pre-
dicted by Moore’s Law [1,2]. As a result, the focus is shifting
towards enhancing computational performance through soft-
ware, algorithms, and innovative hardware architectures [3].
In this evolving landscape, Ising machines have emerged as
a promising non-von Neumann computing approach to ad-
dress NP-hard optimization problems, statistical sampling and
machine learning more efficiently than traditional digital com-
puters [4-7].

Ising machines are physical or algorithmic systems based
on the Ising spin model from statistical physics. They can be
used for optimization, sampling, and machine learning; here
we focus on binary optimization, where the goal is to mini-
mize a cost function. In this setting, the problem is mapped
[8] onto the Ising Hamiltonian by choosing the couplings J;;
and bias terms b; such that low-energy spin configurations
correspond to low-cost solutions:

1
Higing(0) = ) ZJijUin - Zbiaia (D
i i

where o0 = {0, 02, ..., on} denotes the state of the system,
o; € {—1, +1} are binary spin variables, J;; are the couplings

*Contact author: Stijn.Van.Vooren@vub.be

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2470-0045/2026/114(4)/045305(17)

045305-1

between spins, b; are the bias terms, and N is the number of
spins.

To situate our work more precisely, it is useful to categorize
Ising machines by how the spin state is represented. In analog
Ising machines, each spin is stored internally as a continu-
ous variable x;, and the binary Ising spin o; € {—1, 41} is
obtained only after thresholding, e.g., through o; = sign(x;).
In binary Ising machines, the hardware state itself is already
binary. Both categories exist in, e.g., electrical and optical
hardware [6,9-13].

Our work is aimed at analog machines, where it is also
useful to distinguish time-continuous realizations, whose
states evolve continuously in time, from time-discrete real-
izations, where continuous internal variables are updated in
clocked steps. This distinction is important in practice: in
many time-discrete physical implementations, the evaluation
of the coupling becomes a genuine bottleneck. In particu-
lar, the analog state must first be measured and converted
by an analog-to-digital converter (ADC), then the coupling
multiplication is carried out in digital hardware such as a
field-programmable gate array (FPGA), and the result must
finally be converted by a digital-to-analog converter (DAC)
and reinjected into the physical system. This means that the
machine is no longer operating at the native bandwidth of the
analog substrate; instead, its update rate is constrained by the
latency and throughput of the ADC/DAC and FPGA loop. By
contrast, time-continuous analog Ising machines implement
the spin coupling directly in the physical system itself, making
them the natural setting when one wants to exploit the intrinsic
parallelism and high bandwidth of analog hardware [5,7].

Representative examples help illustrate the different cat-
egories. Among analog, time-continuous Ising machines,
electrical oscillator-network implementations relax toward
low-energy Ising states through the continuous dynamics
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of nonlinear oscillators [9], while all-optical coherent Ising
machines based on injection-locked multicore-fiber lasers re-
alize the couplings with spatial light modulators, and relax
through coupled laser dynamics [10]. Analog, time-discrete
Ising machines also use continuous internal variables, but
update them in synchronized discrete steps. Examples in-
clude simulated bifurcation, typically implemented in digital
hardware [11,14], and optical measurement-feedback coher-
ent Ising machines, which use time-multiplexed degenerate
optical parametric oscillator (DOPO) pulses and compute the
couplings once per cavity round trip using a central processing
unit (CPU) or FPGA [6]. Binary Ising machines, by contrast,
store the spin directly in bistable electrical or optical states;
one large-scale optical example encodes spins in binary op-
tical phases using spatial light modulation [13]. With this
classification we want to make clear that our results are not
tied to a single device, but to the broader class of analog
Ising-machine architectures.

Many of these Ising machines rely heavily on gradient
descent for their optimization. While gradient descent is a
cornerstone of many optimization methods, it comes with
notable challenges. One key limitation is that gradient descent
can only move downhill in the energy landscape. This means
it is prone to getting stuck in local minima, which are subopti-
mal solutions that hinder the system from reaching the global
minimum—the true optimal solution. To remedy this issue,
Ising machines typically incorporate noise into the system.
This noise helps the system escape local minima by introduc-
ing stochastic fluctuations, allowing the machine to “jump”
out of shallow wells and explore other regions of the energy
landscape. While this approach can improve the system’s abil-
ity to find the global minimum, it also introduces challenges in
terms of the required noise amplitude and the tradeoff between
exploration and exploitation. Too much noise can cause the
system to fluctuate too much, preventing convergence to an
optimal solution, while too little noise might not help escape
local minima effectively [15]. While gradient descent-based
Ising machines have demonstrated success, they remain con-
strained by slow convergence and a tendency to get trapped
in local minima. Momentum and Adam optimizers offer sig-
nificant advantages over gradient descent. Momentum can
be intuitively understood as the inertia of a moving object.
When an optimizer uses momentum, it accumulates velocity
from previous gradients, allowing it to continue moving in the
same direction even when encountering uphill slopes (local
minima). This inertia helps the optimizer to escape local min-
ima and maintain its trajectory towards the global minimum.
The Adam optimizer combines the benefits of momentum
and adaptive learning rates, adjusting the step size based on
the first and second moments of the gradients. This results
in faster convergence and better handling of noisy gradients,
making Adam-based Ising machines potentially more efficient
and robust for combinatorial optimization tasks.

Momentum has been introduced in some Ising machine
implementations [16]. Incorporating momentum dynamics
into simulated bifurcation, the Toshiba Bifurcation Machine
achieves improved optimization performance [11,12]. This
technique is state of the art for Sherrington-Kirkpatrick (SK)
optimization problems, according to recent benchmarks [17],
while for other problem types the data are incomplete. While

momentum-based optimizers have been widely successful in
combinatorial optimization problems, the Adam optimizer has
dominated machine learning and other fields, particularly in
deep learning, natural language processing, and computer vi-
sion, due to its superior convergence speed and robustness.
Despite this widespread success, Adam optimizer had not
been applied to Ising machines until Brown et al. [18] intro-
duced them in the context of a continuous-variable coherent
Ising machine (CIM). In their work, Brown ef al. demon-
strated that momentum and Adam can significantly accelerate
the optimization process in CIMs by modifying the feed-
back with more sophisticated update rules. Their simulations
showed that these methods improve convergence speed, sam-
ple diversity, and stability over standard gradient descent in
CIMs, particularly for poorly conditioned problems. Notably,
they found that Adam, with its adaptive learning rate ad-
justments, enhances robustness against variations in feedback
strength, making it more reliable for practical implementa-
tions. However, their work is specifically done for the CIM
system. Our work is inspired by this, but is substantially
broader. Rather than adapting momentum and Adam to this
specific CIM architecture, we reformulate them for the general
class of analog, time-continuous Ising machines.

This distinction matters because Adam is normally used
as a discrete-time optimization algorithm. In purely algorith-
mic implementations, and also in many time-discrete physical
Ising machines where the state is measured, processed dig-
itally, and fed back through electronics such as an FPGA,
porting these optimizers is comparatively straightforward: one
can directly use the standard discrete momentum or Adam
update rules known from the literature. In such cases, the
main computation, often dominated by evaluating the cou-
pling, is carried out digitally, so the effective update rate is
tied to the speed of the digital control loop rather than to the
native bandwidth of the analog substrate. Our focus, instead,
is on analog Ising machines whose states evolve directly in
continuous time. For this class of systems, the standard dis-
crete formulations of momentum and Adam optimizer are
not directly applicable. In this work, we therefore derive
continuous-time versions of both optimizers and use them
to construct analog, time-continuous Ising-machine dynam-
ics. While continuous-time momentum is well established,
continuous-time formulations of Adam have also been de-
veloped in the optimization literature [19]. Our contribution
here is to adapt this continuous-time perspective to the present
Ising-machine setting, and to introduce a simplified first-order
variant, which in our benchmarks performs even better than
the full Adam-based formulation.

In addition, our work investigates a key aspect that was
not explored by Brown et al., namely, the impact of nonlin-
earity on performance. Ising machines rely on nonlinearity
to enforce binary behavior, and different choices of nonlin-
ear functions can drastically influence convergence speed and
solution quality [20]. We systematically analyze how different
nonlinearities affect the optimization dynamics. This provides
insights into the interplay between nonlinearity and optimizer
choice, further enhancing the efficiency of Ising machines
across different analog, time-continuous implementations.

Other recent approaches act on complementary parts of the
search. Simulated bifurcation (SB) evolves the positions and
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momenta of a classical nonlinear-oscillator network [14]. Its
adiabatic variant (aSB) follows classical adiabatic evolution
using a common time-dependent bifurcation parameter [14].
Ballistic SB (bSB) replaces the nonlinear potential walls by
perfectly inelastic walls [11], while discrete SB (dSB) re-
places the continuous interaction variables of bSB by their
signs to improve solution accuracy while retaining paral-
lel updates [11]. Generalized ballistic simulated bifurcation
(GbSB) [21] assigns an individual bifurcation parameter to
each oscillator and controls these parameters nonlinearly so
that oscillators are less likely to stick to the walls and become
trapped in local minima. Its large increase in success proba-
bility occurs near the edge of chaos.

