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Two-dimensional active Brownian particles crossing a parabolic barrier:
Transition-path times, survival probability, and first-passage time
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We derive an analytical expression for the propagator and the transition path time distribution of a two-
dimensional active Brownian particle crossing a parabolic barrier with absorbing boundary conditions at both
sides. By taking those of a passive Brownian particle as basis states and dealing with the activity as a perturbation,
our solution is expressed in terms of the perturbed eigenfunctions and eigenvalues of the associated Fokker-
Planck equation once the latter is reduced by taking into account only the coordinate along the direction of
the barrier and the self-propulsion angle. We show that transition path times are typically shortened by the
self-propulsion of the particle. Our solution also allows us to obtain the survival probability and the first-passage
times distribution, which display a strong dependence on the particle’s activity, while the rotational diffusivity
influences them to a minor extent.
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I. INTRODUCTION

Active particles are characterized by the ability to con-
sume energy from their environment in order to generate
self-propelled directed motion [1–4]. Recent decades have
seen significant and growing efforts in investigating their dy-
namics because of their relevance in a wide variety of fields,
including biology [5,6], biomedicine [7,8], robotics [9,10],
social transport [11], and statistical physics [12–18].

For systems of interacting active particles, novel emerg-
ing collective behavior arises [19–22]. Furthermore, even
at the single-particle level, self-propelled particles show re-
markable features such as, for example, accumulation near
confining boundaries [23,24], non-Boltzmann stationary dis-
tributions [25–28], and oscillating intermediate scattering
functions [29–31]. However, notwithstanding the tremendous
progress that has been achieved in this research field in the
past decade, exactly solvable models, allowing a deeper un-
derstanding of some basic theoretical aspects, remain rare.
Exceptions include active Brownian particles (ABPs) in chan-
nels [27] or sedimenting in a gravitational field [32] and
run-and-tumble particles in one dimension [25,26,33,34]. The
analytical solution of the time-dependent probability distri-
bution of run-and-tumble and ABPs in free space is known
only in the Fourier domain [29–31,35,36]. More recently, the
steady-state distribution of a two-dimensional ABP trapped in
an isotropic harmonic potential has been derived [28], and its
time-dependent Fokker-Planck equation has been fully solved
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[18]. Finally, the Fokker-Planck equation has also been solved
for an ABP exploring a circular region with an absorbing
boundary [37] and, by disregarding one of the two spatial
coordinates, for an ABP reaching an absorbing wall in two
dimensions [38].

Here, we extend the set of exactly solvable models by
considering an ABP navigating in a domain characterized
by a parabolic barrier along one direction and presenting
absorbing boundaries at both sides of the barrier. Building
upon the theory developed in Refs. [18,37], we show that, also
in the current system, a formally exact series expression for
the probability propagator associated with the Fokker-Planck
equation can be obtained once the basis states of a reference
standard Brownian particle are known. For the considered
environment, we attain the basis states of a passive Brownian
particle by extending to two dimensions the solution of the
Fokker-Planck equation for a one-dimensional particle cross-
ing a parabolic barrier as achieved in Ref. [39]. In the present
manuscript, we focus on the case of a domain infinitely ex-
tended in the direction perpendicular to the energy barrier,
and we found an expression for the reduced propagator taking
into account the position along the direction of the barrier
and the self-propulsion angle, but not the position along the
perpendicular direction.

Furthermore, again taking inspiration from Ref. [39], we
also derive an expression for the transition-path-times (TPTs)
distribution. In a barrier-crossing process, transition paths are
defined as those trajectories originating from a point at one
side of the barrier and ending at another point at the opposite
side, without recrossing the initial position. In the context of
passive dynamics, both experimentalists [40–43] and theorists
[44–50] have devoted quite some attention to TPTs, because
they carry important information about the reactive dynamics.

Finally, our solution allows us, by properly integrating
the propagator, to find also the survival probability and the
first-passage-time distribution [51–54]. The latter observables
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characterize several processes in nature [55–59] and play a
pivotal role in understanding transport properties and escape
dynamics of living microorganisms or artificial nano- and
microparticles in different environments [51].

II. MODEL

The stochastic overdamped motion of a two-dimensional
ABP is completely characterized in terms of the propagator
P(r, ϑ, t |r0, ϑ0), which is the probability of finding the parti-
cle at position r = (x, y) and orientation ϑ at lag time t given
the initial position r0 and orientation ϑ0 at time t = 0.

