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Negative energetic elasticity in gels challenges the conventional understanding of gel elasticity; despite
extensive research, a concise explanation remains elusive. In this study, we use the weakly self-avoiding walk
(the Domb-Joyce model; DJ model) and interacting self-avoiding walk (ISAW) to investigate the emergence
of negative energetic elasticity in polymer chains. Using exact enumeration, we show that both the DJ model
and ISAW exhibit negative energetic elasticity, which is caused by effective soft-repulsive interactions between
polymer segments. Moreover, we find that a universal scaling law for the internal energy of both models,
with a common exponent of 7/4, holds consistently across both random-walk–self-avoiding-walk and self-
avoiding-walk–neighbor-avoiding-walk crossovers. These findings suggest that negative energetic elasticity is
a fundamental and universal property of polymer networks and chains.
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I. INTRODUCTION

Polymer gels are soft solids containing large amounts of
solvent. They are used in the production of everyday items
such as jellies and soft contact lenses; for many applica-
tions, a particular elastic modulus is required. Conventionally,
the shear modulus G of a gel is predicted using a classical
rubber elasticity theory, such as the affine network [1], phan-
tom network [2], or modified phantom network [3] model.
These models assume that G is predominantly determined
by entropic elasticity, and therefore, is approximately propor-
tional to the absolute temperature (T ), i.e., G ≈ aT . However,
recent studies [4,5] discovered cases of negative energetic
elasticity, in which G = aT − b with a large negative con-
stant term −b in some narrow range of temperature. Initially
observed in hydrogels [4,6,7], negative energetic elasticity
was subsequently confirmed in silicone gels [8] and calcium
carbonate-based gels [9]. These findings revealed a funda-
mental distinction between gels and rubbers: gels possess
an intrinsic solvent-induced negative energetic contribution
to the elasticity, whereas rubbers, lacking sufficient solvent
content, do not. Thus, it is necessary to develop novel elastic
theories that go beyond the conventional paradigms aligning
gel and rubber elasticity.
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Various theoretical approaches have been employed to un-
derstand the origin of negative energetic elasticity in gels,
including lattice models [10–12] and all-atom molecular
dynamics simulation [13]. Nevertheless, a concise and uni-
versally accepted explanation at the microscopic level remains
elusive.

In this study, we investigate the microscopic origin of neg-
ative energetic elasticity by analyzing the Domb-Joyce (DJ)
model [14–16], a simple extension of the random walk (RW)
[Fig. 1(a)] with short-range repulsions introduced at the inter-
sections along the polymer chain. As de Gennes noted [17],
the RW is “one of the simplest idealizations of a flexible poly-
mer chain” and serves as a starting point for understanding
polymer behavior. The DJ model reduces to the self-avoiding
walk (SAW) [18,19] [Fig. 1(b)] in the zero-temperature limit;
therefore, it can be viewed as a bridge between the RW and
SAW, and it has been used to explore the differences in their
critical exponents. Recent studies employed variations of the
DJ model (extending from a self-interacting chain to a time
series of a non-Markovian walker) to describe agents such as
cells, animals, and active matter [20–24].

Through exact enumeration, we demonstrate that the DJ
model exhibits negative energetic elasticity and provides a
concise and intuitive explanation of its origin in terms of
the competition between the energetic and entropic contri-
butions to the elastic response. We compare the DJ model
with the interacting self-avoiding walk (ISAW) [18,25] used
in Ref. [10] and suggest that any polymer chain possessing
effective self-repulsive interactions between its segments ex-
hibits negative energetic elasticity. Furthermore, we find a
universal scaling law for the internal energy of both the DJ
model and ISAW, with a common exponent of 7/4. These
findings suggest that negative energetic elasticity is a universal
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FIG. 1. Configurations of 20-step (a) RW ωa, (b) SAW ωb, and
(c) NAW ωc on cubic lattices with endpoints anchored at the origin
and (10,0,0). The red concentric circles in ωa indicate a site occupied
by two segments, and the red oval in ωb highlights a pair of nearest-
neighbor segments. (d) Inclusion relations �RW ⊃ �SAW ⊃ �NAW,
where �RW, �SAW, and �NAW are the configuration spaces of RWs,
SAWs, and NAWs, respectively.

property of polymer chains and networks, arising from the
interplay between the chain’s conformational entropy and the
effective soft-repulsive interactions between its segments.

The rest of this paper is organized as follows. In Sec. II,
we define and relate five lattice polymer models (RW, SAW,
NAW, DJ model, and ISAW) and present the framework to
analyze their elastic properties using the finite-difference form
of the stiffness. In Sec. III, we describe our exact enumeration
methods for the DJ model and ISAW, validating our results
through comparison with existing literature. In Sec. IV, we
present polynomials that exactly reproduce the enumeration
results for arbitrary chain lengths, enabling analytic calcula-
tions of physical quantities. In Sec. V, we demonstrate the
emergence of negative energetic elasticity in RW-SAW and
SAW-NAW crossovers and offer an intuitive interpretation
based on entropic and energetic competition. In Sec. VI, we
reveal a universal scaling law for the internal energy with an
exponent of 7/4 under the on-axis constraint. In Sec. VII, we
summarize our findings and their implications for understand-
ing the elasticity of polymer networks and chains. Appendixes
A to C derive the upper bound of summations and present
detailed polynomial expressions, and Appendix D extends
our on-axis scaling analysis to off-axis end-to-end vectors.
All numerical results in this paper are reproducible using the
numbers provided in the tables in the Supplemental Material
[26] and Appendix C together with those in the Supplemental
Material of Ref. [10].

