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Long-tailed dissipationless hydromechanics: Weak thermalization and ergodicity breaking
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We analyze the dynamic properties of dissipationless generalized Langevin equations in the presence of fluid
inertial kernels possessing power-law tails, k(t ) ∼ t−κ . For κ > 1 no thermalization occurs, and particle motion is
ballistic. Since the long-term statistical properties of velocity depend on the initial preparation of the system, this
case falls in the realm of nonergodic behavior as momentum transfer is concerned. Conversely, new phenomena
arise for 0 < κ < 1. In this case, a form of weak thermalization appears in the presence of thermal/hydrodynamic
fluctuations and attractive potentials. However, the absence of dissipation clearly emerges once an external
constant force is applied: an asymptotic settling velocity cannot be achieved as the expected value of the particle
velocity diverges.
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I. INTRODUCTION

Starting from the work by Kubo [1,2], fluctuation-
dissipation theory has been extended to fluctuating dynamics
possessing memory effects, and the theory of generalized
Langevin equations (GLE) has progressively acquired an ever
more prominent role in statistical physics [3–6]. Amongst the
rich phenomenology characterizing the dynamics of GLEs
[7], the occurrence of ergodicity breaking and its charac-
terization has attracted considerable attention [8–12]. The
ergodicity breaking in GLE occurs under slightly different
conditions with respect to the kinematic counterpart, e.g.,
continuous random walk models [13–15] or related models for
particle displacement [16–18]. In the latter case, this is mainly
due to long-range correlations and diverging transition time.
The focus in the kinematic case is oriented towards the statis-
tics of the particle displacements, even in the case where an
explicit GLE is considered [16]. A classification of different
phenomeologies has been introduced, distinguishing between
weak ergodicity breaking when ensemble and time-averaged
mean-square displacements do not coincide, and strong er-
godicity breaking when the unicity of the stationary invariant
measure associated with the Markov operator of the dynamics
is lost, and particles visit disjoint subsets of the phase space
depending on the initial condition. An ergodicity breaking pa-
rameter has been introduced [16–18] to quantify statistically
the deviations of time-averaged mean-square displacements
from the ensemble averages in the weak case.

In the case of GLE, two main breakup mechanisms have
been so far identified: the lack of dissipation [8–11], and
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the breakup of dissipative stability in the meaning addressed
in Ref. [19]. The second case occurs even in the presence
of a non vanishing positive and bounded friction factor [20]
and finds in the Plyukhin model [12] a simple and beautiful
example.

Although GLEs arise in a variety of physical systems,
particle hydromechanics in a fluid medium, in the operating
conditions at which thermal/hydrodynamic fluctuations are
relevant (micrometric particles), is probably the paradigmatic
physical problem in which GLE theory applies [2,7,19,21].
Consequently, it is not surprising that particle hydromechanics
can be used as the backbone of a theory of memory effects
in GLE, discriminating and dissecting their different physical
origins.

In the case of particle motion in macroscopically still fluids
(Brownian motion), memory effects arise from two different
physical phenomena: viscoelasticity and fluid inertia. Vis-
coelasticity is associated with dissipative memory effects in
the constitutive equations relating shear stress to deformation
tensors [22,23]. The second mechanism involves fluid inertial
effects [24] deriving from the description of medium fluid
hydrodynamics via the time-dependent Stokes equation, made
necessary by the high value of the Strouhal number deriving
by the high frequency of oscillations characterizing thermal
fluctuations [25]. In the Newtonian and incompressible case,
memory fluid inertial effects appear in the form of the memory
Basset force (characterized by a 1/

√
t-memory kernel) [24].

In this article we analyze the dynamic properties of dis-
sipationless GLEs characterized by fluid inertial kernels (see
further Sec. II) possessing long-lasting power-law tails

k(t ) ∼ t−κ (1)

for large t , as new, and partially unexpected features arise for
small values of the exponent κ < 1.

There are several motivations for considering this case, i.e.,
the absence of dissipation: (i) it corresponds to the problem
of a nonrelativistic particle moving in a superfluid [26,27];
(ii) it provides new insights on the role of dissipation (by
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considering the absence of it) in irreversible processes [28];
(iii) it completes the analysis of ergodicity breaking occurring
in GLE dynamics [8–12,20] by including the case of long-
tailed dissipationless memory kernels. It should be noted in
passing that, even in the case of Newtonian fluids, the fluid
inertial (Basset) kernel possesses a power-law scaling with
κ = 1/2.