In the presence of a parabolic barrier along the x direction,
U (x) = −kx2/2, with spring constant k > 0, the Fokker-
Planck equation reads

∂tP = �P := D∂x
(
eμkx2/2D∂xe−μkx2/2DP

)
+ D∂2

y P + Drot∂
2
ϑP − vu · ∇P, (1)

where D and Drot are the translational and rotational diffusion
coefficients, respectively, whereas μ is the mobility of the
particle. The ratio D/μ = kBT defines the energy unit and
introduces an effective temperature that for a passive particle
corresponds to the temperature of the bath. Finally, the particle
is endowed with a self-propulsion having a fixed velocity v

along the orientation u = (cos ϑ, sin ϑ ). The previous equa-
tion readily provides the formal solution

P(r, ϑ, t |r0, ϑ0) = e�tδ(r − r0)δ(ϑ − ϑ0), (2)

of the propagator given the initial condition

P(r, ϑ, t = 0|r0, ϑ0) = δ(r − r0)δ(ϑ − ϑ0). (3)

Here, we are interested in investigating the dynamics of an
ABP conditioned to the presence of absorbing boundaries at
x = ±d

P(x = ±d, y, ϑ, t |r0, ϑ0) = 0, (4)

and the further requirement that the initial position r0 is cho-
sen between the boundaries (−d < x0 < d).

While absorbing boundaries are beneficial to develop a
theoretical framework aiming at characterizing first-passage
properties [51], they also represent experimental or natu-
ral scenarios where particles are permanently removed upon
reaching certain regions, such as chemical reactions at reactive
surfaces or particles escaping confinement [60]. Absorbing
boundaries may also be considered as a limiting case of sticky
boundary conditions, which are a way to formulate the accu-
mulation process at confining boundaries typically exhibited
by active particles [61]. Finally, and most importantly, absorb-
ing boundaries are necessary to account for a correct definition
of the transition-path time [39]: Typically, the transition-path
time refers to the time it takes for a system to cross from one
stable state to another, without returning to the initial state. It
captures only the duration of the actual transition, excluding
the long waiting times the system might spend in the initial
or final states. In such a context, our absorbing boundaries
could also be interpreted as fictitious surfaces separating the
transition region, −d < x < d , from two arbitrarily defined
potential basins.

Without any further condition restricting the movement
of the particle along the y direction, we are unfortunately
unable to find an expression of the full propagator. However,
thanks to the fact that the diffusion processes along the x
and y coordinates are decoupled and that the drift dynamics
depends only on the self-propulsion direction, we can still
find a solution for the reduced propagator P̃(x, ϑ, t |x0, ϑ0),
which is the probability to find the particle at coordinate x and
orientation ϑ at lag time t given the initial coordinate x0 and
orientation ϑ0 at time t = 0. For such a reduced propagator,
Eq. (5) reads

∂t P̃ = �̃P̃ := D∂x
(
eμkx2/2D∂xe−μkx2/2DP̃

)
+ Drot∂

2
ϑ P̃ − v cos ϑ ∂xP̃, (5)

and has a formal solution given by

P̃(x, ϑ, t |x0, ϑ0) = e�̃tδ(x − x0)δ(ϑ − ϑ0), (6)

with initial and boundary conditions respectively given by

P̃(x, ϑ, t = 0|x0, ϑ0) = δ(x − x0)δ(ϑ − ϑ0) , (7)

and

P̃(x = ±d, ϑ, t |x0, ϑ0) = 0 . (8)

In the rest of this manuscript, we will always refer to the
above-stated reduced problem but for the sake of notation
simplicity, we will drop the •̃ symbol.

We exploit the distance d to fix the length unit of the
problem. Taking the passive Brownian particle (v = 0) as a
reference, it is convenient to define the time unit τ as the
typical time required by such a particle to cover the distance
between the two boundaries along the x direction, τ := d2/D.
The dynamics of the ABP is then described only by two
independent dimensionless parameters: The Péclet number,
Pe := vτ/d , assessing the importance of the self-propulsion
with respect to the diffusive motion, and the “rotationality,”
γ := Drotτ , measuring the magnitude of the rotational diffu-
sion. The fraction Pe/γ then describes the persistence of the
particle’s trajectories in free space.