II. MODELS: RW-SAW AND SAW-NAW CROSSOVERS

We consider an n-step random walk (RW) on a sim-
ple cubic lattice with fixed endpoints ω(0) = (0, 0, 0) and
ω(n) = (rx, ry, rz ) ∈ Z3. We define the end-to-end distance

r = |ω(n) − ω(0)| =
√

r2
x + r2

y + r2
z . We mainly focus on the

on-axis constraint ω(n) = (r, 0, 0) (i.e., ry = rz = 0) as a rep-

FIG. 2. Interaction energy (ΔE ) in five lattice polymer models.
The range of interactions is denoted by d; for d = 0 or 1, the
interaction is between two segments occupying the same site or
nearest-neighbor sites, respectively. The RW has no interactions be-
tween segments. The SAW introduces a hard-core repulsion (d = 0)
that prohibits segment overlap. The NAW introduces an additional
hard-shell repulsion (d = 1) between nearest-neighbor segments.
The DJ model and the ISAW incorporate soft-core (d = 0) and
soft-shell (d = 1) repulsions, respectively, with interaction strength
ε (>0). Varying ε in these models allows continuous crossovers
between the RW, SAW, and NAW.

resentative case. The lattice spacing is set to 1. The RW is
defined by a sequence of sites ω = [ω(0), ω(1), . . . , ω(n)]
satisfying ω(i) ∈ Z3 and |ω(i + 1) − ω(i)| = 1 for i =
0, 1, . . . , n − 1. A self-avoiding walk (SAW) is defined as an
RW that satisfies ω(i) �= ω( j) for all i �= j [19]. Figures 1(a)
and 1(b) show configurations of a 20-step RW (ωa) and SAW
(ωb), respectively.

To investigate the effects of short-range repulsive interac-
tions on the elasticity of the polymer chains, we introduce
the DJ model and ISAW as extensions of the RW and SAW,
respectively. Both models use a unified energy function for the
repulsive interaction

E (ω) = ε m(ω), (1)

where ε (> 0) is the repulsive interaction energy (bottom pan-
els of Fig. 2), m = m(ω) is the number of interacting segment
pairs, and ω is the configuration of the RW (SAW) for the DJ
model (ISAW). In the DJ model, m increases whenever mul-
tiple segments occupy the same site. When v (� 2) segments
overlap at one site, m increases by the binomial coefficient(
v

2

) ≡ v(v − 1)/2. In the ISAW, an interacting segment pair is
defined as two sequentially nonadjacent segments occupying
nearest-neighbor sites.

Figure 2 illustrates the interactions in five lattice polymer
models, revealing the RW-SAW and SAW-NAW crossovers.
The RW [Fig. 1(a)] has no interaction between its segments
(top left of Fig. 2). The SAW [Fig. 1(b)] emerges from the
RW when a hard-core repulsion is introduced (top center of
Fig. 2) that prohibits segment overlap. The NAW [Fig. 1(c)]
emerges from the SAW when an additional hard-shell repul-
sion is introduced (top right of Fig. 2) [27]. The RW, SAW,
and NAW all exhibit purely entropic elasticity; energetic elas-
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ticity is excluded because all configurations have identical
energies. By contrast, the DJ model and ISAW introduce
energy gradients via soft-core and soft-shell repulsions, re-
spectively, with interaction energies ε (> 0) (bottom panels
of Fig. 2). By varying ε, the DJ model (ISAW) connects the
RW (SAW) at ε = 0 to the SAW (NAW) at ε = ∞. These
energy gradients enable the DJ model and ISAW to exhibit
both energetic and entropic elasticities.

The energy function in Eq. (1) enables the DJ model and
ISAW to be treated simultaneously as follows. The partition
function under the on-axis constraint is given by

Z (r, βε) =
mub∑

m=0

Wn,m(r) e−βεm, (2)

where β [≡ 1/(kBT )] is the inverse temperature, kB is the
Boltzmann constant, Wn,m(r) is the number of possible con-
figurations ω for given (n, r, m), and mub is an upper bound
on m (see Appendix A). The free energy, internal energy, and
entropy are given by

A(r, βε) = − 1

β
ln Z (r, βε), (3)

U (r, βε) = ε

Z (r, βε)

mub∑
m=0

mWn,m(r) e−βεm, (4)

S(r, βε) = kBβ[U (r, βε) − A(r, βε)], (5)

respectively.
The finite-difference form of the stiffness for both models

is given by

k(r, βε) ≡ 1

β

⎡
⎣(

1

Z (r, βε)

mub∑
m=0

ΔWn,m(r)

Δr
e−βεm

)2

− 1

Z (r, βε)

mub∑
m=0

Δ2Wn,m(r)

Δr2
e−βεm

]
, (6)

where ΔWn,m(r) ≡ [Wn,m(r + Δr) − Wn,m(r − Δr)]/2 and
Δ2Wn,m(r) ≡ Wn,m(r + Δr) − 2Wn,m(r) + Wn,m(r − Δr).
Here, Δr ≡ 2 because ω exists only when r and n are both
even or both odd. The stiffness k is the sum of energetic
(kU ) and entropic (kS) contributions, where kU (r, βε) ≡
∂2U (r, βε)/∂r2 and kS (r, βε) ≡ −T ∂2S(r, βε)/∂r2. We use

kS (r, βε) = −βε
∂k(r, βε)

∂βε
, (7)

which is derived from Maxwell’s relations [1,4,5,10], and
kU = k − kS . When it is necessary to distinguish the models,
we employ “RW” or “SAW” as superscripts on Wn,m(r), and
“DJ” and “ISAW” on other physical quantities.

III. EXACT ENUMERATION FOR THE DJ MODEL
AND ISAW

We exactly enumerated W RW
n,m (r) for n = 1, . . . , 20,

W RW
n,m (n − 8) for n = 21, 22, 23, W RW

n,m (n − 10) for n =
21, . . . , 26, and W SAW

n,m (n − 10) for n = 21, . . . , 29, employ-
ing the simplest recursive algorithm [28] with two pruning
algorithms. Here, we considered the octahedral symmetry
of the simple cubic lattice and the reachability of ω to an

TABLE I. List of W RW
n,m (r) for n = 20 and r = 8, 10, 12, which is

a part of Table S18 in Supplemental Material [26].