The ergodicity breaking associated with dissipationless
GLE is different from the corresponding phenomena occur-
ring in kinematic models, as it is related to the dependence
of the long-term momentum thermalization on the initial
conditions of the system, i.e., on its statistical properties as
regards the initial velocity distribution of the particle en-
semble. For this reason, the widely used ergodicity breaking
parameters defined with respect to mean-square displace-
ment statistics cannot be used, as the quantification of this
phenomenon is essentially grounded on the moments of the
velocity variables as a function of the initial preparation of
the system. Therefore, in the present case the properties of
the mean-square displacement are enslaved to the momentum
relaxation dynamics that constitutes the physical core of the
statistical anomalies.

With reference to the class of dissipationless kernels pos-
sessing the long-term property defined by Eq. (1), the most
remarkable feature is that a sharp transition in the long-term
thermalization properties occurs as a function of the exponent
κ . For κ > 1, ergodicity is broken, the system does not display
thermalization as regards momentum transfer, and particle
motion is, for most of the initial conditions, purely ballis-
tic. Conversely, for κ < 1 some form of weak thermalization
(defined in Sec. III G) occurs, and this is associated with a
superdiffusive motion. Moreover, the change from ergodic to
nonergodic behavior near the critical point κc = 1 corresponds
to a bifurcation in the sense of dynamical system theory asso-
ciated with the exchange of stability (see Sec. III G).

In fact, the occurrence of some form of thermalization for
κ < 1 motivates a finer characterization of the behavior of
physical systems in the presence of different forces (stochastic
thermal forces, conservative forces stemming from a potential,
bounded nonconservative forces, etc.), and a deeper analysis
on the role of dissipation in irreversible processes and on
the singular limits characterizing the dissipationless case, as
discussed in Sec. III G.

The article is organized as follows. Section II defines
the mathematical and hydromechanic setting of the problem
and its modal formulation consistent with Kubo fluctuation-
dissipation theory. Section III develops the part associated
with the qualitative dynamic behavior (ergodicity and its
breaking) depending on the exponent κ entering Eq. (1),
addressing in detail the characterization of the bifurcation
occurring at κ = 1. Moreover, the role of dissipation and
irreversibility in the presence of thermal fluctuations, external
forces and potentials is carefully addressed, and the difference
between weak thermalization and strong dissipative behavior
is thoroughly discussed.

II. SETTING OF THE PROBLEM

Consider the hydromechanics of a spherical particle of
mass m in a still fluid (sphericity essentially implies the

isotropy of fluid-particle interactions). The equation of motion
for the particle velocity v(t ) reads as [25]

m
dv(t )

dt
= −

∫ t

0
h(t − τ ) v(τ ) dτ −

∫ t

0
k(t − τ )

×
(

dv(τ )

dτ
+ v(0) δ(τ )

)
dτ + R(t ), (2)

where R(t ) is the thermal and/or hydrodynamic fluctuational
force, defined by the Kubo fluctuation-dissipation relations
[1,2], which essentially means the fulfillment of the Langevin
condition 〈R(t ) v(τ )〉eq = 0 for τ � t , where 〈·〉eq indicates
the expected value with respect to the equilibrium probability
measure.

The GLE Eq. (2) is characterized by two kernels: the
dissipative kernel h(t ), and the fluid-inertial kernel k(t ) [25].
The dissipative kernel involved in fluid-particle interactions
is non-negative [20], i.e., h(t ) � 0 (for other physical phe-
nomenologies this condition can be relaxed [12]), and this
stems from rheology [22,23]. Its integral η∞ = ∫ ∞

0 h(t ) dt , if
bounded and different from zero, enters the global Stokes-
Einstein relation for the long-term particle diffusivity D at
constant temperature T , D η∞ = kB T , where kB is the Boltz-
mann constant. Conversely, the fluid inertial term, defined by
the kernel k(t ) does not contribute to dissipation. It modulates
the shape of the velocity autocorrelation function [29,30].
From hydrodynamic analysis, i.e., for the few cases in which
k(t ) is analytically available (Newtonian fluids, Maxwell flu-
ids) [24,31], it can be assumed that k(t ) � 0, albeit there is no
conclusive result in this regard.