In order to find an expression for the propagator that is a
solution of Eq. (5), we first make a time-separation ansatz
for the propagator, P = E (t )p(x)ψ (x, ϑ ). Here, we defined
the Boltzmann weight p(x) ∝ e−βU (x) with β = 1/kBT the
inverse temperature, which, adopting a convenient normaliza-
tion, reads

p(x) = exp(βkx2/2)

2π
. (9)

The Fokker-Planck operator � in Eq. (5) appears to be non-
Hermitian already in the passive system, Pe = 0. However,
in this case, it can be made manifestly Hermitian by a gauge
transformation [53]. Here, we circumvent this detour and de-
fine a new operator L by splitting off the Boltzmann weight

�p(x)ψ (x, ϑ ) =: p(x)Lψ (x, ϑ ). (10)

Inserting into (5) and using the defined units yields

1

E ∂tE = 1

ψ
Lψ

!= −λ, (11)
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where the last equal sign holds since the first and second
terms of the equation are functions of independent variables,
and therefore can only be equal to each other if both sides
evaluate to a constant. We can now explicitly write the so-
lution for the time-dependent component of the propagator,
E (t ) = exp(−λt ), and proceed to solve the equation for the
spatial and angular components only, which now reads

Lψ + λψ = 0. (12)

The similarity to a quantum mechanical problem suggests
tackling the problem by dealing with the activity as a pertur-
bation of the passive system. We thus split the operator L into
a passive contribution L0 and an active one L1 according to

L = L0 + PeL1, (13)

with

L0ψ = 1

τ

[
d2∂2

x + βkd2x∂x + γ ∂2
ϑ

]
ψ, (14)

L1ψ = −d

τ
[βkx cos ϑ + cos ϑ ∂x]ψ. (15)

III. SOLUTION OF THE PASSIVE REFERENCE SYSTEM

To solve the unperturbed eigenvalue problem

L0ψ = −λψ, (16)

subjected to the initial (7) and the boundary (8) conditions,
first we decompose the two degrees of freedom into different
(n, s) modes with the ansatz

ψn,s(x, ϑ ) = eisϑXn(x). (17)

Inserting Eq. (17) into (16) yields the equation for the x
component (

∂2
x + βkx∂x

)
Xn + βkσnXn = 0, (18)

where

λn,s = 1

τ
[βkd2σn + γ s2]. (19)

Introducing the further ansatz

Xn(x) = e−βkx2/4Yn(x), (20)

Eq. (18) becomes

∂2
x Yn −

(
βk

2
+ β2k2x2

4
− βkσn

)
Yn = 0. (21)

The solutions of Eq. (21) are also well known [62]. They are
either even or odd functions of x, such that we can write [39]

Yn(x) =

⎧⎪⎨⎪⎩
e−βkx2/4

1F1

(
1
2 − σn

2 ; 1
2 ; βkx2

2

)
n = 0, 2, 4, . . .

√
βk xe−βkx2/4

1F1

(
1− σn

2 ; 3
2 ; βkx2

2

)
n = 1, 3, . . . ,

(22)

where 1F1(a; b; z) is the Kummer confluent hypergeometric
function. The boundary conditions Yn(±d ) = 0 fix the al-
lowed values of σn. We note the analogy between Eq. (21)
and the Schrödinger equation for a one-dimensional quan-
tum harmonic oscillator. In the ordinary quantum case, the
eigenvalues of the Hamiltonian operator are ∝ (n + 1/2) with

FIG. 1. Function Xn(x) := exp(−βkx2/4)Yn(x)/Nn plotted for
n = 0, 1, . . . , 7 with βkd2 = 10. Absorbing boundary conditions are
imposed in x = ±d which leads to the reported values of σn (obtained
from numerical calculations).

n = 0, 1, . . ., while the eigenfunctions amount to Hermite
functions ∝ exp(−ξ 2/2)Hn(ξ ), with ξ a proper dimensionless
variable and Hn(ξ ) the Hermite polynomial of order n [63].
The latter are obtained by imposing vanishing functions at
infinity. In the present case, imposing vanishing conditions
at some finite x, as Yn(±d ) = 0, leads to noninteger values
for σn and to solutions given by the confluent hypergeometric
functions (22). However, since the lowest states are more
localized around x = 0 (see Fig. 1), the σn for small n are
close to the quantum oscillator values σn ≈ n + 1 (see Fig. 1).
The larger the barrier (βkd2/2), the closer the spectrum of σn

to that of the quantum oscillator.
The explicit expression of the eigenfunctions reads

ψn,s(x,ϑ ) = eisϑ e−βkx2/4Yn(x)

Nn
, (23)

where the normalization constant has been chosen such that

〈ψn′,s′ |ψn,s〉 = δn,n′ δs,s′ . (24)

Here, we introduced the Kubo scalar product

〈φ|ψ〉 :=
∫ d

−d
dx

∫ 2π

0
dϑ p(x)φ(x, ϑ )∗ψ (x, ϑ ), (25)

and resorted to the fact that the functions Yn(x) are orthogonal
and normalizable with∫ d