r

m 8 10 12

0 14 322 531 084 2 625 286 352 227 589 504
1 43 706 172 200 5 625 406 136 303 906 776
2 63 499 792 684 5 648 544 020 198 896 588
3 55 563 554 760 3 369 701 616 75 755 328
4 39 961 462 284 1 872 169 836 33 960 789
5 25 111 433 136 855 424 074 10 036 914
6 13 673 567 535 359 838 406 3 635 132
7 7 249 781 378 161 594 846 1 310 080
8 4 078 923 694 73 451 960 466 777
9 2 069 333 612 32 887 440 204 330
10 1 139 672 875 15 051 476 67 964
11 509 421 524 4 755 638 12 658
12 296 702 202 3 405 656 14 197
13 187 872 584 1 719 114 4520
14 111 262 038 916 660 2236
15 36 803 762 135 714 0
16 26 046 711 201 446 512
17 18 453 292 99 040 88
18 8 264 852 28 494 0
19 5 808 674 23 132 0
20 2 856 074 9904 12
21 1 912 686 6762 0
22 1 154 864 2870 0
23 249 366 0 0
24 217 799 180 0
25 255 924 456 0
26 141 410 90 0
27 46 398 0 0
28 40 100 0 0
29 4800 0 0
30 11 812 10 0
31 5552 0 0
32 3258 0 0
33 140 0 0
34 210 0 0
36 434 0 0
37 84 0 0
42 8 0 0

endpoint on the x axis (the method is detailed in Sec. S2 in
the Supplemental Material of Ref. [10]).

Comprehensive lists of W RW
n,m (r) values obtained from the

exact enumerations are provided in Sec. S1 of the Supplemen-
tal Material [26]. Table I provides an illustrative subset of the
enumeration results for W RW

n,m (r).
To validate the exact enumeration results for W RW

n,m (r) pre-
sented in Sec. S1 of the Supplemental Material [26], we
confirm their consistency with those reported in Refs. [10,29–
35] using two independent approaches. First, we validate the
values of W RW

n,m (r) for m = 0 using the equality of the number
of n-step RWs without intersections W RW

n,0 (r) and the number
of n-step SAWs W SAW

n (r). We insert our enumerated values
of W RW

n,0 (r) into the left side of W RW
n,0 (r) = W SAW

n (r), and the
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reference values of W SAW
n (r) from Refs. [30,32] and Table S1

of Ref. [10] into the right side; the agreement was perfect.
Second, we validate the values of W RW

n,m (r) using the re-
lation W RW

n (r) = ∑mub
m=0 W RW

n,m (r), where W RW
n (r) is the total

number of n-step RWs in a cubic lattice from the origin to the
site (r, 0, 0). To compute the reference values for W RW

n (r), we
adapt the formula given in Ref. [33] to our notation, with the
endpoints anchored at the origin and (r, 0, 0):

W RW
n (r) =

(
n

n−r
2

) n−r
2∑

k=0

( n−r
2

k

)( n+r
2

k

)(
2k

k

)
. (8)

Equation (8) combines the number of possible step arrange-
ments along each axis using binomial coefficients, which
represent the number of possible step choices in each axial
direction. Using Eq. (8), we computed the reference values
for W RW

n (r) that are listed in Table S24 of the Supplemental
Material [26]. These reference values are in perfect agreement
with the literature values for s = n (i.e., r = 0 for even n and
r = 1 for odd n): with Ref. [29] for n = 2, 4, . . . , 12; with
Refs. [31,34] for n = 14 and 16; and with Ref. [35] for n =
1, 3, . . . , 17. This consistency across multiple independent
sources validates our reference values for W RW

n (r). For all n
and r considered, there is perfect agreement between the ref-
erence values of W RW

n (r) and the summations
∑mub

m=0 W RW
n,m (r)

computed from our enumeration results in Tables S1 to S18 of
the Supplemental Material [26]. This agreement validates the
exact enumeration of W RW

n,m (r).

IV. POLYNOMIALS IN ARBITRARY n
OF W RW

n,m (r) AND W SAW
n,m (r)

Using the enumerated W RW
n,m (r) and W SAW

n,m (r) given in
Sec. S1 of the Supplemental Material [26] and Appendix C,
we derive the polynomials in positive integer n that exactly re-
produce the numbers W RW

n,m (r) and W SAW
n,m (r) for r = n, n − 2,

n − 4, n − 6, n − 8, and n − 10, as shown in Eqs. (B1) to
(B82) and (C1) to (C12) in Appendixes B and C. These
polynomials enable the calculation of any physical quantity
derived from Eq. (2) for 0 � n − r � 10.

To present examples of the polynomials derived using
the exact enumeration results, we focus on the polynomials
of W RW

n,m (n − 10) in n for m = 0 and 1, which are given in
Eqs. (B51) and (B52) in Appendix B. To validate these poly-
nomials, we substitute n = 20 into Eqs. (B51) and (B52).
This substitution yields the values 2 625 286 352 and 5 625
406 136, respectively, which are identical to the m = 0 and
m = 1 values in the r = 10 column of Table I. We can extend
this validation to n = 21, . . . , 26 by referencing Tables S21
to S23 in the Supplemental Material [26]. By mathematical
induction, it is straightforward to prove that Eqs. (B51) and
(B52) hold for all n � 27.

V. EMERGENCE OF NEGATIVE ENERGETIC
ELASTICITIES IN LATTICE POLYMER CHAINS

Figure 3 shows βk, βkS , βkU , −kU /k, and τβε for the
DJ model and ISAW for (n, r) = (20, 10). The left column
of Fig. 3 presents these values for the DJ model, calcu-
lated using Table I, which enables the computation of the

FIG. 3. Emergence of negative energetic elasticity in RW-SAW
and SAW-NAW crossovers with (n, r) = (20, 10). The DJ model
bridges the RW and SAW (left column), and the ISAW bridges the
SAW and NAW (right column). The data for the ISAW are obtained
from Ref. [10]. The top panels show the dependence of total stiff-
ness βk and the entropic contribution to stiffness βkS on interaction
strength βε. The middle panels show the energetic contribution to
stiffness βkU . The bottom panels show the ratio −kU /k and its first-
order approximation τβε around βε = 0. The maximum of −kU /k
occurs around βε � 1 for both models.

differences ΔWn,m(r) and Δ2Wn,m(r) at r = 10 in Eq. (6).
The two crossovers interconnecting the RW, SAW, and NAW
(βkU = 0) reveal that both the DJ model and ISAW exhibit
negative energetic elasticity (βkU < 0) with |kU /k| maxi-
mized around βε ∼ 1. For (n, r) = (20, 10) and the same
βε, kDJ is 4.6 to 8.7 times larger than kISAW because the
configuration space of the RW is larger than that of the SAW.
The ratio of |(kU /k)DJ| to |(kU /k)ISAW| ranges from 1.1 to
2.7, demonstrating the enhanced negative energetic elasticity
in the DJ model compared to that in the ISAW.