Chaotic amplitude control (CAC) [22,23] takes a differ-
ent route. It introduces an auxiliary error variable for each
spin that modulates the coupling strength according to the
deviation from a target amplitude. This feedback corrects
amplitude heterogeneity and destabilizes low-energy trapping
states, producing a nonrelaxational chaotic search rather than
simple descent toward a fixed point. The structured M-layer
construction [24] instead acts on the problem representation:
it creates M copies of the interaction graph and reconnects
their edges between layers according to a structured mixing
rule. This reshapes the global loop structure without changing
the local interactions, smoothing the landscape by suppressing
many suboptimal metastable states.

These approaches modify different parts of the search,
while Adam changes how gradient information is accumu-
lated and scaled. This makes Adam unusually modular: its
adaptive update could in principle be combined with SB-
or CAC-type dynamics, or applied to an M-layer represen-
tation. Adam is therefore attractive both as a standalone
optimizer and as a building block for future hybrid Ising
machines.

The remainder of this paper is organized as follows. We
first place gradient-descent-based Ising machines in a general
optimization framework and use this formulation to intro-
duce momentum- and Adam-based dynamics. Since these
optimizers are conventionally defined in discrete time, we
recast them in continuous time so that they can be applied
naturally to analog Ising machines, whose physical dynamics
evolve continuously. In doing so, we also introduce a simpli-
fied first-order approximation of the continuous-time Adam
dynamics, designed to be more suitable for physical imple-
mentation. We then benchmark the resulting Ising-machine
models across several nonlinearities on standard Max-Cut
problem instances, using time to target, solution quality, and
success rate as performance measures. The benchmarks show
that the first-order Adam-based dynamics, especially with the
sigmoid nonlinearity, give large and consistent improvements
over gradient-descent- and momentum-based Ising machines,
both in convergence speed and in the quality of the solu-
tions obtained. Finally, we also analyze a purely algorithmic
discrete-time setting, where the continuous-time dynamics
are implemented through numerical discretization and the
time step is treated as an additional hyperparameter. The
Results section concludes with a cross-study comparison of
solution quality against published results for selected state-
of-the-art Ising solvers on the common 51-instance GSET
benchmark.

II. GRADIENT DESCENT-BASED ISING
MACHINES (GD-IMS)

We begin with gradient descent-based Ising machines (GD-
IM), which provide the starting point for the momentum-
and Adam-based extensions introduced below. As discussed
above, the discrete optimization problem is first mapped onto
the Ising Hamiltonian of Eq. (1), so that the binary problem
can be written as

min  {f(0) = HIsing(U)}' ()

oe{—1,+1}N

Solving binary optimization problems directly is computa-
tionally prohibitive due to the vast combinatorial solution
space, making brute-force methods impractical to impossi-
ble. To address this, we leverage the analog nature of Ising
machines by replacing the binary spins o; € {—1, +1} with
continuous variables x; € R. This turns the binary problem
into the continuous optimization problem

min f(x), (3)

xeRN

with

1
f(X) = HIsing,cont(X) = _E Zjijxixj - Zbixi~ 4
ij i

This continuous formulation allows us to use gradient-based
dynamics, while the original binary configuration is recov-
ered only at readout by taking o; = sign(x;). Henceforth, we
work with the continuous variables x € R and reserve o
for the binary readout. For simplicity, we neglect external
biases throughout this paper, setting b; = 0. Continuous-time
gradient descent-based Ising machines evolve to their lower
energy states according to

dx,» _
i (V). &)
From Egq. (3), the gradient becomes
—(VI@); =Y Jix;. 6)
J

This formulation ensures that the system follows the neg-
ative gradient, decreasing the function value over time in
the direction of steepest descent. In numerical simulations of
continuous-time Ising machines this continuous evolution is
discretized using, e.g., Euler’s method.

For analog Ising machines, the continuous dynamics must
remain consistent with the original binary problem, in which
each spin can take only the values +1 or —1. Since analog spin
variables can take a continuous range of values, a nonlinearity
is introduced to steer them toward binary states and thereby
recover meaningful solutions to the original problem. Béhm
et al. showed that the choice of nonlinearity can strongly influ-
ence the computational performance of analog Ising machines
[20]. To examine this dependence systematically, we consider
four nonlinear choices, following Bohm et al. [20], each of
which modifies Eq. (6) so that the dynamics favor binary
states. In all cases, o controls the local restoring force, 8 sets
the coupling strength, and y¢;(¢) is a Gaussian white-noise
term that can help the system escape shallow local minima.
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With the polynomial choice, corresponding to the nonlinear
term arising in coherent Ising machine (CIM) dynamics [20],
the gradient becomes

—(VF@©) = (@—Dx; = + B Y Jix; +v&),  (7)
J
which introduces a double-well structure in the energy
landscape, which effectively deepens the energy landscape
near binary-valued amplitudes and raises it for intermediate
values. For the sigmoid nonlinearity, representative of neuron-
inspired dynamics [20], one obtains

—(Vf@)); = —x;+ tanh | ax; + B Y Jyx; + v &i0) |
J

®)
where the hyperbolic tangent bends large inputs toward
bounded values instead of letting them grow without limit. In
this way, small inputs are treated almost linearly, while larger
ones are gradually compressed. The periodic nonlinearity,
associated with optoelectronic oscillator (OEO) implementa-
tions [20], leads to

T
~(VF@)) == xi +cos® [ ax; — L +p ;Ji,-x,» + &)

1

2 9
so that the restoring term becomes periodic, creating a re-
peated pattern of preferred amplitude regions. Finally, for the

clipped nonlinearity, corresponding to clipped-OEO dynamics
[20], the gradient becomes

)

— (Vfx);
(@ — Dxi + B Jijx; +y&(t), x|l <04
0, lxi| > 0.4’

(10)

which imposes a hard cutoff on the amplitude and thereby
tends to homogenize the spin magnitudes.

Together with one of these choices, the gradient-flow
dynamics ‘fix = —V f(x) define the gradient descent Ising ma-
chine (GD-IM). In the momentum Ising machine (MOM-IM),
Adam Ising machine (ADAM-IM), and first-order Adam Ising
machine (1-ADAM-IM), introduced below, the nonlinearity is

kept fixed and only the optimization dynamics are modified.

III. THEORETICAL RESULTS
A. Momentum-based Ising machines (MOM-IMs)

To enable the physical implementation of the momentum
optimizer in Ising machines, we derive its continuous-time
formulation starting from the well-known discrete momen-
tum optimizer [16]. A continuous formulation is essential for
continuous-time analog Ising machines, where state evolution
occurs dynamically rather than through discrete updates. By
formulating the optimizer in continuous time, we establish a
natural extension of the standard discrete momentum method,

ensuring that it recovers the well-known discrete version un-
der Euler discretization. The discrete momentum optimizer
for an objective function f(x):RY — R is defined by the
update rules [16]

(J+1) = B v(]) +(1- B )(Vf(X(j)))
x[(]‘“) I -7 U ]‘H) (11)

where f; € [0, 1) is a damping parameter, 7 is the learning
rate, and j denotes the iteration index. To obtain a continuous-
time representation, we first rewrite (11) by expressing the
updates relative to their previous values:

= BO((V &) = v),

(j+1) - v(]+1) (12)
We then introduce an explicit time step At > 0 and interpret
the iteration index as sampling a trajectory at times t; = j At.
This makes it possible to view the scheme as a forward Euler
discretization of an underlying continuous-time system. Re-
call that for an ODE y(r) = g(y(¢), t), the forward Euler time
step is

v.(jJFl) — vfj) +Q

y(t + At) = y(t) + At giy(t), t). (13)

Accordingly, we write
vt = vf-” +Ar(1 - ﬂl)((Vf(X(”))i -v”).