−d
dx Y 2

n (x) = N 2
n . (26)

The isomorphism between |ψ〉 and ψ (x, ϑ ) is made explicit
by introducing generalized position and orientation states |xϑ〉
such that ψ (x, ϑ ) = 〈xϑ |ψ〉. Using the orthogonality condi-
tion (24), it is easy to see that the operators |ψn,s〉〈ψn,s| are
a set of orthogonal projectors, and thus, we can write the
following identity relation:∑

n,s

|ψn,s〉〈ψn,s| = 1, (27)
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where we introduced a compact notation for the summation∑
n,s

:=
∞∑

n=0

∞∑
s=−∞

. (28)

The eigenfunctions of the passive reference system fulfill
the completeness relation

p(x)
∑
n,s

ψn,s(x, ϑ )ψn,s(x0, ϑ0)∗ = δ(x − x0)δ(ϑ − ϑ0).

(29)

The previous completeness relation (29) allows us to find
a solution for the reduced propagator in the passive reference
system, starting from its formal expression (6)

P(0)(x, ϑ, t |x0, ϑ0)

= e�tδ(x − x0)δ(ϑ − ϑ0)

= p(x)
∑
n,s

{eL0tψn,s(x, ϑ )}ψn,s(x0, ϑ0)∗

= p(x)
∑
n,s

〈xϑ |eL0t |ψn,s〉〈ψn,s|x0ϑ0〉

= p(x)
∑
n,s

e−λn,st ψn,s(x0, ϑ0)∗ ψn,s(x, ϑ ). (30)

Note that, from the second line of the previous equation and
using the identity relation (27), one can also write

P(0)(x, ϑ, t |x0, ϑ0) = p(x)〈xϑ |eL0t |x0ϑ0〉, (31)

meaning that the propagator is the projection of the general-
ized position and orientation state |xϑ〉 over the time evolution
of the initial state |x0ϑ0〉, multiplied by the Boltzmann weight
p(x).

IV. SOLUTION FOR ABP PARTICLES

One readily shows that the passive operator L0 is Hermi-
tian, 〈φ|L0ψ〉 = 〈L0φ|ψ〉, with respect to the Kubo scalar
product (25) and consequently its eigenvalues λn,s are real
and left and right eigenfunctions coincide, |ψL

n,s〉 = |ψR
n,s〉 =

|ψn,s〉. However, the operator L, taking care of the particle’s
activity, does not reflect this property. Correspondingly, in the
following, one has to be careful that the eigenvalues of the
L operator, λPe

n,s are in general complex and the left eigen-
functions, |ψPe,L

n,s 〉, are distinct from the right ones |ψPe,R
n,s 〉.

If properly normalized, the perturbed left and right eigen-
functions constitute a biorthonormal basis with the identity
relation ∑

n,s

∣∣ψPe,R
n,s

〉〈
ψPe,L

n,s

∣∣ = 1, (32)

which directly yields the propagator in the presence of activity

P(x, ϑ, t |x0, ϑ0) = 〈xϑ |e�t |x0ϑ0〉
= p(x)

∑
n,s

〈xϑ |eLt
∣∣ψPe,R

n,s

〉〈
ψPe,L

n,s

∣∣x0ϑ0
〉

= p(x)
∑
n,s

e−λPe
n,st ψPe,L

n,s (x0, ϑ0)∗ ψPe,R
n,s (x, ϑ ).

(33)

To explicitly compute the propagator (33), it is then nec-
essary to calculate the perturbed eigenvalues and left and
right eigenfunctions. To this scope, one has to first explicitly
evaluate the action of the perturbation L1 on the eigenstates
of L0. Starting from Eqs. (15) and (23), is it possible to show
that

L1|ψn,s〉 = − d

2τ

∞∑
n′=0

bn,n′ (|ψn′,s+1〉 + |ψn′,s−1〉), (34)

with weights bn,n′ having a rather lengthy formula, which can
be found in Appendix.