The soft repulsions between polymer segments in the DJ
model and ISAW (Fig. 2) are the microscopic origin of the
negative energetic elasticity observed in Fig. 3. Our results
suggest that any polymer chain, whether alone [36–38] or in a
network [39,40], can exhibit negative energetic elasticity if it
possesses effective self-repulsion between polymer segments.

The DJ model suggests an intuitive interpretation of the
emergence of negative energetic elasticity in polymer chains.
The stiffness at r = 10 shown in Fig. 3 is calculated from the
differences in the free energy at r = 8, 10, and 12. There-
fore, to elucidate the underlying mechanism, we consider
the r dependence of both entropy and internal energy. Fig-
ure 4(a) illustrates two configurations of a coarse-grained
polymer chain with soft-core repulsion: a reference state and
a stretched state. The energy increases at intersections within
the chains [pink triangles in Fig. 4(a)]. The stretched state,
which possesses fewer intersections, is thus energetically fa-
vorable compared to the reference state. This property holds
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FIG. 4. Intuitive interpretation of the emergence of negative
energetic elasticity originating from the entropy-energy interplay.
(a) The reference state with end-to-end distance r = rref (>0) is
entropically favorable (top), whereas the stretched state with r =
rstr (>rref ) is energetically favorable (bottom) because it has fewer
intersections. This interpretation is consistent with the behavior of
(b) the entropy SDJ

n (r, βε) and (c) the internal energy U DJ
n (r, βε),

which are monotonically decreasing functions of r for 1 � r � 20.
Here, we set βε = 1 and n = 20.

for the ensemble of chain configurations: states with longer
end-to-end distances are energetically favorable; those with
shorter end-to-end distances are entropically favorable. This
behavior is demonstrated by the monotonic decrease of both
the entropy SDJ

n (r, βε) [Fig. 4(b)] and the internal energy
U DJ

n (r, βε) [Fig. 4(c)] with increasing r. This interplay be-
tween energetic and entropic factors gives rise to negative
energetic elasticity.

The insights from the DJ model can be extended to un-
derstand the origin of negative energetic elasticity in gel
networks, attributed to the same underlying mechanism. In
Fig. 4(a), the polymer chain can be considered a subchain

between crosslinks in polymer networks, with rref corre-
sponding to the average distance between crosslinks at the
as-prepared state. Notably, in gels synthesized by end-linking
star polymers, where negative energetic elasticity has been ob-
served experimentally [4–7], molecular dynamics simulations
[41] and gel fracture experiments [42] (see the section “Fail-
ure of Kuhn’s model for fracture” therein) demonstrate that
rref is a decreasing function of polymer mass concentration.
At lower concentrations, a larger rref is expected, and the gel
becomes unstable below a certain concentration, as confirmed
by observations of gel-gel phase separation [43]. Since rref

depends on concentration, the monotonic decrease of both
SDJ

n (r, βε) and U DJ
n (r, βε) with increasing r [Figs. 4(b) and

4(c)] becomes crucial for understanding the origin of negative
energetic elasticity in gel networks.

VI. SCALING LAW IN INTERNAL ENERGY

Figures 5(a) (DJ model) and 5(c) (ISAW) show the exact
values of Un(r, βε)/ε as a function of the chain length n for
n = 10, 11, . . . , 20 at βε = 1, with the end-to-end distance
2 � r � n − 4. Also shown are four analytic expressions for
Un(r, βε)/ε corresponding to r = n − 4, n − 6, n − 8, and
n − 10. These analytic expressions for Un(r, βε)/ε are de-
rived by using Eqs. (2) and (4), inserting the polynomials for
W RW

n,m (r) presented in Sec. IV. As an example, we present the
analytic expressions of U DJ

n (n − 4, βε)/ε (valid for n � 5),
which corresponds to the gray curves in Figs. 5(a) and 5(b):

U DJ
n (n − 4, βε)/ε =

6∑
m=1

m W RW
n,m (n − 4) e−βεm

6∑
m=0

W RW
n,m (n − 4) e−βεm

, (9)

FIG. 5. Universal scaling law of the internal energy Un(r, βε)/ε for (a,b) the DJ model across RW-SAW crossover and (c,d) the ISAW
across SAW–NAW crossover. In each panel, points correspond to n = 10, 11, . . . , 20 and 2 � r � n − 4; curves represent the four analytic
expressions for Un(r, βε)/ε obtained from the polynomials of W RW

n,m (r) and W SAW
n,m (r) (see Appendixes B and C) for r = n − 4 (gray), n − 6

(orange), n − 8 (pink), and n − 10 (red). In (a,c), βε = 1; for a fixed n, Un(r, βε)/ε monotonically decreases with increasing r. In (b,d),
Un(r, βε)/ε, plotted against the scaled variable (n − r)7/4/n, collapses onto master curves with a common scaling exponent 7/4 for a wide
range of interaction strengths (βε = 0, 1/4, 1/2, 1, 2, and 4). The master curves show a approximately linear behavior in the small (n − r)7/4/n
regime.
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with the polynomials W RW
n,m (n − 4) given by

W RW
n,0 (n − 4) = 1

2 (3n4 − 34n3 + 153n2 − 322n + 248),

W RW
n,1 (n − 4) = 4(2n3 − 15n2 + 31n − 6),

W RW
n,2 (n − 4) = 2n3 − 10n2 + 36n − 81,

W RW
n,3 (n − 4) = 4n2 − 22n + 50,

W RW
n,4 (n − 4) = 1

2 (n2 + 29n − 110),

W RW
n,5 (n − 4) = 2(n − 5),

W RW
n,6 (n − 4) = n − 4,

W RW
n,m (n − 4) = 0 (for m � 7).

These polynomials are taken from Eqs. (B7) to (B14) in Ap-
pendix B.