Equation (2) is the most general representation of rigid
particle hydromechanics in a still unconfined fluid in the limit
of negligible Reynolds number, in the absence of external
velocity fields or potentials acting on the particle [2,32–34]. It
is obtained by solving the hydrodynamics of the solvent fluid,
coupled with the boundary condition at the external wetted
surface of the particle imposing, in the no-slip case, that the
fluid at the particle boundary possesses at any time instant the
particle velocity itself [35,36]. This boundary condition can be
generalized in the presence of slippage at the particle external
surface [35]. Equation (2) can be derived also from stochastic
hydrodynamics [37,38], also in the presence of solvent fluid
compressibility [39].

The theory of suspensions, including hydrodynamic in-
teractions amongst particles, is grounded on this class of
equations [40,41]. While the presence of a dissipative term
dates back to the works by Einstein and Langevin (Stoke-
sian friction) on Brownian motion [42,43], the importance of
fluid inertial effects, expressed by the second integral at the
right-hand side of Eq. (2), deriving from a time-dependent
linear description of incompressible hydrodynamics of the
fluid medium, has been confirmed experimentally in highly
resolved measurements of Brownian trajectories [29,30,44],
determining a transition for the Stokesian exponential de-
cay of the particle velocity autocorrelation function (in the
absence of fluid inertial effects), to a power-law decay. More-
over, fluid-inertial effects have been proved relevant in the
study of Brownian particles in viscoelastic fluids [34]. For
the sake of historical correctness, it should be mentioned
that the first inclusion of fluid inertial effects dates back to
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a 1945 paper by Vladimirsky and Terletzky written in Russian
[45]. This belongs to a series of important contributions of
the Soviet school of statistical physics that remained almost
unknown in the western scientific community for long time,
similarly to the first formulation of the fluctuation-dissipation
theorem that, as observed by Tothova et al. [46,47], is due to
Vladimirsky [48], two decades before the seminal paper by
Kubo [1].

As clearly stated in the title and discussed in Sec. I, we
analyze the dissipationless case, corresponding to Eq. (2) in
the absence of the kernel h(t ). Henceforth, let us consider
Eq. (2) in dimensionless form, by rescaling time and veloc-
ity so that 〈v2〉eq = 1 would correspond to the Maxwellian
equipartition relation, and h(t ) = 0, i.e., no dissipation. If
one further assumes k(t = 0) bounded, as for any viscoelastic
fluids [31], the fluid-inertial term can be reworked by parts,
so that the dimensionless version of Eq. (2) [in dimensionless
form m = 1, and we keep the notation t , v(t ), R(t ), and k(t )
to indicate the dimensionless time, velocity, random force and
inertial kernel], takes the form

dv(t )

dt
= −k(0) v(t ) +

∫ t

0

dk(t − τ )

dτ
v(τ ) dτ + R(t ). (3)

It is well known from rheology that the relaxation mod-
ulus G(t ) of a complex viscoelastic fluid can be expressed
as a finite or countable combination of exponentially decay-
ing function of time, (referred to as Prony series), each of
which characterized by a different relaxation rate [22,23]. This
property is inherited by the dissipative kernel h(t ) owing the
direct proportionality between G(t ) and h(t ). In the case of
a spherical particle of radius R, in the Stokes regime G(t )
simply replaces the Newtonian viscosity μ in the expression
for the friction factor, thus h(t ) = 6 π R G(t ). Similarly, we
can use the same representation for the kernel k(t ) in order
to account for the long-term power-law scaling expressed by
Eq. (1). To this end, one can consider the class of kernels
defined by the analytic function,

gκ (t ) =
∞∑

n=1

1

2n κ
e−t/2n ∼ t−κ (4)

with κ > 0, i.e., k(t ) = gκ (t ). The truncated representations

gκ (t ; N ) =
N∑

n=1

1

2n κ
e−t/2n

(5)

for N large enough, but still order of 10, provide accurate
power-law scalings over several decades.