Now, given the finite-dimensional subspace of a passive
system’s eigenfunctions such that 0 � n � nmax and |s| �
smax, the action of the full operator L = L0 + PeL1 is com-
pletely characterized by a square matrix G of dimension
(1 + nmax)(2smax + 1) with elements defined by

[G]n′(2smax+1)+s′+smax,n(2smax+1)+s+smax

= 〈ψn′,s′ |L0 + PeL1|ψn,s〉, (35)

which has to be diagonalized numerically to obtain its eigen-
values λPe

n,s and left and right eigenvectors, 〈ψPe,L
n,s | and |ψPe,R

n,s 〉
for any arbitrary Péclet number. The perturbed eigenvec-
tors are then a linear combination of the passive system’s
eigenstates ∣∣ψPe,R

n,s

〉 =
∑
n′,s′

gR; n′,s′
n,s |ψn′,s′ 〉, (36)

〈
ψPe,L

n,s

∣∣ =
∑
n′,s′

gL; n′,s′
n,s 〈ψn′,s′ |. (37)

The computational effort required to diagonalize such
matrices increases rapidly with their dimension. However,
the decaying exponentials in time in the expression of the
propagator, Eq. (33), ensure convergence. In the unperturbed
case, Pe = 0, the eigenvalues (19) are real and an increasing
function of n and |s|. However, with an increasing Péclet
number, the real components of two distinct eigenvalues may
merge and they bifurcate to a pair of complex conjugates
for even larger activity, see Fig. 2. These branching points,
called exceptional points [64], often originate in parameter-
dependent eigenvalue problems and occur in a great variety
of physical problems including mechanics, electromagnetism,
atomic and molecular physics, quantum phase transitions, and
quantum chaos. They have also been observed in other prob-
lems concerning active particles [29,30,37]. The exceptional
points are highlighted with red circles in the upper panel of
Fig. 2.

To corroborate our findings, we benchmark the time evo-
lution of the probability distribution starting from some given
initial condition as obtained from numerics against that ob-
tained by direct stochastic simulations, see Fig. 3. In Fig. 4, we
further benchmark numerics against simulation considering
the probability distribution integrated over the self-propulsion
angle. Note that due to the presence of the absorbing bound-
ary, the discretization time step adopted in the stochastic
simulations should be smaller than what is usually adopted for
standard simulations of an ABP in free space. As a matter of
fact, with increasing time, convergence of results in the prox-
imity of the boundary becomes more and more sensitive to the
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FIG. 2. Numerical eigenvalues λn,s of the Fokker-Planck oper-
ator L = L0 + PeL1 as a function of the Péclet number Pe, for
βkd2 = 10, γ = 2, nmax = 3, and smax = 2. Transparency of lines
and exceptional points highlighted with red circles better show when
real components merge and imaginary ones bifurcate.

value of the discretization time step, see also Appendix B in
Ref. [37].

V. TRANSITION-PATH TIMES STATISTICS

Here, we define transition paths as those trajectories orig-
inating at a given point (x0 = −d + ε, y0) arbitrarily close to
the left boundary (x = −d) and being absorbed at any point
(x = d, y) on the right boundary in the limit of vanishing ε.

The continuity equation ∂tP = −∇ · j [65] allows us to
write particle current in the x direction associated to the
Fokker–Planck equation

jx(x, ϑ |x0, ϑ0) = d2

τ

[
βkx − ∂x + Pe

d
cos ϑ

]
P(x, ϑ |x0, ϑ0) .

(38)

Inserting Eqs. (33), (9), (36), and (37) into Eq. (38), we get

jx(x, ϑ |x0, ϑ0)

= d2

τ
p(x)

∑
n,s

e−λPe
n,st

∑
n′,s′

gL; n′,s′
n,s ψn′,s′ (x0, ϑ0)∗

×
∑
n′′,s′′

gR; n′′,s′′
n,s

(
Pe

d
cos ϑ − ∂x

)
ψn′′,s′′ (x, ϑ ) . (39)

The TPT distribution, dependent on the initial angle ϑ0, is
then given by [39,66]

PTPT(t |ϑ0) = lim
ε→0

∫ 2π

0 dϑ jx(d, ϑ, t | − d + ε, ϑ0)∫ ∞
0 dt ′ ∫ 2π

0 dϑ jx(d, ϑ, t ′| − d + ε, ϑ0)
.

(40)

FIG. 3. Probability distribution at different times t starting with initial conditions x0 = d/2 and ϑ0 = π . Comparison between simulations,
numerics for βkd2 = 10, Pe = 6 and γ = 2. For the simulations, statistics have been collected from 108 independent particles. For the
numerics, nmax = 7 and smax = 6.
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FIG. 4. Probability distribution, integrated over the self-
propulsion direction, ϑ , at different times t starting with initial
conditions x0 = d/2 and ϑ0 = π . Comparison between simulations,
numerics for βkd2 = 10, Pe = 6, and γ = 2. For the simulations,
statistics have been collected from 107 independent particles. For
the numerics, nmax = 10 and smax = 9.