A remarkable scaling law emerges when the data points
and analytic expressions for Un(r, βε)/ε are plotted against
the scaled variable (n − r)7/4/n. For both the DJ model
[Fig. 5(b)] and ISAW [Fig. 5(d)], all data points and ana-
lytic expressions for Un(r, βε)/ε collapse onto a single master
curve across the entire range of βε (0, 1/4, 1/2, 1, 2, and 4).
This scaling law persists even for off-axis end-to-end vectors
along (1,1,0) and (1,1,1), as shown in Appendix D. The com-
ponent n − r appearing in the scaling variable (n − r)7/4/n
is the “slack” of the chain, i.e., the number of segments re-
maining after assigning r segments in the positive x direction
to reach the endpoint (r, 0, 0). Maclaurin expansions of the
analytic expressions for Un(n − r, βε)/ε at n − r = 4, 6, 8,
and 10 with respect to 1/n yield linear leading-order terms,
explaining the observed linear behavior at small (n − r)7/4/n.

The emergence of a common exponent 7/4 in both the
DJ model and the ISAW suggests its universality governed
by spatial dimensionality, independent of microscopic model
details. Remarkably, this scaling law for the internal energy
based on the slack n − r is consistent with the scaling behav-
ior of τ ISAW reported in Ref. [10], which exhibits an exponent
of 3/4. Here,

τ ≡ − ∂

∂ (βε)

(
kU

k

)∣∣∣∣
βε=0

(10)

is the first-order coefficient in the Maclaurin series of −kU /k
with respect to βε (see bottom panels of Fig. 3). Reference
[10] denotes this coefficient as T ∞

U instead of τ .
The exponent 3/4 coincides with the well-established uni-

versal critical exponent ν = 3/4 of the two-dimensional SAW
[44,45]. This coincidence suggests a possible reduction from
three to two dimensions induced by the on-axis constraint on
the end-to-end vector (see Sec. S8 in the Supplemental Ma-
terial of Ref. [10]). Furthermore, the simple relationship be-
tween the exponents (i.e., 7/4 = 3/4 + 1) can potentially be
explained by introducing a scaling function similar to that of
the Widom scaling hypothesis [46,47]. The analysis of the DJ
model presented here is expected to advance the long-standing
effort, dating back to the 1970s [14], to connect the critical
exponents of the three-dimensional RW and SAW [48].

We note that this common scaling exponent does not imply
that the RW and SAW belong to the same universality class.
RW (Gaussian) and SAW universality classes remain distinct

with different critical exponents (ν = 0.5 for RW and ν �
0.588 for SAW in three dimensions) that govern the scaling of
spatial extent with chain length. The 7/4 exponent identified
here relates specifically to the internal energy under stretch-
ing, not to the critical exponents that define these universality
classes.

VII. CONCLUSION

We elucidated the microscopic origin of negative ener-
getic elasticity in polymer chains using the DJ model and
ISAW. Our investigation of the two crossovers among the RW,
SAW, and NAW (Fig. 3) revealed that effective soft-repulsive
interactions between polymer segments were the origin of
the negative energetic elasticity of flexible polymers. The DJ
model provided an intuitive interpretation (Fig. 4): longer end-
to-end distances were energetically favorable, whereas shorter
distances are entropically favorable. We also discovered a
universal scaling law with an exponent of 7/4 for the internal
energy of both models throughout the crossovers (Fig. 5). This
intuitive interpretation of the negative energetic elasticity, to-
gether with the universal scaling law, is expected to serve as
a guideline for further theoretical development and material
design.

These findings have significant implications for under-
standing the elasticity of polymer gel networks. Our analysis
suggests that negative energetic elasticity is a universal prop-
erty of polymer systems with effective soft-repulsive segment
interactions, irrespective of their composition or architecture.
This understanding provides a fundamental framework for
explaining the recently discovered negative energetic elastic-
ity in various gels and opens new avenues for designing gel
materials with tailored elastic properties.
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APPENDIX A: UPPER BOUNDS ON THE NUMBER
OF INTERACTING SEGMENT PAIRS

We derive upper bounds on the number of interacting seg-
ment pairs m for the DJ model and ISAW. These upper bounds
are used in Eqs. (2) and (6).

For the DJ model, the tightest upper bound on (i.e., the
maximum value of) m for a given chain length n and end-to-
end distance r is achieved when the overlaps of segments are
restricted to the minimum number of sites. This is because the
number of interacting segment pairs at a single site increases
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quadratically with the number of overlapping segments v at
that site, according to the binomial coefficient

(
v

2

) ≡ v(v −
1)/2 for v � 2. To construct a configuration that maximizes
m for a given n and r, we arrange the initial r segments
to reach the site (r, 0, 0), and then arrange the remaining
s ≡ n − r segments to oscillate back and forth between two
sites along the x axis. For r = 0, the oscillation is between
the sites (1,0,0) and (0,0,0), and for r � 1, the oscillation is
between (r − 1, 0, 0) and (r, 0, 0), yielding the maximum of
m for given n and r:

mRW
ub =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⌊
n2

4

⌋
=

⌊
s2

4

⌋
, (r = 0),

⌊
(n − r + 1)2

4

⌋
=

⌊
(s + 1)2

4

⌋
, (r � 1).

(A1)

Here, 
x� is the floor function, which represents the largest
integer less than or equal to x. Equation (A1) gives the maxi-
mum of m that satisfies W RW

n,m (n − s) � 1 in Tables S1 to S18
in the Supplemental Material [26]. In the summation of Eq. (6)
for the DJ model, mRW

ub depends on r for a fixed n. Thus, the
maximum of mRW

ub , corresponding to the r − Δr case, should
be used.

For the ISAW, an upper bound on m is given by

mSAW
ub = 2n − 3. (A2)

The derivation of Eq. (A2) is provided in Sec. S1 in the
Supplemental Material of Ref. [10].

APPENDIX B: POLYNOMIALS FOR THE NUMBER
OF RANDOM WALKS WITH SMALL SLACK

This appendix presents the polynomial in positive integer
n that exactly reproduces the numbers W RW

n,m (r) for r = n, n −
2, n − 4, n − 6, n − 8, and n − 10, and for each nonnegative
integer m.