Specifically, Fig. 1 depicts the behavior of gκ (t ; N ) for
N = 40 at two different values of κ . It can be observed that
the power-law scaling holds up to t = 109, and this value is
the upper integration limit in the simulations of the dynamics
reported in the remainder (see Sec. III). Henceforth we assume
k(t ) = gκ (t ; N ) with N large enough to ensure the power-law
scaling of the kernel over the timescales involved. Set

γn = 1

2n κ
, μn = 1

2n
, � =

N∑
n=1

γn (6)

n = 1, . . . , N , so that k(t ) = ∑N
n=1 γne−μn t . Equation (3) with

the kernel k(t ) given by Eq. (4) can be recast in the modal ex-

FIG. 1. Function gκ (t ; N ) vs t defined by Eq. (5) with N = 40.
Symbols (�) refer to κ = 0.3, (◦) to κ = 1.7. Solids lines (a) and
(b) represent the scalings gκ (t ; N ) ∼ t−κ for the two values of the
exponent κ considered.

pansion (Markovian embedding) [19] involving the auxiliary
variables zn(t ), n = 1, . . . , N ,

dv(t )

dt
= −� v(t ) +

N∑
n=1

γn μn zn(t ) +
√

2
N∑

n=1

dn ξn(t )

dzn(t )

dt
= −μn zn(t )

+v(t ) +
√

2 cn ξn(t ), n = 1, . . . , N. (7)

The expression for the coefficients cn and dn modulating the
intensity of the Wiener stochastic forcings can be derived from
the Langevin condition in the limit for vanishing dissipation
(see Sec. II A).

Structure of the thermal stochastic forcing

In order to derive the expression for the coefficients cn and
dn entering Eq. (7), consider the hydromechanic model for
fluid-particle interactions characterized by a constant Stoke-
sian friction factor ε and by a fluid inertial kernel k(t ) of the
form defined by Eq. (5). Its modal expansion reads

dv(t )

dt
= − (ε + �) v(t ) +

N∑
n=1

γn μn zn(t )

+
√

2 a ξ ′(t ) +
√

2
N∑

n=1

dn ξn(t )

dzn(t )

dt
= − μn zn(t ) + v(t ) +

√
2 cn ξn(t ), (8)

where ξ ′(t ), ξn(t ), n = 1, . . . , N are distributional deriva-
tives of mutually independent Wiener processes, and the
coefficients a, dn, cn should be determined by fluctuation-
dissipation theory.

For ε > 0 the system is ergodic: there exists a unique
stationary density of the joint process [v(t ), z1(t ), . . . , zn(t )]
for any values of the coefficients a, dn, cn, n = 1, . . . , N .
These coefficients can be determined by enforcing the first
Kubo fluctuation-dissipation relation, namely that the velocity
autocorrelation function Cvv (t ) should be the solution of the
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equation

dCvv (t )

dt
= −(ε + �)Cvv (t ) +

N∑
n=1

γn μn e−μn t ∗ Cvv (t ), (9)

where “∗” indicates convolution, and Cvv (0) = 〈v2〉eq = 1.
Consider the dynamics of the second-order moments mvv (t ) =
〈v2(t )〉, mvzn (t ) = 〈v(t )zn(t )〉, mznzm (t ) = 〈zn(t )zm(t )〉 associ-
ated with Eq. (8), and the corresponding velocity autocorre-
lation function. It is easy to see that Cvv (t ) satisfies Eq. (9)
if and only if m∗

vv = 1, and the second mixed moments at
equilibrium (indicated by an asterix) satisfy the conditions

m∗
vzn

= 0, n = 1, . . . , N (10)

that represent the detailed Langevin conditions in the modal
expansion. Enforcing Eq. (10) for the moment values at equi-
librium [49], the expression for the coefficients a, dn, cn,
n = 1, . . . , N can be obtained, namely

a = √
ε, dn = √

γn, cn = − 1√
γn

, n = 1, . . . , N.