L
XD = G~ 29— Arpo?, (14)

— At nu;
which reduces to (12) when Ar = 1. In the second line of
Eq. (14), we replace v(’ D by v to obtain an explicit Euler
form. Since v(/ D _ = O(At), this modifies the x; update
only by O(Atz) Interpretlng v(” = v;(t;) and x(j) = xi(t)),
the updates take the Euler form

vi(t + At) = v;(t) + At (1 — BV F(x(@))); — vi(t)),
xi(t + At) = x;(t) — At nv;(t). (15)

Taking the limit At — 0 yields the continuous-time system,
in vector notation

d

d—: = (1= B)(Vf—V),

o (16)
a Y

which matches the standard continuous-time momentum for-
mulation found in [11,12,19,25]. Together with a suitable
choice of nonlinearity (i.e. using Egs. (7), (8), (9), or (10)
to specify V f) to enforce binary spin states, this defines the
momentum Ising machine (MOM-IM). This system can be
rewritten as a second-order differential equation by eliminat-
ing the auxiliary velocity variable, yielding

d%x;

dr?
which corresponds to the classical heavy ball with friction
model introduced by Polyak [16]. In this analogy, the op-
timization trajectory resembles a massive particle moving
through a potential energy landscape defined by f(x), with

friction proportional to velocity. This formulation captures the
role of momentum as a means of accelerating convergence:

+d - /31)— +n(d = B)(Vix); =0, (A7)
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inertia allows the system to maintain direction across shal-
low regions of the landscape, while the friction term ensures
eventual stabilization near a minimum. Compared to gradient
descent, which lacks such temporal smoothing, this dynamic
can more effectively traverse narrow valleys and escape sub-
optimal minima, often leading to faster convergence and less
entrapment in local minima.

B. Adam-based Ising machines (ADAM-IMs) and first-order
Adam Ising machines (1-ADAM-IMs)

Just as in the momentum case, we start from the discrete
Adam update rules [26] and rewrite them into a form suitable
for interpretation as a forward Euler discretization. Adam
augments momentum by tracking a second moment of the
gradient together with bias-corrected estimates. The standard
updates read [26]

g™ = (VL)

G+ _ ) (H—l)
v, =By + (1 = Br)g;
N2
(H—l) ﬂ w(j) +(1— ﬁz)(g(in)) ,
G+ G+1)
~GHD Vi A GHD _ Wi
v; = h, w; = ﬁ,
- ﬂl - /82
- . pU+Dh
X/ =x) - ———— (18)
fui(”l) +e€
Here j = 1, 2, ... isthe iteration index; 8; and 3, are the fixed

decay coefficients of the first and second moments, respec-
tively; n is the learning rate; and € > 0 prevents division by
zero. The quantities B; and B, are ordinary powers of these
fixed coefficients, not additional parameters. They provide the
bias correction and evolve deterministically with the iteration,
equivalently via g/ R ,Bk,Bkj for k € {1, 2}. Eliminating the
auxiliary variables by substitution and rewriting the updates
relative to their previous values, as in the momentum case,
gives

o =0+ (1= BV A =),
w) G+ _ w(]) +(1— ﬂg)((Vf(X(j)))z i(j))’

) . 1B  Lu+D
XKD =Dy : ! : (19)

J ;
1—B; wlfﬁ-l) +e

As in the momentum derivation, we first replace v(”'l) nd

i(j D in the x; update by their values at step j, which gives

the first-order approximation

— B )
)C~(j+1) ~ x(]) - 1 ’82 Y; (20)
i i j - .
1-8/ w[(]) +e

Since both v; and w; change by O(At) over a single step, this
modifies the x; update only at order O(At?) and therefore
does not affect the continuous-time limit. We now intro-
duce an explicit time step Az > 0 and interpret the iteration
index as sampling a trajectory at times ¢; := j At. In this

parametrization, the original discrete updates are recovered
for At = 1, and the scheme becomes

o™ =0+ A= BO((VIED)), = v).
(J+1) w(}) +Ar(1— ﬂz)((Vf(X(j)))2 i(j))7

A , J1=8] L0
KD = D Aty L 1)

i

j -
— )
'31 w;” + €

Identifying v(’) with v;(t)), w(’) with w;(z;), and x(’)
with x;(¢;), and then taking the limit Ar — 0, yields the
continuous-time Adam dynamics. For the bias-correction
factors, the discrete setup uses Atr =1, so ¢t = j; under
this convention, the discrete powers ,Bkj become B/ in the
continuous-time notation. Powers, square roots, and divisions
are understood componentwise:

v
— =0=B)Vf—W),

d
A (A 72 e 2}

ﬁ— vi=h v (22)

dr I =pl wte

Together with a suitable nonlinearity to enforce binary spin
states, this continuous-time formulation defines the Adam
Ising machine (ADAM-IM).

The third line of Eq. (22) contains a time-dependent pref-

V1=

actor ~—— that complicates both physical implementation

1
and analysis, which we refer to as the adaptive learning rate.

To reduce this complexity, we examine its first-order Puiseux
series expansion:

V-8 _ ~=In(B)

+ 0t 23
1 =B —In(B)V1 - @9
Motivated by this, we define a simplified variant

dv

i =BV f—v)

aw 2

o =BV —w)

dx

v
— = —, 24
dt 7 VWt + € @4)
where 1’ is the effective 1-ADAM-IM learning rate, defined
in terms of the ADAM-IM learning-rate scale 1 as

’7/ — \/ - ]n(ﬁZ
ln(ﬂl)

Thus, the constant prefactor from Eq. (23) is absorbed into
n'. Together with a suitable choice of nonlinearity to enforce
binary spin states, this defines the first-order Adam Ising
machine (1-ADAM-IM). In Fig. 1 we compare the Adam

v :Sf% (shown in blue) with its first-
1

~—1In(B>)

1IN o (SO .

B1 = B2 = 0.99. This symmetric choice is the fixed baseline

adaptive learning rate

order Puiseux expansion, (shown in orange), for
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FIG. 1. Comparison of the Adam adaptive learning-rate factor
and its first-order Puiseux approximation for 8y = 8, = 0.99.

used in our comparisons and isolates the approximation it-
self; it is not the standard discrete-Adam default, (8, f2) =
(0.9, 0.999) [26]. The two expressions show good agreement,
indicating that the simplified form captures the behavior of the
original function very well. For any B, 8, € (0, 1), the exact
Adam factor approaches 1, whereas the first-order approxima-
tion decays to 0. With unequal decay coefficients, however,
the exact factor need not approach 1 monotonically: it can
first decrease and then rise again. Consequently, the first-order
formulation gradually reduces the effective step size of the
dynamics. This may be advantageous after the initial descent,
since the largest energy reductions typically occur early in
the evolution, while further improvements near low-energy
configurations require more local adjustments that are less
likely to overshoot nearby lower-energy states. The first-order
formulation provides a simpler alternative to the full Adam-
based Ising machine. We do not propose a concrete physical
implementation of either continuous-time Adam formulation
here. Nevertheless, comparing Eq. (22) with Eq. (24) shows
a clear simplification: the full Adam state equation contains
the prefactor depending on 8] and B5, whereas the first-
order system uses the leading algebraic time dependence from
Eq. (23), proportional to ¢!/, It therefore provides a useful
starting point for exploring how Adam-like dynamics could
be incorporated into future analog Ising-machine hardware. In
addition, B, and B, no longer appear in the state equation for
dx/dt, but only control the relaxation of the internal moment
variables v and w. This removes the direct connection to the
discrete-time Adam coefficients and allows these parameters
to be tuned more freely. As shown below, this simplified
formulation improves both convergence speed and solution
quality.

C. Relations between gradient descent, momentum,
Adam, and 1-Adam

When comparing the time to target (TTT) of differ-
ent continuous-time optimizers, one would ideally like the
comparison to reflect differences in the optimizer dynamics
themselves rather than a trivial rescaling of time. Exact match-
ing of intrinsic timescales is generally not possible, because
GD-IM, MOM-IM, ADAM-IM, and 1-ADAM-IM have dif-
ferent moment dynamics. For MOM-IM,

v=>1-B)Vfx)—V), Xx=-—nV, (25)

the adiabatic limit (1 — 8;) — oo forces v — V f(x), such
that

X=—-nVf(x), (26)

which coincides with GD-IM for n = 1. Thus MOM-IM re-
duces cleanly to GD-IM in the adiabatic limit. By contrast,
ADAM-IM does not reduce cleanly to MOM-IM. Its x equa-
tion contains the adaptive factor

3
vi=h 1 . (27)
=Bl JW+e

For a reduction to MOM-IM, this factor would have to become
a nonzero constant. This does not happen in general, since the
adaptive factor [Eq. (27)] depends explicitly on both time and
the second-moment variable w. Even in the late-time regime
t — 00, one obtains only

—Vll_;zr -1, (28)
— M

so that, if w(#) — W, the dynamics approach

X~ =) ———— (29)

that is, a rescaled momentum-like step. This is still not the
same as MOM-IM. A similar obstruction appears for 1-
ADAM-IM,

. , v

X n Jedite (30)
For this equation to reduce to GD-IM, the right-hand side
would have to be proportional to the gradient, as in Eq. (26).
Even when v follows Vf, this proportionality is prevented
by the factor (v/W+/f 4+ €)™, which remains component- and
time-dependent. Accordingly, we use n = 1 as the common
GD-IM/MOM-IM baseline in the main comparison, while
the ADAM-IM learning rate n and the distinct 1-ADAM-IM
learning rate n’ are free hyperparameters. The Supplemental
Material [27] provides complementary learning-rate checks. It
reoptimizes MOM-IM with n € [1, 200] and directly tunes n
for GD-IM in the algorithmic comparison. For the continuous-
time results, it instead rescales the TTT values by the
corresponding learning-rate factors. Multiplying TTT by 7 is
the time rescaling that GD-IM would undergo if it used the
same value of 7, so this diagnostic attempts to match the effec-
tive timescales. These checks show that the Adam advantage
is not a trivial consequence of the chosen learning rates or of
different effective timescales: they do not eliminate the Adam
advantage in TTT, solution quality, or success rate, and do
not change the optimizer ranking. Absolute comparisons of
TTT should therefore be interpreted with care. In particular,
we place greater emphasis on relative trends in TTT across
problem instances and on timescale-independent measures
such as solution quality and success rate.