For r = n, only the fully stretched ω is allowed, and thus

W RW
n,0 (n) = 1, (n � 1), (B1)

W RW
n,m (n) = 0, (n � 1 and m � 1). (B2)

Assuming that W RW
n,m (n − 2) and W RW

n,m (n − 4) are polyno-
mials in n for each nonnegative integer m, we can calculate the
coefficients of the polynomials using the numbers in Tables
S1 to S18 in the Supplemental Material [26]. The resulting
polynomials are as follows:

W RW
n,0 (n − 2), = 2(n2 − 3n + 2) (n � 3), (B3)

W RW
n,1 (n − 2) = 4n − 2, (n � 3), (B4)

W RW
n,2 (n − 2) = n − 2, (n � 2), (B5)

W RW
n,m (n − 2) = 0, (n � 2 and m � 3), (B6)

W RW
n,0 (n − 4) = 1

2 (3n4 − 34n3 + 153n2 − 322n + 248),

(n � 5), (B7)

W RW
n,1 (n − 4) = 4(2n3 − 15n2 + 31n − 6), (n � 4), (B8)

W RW
n,2 (n − 4) = 2n3 − 10n2 + 36n − 81, (n � 5), (B9)

W RW
n,3 (n − 4) = 4n2 − 22n + 50, (n � 5), (B10)

W RW
n,4 (n − 4) = 1

2 (n2 + 29n − 110), (n � 5), (B11)

W RW
n,5 (n − 4) = 2(n − 5), (n � 5), (B12)

W RW
n,6 (n − 4) = n − 4, (n � 4), (B13)

W RW
n,m (n − 4) = 0, (n � 4 and m � 7). (B14)

The polynomials of W RW
n,m (n − 6) are also calculated using

the numbers in Tables S5 to S18 in the Supplemental Material
[26] as

W RW
n,0 (n − 6) = 1

9 (5n6 − 129n5 + 1433n4 − 8745n3 + 30962n2 − 60390n + 49320), (n � 7), (B15)

W RW
n,1 (n − 6) = 6n5 − 119n4 + 916n3 − 3209n2 + 3926n + 1920, (n � 7), (B16)

W RW
n,2 (n − 6) = 3n5 − 32n4 + 129n3 − 908n2 + 6608n − 15 792, (n � 7), (B17)

W RW
n,3 (n − 6) = 4

3 (6n4 − 91n3 + 606n2 − 2321n + 4203), (n � 7), (B18)

W RW
n,4 (n − 6) = n4 + 26n3 − 479n2 + 2659n − 4986, (n � 8), (B19)

W RW
n,5 (n − 6) = 6n3 − 19n2 − 183n + 424, (n � 8), (B20)

W RW
n,6 (n − 6) = 1

6 (13n3 − 39n2 − 394n + 2244), (n � 8), (B21)

W RW
n,7 (n − 6) = 6n2 + 56n − 434, (n � 8), (B22)

W RW
n,8 (n − 6) = n2 + 37n − 282, (n � 8), (B23)
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W RW
n,9 (n − 6) = 4(7n − 39), (n � 7), (B24)

W RW
n,10(n − 6) = 6(n − 7), (n � 7), (B25)

W RW
n,11(n − 6) = 0, (n � 6), (B26)

W RW
n,12(n − 6) = n − 6, (n � 6), (B27)

W RW
n,m (n − 6) = 0, (n � 6 and m � 13). (B28)

The polynomials of W RW
n,m (n − 8) are also calculated using the numbers in Tables S7 to S20 in the Supplemental Material [26]

as

W RW
n,0 (n − 8) = 1

288 (35n8 − 1620n7 + 33 606n6 − 407 160n5 + 3 151 827n4 − 15 991 140n3 + 52 024 708n2

−99 143 952n + 83 572 992), (n � 9), (B29)

W RW
n,1 (n − 8) = 2

9 (10n7 − 383n6 + 6235n5 − 54 875n4 + 27 0421n3 − 654 914n2 + 234 858n + 1 480 932), (n � 10),

(B30)

W RW
n,2 (n − 8) = 1

18 (10n7 − 182n6 + 466n5 + 5671n4 + 53 494n3 − 1 346 021n2 + 7 741 074n − 14 786 496), (n � 11),

(B31)

W RW
n,3 (n − 8) = 1

3 (18n6 − 527n5 + 6921n4 − 56 627n3 + 321 189n2 − 1 150 790n + 1 862 184), (n � 10), (B32)

W RW
n,4 (n − 8) = 1

12 (9n6 + 207n5 − 10 249n4 + 142 181n3 − 987 656n2 + 3 600 772n − 5 431 572), (n � 11), (B33)

W RW
n,5 (n − 8) = 1

3 (21n5 − 169n4 − 3139n3 + 47 077n2 − 198 602n + 203 982), (n � 10), (B34)

W RW
n,6 (n − 8) = 1

6 (11n5 − 6n4 − 2791n3 + 32 559n2 − 179 599n + 467 172), (n � 11), (B35)

W RW
n,7 (n − 8) = 1

3 (38n4 + 11n3 − 9242n2 + 84 463n − 230 220), (n � 11), (B36)

W RW
n,8 (n − 8) = 1

24 (49n4 + 1630n3 − 32 353n2 + 184 586n − 427 872), (n � 11), (B37)

W RW
n,9 (n − 8) = 61n3 − 906n2 + 4157n − 4410, (n � 11), (B38)

W RW
n,10(n − 8) = 1

2 (25n3 − 189n2 + 1006n − 8592), (n � 11), (B39)

W RW
n,11(n − 8) = 54n2 − 514n + 1338, (n � 11), (B40)

W RW
n,12(n − 8) = 4n3 − 71n2 + 1809n − 11 386, (n � 10), (B41)

W RW
n,13(n − 8) = 4n2 + 258n − 2240, (n � 10), (B42)

W RW
n,14(n − 8) = n2 + 166n − 1484, (n � 10), (B43)

W RW
n,15(n − 8) = 0, (n � 8), (B44)

W RW
n,16(n − 8) = 42n − 328, (n � 9), (B45)

W RW
n,17(n − 8) = 8(n − 9), (n � 9), (B46)

W RW
n,18(n − 8) = 0, (n � 8), (B47)

W RW
n,19(n − 8) = 0, (n � 8), (B48)

W RW
n,20(n − 8) = n − 8, (n � 8), (B49)