(11)
The dissipationless case consistent with the Kubo fluctuation-
dissipation theory is obtained from Eqs. (8) and (11) in the
limit for ε → 0, namely a = 0 and

dn = √
γn, cn = − 1√

γn
, n = 1, . . . , N. (12)

III. MAIN RESULTS

This section reports the scaling theory and the main quali-
tative properties of the GLE dynamics Eqs. (3) or (7). To begin
with, for κ > 1 the long-term statistical properties of the parti-
cle velocity depend on the initial conditions, and in this sense
they show nonergodic thermalization properties. This can be
easily checked by considering different initial conditions as
regards the values of v(t ) and zn(t ), n = 1, . . . , N at t = 0,
and observing that in general

lim
t→∞〈v2(t )〉0 �= 〈v2〉eq = 1, (13)

where 〈·〉0 refers to the expected value referred to an initial
joint density p0(v0, z0), where z0 = (z1,0, . . . , zN,0). Hence-
forth we will indicate with 〈v2(t )〉 or 〈v2(t )〉0 the square
velocity variance as a function of time, starting from a given
initial statistical setting specified case by case. And this should
not be confused with 〈v2〉eq that is the equilibrium value equal
to kBT/m in the dimensional formulation and to 1 in the
present nondimensional setting.

In a similar way, the velocity autocorrelation function
C0

vv (t ), starting from specific initial conditions defined by the
density p0(v0, z0), is given by

C0
vv (t ) =

∫
dv

∫
v v0 p(v, t | v0, 0) p0(v0) dv0, (14)

where p(v, t | v0, 0) is the conditional probability density of
having the velocity v at time t if the initial velocity at
time t = 0 is v0, and p0(v0) = ∫

p0(v0, z0)dz0 is the initial
marginal velocity density. In the nonergodic case, C0

vv (t ) may
be different from the Kubo velocity autocorrelation function

at equilibrium, indicated as Cvv (t ) [see further Eq. (17) for its
definition].

Conversely, for κ < 1 a regular relaxation towards 〈v2〉eq

is observed, as well the collapse of C0
vv (t ) towards Cvv (t ) for

any initial conditions, suggesting the validity of the ergodic
hypothesis as regards momentum relaxation.

A. Analysis

Given the modal representation of the GLE Eq. (7), the
associated Fokker-Planck equation for the density p(v, z, t ),
where z = (z1, . . . , zN ), reads

∂ p

∂t
= �

∂ (v p)

∂v
−

N∑
n=1

γn μnzn
∂ p

∂v
+

N∑
n=1

μn
∂ (zn p)

∂zn

−
N∑

n=1

v
∂ p

∂zn
+

N∑
n=1

d2
n

∂2 p

∂v2

+ 2
N∑

n=1

cn dn
∂2 p

∂v∂zn
+

N∑
n=1

c2
n

∂2 p

∂z2
n

(15)

from which the evolution equations of the second-order mo-
ments follow

dmvv (t )

dt
= −2 � mvv (t ) + 2

N∑
n=1

γn μn mvzn (t ) + 2
N∑

n=1

d2
n

dmvzm (t )

dt
= −� mvzm (t ) +

N∑
n=1

γn μn mznzm (t )

−μm mvzm + mvv (t ) + 2 cm dm (16)

dmzmzn (t )

dt
= −(μm + μn) mzmzn (t ) + mvzm (t )

+ mvzn (t ) + 2c2
n δmn

m, n = 1, . . . , N . Observe that, by Eqs. (12), the last term
at the right-hand side of the first Eq. (16) simplifies as
2

∑N
n=1 d2

n = 2 �, and the last term at the right-hand side
of the second Eq. (16) equals 2 cn dn = −2. The Kubo
velocity autocorrelation function follows directly from the
modal expansion Eq. (7) and from the Langevin condition,
〈ξ (t )v(0)〉eq = 0,

dCvv (t )

dt
= −� Cvv (t ) +

N∑
n=1

γn μn Cznv (t )

dCznv (t )

dt
= −μn Cznv (t ) + Cvv (t ) (17)

equipped with the initial conditions Cvv (0) = 〈v2〉eq = 1,
Cznv (0) = 0. Figure 2 depicts the behavior of 〈v2(t )〉 =
mvv (t ), starting from mvv (0) = mvzn (0) = mznzm (0) = 0,
n, m = 1, . . . , N , for different values of the exponent κ . The
simulations of the system of equations Eq. (7) are performed
choosing N = 40 as regards the number of modes and
using an Euler-Langevin scheme with a temporal step size
�t = 10−3 considering an ensemble of 105−106 realizations.