IV. BENCHMARK RESULTS

All simulations in this work rely on a numerical Euler-
Maruyama discretization of the continuous-time dynamical
equations underlying each Ising-machine model. Every grid
scan and Bayesian optimization evaluation averages 400
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stochastic trajectories of 10000—15000 Euler time steps
(10000 for g05 and 15000 for GSET). The Euler time step
is chosen as Ar = 0.01 for the continuous-time Ising ma-
chines and as a tunable parameter for the purely algorithmic
comparisons. At the start of each run, all required initial
state components are sampled independently from zero-mean
Gaussian noise with standard deviation v/Ar. The sampled
values are used directly for x;(0) and, when present, v;(0),
while Adam-based w;(0) is initialized using the absolute value
of its sample. The system then evolves with fixed hyperparam-
eters according to the corresponding dynamical equations; no
annealing schedule is applied.

The success rate is defined as the fraction of runs that
reach a prescribed target energy Eiyge. We benchmark all
Ising-machine variants on two well-established MAX-CUT
problem families: the g05 problem instances from the BigMac
library [28], which consist of unweighted problems of sizes
N = 60, 80, 100 with exactly known ground-state energies,
and the GSET problem instances [29], which include signifi-
cantly larger sparse graphs of sizes N = 800 and N = 2000,
both unweighted and weighted. For g05 problem instances
we set Eyreer €qual to the ground state, whereas for GSET we
choose Ejyrger = 0.995 Epesi, Where Epeg, is the energy of the
best cut value reported in the literature.

To quantify optimization speed, we first introduce the time
to target (TTT). For each individual run, we record the firsz-
passage time, i.e., the earliest time at which the trajectory
first reaches a state whose energy satisfies the chosen target
criterion. The quantity 7, denotes the average of these first-
passage times over all runs that successfully reach the target,
while the transient success rate SRy, is the fraction of runs that
reach the target at least once during their evolution. Because
independent repetitions can be used to increase the overall
success probability, we define

T,om0). . SR, < 0.99,
TTT = | “I0-SR0) ‘ 31)
T., SRy > 0.99,

which represents the time required to reach the specified target
with 99% probability. This is the usual time-to-solution (TTS)
when the target is the ground state or best-known solution;
we retain TTT because the target can instead be a prescribed
fraction of the best-known value. The time entering TTT via
T, depends on the setting. For the continuous-time Ising-
machine models, time is measured as the simulated Euler time
t = nAt obtained from the Euler discretization. Throughout
this work, we fix At = 0.01, so that all continuous-time meth-
ods are compared on the same numerical timescale and the
discretization remains sufficiently fine to resolve the under-
lying dynamics. Thus, unless stated otherwise, TTT refers
to this Euler time. For the purely algorithmic discrete-time
implementations discussed in Sec. IV C, by contrast, At is a
tunable numerical parameter rather than a meaningful time
variable, and we therefore report wall-clock CPU time mea-
sured internally by the C + + solver, denoted by TTTcpy. All
simulations were performed on VSC Tier-1 Hortense using
the same type of CPU, namely AMD EPYC 7H12 proces-
sors (Rome, 2.6 GHz), ensuring a fair comparison between
methods. For Bayesian optimization, we use —1/TTT rather
than the raw TTT as the objective. This is because TTT

diverges when no target is reached, creating a discontinuity
that is difficult for Bayesian optimization to model. By con-
trast, —1/TTT maps such cases to a finite value 0, preserves
the preference for low TTT, gives higher resolution in the
low-TTT region, and restores the minimization convention
through the minus sign. The same construction is used for
TTTcpy in the algorithmic setting.

Each Ising-machine variant has a different number of free
hyperparameters. To keep the comparison both fair and com-
putationally tractable, we therefore use a two-stage procedure.
First, for every nonlinearity and every Ising-machine variant,
we perform a coarse 30 x 30 grid scan over («, ), with all
remaining parameters fixed to a controlled baseline. Specif-
ically, we use y = 0.005 for all variants; n = 1 for GD-IM;
B1 =099 and n = 1 for MOM-IM; 8; = B, =0.99 and n =
1 for ADAM-IM; and B; = 8, = 0.99 with n' =9.97 for

1-ADAM-IM. For 1-ADAM-IM, 7' = —{‘hll‘gg?)) n follows

from the same underlying learning-rate scale n =1, so
that the two Adam-based formulations are compared under
matched constants. The complete search domains and settings
are listed in the Supplemental Material [27]. These controlled
reference settings are used to isolate the nonlinearity and
are not claimed to be universal literature optima. Different
fixed settings can change the quantitative coarse-scan bars.
Our final conclusions therefore rely on the second stage, in
which all applicable optimizer and nonlinearity parameters
are jointly tuned by Bayesian optimization. This first stage is
restricted to the g05 problem instances and provides an initial
comparison of the nonlinearities at the coarse resolution of
the grid scan. Each Bayesian-optimization run uses 1000 pa-
rameter evaluations, of which the first 300 are random and the
remaining 700 are chosen adaptively. For the final optimizer
comparisons, the Bayesian optimization was repeated over
seven distinct parameter ranges per optimizer. This was done
to avoid relying on a single broad search domain: in practice,
we found that very large parameter ranges made it difficult for
Bayesian optimization to refine the optimum, since the rele-
vant high-performing region could occupy only a small part
of the full domain. Splitting the search into several smaller,
range-focused runs improved the robustness of the tuning
while keeping the total computational cost manageable. The
choice of seven ranges was therefore a compromise between
search coverage and the available computational budget.
All optimizers are compared under the same computational
budget, using the same number of Bayesian-optimization
evaluations, stochastic trajectories per evaluation, and Euler
steps per trajectory. Additional Bayesian-optimization details
are provided in the Supplemental Material [27]. Moreover,
in our implementation the additional arithmetic required by
MOM-IM, ADAM-IM, and 1-ADAM-IM becomes negligi-
ble compared to the cost of evaluating the coupling term
> ;jJijxj as the system size grows. The optimizer-specific
updates apply a constant number of componentwise opera-
tions to each of the N state components and their moment
variables and therefore scale as O(N); a naive dense coupling
evaluation computes N contributions for each of the N local
fields and therefore scales as O(N?). To examine the resulting
crossover, we profiled a single dense 1-ADAM-IM trajectory
at eight system sizes from N = 100 to N = 10,000, using
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FIG. 2. Grid-scan comparison of ADAM-IM and 1-ADAM-IM
across the four nonlinearities on the g05 benchmark set. Bars show
the normalized mean TTT over the ten problems at each N. The scan
varies («, B) with y = 0.005. For ADAM-IM, B, = 8, = 0.99 and
n = 1; for 1-ADAM-IM, B, = B, =0.99, and using n =1 in ' =

~=In(B)
—In(B1)

ADAM-IM Clipped
1-ADAM-IM Clipped

Normalized mea

n gives n’ = 9.97.

100 profiling iterations per timing sample and 25 independent
repeats. The coupling share rises from 86.53% at N = 100 to
94.33% at N = 200, 98.00% at N = 400, 99.10% at N = 800,
99.68% at N = 2000, 99.83% at N = 5000, and 99.92% at
N = 10,000. The increase in the coupling share reflects these
different scalings. Sparse, structured, or hardware-accelerated
coupling matrices can change both the constants and the cou-
pling scaling. The profiling protocol and complete results are
given in the Supplemental Material [27].