W RW
n,m (n − 8) = 0, (n � 8 and m � 21). (B50)
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The polynomials of W RW
n,m (n − 10) are also calculated using the numbers in Tables S9 to S18 and S21 to S23 in the

Supplemental Material [26] as

W RW
n,0 (n − 10) = 1

3600 (63n10 − 4585n9 + 153 060n8 − 3 081 950n7 + 41 448 599n6 − 389 383 445n5 + 2 591 570 990n4

−12 085 704 100n3 + 37 840 144 088n2 − 71 829 549 120n + 62 526 614 400), (n � 11), (B51)

W RW
n,1 (n − 10) = 1

144 (70n9 − 4395n8 + 122 592n7 − 1 976 910n6 + 20 015 526n5 − 127 970 403n4 + 476 189 444n3

−685 627 428n2 − 1 416 480 720n + 5 184 797 184), (n � 12), (B52)

W RW
n,2 (n − 10) = 1

288 (35n9 − 970n8 − 1738n7 + 356 852n6 − 4 644 373n5 + 7 548 302n4 + 338 801 436n3

−3 500 058 552n2 + 14 604 644 256n − 23 322 994 560), (n � 13), (B53)

W RW
n,3 (n − 10) = 2

9 (10n8 − 481n7 + 10 542n6 − 145 552n5 + 1 475 385n4 − 11 407 483n3 + 62 293 463n2

−204 521 796n + 293 371 992), (n � 11), (B54)

W RW
n,4 (n − 10) = 1

18 (5n8 + 112n7 − 11 966n6 + 304 687n5 − 4 138 721n4 + 34 852 933n3 − 185 222 134n2

+568 825 140n − 751 096 152), (n � 13), (B55)

W RW
n,5 (n − 10) = 1

90 (370n7 − 7025n6 − 90 077n5 + 3 908 575n4 − 47 417 645n3 + 270 658 210n2 − 667 541 568n

+291 274 020), (n � 13), (B56)

W RW
n,6 (n − 10) = 1

36 (29n7 + 163n6 − 28 069n5 + 546 697n4 − 5 586 400n3 + 39 828 436n2 − 198 287 652n

+477 041 256), (n � 13), (B57)

W RW
n,7 (n − 10) = 1

3 (31n6 − 332n5 − 13 194n4 + 342 222n3 − 3 412 555n2 + 16 788 098n

−34 291 422), (n � 13), (B58)

W RW
n,8 (n − 10) = 1

12 (19n6 + 601n5 − 24 387n4 + 243 417n3 − 732 250n2 − 572 620n + 1 159 920), (n � 14), (B59)

W RW
n,9 (n − 10) = 1

12 (626n5 − 16 317n4 + 148 932n3 − 413 523n2 − 1 757 150n + 11 265 480), (n � 14), (B60)

W RW
n,10(n − 10) = 1

120 (1201n5 − 5560n4 − 242 445n3 + 1 552 240n2 + 14 263 964n − 11 4038 160), (n � 14), (B61)

W RW
n,11(n − 10) = 1

3 (331n4 − 7697n3 + 78 983n2 − 519 949n + 1 688 694), (n � 14), (B62)

W RW
n,12(n − 10) = 1

6 (9n5 − 293n4 + 13 253n3 − 255 709n2 + 2 019 160n − 5 609 664), (n � 14), (B63)

W RW
n,13(n − 10) = 8n4 + 406n3 − 10 663n2 + 86 579n − 275 266, (n � 14), (B64)

W RW
n,14(n − 10) = 1

4 (8n4 + 1222n3 − 28 774n2 + 251 988n − 919 520), (n � 14), (B65)

W RW
n,15(n − 10) = 4n3 + 974n2 − 18 158n + 77 274, (n � 12), (B66)

W RW
n,16(n − 10) = 1

2 (169n3 − 4121n2 + 44 276n − 186 228), (n � 13), (B67)

W RW
n,17(n − 10) = 16n3 − 278n2 + 6858n − 54 920, (n � 13), (B68)

W RW
n,18(n − 10) = 75n2 + 538n − 12 266, (n � 12), (B69)

W RW
n,19(n − 10) = 4(2n2 + 512n − 5257), (n � 12), (B70)

W RW
n,20(n − 10) = 2(n3 − 27n2 + 614n − 4528), (n � 12), (B71)

W RW
n,21(n − 10) = 4n2 + 546n − 5758, (n � 12), (B72)
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W RW
n,22(n − 10) = n2 + 273n − 2990, (n � 12), (B73)

W RW
n,23(n − 10) = 0, (n � 10), (B74)

W RW
n,24(n − 10) = 20(n − 11), (n � 11), (B75)

W RW
n,25(n − 10) = 44n − 424, (n � 11), (B76)

W RW
n,26(n − 10) = 10(n − 11), (n � 11), (B77)

W RW
n,27(n − 10) = 0, (n � 10), (B78)

W RW
n,28(n − 10) = 0, (n � 10), (B79)

W RW
n,29(n − 10) = 0, (n � 10), (B80)

W RW
n,30(n − 10) = n − 10, (n � 10), (B81)

W RW
n,m (n − 10) = 0, (n � 10 and m � 31). (B82)

APPENDIX C: POLYNOMIALS FOR THE NUMBER OF SELF-AVOIDING WALKS WITH SMALL SLACK

This appendix presents the polynomial for the SAW in positive integer n that exactly reproduces the numbers W SAW
n,m (n − 10)

for each nonnegative integer m. These polynomials extend the polynomials for W SAW
n,m (n − 2), W SAW

n,m (n − 4), W SAW
n,m (n − 6), and

W SAW
n,m (n − 8) presented in Sec. S12 in the Supplemental Material of Ref. [10], where these quantities are denoted as Wn,m(n − s)

without the SAW superscript.
Assuming that W SAW

n,m (n − 10) is a polynomial in n for each nonnegative integer m, we can calculate the coefficients of the
polynomial using the numbers in Tables S3 to S19 in the Supplemental Material of Ref. [10], along with additional numbers for
n = 21, . . . , 29 in Table II.