For κ < 1 thermalization is achieved, and 〈v2(t )〉 decays in
a power-law way towards the equipartition result. For κ > 1
the long-term limit of 〈v2(t )〉 converges towards a different
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〈  
   

  〉

FIG. 2. 1 − 〈v2(t )〉 vs t for the dissipationless model Eq. (7)
obtained from the moment dynamics Eq. (16) (symbols) starting
from vanishing initial conditions mvv (0) = mvzn (0) = mznzm (0) = 0,
n, m = 1, . . . , N . Symbols [�] and line (a) and [�] and line (b) refer
to κ = 0.7, 0.9, respectively, while [◦] and line (c) and [•] and line
(d) to κ = 1.3, 1.6, respectively.

(and smaller) value. Figure 3 depicts the behavior of 〈v2(t )〉,
in the case zn(0) = 0 n = 1, . . . , N , and v(0) is a Gaussian
random variable with zero mean and variance σ0 for GLEs
within and outside the ergodicity region (κ < 1). Another set
of initial conditions is depicted in Fig. 4. In this case v(0)
is still Gaussian with variance σ0, while zn(0) n = 1, . . . , N
are Gaussian random variables sampled from their equilib-
rium distribution: a Gaussian distribution with zero mean
and variance 1/

√
γn μn, n = 1, . . . , N . In the nonergodic case

[κ = 1.5, Fig. 4(b)] if σ0 = 1, i.e., if the initial condition
coincides with the thermodynamic equilibrium conditions the
system remains in equilibrium. In all the other cases σ0 �= 1,
the limiting value of 〈v2(t )〉 is different from 〈v2〉eq = 1.

A qualitatively similar result is obtained for the velocity
autocorrelation function, as depicted in Fig. 5. These data are
obtained from the stochastic simulation of Eq. (7) considering
an ensemble of N = 105 realizations and analyzing the cor-
relation properties after a sufficiently long transient order of
t = 104.

Below κ = 1, the velocity correlation properties coincide
with those predicted by fluctuation dissipation theory while,
for κ > 1, these properties depend on the initial conditions. In

the latter case, we observe for C0
vv (t ) a translation of the Kubo

autocorrelation function, i.e., C0
vv (t ) = Cvv (t ) + K where the

constant K depends on the initial conditions.
The results on the transition occurring at κ = 1 can

be compactly summarized by considering the long-term
stationary value of the squared velocity variance 〈v2〉s =
limt→∞〈v2(0)〉 vs the initial variance σ0, where σ 2

0 = 〈v2(0)〉,
depicted in Fig. 6. The initial velocity distribution is Gaussian
with zero mean, thus completely specified by σ0, while the
other auxiliary variables are initially vanishing, i.e.,zn(0) = 0,
n = 1, . . . , N .

For κ < 1, 〈v2〉s = 1 independently of σ0, while 〈v2〉s devi-
ates from the equipartition result for κ > 1, and this deviation
is more significant as κ increases. The comparison of these
results with the analysis of GLE performed by Deng and
Barkai clearly reveals the differences in the models and, as
a consequence the different nature of ergodicity breaking. In
Ref. [16], the GLE is purely dissipative, corresponding to the
hydrodynamic picture of a viscoelastic fluid with a power-law
dissipative kernel h(t ) ∼ t2 H−2, 1/2 < H < 1, while k(t ) =
0. This generates a breaking of ergodicity for H → 1 as
regards the statistical properties of the particle mean-square
displacement. In the present case h(t ) = 0, while k(t ) pos-
sesses a power-law tail Eq. (1) inducing nonergodic properties
in the momentum relaxation dynamics compactly expressed
by the data reported in Fig. 6.

B. Scaling analysis and anomalous diffusion

A different diffusive behavior characterizes the system
below and above the critical value κc. To this end, let us
supplement Eq. (7) with the kinematic equation

dx(t )

dt
= v(t ) (18)

for the particle position x(t ). The analysis of the diffu-
sive anomalies can be viewed as the extension of Mason’s
generalized Stokes-Einstein relation (GSER) for dissipative
viscoelastic fluids [50,51] to the dissipationless case. The
GSER connects the rheological properties of a complex vis-
coelastic fluid, and specifically the Fourier transform of its
relaxation modulus, to the Fourier transform of the mean-
square displacement (viewed as a function of time) in the case
the particle motion displays anomalous subdiffusive scaling

〈  
   

〉

〈  
   

〉

FIG. 3. 〈v2(t )〉 vs t for initial conditions zn(0) = 0 n = 1, . . . , N , and v(0) normally distributed with variance σ0. (a) refers to κ = 0.5,
(b) to κ = 2.5. Lines α, β, γ correspond to σ0 = 0, 1,

√
2, respectively.
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〈  
   

 〉

〈  
   

 〉

FIG. 4. 〈v2(t )〉 vs t for initial conditions where zn(0) = 0 n = 1, . . . , N are normally distributed with zero mean and variances equal to
their equilibrium variances, and v(0) normally distributed with variance σ0. (a) refers to κ = 0.5, (b) to κ = 1.5. Lines α, β, γ correspond to
σ0 = 0, 1,

√
2, respectively.