Recalling that the boundary condition imposes
ψ (±d, ϑ ) = 0, we have that

ψ (−d + ε, ϑ ) ≈ ε∂xψ (−d, ϑ ) , (41)

and that the current at the x = d boundary appearing in
Eq. (40) does not show an explicit dependence on the Péclet
number. Note, however, that such a current is still indirectly
depending on the activity since the gL ′s and gR ′s coefficients
change when varying the Péclet number. We can thus write

jx(d, ϑ, t | − d + ε, ϑ0)

≈ −ε
d2

τ
p(d )

∑
n,s

e−λPe
n,st

∑
n′,s′

gL; n′,s′
n,s ∂x ψn′,s′ (−d, ϑ0)∗

×
∑
n′′,s′′

gR; n′′,s′′
n,s ∂xψn′′,s′′ (d, ϑ ). (42)

This current is of order ε, however, this factor is canceled by
using the normalization constant in Eq. (40), and hence the
TPT distribution in the limit ε → 0 remains finite. Integrating
also over ϑ , one finally obtains

PTPT(t |ϑ0) =
∑

n,s e−λPe
n,st GL

n,s(−d, ϑ0) GR
n,s(d )∑

n,s
1

λPe
n,s

GL
n,s(−d, ϑ0) GR

n,s(d )
, (43)

with

GL
n,s(x, ϑ ) :=

∑
n′,s′

gL; n′,s′
n,s e−is′ϑ∂xXn′ (x) , (44)

and

GR
n,s(x) :=

∑
n′

gR; n′,0
n,s ∂xXn′ (x) , (45)

with Xn(x) := exp(−βkx2/4)Yn(x)/Nn. In the limit of vanish-
ing activity (Pe = 0), one recovers the TPT distribution of a
one-dimensional passive particle crossing a parabolic barrier
as reported in Ref. [39].

FIG. 5. Transition-path-time distribution, PTPT(t ) = PTPT(t |ϑ0),
as a function of the direction of the self-propulsion at the left
boundary, ϑ0 = 0. Comparison between simulations (symbols) and
numerics (lines) for βkd2 = 10 and γ = 2. For the simulations,
statistics have been collected from 106 independent transition paths
defined as paths starting at x = −d + ε with ε = 10−7 and ending at
x = d . For the numerics, nmax = 32 and smax = 6.

Our results show that the peak of the TPT distribution of
an active particle for a relatively high barrier (βkd2 = 10)
is shifted to the left with respect to the peak of the TPT
distribution of a passive particle, see Fig. 5. Surprisingly, the
TPT distribution depends only mildly on the initial direction
of the self-propulsion when starting from the left boundary
(x = −d). Furthermore, we also note that the average TPT
decreases with the activity of the particle. Also, the coefficient
of variation [50], which is a useful measure of the distribution
broadness, decreases with the activity, being about 0.41 for
the passive case in Fig. 5 and displaying a slightly smaller
value for the active cases. Interestingly, this result aligns with
what is observed in one-dimensional systems [67], while the
opposite behavior is observed in different two-dimensional
systems [68,69].

VI. SURVIVAL PROBABILITY AND FIRST-PASSAGE-TIME
DISTRIBUTION

The knowledge of the reduced propagator also allows com-
puting the survival probability at time t . The latter, given some
initial conditions (x0, ϑ0), is readily obtained by integrating
over the final x coordinate and orientation

S(t |x0, ϑ0) =
∫ d

−d
dx

∫ 2π

0
dϑ P(x, ϑ, t |x0, ϑ0). (46)

Since ∫ d

−d
dx

∫ 2π

0
dϑ p(x)ψn,s(x, ϑ ) = δs,0 fn, (47)

with

fn :=
{

1
Nn

∫ d
−d dx 1F1

(
1
2 − σn

2 ; 1
2 ; βkx2

2

)
if n = 0, 2, . . .

0 else ,

(48)
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FIG. 6. Survival probability, S(t ) = S(t |x0, ϑ0), as a function of
time for different Pe and with initial condition x0 = −d/2 and ϑ0 =
0. Comparison between simulations (symbols) and numerics (lines)
for βkd2 = 10 and γ = 0.4. For the simulations, statistics have been
collected from 105 independent particles. For the numerics, nmax =
12 and smax = 6. Inset: Survival probability as a function of time and
x0 for Pe = 4 as obtained from numerics for the remaining initial
condition ϑ0 = 0.

exploiting Eqs. (33), (36), and (37), one obtains

S(t |x0, ϑ0) =
∑
n,s

e−λPe
n,st

∑
n′,s′

gL; n′,s′
n,s ψn′,s′ (x0, ϑ0)∗

×
∑

n′′
gR; n′′,0

n,s fn′′ . (49)