A. Selection of nonlinearity

To begin our analysis, we compare the performance of all
nonlinearities for Adam-based Ising machines using a system-
atic grid scan over the nonlinearity parameters. Grid scans are
computationally feasible when restricted to a small number of
parameters. For this reason, we restrict our first evaluation to
a 30 x 30 grid scan over («, B) while keeping all other hyper-
parameters fixed to baseline values. This coarse but exhaustive
scan provides a comparison of the four nonlinearities for each
Ising-machine variant, without relying on full Bayesian op-
timization. By varying only («, 8), we largely suppress the
effect of optimizer-specific hyperparameters and isolate the
role of the nonlinearity itself. Under Bayesian optimization,
by contrast, the internal optimizer parameters are tuned as
well, so the resulting performance reflects the combined effect
of optimizer and nonlinearity. Accordingly, the coarse scan is
used to rank the nonlinearities within each optimizer and to
test how closely 1-ADAM-IM reproduces ADAM-IM under
matched constants.

Figure 2 summarizes the coarse grid-scan comparison
across the four nonlinearities for ADAM-IM and 1-ADAM-
IM on the g05 benchmark set. For each g05 problem instance
and each optimizer-nonlinearity pair, we first determine the
minimum TTT obtained anywhere on the 30 x 30 grid. This
gives one best grid-scan value for every pair on every problem
instance. For each problem size N, these per-problem-instance
minima are then averaged over the ten corresponding in-
stances. Finally, the resulting average TTT values are divided
by the lowest average at the same N, so that the best
optimizer-nonlinearity pair has normalized average TTT = 1.
The full per-problem-instance grid-scan data are provided

in the Supplemental Material [27].Two points are immedi-
ately clear from this aggregated view. First, under this coarse
grid scan, ADAM-IM and 1-ADAM-IM perform essentially
identically: when both are evaluated at the same hyperpa-
rameter values and the 1-ADAM-IM learning rate is fixed
from the first-order expansion, the simplified 1-ADAM-IM
formulation reproduces the behavior of the full Adam dynam-
ics. Second, the sigmoid and periodic nonlinearities emerge
as the strongest overall choices and perform very similarly
in this coarse comparison. By contrast, the polynomial and
clipped nonlinearities perform weaker on average. The weaker
performance of the clipped nonlinearity is notable, since
clipped transfer functions have been shown to perform well in
gradient-descent-based analog Ising machines by suppressing
amplitude inhomogeneity [20]. This shows that the nonlinear-
ity ranking depends not only on the nonlinearity itself, but also
on its interaction with the optimizer dynamics.

To complement the coarse grid scan, we next perform a full
Bayesian optimization over all hyperparameters, exluding the
time step At, for each nonlinearity and compare the resulting
time to target, TTT, on the g05 benchmark set. In Fig. 3
TTT is normalized separately for each benchmark problem
instance by dividing by the lowest TTT obtained on that
problem instance, so that the fastest method is assigned the
value 1. The figures therefore show relative performance on
each problem instance rather than absolute TTT. They display
the Bayesian-optimized results for (a) ADAM-IM and (b) 1-
ADAM-IM, and thus reveal how the optimizer and the choice
of nonlinearity jointly determine performance once all tunable
parameters are refined beyond the («, 8) grid.

The Bayesian-optimized results refine the nonlinearity
ranking suggested by the coarse scan. In both Adam-based op-
timizers, the performance of the sigmoid nonlinearity emerges
as the clear overall winner: it achieves the lowest TTT across
the g05 problem instances and consistently outperforms the
other nonlinearities. The polynomial nonlinearity, although
clearly weaker in the coarse grid scan, can be tuned by
Bayesian optimization to approach the sigmoid nonlinearity
on some easier problem instances, but it does not match its
overall robustness. By contrast, the periodic nonlinearity—
which was nearly on par with the sigmoid nonlinearity in
the grid scan—is now systematically outperformed once all
hyperparameters are co-optimized. The clipped nonlinearity
performs worst: in some cases it fails to reach the target at all,
indicating limited tunability in the enlarged hyperparameter
space. Since all nonlinearities are evaluated in the same way,
we do not attribute the clipped result to a numerical artifact.
This shows that the nonlinearity ranking depends not only on
the optimizer-nonlinearity combination, but also on how the
corresponding hyperparameters are tuned.

This naturally raises the question of whether the same
nonlinearity preference also persists for the simpler opti-
mizers GD-IM and MOM-IM. To address this, we compare
all four nonlinearities across the three optimizers Gradient
Descent (GD-IM), Momentum (MOM-IM), and First-Order
Adam (1-ADAM-IM). As before, we perform a 30 x 30 scan
over (a, B) with all remaining parameters fixed. Figure 4
summarizes this grid scan comparison in a compact form.
For each g05 problem instance and each method, we first
determine the minimum TTT over the grid scan. For each
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FIG. 3. Bayesian-optimized normalized time to target (TTT) on a logarithmic scale for all nonlinearities on the g05 benchmark set. Results
are shown for (a) ADAM-IM and (b) 1-ADAM-IM. For each problem instance, TTT is normalized to the lowest value obtained on that problem
instance, so that the fastest method is assigned the value of 1. The numerical labels above the bars indicate the corresponding unnormalized

minimum TTT values used for this normalization.

problem size N, these per-problem-instance minima are av-
eraged over the ten corresponding instances, after which the
average values are normalized by the lowest average at that
N. The full per-problem-instance grid-scan data are provided
in the Supplemental Material [27]. Two conclusions stand
out clearly from this normalized-average comparison. First,
1-ADAM-IM is by far the fastest optimizer throughout the
coarse grid scan, with a speed advantage of roughly one to
two orders of magnitude over both GD-IM and MOM-IM
across all three problem sizes. Second, the nonlinearity rank-
ing depends on the optimizer, but the sigmoid nonlinearity
emerges as the clearest overall winner in this broader compar-
ison. For GD-IM and MOM-IM, sigmoid is unambiguously
the best-performing choice. Under 1-ADAM-IM, the periodic
nonlinearity remains the closest competitor and is sometimes
nearly as fast, but the sigmoid nonlinearity still yields the
lowest TTT overall. Thus, while the periodic nonlinearity was
also competitive in the Adam-based coarse scan, the present

B GD-IM Poly B GD-IM Sigmoid I GD-IM Periodic
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FIG. 4. Grid-scan comparison of GD-IM, MOM-IM and 1-
ADAM-IM across the four nonlinearities on the g05 benchmark set.
Bars show the normalized mean TTT over the ten problems at each
N, on a logarithmic scale. The scan varies (o, §) with y = 0.005. We
use n = 1 for GD-IM; 8; = 0.99 and n = 1 for MOM-IM; and B, =
B> = 0.99 for 1-ADAM-IM, where using n =1 in ' = V:h'l'zgz)) n
gives ' = 9.97.
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three-optimizer comparison more clearly singles out sigmoid
as the most robust nonlinearity at coarse parameter grid-scan
resolution.

To test whether the same picture persists beyond the coarse
grid scan, we also carried out the full Bayesian-optimization
analysis for GD-IM and MOM-IM on the g05 benchmark
set, optimizing all free hyperparameters jointly for each of
the four nonlinearities. The detailed results are reported in
the Supplemental Material [27]. Qualitatively, however, they
lead to the same conclusion as for the Adam-based variants:
the sigmoid nonlinearity remains the strongest overall choice
after full tuning. The polynomial nonlinearity can partly catch
up on some easier problem instances, but is less consistently
effective across the full problem set, while the periodic and
clipped nonlinearities fall behind once all hyperparameters are
co-optimized.

This outcome is consistent with earlier work by Bohm et al.
[20], who compared the same four nonlinear transfer functions
for GD-IM and argued in favor of the sigmoid nonlinearity.
Their reasoning is that sigmoid, being a smooth saturating
function, effectively suppresses amplitude inhomogeneity—a
dominant source of performance degradation in analog Ising
machines—and does so without introducing the attractor dis-
tortions or multistability issues sometimes seen in clipped and
periodic systems. Consistent with this earlier study, clipping
remains relatively competitive for GD-IM across all three
problem sizes in our grid scan, but falls behind after Bayesian
optimization. For MOM-IM and the Adam-based methods,
clipping already falls behind in the grid scan and performs
worst after Bayesian optimization. Thus, its ranking depends
on both the optimizer and the tuning protocol.