The resulting polynomials are:

W SAW
n,0 (n − 10) = 1

3600 (63n10 − 6335n9 + 299 060n8 − 8 750 150n7 + 176 109 699n6 − 2 551 326 815n5 + 26 957 728 290n4

−205 046 147 100n3 + 1 073 071 273 288n2 − 3 481 733 392 800n + 5 303 917 051 200), (n � 18), (C1)

W SAW
n,1 (n − 10) = 1

72 (35n9 − 3310n8 + 144 274n7 − 3 810 720n6 + 67 350 079n5 − 827 584 026n4 + 7 081 605 356n3

−40 733 780 024n2 − 232 990 627 968 + 142 946 744 256n), (n � 18), (C2)

W SAW
n,2 (n − 10) = 1

36 (195n8 − 16 591n7 + 636 953n6 − 14 439 205n5 + 211 951 772n4 − 2 069 561 980n3 + 13 172 823 368n2

−50 135 482 272n + 87 570 505 008). (n � 18), (C3)

TABLE II. List of W SAW
n,m (n − 10) for n = 21, . . . , 29.

m

n 0 1 2 3 4 5 6 7 8 9 10

21 1 164 644 956 1 790 415 816 1 381 489 928 703 113 644 243 996 580 60 732 044 12 065 116 2 130 064 263 300 27 212 3168

22 2 458 183 236 3 608 669 000 2 631 650 372 1 249 816 464 400 672 608 91 830 736 16 926 932 2 800 736 319 512 32 096 3520

23 4 949 794 148 6 947 511 200 4 797 886 376 2 132 870 620 634 321 436 134 522 404 23 126 884 3 600 992 381 248 37 332 3872

24 9 556 918 148 12 842 271 216 8 415 109 804 3 512 153 384 972 785 768 191 749 776 30 888 004 4 542 352 448 508 42 920 4224

25 17 771 135 392 22 892 935 256 14 261 282 728 5 604 132 844 1 450 869 908 266 904 588 40 450 044 5 636 336 521 292 48 860 4576

26 31 947 019 844 39 504 999 416 23 440 268 068 8 695 905 504 2 111 409 280 363 857 968 52 069 476 6 894 464 599 600 55 152 4928

27 55 705 056 944 66 207 779 080 37 484 627 332 13 161 411 164 30 06 415 548 486 990 820 6 6019 492 8 328 256 683 432 61 796 5280

28 94 482 703 636 108 067 854 720 58 481 393 516 19 479 984 120 4 198 297 336 641 224 208 82 590 004 9 949 232 772 788 68 792 5632

29 156 274 920 996 172 217 889 976 89 224 065 624 28 257 399 724 5 761 156 548 832 049 740 102 087 644 11 768 912 867 668 76 140 5984
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W SAW
n,3 (n − 10) = 4

9 (71n7 − 5124n6 + 161 663n5 − 2 893 446n4 + 31 815 851n3 − 216 064 455n2 + 846 392 625n

−1 493 841 726), (n � 18), (C4)

W SAW
n,4 (n − 10) = 1

3 (315n6 − 17 677n5 + 401 955n4 − 4 587 843n3 + 25 622 178n2 − 48 389 612n

−57 479 976), (n � 18), (C5)

W SAW
n,5 (n − 10) = 2

15 (1899n5 − 78 070n4 + 1 086 275n3 − 3 841 550n2 − 34 041 704n + 231 920 760), (n � 18), (C6)

W SAW
n,6 (n − 10) = 2

3 (1045n4 − 38 292n3 + 495 149n2 − 2 452 554n + 2 630 166), (n � 18), (C7)

W SAW
n,7 (n − 10) = 8(240n3 − 7741n2 + 83 817n − 302 758), (n � 18), (C8)

W SAW
n,8 (n − 10) = 2(1381n2 − 31 277n + 179 446), (n � 18), (C9)

W SAW
n,9 (n − 10) = 4(44n2 − 671n + 1490), (n � 18), (C10)

W SAW
n,10 (n − 10) = 352(n − 12), (n � 13), (C11)

W SAW
n,m (n − 10) = 0, (n � 10 and m � 11). (C12)

APPENDIX D: UNIVERSALITY OF SCALING
IN INTERNAL ENERGY FOR OFF-AXIS DIRECTIONS

In this appendix, we extend the analysis of the scaling law
for the internal energy presented in Sec. VI from on-axis to
off-axis constraints on the end-to-end vector to demonstrate
that the scaling behavior is independent of the direction of the
end-to-end vector. We consider RW and SAW with end-to-end
vectors r ≡ ω(n) − ω(0) parallel to (1,1,0) or (1,1,1), i.e.,
r ‖ (1, 1, 0) or r ‖ (1, 1, 1). Specifically, we exactly enumer-
ate W RW

n,m (r) and W SAW
n,m (r) for r = (1, 1, 0), (2,2,0), (3,3,0),

(1,1,1), and (2,2,2) with 15 � n � 20. The full enumeration
results are provided in Tables S25 to S34 of Secs. S2 and S3
in the Supplemental Material [26].

To validate the enumerated values under off-axis con-
straints, we employ the formula from Ref. [33], which gives
the number of n-step random walks on a cubic lattice with
a specified end-to-end vector r = (rx, ry, rz ), following the
approach in Sec. III:

W RW
n (r) =

(
n

n−(rx+ry+rz )
2

) n−(rx+ry+rz )
2∑

k=0

( n−(rx+ry+rz )
2

k

)

×
( n+rx+ry+rz

2

k + ry + rz

)(
2k + ry + rz

k + rz

)
. (D1)

For each r, the total
∑

m W RW
n,m (r) obtained from our

enumeration agrees exactly with W RW
n (r) computed via

Eq. (D1), verifying our enumeration results under off-axis
constraints.

Figure 6 shows that Un(r, βε)/ε for off-axis end-to-end
constraints [along the (1,1,0) and (1,1,1)] collapses onto the
same (n − r)7/4/n master curve observed for the on-axis con-
straint (Fig. 5). This confirms that the 7/4 scaling exponent is
independent of the direction of the end-to-end vector.

FIG. 6. Collapse of Un(r, βε)/ε for off-axis end-to-end con-
straints (blue and orange) onto the on-axis results (gray, data from
Fig. 5). The agreement demonstrates that the 7/4 scaling exponent
holds regardless of the direction of the end-to-end vector.
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