See Fig. 6 for a comparison between the results at different
Péclet numbers obtained by numerics and by direct stochastic
simulations. As expected, due to their activity and the per-
sistence of their motion, active particles display a different
behavior with respect to standard passive Brownian particles.
For example, starting with an initial position at x0 = −d/2 we
can note that a passive particle has a 50% probability of being
absorbed at the boundaries within a time of about 0.06 τ , see
Fig. 6. This quick initial decay of the survival probability is
because the passive particle is likely unable to overcome the
potential barrier and is soon absorbed at the left boundary of
the box (x = 0). On the other hand, with increasing activity
and initial direction pointing toward the barrier (ϑ0 = 0), an
ABP particle has more and more chances of crossing the bar-
rier, which results in an initially slower decay of the survival
probability. However, once the active particle reaches the peak
of the energy potential, the self-propulsion starts enhancing
the probability of being absorbed at longer times. Conse-
quently, the survival probability decreases faster at longer
times with increasing activity, see Fig. 6. In fact, when plotting
the survival probability as a function of the initial position
x = 0 for an initial self-propulsion direction pointing toward
the right boundary (ϑ0 = 0), we note an asymmetric shape
with a faster decay for x0 > 0 and the slowest decay observed
for values of x0 in the range (−d/2,−d/5), see inset of
Fig. 6. In contrast, a passive particle would show a symmetric
behavior with the slowest decay centered at x0 = 0.

FIG. 7. First-passage-time distribution, F (t ) = F (t |x0, ϑ0 ) for
different Pe and γ and with initial condition x0 = −d/2 and ϑ0 = 0.
Comparison between simulations (symbols) and numerics (lines) for
βkd2 = 10. For the simulations, statistics have been collected from
107 independent particles. For the numerics, nmax = 60 and smax = 5.

Furthermore, starting from Eq. (46), we can also obtain the
first-passage-time distribution for any given initial condition
as

F (t |x0, ϑ0) = −dS(t |x0, ϑ0)

dt
. (50)

As for the survival probability, the ABP exhibits first-passage
properties that differ from those of a passive particle. In par-
ticular, again starting with the initial state (x0 = −d/2, ϑ0 =
0), the first-passage-time distribution at large Péclet numbers
shows a bump at short times and a faster decay at longer times,
see Fig. 7. One can also note that, at least for the considered
initial conditions and parameters, the rotational diffusivity
influences the shape of distribution only to a limited extent,
see Fig. 7. Intuitively, when the persistence length is larger
or comparable to the distance separating the two absorbing
boundaries, our results are comparable with those obtained in
the case of a single absorbing wall [38].

Note that to reach convergence in the first-passage-time
distribution, a much larger value of nmax is needed in com-
parison to that used to obtain the survival probability or the
probability distribution. This observation is because, when
taking the time derivative of the survival probability, a factor
equal to the eigenvalue λPe

n,s appears in the series expansion
of the first-passage-time distribution. Thus, while already for
the survival probability it is necessary to consider more and
more terms in the summation (49) when time decreases, this
issue becomes even more important for the first-passage-time
distribution.

VII. CONCLUSIONS

We have derived an exact series solution for the probability
propagator (along the x coordinate and the self-propulsion
angle) of a two-dimensional ABP navigating in a domain with
absorbing boundaries at x = ±d and subjected to a parabolic
potential along the x direction, centered at x = 0. Such a
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solution is possible by taking the standard passive Brownian
motion as a reference system and dealing with the activity
of the particle as a perturbation. However, differently from
the approximate solutions usually achieved with perturbation
theory [63], our solution is exact. The reduced propaga-
tor is expressed in terms of the left and right eigenvectors,
which can be easily computed by direct diagonalization of
the matrix form of the Fokker-Planck operator, multiplied
by an exponentially decaying factor with a rate given by
the corresponding perturbed eigenvalue. Note that, to make
the numerics possible, we have to cut off the number of
considered eigenfunctions but convergence is ensured by the
decaying exponentials in time in the expression of the prop-
agator, Eq. (33). The approach adopted in this work takes
inspiration from the one recently adopted to solve the ABP
model in a circular harmonic trap [18]. However, in contrast
to what happens in the case of an isotropic harmonic poten-
tial, in the present case, switching on the particle activity
induces a change in the eigenvalue spectrum of the Fokker-
Planck operator. With increasing activity, more and more
eigenvalues become complex, and exceptional points [64]
arise.