B. Optimizer comparison with the sigmoid nonlinearity

Having established that the sigmoid nonlinearity is the
most robust and consistently best-performing choice across
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FIG. 5. Bayesian-optimized normalized TTT for the continuous-time implementations with the sigmoid nonlinearity on (a) g05, (b) un-
weighted GSET, and (c) weighted GSET. Values are normalized per problem instance to the fastest method. In panel (a), all optimizers reach the
ground-state target; in panels (b) and (c), bars are omitted when the optimizer does not reach 99.5% of the best-known cut value. Numerical

labels indicate the unnormalized minimum TTT used for normalization.

all optimizers, we now restrict our attention to this nonlin-
earity and compare the optimizers themselves. The goal of
this step is to assess how Gradient Descent, Momentum,
Adam, and First-Order Adam behave when all their hyperpa-
rameters are fully tuned through Bayesian optimization, and
when tested on benchmark sets that are more challenging.
To obtain a clearer picture, we therefore also consider the
GSET benchmarks, which are significantly harder and come in
two variants: unweighted and weighted MaxCut problem in-
stances. These graphs are well known to produce more rugged
energy landscapes and larger performance spreads, making
them ideal for highlighting optimizer-induced differences.
Figure 5 shows the Bayesian-optimized TTT for GD-
IM, MOM-IM, ADAM-IM, and 1-ADAM-IM on (a) g05,
(b) unweighted, and (c) weighted GSET problems. For ev-
ery optimizer and every problem instance, the reported value
corresponds to the best result obtained across seven indepen-
dent Bayesian optimizations performed over seven distinct
hyperparameter ranges.A striking and universal observation
across all problem instances is that 1-ADAM-IM is the fastest
optimizer for every single benchmark problem. The magni-
tude of this advantage depends strongly on problem difficulty,

becoming more pronounced as we move from g05 to un-
weighted and finally weighted GSET graphs.

For the easier subset (G1-G5), 1-ADAM-IM is roughly
one order of magnitude faster than the other methods, which
again perform comparably among themselves. For medium-
difficulty problem instances (G22-G26 and G43-G47), a
stronger performance difference emerges. Here 1-ADAM-IM
is typically two orders of magnitude faster than GD-IM and
MOM-IM, and about one order of magnitude faster than
ADAM-IM; ADAM-IM itself tends to be roughly one order of
magnitude faster than GD-IM and MOM-IM. On the hardest
unweighted problems (G14-G17, G35-G38, G51-G54), the
contrast becomes most pronounced: GD-IM and MOM-IM
frequently fail to reach 99.5% of the best-known cut value
(in which case no bar is shown), and even when they do
succeed, their normalized TTTs are three to four orders of
magnitude larger than those of 1-ADAM-IM. Both ADAM-
IM and 1-ADAM-IM reliably reach the 99.5% threshold on
all these problem instances, with 1-ADAM-IM maintaining a
consistent one- to two-order-of-magnitude advantage.

The same trend is amplified in the weighted GSET problems
[Fig. 5(c)], which are among the most challenging MaxCut
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FIG. 6. Best solution quality obtained with the sigmoid nonlinearity on (a) unweighted and (b) weighted GSET. Values show the percentage
of the best-known MaxCut value reached by each optimizer, using the best result over seven Bayesian-optimization runs.

benchmarks in our tests. For medium-hard problem instances
(G6-G13, G18-G21, G27-G31), GD-IM and MOM-IM oc-
casionally fail to meet the 99.5% success criterion. When
they do succeed, 1-ADAM-IM is again around two orders of
magnitude faster, and typically maintains about a one order
of magnitude lead over ADAM-IM. For the hardest weighted
problem instances (G32-G42), the gap becomes decisive: 1-
ADAM-IM is the only optimizer that consistently reaches
99.5% of the best-known solution. ADAM-IM succeeds only
sporadically, and GD-IM and MOM-IM almost never reach
the target accuracy. This indicates that 1-ADAM-IM not only
converges faster but also attains higher-quality solutions on
the most difficult graphs. This motivates a more detailed in-
vestigation of how these optimizers differ in success rates,
convergence profiles, and solution quality in the next section.

To complement the TTT results, we now compare the
achieved solution quality for each optimizer on the un-
weighted and weighted GSET MaxCut benchmarks. Figure 6
displays, for each problem instance, the percentage of the
best-known cut value reached by GD-IM, MOM-IM, ADAM-
IM, and 1-ADAM-IM for the (a) unweighted and (b) weighted
GSET problems. To ensure a fair comparison, each optimizer
is given the same computational budget. For every optimizer
and every problem instance, the reported value corresponds
to the best result obtained across seven independent Bayesian
optimizations performed over seven distinct hyperparameter
ranges, identical to those used in the previous TTT analy-
sis. The corresponding absolute cut values, allowing direct
comparison with the best-known values from the literature,
are reported in the Supplemental Material [27].The solution-
quality results in Fig. 6 show that the speed advantage of
1-ADAM-IM is not obtained at the expense of final solu-
tion quality. On the easier GSET problem instances, all four
optimizers often reach or nearly reach the best-known cuts,
and the differences between methods are therefore small. On
the harder problem instances, however, 1-ADAM-IM clearly
emerges as the strongest method. ADAM-IM remains the
closest competitor, but its TTT is consistently higher than that

of 1-ADAM-IM, while MOM-IM and GD-IM show substan-
tially weaker performance. This hierarchy is already apparent
on the harder unweighted graphs and becomes most striking
on the weighted GSET benchmarks, where 1-ADAM-IM most
often reaches the best-known cuts and separates itself deci-
sively from the other optimizers. Overall, these results show
that 1-ADAM-IM is not only the fastest optimizer considered
here, but also gives the strongest final solution quality, espe-
cially on the most difficult benchmark problem instances.

To complement the TTT and solution-quality results, we
also examine the transient success rates of all four optimiz-
ers under the sigmoid nonlinearity. Throughout, we reuse
exactly the same simulation data as in the previous Bayesian-
optimization study. We use 99.5% of the best-known cut value
for GSET (unweighted and weighted) as target.

Figure 7 presents the transient success rates for (a) un-
weighted GSET and (b) weighted GSET.As seen in Fig. 7,
1-ADAM-IM achieves the highest transient success rate
throughout all benchmark problem instances. On the un-
weighted GSET problem instances the difference becomes
striking: 1-ADAM-IM remains at or near 100% transient
success on all problem instances, while GD-IM, MOM-
IM, and ADAM-IM drop substantially. In particular, GD-IM
and MOM-IM fall to 0% on roughly half of these prob-
lem instances, whereas 1-ADAM-IM remains at 100% or at
least very high on those same problems. On the weighted
GSET problem instances, which are the most challenging, the
contrast becomes even stronger. Although 1-ADAM-IM no
longer stays near 100%, it still maintains clearly elevated
transient success rates, whereas the transient success rate for
GD-IM and MOM-IM often fall to only a few percent or
0%. Note that some problem instances reached the target of
99.5% of the best-known solution, as shown in Fig. 6, yet
appear to have a transient success rate close to zero in Fig. 7.
In fact, these values are nonzero but barely visible, since
they are equal to 1/400. For example on the harder G32—
G34 problems, the transient success rate of 1-ADAM-IM is
nonzero but very small, making it barely visible in Fig. 7(b).
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FIG. 7. Transient success rate with the sigmoid nonlinearity on (a) unweighted GSET and (b) weighted GSET. For each optimizer and
problem instance, values show the best result over seven Bayesian-optimization runs.

Overall, this consistently superior transient success rate is a
major reason why 1-ADAM-IM so clearly outperforms the
other optimizers in TTT. Since transient success is not itself a
time-based measure, it also provides a timescale-independent
confirmation that 1-ADAM-IM is the strongest method.

These findings reinforce the hierarchy already apparent in
the TTT and solution quality results and show that 1-ADAM-
IM combines both superior speed, superior solution quality
and higher success rates, making it the best-performing opti-
mizer across all benchmarks considered in this work.

C. Discrete-time algorithmic implementations

In the previous sections, we investigated the use of
ADAM optimizer to improve analog IMs, that evolve toward
low-energy states in a continuous manner. However, many
IMs evolve in discrete-time, in an iterative way, e.g., the
measurement-feedback coherent Ising machines [6]. A natural
extension is therefore to ask whether the same optimizer ideas
are also useful in such discrete-time, iterative settings.

In the continuous-time simulations discussed above, the
Euler-Maruyama time step At is only a numerical discretiza-
tion parameter. It must therefore remain sufficiently small: if
At is too large, the simulated trajectory no longer approx-
imates the underlying continuous-time analog dynamics. In
a purely algorithmic implementation, this restriction disap-
pears. The discrete update rule itself defines the algorithm,
so At can be treated as an additional tunable parameter rather
than as a resolution parameter. Since the resulting time step
no longer corresponds to a time increment, we compare algo-
rithmic performance using wall-clock time to target, denoted
by TTTCPU.

There are two possible ways to construct the discrete-time
algorithms used in this comparison. One option is to start from
the continuous-time equations derived above and discretize
them with Euler-Maruyama, now allowing the time step to
be large and fully tuned. For GD-IM, we also test the cor-
responding fixed-time-step version with Ar = 1, so that only

the learning-rate scale is tuned. The other option, available
for MOM-IM, ADAM-IM, and 1-ADAM-IM, is to use the
standard discrete optimizer update rules from the literature
[16,26], given in Egs. (11) and (18). For each optimizer, we
tested both available discrete-time variants and report only the
better-performing one in the algorithmic results below.

This comparison leads to different choices for different
optimizers. For GD-IM, MOM-IM, and 1-ADAM-IM, the
Euler-Maruyama versions of Egs. (26), (16), and (24) give
the best results and are therefore used below. In these cases,
Bayesian optimization searches over log,, At, rather than over
At directly, because useful time step values can span several
orders of magnitude. By contrast, the applicable learning rate,
n or 1, is optimized directly on a linear scale over its chosen
interval. For ADAM-IM, the standard discrete Adam update
rule in Eq. (18) performs best and is therefore used below.
The full comparison between Euler-Maruyama and stan-
dard discrete implementations is given in the Supplemental
Material [27].

As in the continuous-time comparison, we restrict the
algorithmic analysis to the sigmoid nonlinearity and op-
timize all free hyperparameters by Bayesian optimization.
The detailed Bayesian-optimization settings are given in the
Supplemental Material [27]. Figure 8 shows the resulting
Bayesian-optimized normalized TTTcpy for GD-IM, MOM-
IM, ADAM-IM, and 1-ADAM-IM on the (a) unweighted
GSET and (b) weighted GSET benchmarks.The algorithmic
TTTcpy results show substantially smaller differences be-
tween optimizers than in the continuous-time setting. On the
unweighted GSET problem instances, the performance differ-
ences generally remain within one order of magnitude, and all
four optimizers perform comparably. On the weighted GSET
problem instances, however, a clearer hierarchy emerges.
ADAM-IM gives the lowest TTTcpy overall, followed by
1-ADAM-IM, while GD-IM and especially MOM-IM are less
competitive. This difference is most pronounced on the hard-
est weighted problem instances, shown in the second row of
Fig. 8, where only ADAM-IM and 1-ADAM-IM consistently
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FIG. 8. Algorithmic discrete-time normalized TTTcpy comparison after Bayesian optimization with the sigmoid nonlinearity on (a) un-
weighted GSET and (b) weighted GSET. Values are normalized per problem instance to the fastest method. Bars are omitted when the optimizer
does not reach 99.5% of the best-known cut value. Numerical labels indicate the unnormalized minimum TTTcpy used for normalization.

reach 99.5% of the best-known cut value. Among these two,
ADAM-IM is the faster algorithmic method.

To determine whether this speed advantage is accompa-
nied by better final solutions, we next compare the achieved
solution quality. Figure 9 shows the percentage of the
best-known MaxCut value reached by each optimizer on
the unweighted and weighted GSET problem instances.The
solution-quality results follow the same overall trend as
those observed for the TTT. On the unweighted GSET prob-
lem instances, the optimizers perform similarly, although
MOM-IM is somewhat weaker than the other methods.
On the weighted problem instances, the differences become
more pronounced: ADAM-IM reaches the best solutions
most consistently, followed by 1-ADAM-IM, while GD-IM
and MOM-IM obtain lower-quality solutions on the harder
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problems. Thus, the performance gap grows with problem
difficulty.

Finally, we examine whether the same trend is visible in
the transient success rate. Figure 10 reports the best tran-
sient success rate obtained by each optimizer under the same
Bayesian-optimization procedure. For the problem instances
that reached the target of 99.5% of the best known solution,
which can be found in Fig. 9, but the transient success rate
appears to be zero on Fig. 10, they are just hardly visible,
and have a value of 1/400.The transient success-rate results
reinforce the same picture. On the unweighted GSET problem
instances, the performance of the different methods is quite
similar, with MOM-IM again showing the weakest perfor-
mance. On the easier weighted problem instances, ADAM-IM
achieves the highest transient success rate, followed by
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FIG. 9. Algorithmic discrete-time solution quality after Bayesian optimization obtained with the sigmoid nonlinearity on (a) unweighted
and (b) weighted GSET. Values show the percentage of the best-known MaxCut value reached by each optimizer.
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FIG. 10. Algorithmic discrete-time transient success rate after Bayesian optimization with the sigmoid nonlinearity on (a) unweighted

GSET and (b) weighted GSET.

1-ADAM-IM, then GD-IM and MOM-IM. On the hard-
est weighted problem instances, the performance differences
become larger: ADAM-IM is clearly the best-performing
method, with 1-ADAM-IM as the closest competitor, while
GD-IM and MOM-IM rarely reach the target. The behavior
on G32 and G34 is particularly noteworthy: these problem in-
stances are difficult for the other optimizers in our algorithmic
comparison, yet ADAM-IM reaches the best-known cut value
in Fig. 9 and maintains substantial transient success rate in
Fig. 10 (around 70% for G32 and close to 100% for G34).

Overall, the algorithmic setting leads to a different conclu-
sion from that of the continuous-time setting. When the target
energy is reachable by all methods, as on the unweighted
GSET problem instances, GD-IM can be tuned to achieve
TTTcpy comparable to the other methods, leaving less room
for an adaptive optimizer to improve speed alone. The ad-
vantage of ADAM-IM becomes clear on the harder weighted
problem instances, where GD-IM and MOM-IM increasingly
fail to reach the target.

D. Comparison with selected state-of-the-art Ising solvers

For comparison with selected state-of-the-art Ising solvers,
the Supplemental Material [27] reports cut quality on the
51 common GSET instances. For each instance, the cut ratio
is the cut obtained by a method divided by the best-known
cut, and the mean cut ratio is the unweighted average of
these 51 ratios, expressed as a percentage. For this solution-
quality comparison, Bayesian optimization directly targets
the maximum cut value rather than TTT. The continuous-
time 1-ADAM-IM reaches the best-known cut on 33/51
instances and obtains a mean cut ratio of 99.968%, while
the discrete-time ADAM-IM reaches the best-known cut on
41/51 instances and obtains a mean cut ratio of 99.988%. The
published reference series obtain mean ratios of 99.988% for
original chaotic amplitude control (CAC) [22,23], 99.994%
for a simulated coherent Ising machine with chaotic amplitude
control (SimCIM + CAC) [23], 99.987% for the adiabatic

simulated-bifurcation machine (aSBM) [11], and 99.999%
for the discrete simulated-bifurcation machine (dASBM) [11].
Because the studies use different hardware, trajectory counts,
tuning budgets, stopping criteria, and success definitions,
these best-observed results are solution-quality ceilings rather
than a direct TTT, TTS, success-probability, or equal-budget
comparison. Our Adam results were obtained with a general-
purpose CPU implementation, without acceleration by a
graphics processing unit (GPU), an FPGA, or dedicated Ising-
machine hardware, which further precludes a meaningful
cross-study runtime comparison. Although this comparison
shows that the Adam-based methods achieve competitive so-
lution quality, Adam need not be treated only as a standalone
alternative. Its adaptive moment updates could in principle
be incorporated into the dynamics of these solvers, making
hybrid approaches a promising direction.

V. DISCUSSION

Our results show that optimizer performance depends
strongly on whether the Ising machine is used as a continuous-
time system or as a discrete iterative algorithm, and on how
its hyperparameters are tuned. In the continuous-time setting,
where the Euler time step At is kept sufficiently small to track
the underlying dynamics, 1-ADAM-IM consistently gives the
lowest time to target, the highest solution quality, and the
highest transient success rates. ADAM-IM is the closest com-
petitor, while MOM-IM and GD-IM fall substantially behind
on the harder problem instances.

The strong continuous-time performance of 1-ADAM-IM
can be understood from the additional freedom introduced by
the first-order formulation. In the full ADAM-IM dynamics,
the parameters (B, B;) are restricted to the interval [0, 1),
inherited from the discrete algorithm where they represent
exponential moving-average decay factors. In contrast, the
first-order formulation removes both the time-dependent de-
biasing term and the probabilistic interpretation of (8;, f2),
allowing them to take arbitrary real values. This enlarged
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parameter domain, with optimal values typically found in the
range B, fr € (—120, 1), provides substantially more free-
dom to accelerate the internal dynamics. More negative values
of these parameters, increase the relaxation rates (1 — B;)
and (1 — ). As a result, the moment variables v and w
respond more quickly to changes in the gradient, producing
faster dynamics and reducing the time needed to reach the
target. A further possible reason is the different long-time
behavior of the adaptive factor. In I-ADAM-IM it decays to
zero, whereas in ADAM-IM it approaches one. This slows
the late-time 1-ADAM-IM dynamics, which may be benefi-
cial near low-energy states where further improvements often
require small local changes rather than large moves through
the energy landscape.