The knowledge of the propagator is then exploited as
a starting point to obtain several observables. In particu-
lar, given some initial condition, we compute the spatial
probability density at a later time (integration of the prop-
agator over the self-propulsion orientation ϑ), the survival
probability (integration over all coordinates), and the related
first-passage-time distribution. All these quantities show a
strong dependence on the activity of the particle and, to a
lesser extent, on its rotational diffusivity. This observation
is in line with what was observed for an ABP exploring a
circular domain with an absorbing boundary [37]. We also
derive the distribution of the transition-path time, i.e., of the
time needed to travel from the boundary on one side of the
barrier to the boundary on the other side.

Besides extending the nowadays limited set of exactly
solvable models for active particles [18,25–27,29–37], our
findings also add to the recent literature regarding first-
passage properties of active particles [26,70–75] and can
be exploited to reach analytical insight into target-search
[68,69,76,77] problems in more complex environments in-
volving absorbing boundaries. Furthermore, an analytical
expression for TPT distribution in the case of active forces has
been previously obtained only in the case of one-dimensional
systems [67]. Thus, our derivation of the TPT distribution in
the presence of absorbing boundaries for a two-dimensional
active particle represents a significant advance in the field.
Finally, our conceptual strategy of solving the Fokker-Planck
equation of an ABP model in two dimensions by disregarding
one of the two spatial coordinates may also be adopted in
other problems as, for example, an ABP in the presence of
an absorbing wall or in a periodic potential modulated along
one direction.
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APPENDIX: ACTION OF L1 ON THE PASSIVE
SYSTEM’S EIGENFUNCTION |ψn,s〉

Here, we now explicitly evaluate the action of the perturba-
tion L1 on the eigenstates of L0 obtained from the eigenvalue
problem

L0|ψn,s〉 = −λn,s|ψn,s〉. (A1)

Considering Eqs. (15) and (23), we have

L1|ψn,s〉 = −d

τ

{(
ei(s+1)ϑ + ei(s−1)ϑ

2

)
(βkx + ∂x )

e−βkx2/4Yn(x)

Nn

}
, (A2)

and

(βkx + ∂x )
e−βkx2/4Yn(x)

Nn
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
βk(1−σn )

Nn
xe−βkx2/2

1F1
(

3
2 − σn

2 ; 3
2 ; βkx2

2

)
n = 0, 2, 4, . . .

1
Nn

√
βke−βkx2/2

1F1

(
1 − σn

2 ; 3
2 ; βkx2

2

)
+ 2−σn

3Nn
(βk)3/2x2e−βkx2/2

1F1

(
2 − σn

2 ; 5
2 ; βkx2

2

)
n = 1, 3, . . .

, (A3)

where we used the property [78]

∂z 1F1(a; b; z) = a

b
1F1(a + 1; b + 1; z). (A4)

These functions are odd for n = 0, 2, 4, . . . and even for n = 1, 3, . . ..
We note then that given a complete orthogonal system of functions {φ�(z)} over the interval R, the functions φ�(z) satisfy an

orthogonality relationship of the form ∫
R

dz w(z)φ�′ (z)φ�(z) = c�δ�,�′ , (A5)
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where w(z) is a weighting function, c� are given constants, and δ�,�′ is the Kronecker delta. An arbitrary function f (z) can be
written as a series

f (z) =
∞∑

�=0

a�φ�(z), (A6)

with

a� = 1

c�

∫
R

dz w(z)φ�(z) f (z). (A7)

Substituting z with x and applying relations (A5)–(A7) to the case in which φn(x) = e−βkx2/4Yn(x)/Nn, f (x) is given by
Eq. (A3), w(x) = eβkx2/2, and cn = 1 we have

(βkx + ∂x )
e−βkx2/4Yn(x)

Nn
=

∞∑
n′=0

bn,n′
e−βkx2/4Yn′ (x)

Nn′
, (A8)

with

bn,n′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

βk(1−σn )
NnNn′

∫ d
−d dx e−βkx2/4Yn′ (x) x 1F1

(
3
2 − σn

2 ; 3
2 ; βkx2

2

)
if n = 0, 2, . . . and n′ = 1, 3, . . .

√
βk

NnNn′

∫ d
−d dx e−βkx2/4Yn′ (x)

[
1F1

(
1 − σn

2 ; 3
2 ; βkx2

2

)
+ 2−σn

3 βkx2
1F1

(
2 − σn

2 ; 5
2 ; βkx2

2

)]
if n = 1, 3, . . . and n′ = 0, 2, . . .

0 otherwise.

(A9)

Finally, inserting the above relations into Eq. (A2), one gets

L1|ψn,s〉 = − d

2τ

∞∑
n′=0

bn,n′ (|ψn′,s+1〉 + |ψn′,s−1〉). (A10)
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