The picture changes when the same optimizer ideas are
used as purely discrete iterative algorithms. The algorith-
mic discrete-time setting leads to a different hierarchy. Once
large discrete updates and standard optimizer rules are al-
lowed, the performance gap between optimizers becomes
smaller, especially on the unweighted GSET problem in-
stances. On the harder weighted problem instances, however,
ADAM-IM becomes the strongest method overall, followed
by 1-ADAM-IM, while GD-IM and MOM-IM remain less re-
liable. Absolute TTT values should not be compared directly
between the continuous-time and algorithmic regimes, since
the former are measured in Euler time whereas the latter are
measured in CPU time. Even for solution quality and transient
success rate, one should be careful: algorithmic runs use a
different tuning setup, different parameter ranges, only one
Bayesian-optimization run rather than seven, fewer evalua-
tions per run, and fewer stochastic trajectories per evaluation.
The continuous-time figures should therefore be used to com-
pare the continuous-time optimizers with each other, while the
algorithmic figures should be used to compare the algorithmic
optimizers with each other. They should not be read as a
quantitative one-to-one comparison between continuous-time
and algorithmic implementations.

With this caveat, the qualitative differences between the
two regimes are still informative, especially when compar-
ing the solution-quality and transient-success-rate trends in
Figs. 6 and 7 with their algorithmic counterparts in Figs. 9
and 10. Keeping these differences in tuning and measurement
in mind, 1-ADAM-IM shows similar continuous-time and al-
gorithmic results on the unweighted GSET problem instances,
while its algorithmic version is somewhat weaker on the
weighted problem instances. ADAM-IM shows the opposite
trend: it improves in the algorithmic setting, especially on the
weighted benchmarks. This is consistent with the implementa-
tion comparison in the Supplemental Material [27], where the
standard discrete Adam update, Eq. (18), gives the best algo-
rithmic ADAM-IM results compared to the Euler-Maruyama
discretization of the continuous-time Adam dynamics. One
possible reason is that the Euler-Maruyama discretization of
the continuous-time Adam equations is not identical to the
original discrete Adam rule, Eq. (18), once large time steps
are allowed. In the derivation, the standard Adam update is
first rewritten in terms of Euler updates, but before taking
the continuous-time limit the newly updated moment vari-
ables v/ and wY ™" in the x;-update are replaced by their

i i

previous-step values v’ and w’, as shown in Eq. (20). This
changes the update only at order O(At?), so it is negligible
in the continuous-time regime where A is kept small. In the
algorithmic setting, however, At is allowed to be large, so
this small- At equivalence no longer has to hold. The standard
discrete Adam rule can therefore behave differently from the
Euler-Maruyama discretization of the continuous-time Adam
equations.

GD-IM also performs better in the algorithmic setting,
especially on the easier problem instances. In the continuous-
time setting, changing n would mainly rescale time: to keep
the same numerical resolution of the underlying trajectory, At
would have to be reduced so that nAt¢ remains sufficiently
small. In the algorithmic setting, this restriction is absent.
Here At is itself an additional tunable step-size parameter, so
the effective update scale can be adjusted through the product
nAt. Because useful time step values can span orders of
magnitude, the Bayesian optimization searches over log,, At
rather than At directly, while 7 is tuned linearly over its
chosen range. This gives GD-IM a genuinely larger search
space than in the continuous-time setting, where At is fixed by
numerical-resolution requirements. MOM-IM benefits from
the same algorithmic freedom, since its Euler-Maruyama
version can also use Ar as an additional tunable step-size
parameter. Compared with the continuous-time setting, this
improves MOM-IM’s transient success rate on the unweighted
problem instances and its solution quality on some harder
weighted problem instances, but this extra tuning freedom is
not sufficient to close the gap to the Adam-based methods.
Overall, compared with the continuous-time setting, the al-
gorithmic setting reduces the differences between optimizers
on easier problem instances. On the harder weighted problem
instances, however, the best algorithmic performance comes
from the standard discrete Adam update, given by Eq. (18).

A broader practical lesson from these results is that
Ising-machine performance can depend strongly on how the
hyperparameter search is organized. In our nonlinearity study,
the coarse grid scans varied only the nonlinearity parame-
ters («, B), with all optimizer-specific parameters fixed. This
showed that the periodic nonlinearity can appear competitive
with the sigmoid nonlinearity for Adam-based IMs. After full
Bayesian optimization, however, the nonlinearity parameters
and optimizer parameters are tuned jointly, and the sigmoid
nonlinearity consistently emerged as the strongest choice.
Thus, the apparent ranking of nonlinearities can change once
the optimizer dynamics and nonlinear transfer function are
optimized together.

This observation also motivated the seven-range Bayesian-
optimization strategy used for the final GSET comparison in
the continuous-time setting. Instead of using one very broad
search domain, we split the search into several smaller ranges,
which made it easier for Bayesian optimization to refine
high-performing regions while keeping the total computa-
tional cost manageable. More generally, these results show
that the choice of optimizer, nonlinearity, and hyperparameter-
search domain should be treated together: careful tuning is
not just an implementation detail, but an important part of
achieving strong Ising-machine performance. In practice, our
results support a two-stage tuning protocol: first a light grid
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scan to set reasonable ranges, then range-split Bayesian op-
timization to refine the best-performing regions. Bayesian
optimization improves upon the coarse grid-scan baseline for
all optimizers, with the largest gain observed for 1-ADAM-
IM. This is practically important because the refinement is
not more sample-expensive than the grid scan itself: the coarse
scan uses 30 x 30 = 900 parameter evaluations, whereas each
Bayesian-optimization run uses 1000 evaluations. Moreover,
the overhead of the Bayesian-optimization procedure itself is
negligible compared with the cost of generating these sam-
ples. In other words, Bayesian optimization may appear much
more sophisticated, but in our setting it operates at essentially
the same sampling budget while delivering systematically
better performance. This makes the combination of a coarse
scan for orientation followed by full Bayesian optimization a
particularly effective protocol.

A related practical point is the choice of Bayesian-
optimization objective. In this work, the Bayesian optimiza-
tion is based on a target-reaching metric, namely TTT. This
is appropriate for the benchmark setting used here, where
the g05 ground states are known and the GSET targets can
be defined relative to best-known cut values. In a practical
deployment, however, such a reference value is usually not
known in advance. In that case, the Bayesian optimization
would need a different objective, for example one that bal-
ances the best energy reached against the runtime needed to
reach it.

Finally, because the continuous-time results are expressed
partly through time to target, it is important to separate op-
timizer effects from simple time-scale effects. As discussed
earlier, the different optimizers do not evolve on exactly the
same natural timescale, so absolute differences in TTT mea-
sured in Euler time should be interpreted with some care. In
particular, part of the observed difference between GD-IM,
MOM-IM, ADAM-IM, and 1-ADAM-IM could in principle
come from how the natural timescale of each optimizer is set,
rather than from the optimizer dynamics alone. That caveat,
however, cannot explain the main trend in our results. If
the observed differences simply reflected different effective
timescales, one would expect a simple global rescaling of
time, ¢ + ct, for each optimizer. Such a rescaling would
multiply all TTT values of that optimizer by the same con-
stant across benchmark problem instances. It would therefore
not explain why the advantage of ADAM-IM and especially
1-ADAM-IM becomes progressively larger as the problems
become harder, from g05 to GSET and then to the harder GSET
problem instances. This conclusion is further supported by
the solution-quality and transient-success-rate results, which
are not themselves time-based measures: 1-ADAM-IM con-
sistently reaches higher cut values and higher success rates,
often by a substantial margin. The Supplemental Material
[27] provides two complementary checks. First, MOM-IM is

reoptimized with € [1, 200], and 7 is also tuned directly for
GD-IM in the algorithmic comparison. Optimizing n gives
MOM-IM only modest improvements in transient success rate
and cut quality and reduces its raw TTT, but it does not
close the one-to-four-order-of-magnitude gap to 1-ADAM-
IM; the optimizer ranking is unchanged. Second, for the
continuous-time comparison, the TTT values are rescaled by
the corresponding learning-rate factors. Multiplying TTT by
n is the time rescaling that GD-IM would undergo if it used
the same value of 7, so this diagnostic attempts to match
the effective timescales of the optimizers. This timescale
matching does not change the optimizer ranking or any of
the conclusions; instead, it further strengthens the evidence
that the superior performance of the Adam-based methods
arises from their optimizer dynamics rather than from a trivial
learning-rate choice or a difference in effective timescale.

Taken together, these results show that Adam-type dynam-
ics do more than rescale gradient descent: they change the
optimization behavior in a way that becomes increasingly
beneficial on harder problem instances. In the continuous-
time setting, the 1-ADAM-IM formulation is the strongest
method across all benchmarks, improving not only TTT but
also solution quality and transient success rate. In the algo-
rithmic setting, the advantage shifts to the standard discrete
Adam update, which gives the best performance on the harder
weighted instances. This makes Adam-type optimization a
promising design principle both for improving analog, time-
continuous Ising machines and for guiding future algorithmic
Ising-machine variants.
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