[50,51]. In this sense it represents a generalization of the
Stokes-Einstein relation, connecting properties diffusive prop-
erties and mechanical dissipation in the anomalous case.

Let Ĉvv (s) be the Laplace transform of Cvv (t ), where s is
the Laplace variable (henceforth we use the hatted notation
for Laplace transforms of generic functions of time). From
Eq. (2) with h(t ) = 0, or equivalently from Eq. (3), expressed
in nondimensional form, we obtain

Ĉvv (s) = 〈v2〉eq

s + s k̂(s)
. (19)

From Eq. (4), for κ < 1, we have for small s close to s = 0,
k̂(s) ∼ 1/s1−κ , and thus

Ĉvv (s) ∼ 〈v2〉eq

s + sκ
∼ 〈v2〉eq

sκ
, for s → 0 (20)

that implies

Cvv (t ) ∼ t−(1−κ ), t → ∞ (21)

indicating that, for κ < 1 a superdiffusive diffusional scaling
occurs

〈x2(t )〉 ∼ t
∫ t

0
Cvv (τ ) dτ ∼ t1+κ . (22)

Conversely, for κ > 1, it is reasonable to argue that, for
generic initial conditions, the scaling of the mean-square dis-
placement should be ballistic, 〈x2(t )〉 ∼ t2. This is indeed
the case as shown in Fig. 7. However, it should be observed
that in the nonergodic case there may exist initial conditions
providing different scalings, at least at intermediate times, as
depicted in Fig. 7(b) curve (α), starting from vanishing initial
conditions for the velocity.

In the ergodic case (κ < 1), the statistics of velocity and
normalized particle displacement �(t ) = (x(t ) − x0)/σx(t ),
where σ 2

x (t ) = 〈(x(t ) − x0)2〉 is Gaussian in the long term, as
depicted in Fig. 8 for κ = 0.5.

C. Transitional properties

The qualitative change of behavior occurring at κc = 1
from ergodic to nonergodic dynamics resembles a second-
order phase transition. For this transition we can take the
normalized difference φv as the order parameter

φv = 〈v2〉eq − limt→∞〈v2(t )〉0

〈v2〉eq
, (23)

i.e., the normalized difference between the equilibrium value
(in the nondimensional case 〈v2〉eq = 1), and the long-term

FIG. 5. Long-term velocity autocorrelation function obtained from the averaging over an ensemble of realizations of Eq. (7). The initial
conditions are zn(0) = 0, n = 1, . . . , N , while v(0) is a Gaussian random variable with variance σ0. (a) reports data for kernels with κ < 1, σ0 =
0. Symbols refer to stochastic simulations with κ = 0.3, 0.5, 0.7, from line α to line γ , lines corresponds to the Kubo velocity autocorrelation
function. (b) refers to κ = 2.5. Symbols and lines, from α to γ , correspond to different values of σ0 = 0, 1, 2. Line (δ) corresponds to the
Kubo velocity autocorrelation function.
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FIG. 6. 〈v2〉s vs σ0 for different values of the exponent κ . Line
(a) and symbols (�) refer to κ = 0.5, line (b) and (◦) to κ = 1.5, line
(c) and (•) to κ = 2.5.

limit of the squared velocity variance starting from vanish-
ing initial conditions v(0) = zn(0) = 0, n = 1, . . . , N . The
subscript “0” indicates just this particular initial setting. Of
course, other initial statistical settings, different from the equi-
librium configuration, can be chosen as well. Near κc, the
order parameter behaves as

φv =
{

0 κ � κc

(κ − κc)ζ κ > κc
. (24)

Figure 9 depicts the behavior of φv as a function of κ −
κc for κ > κc. Data refer to the solution of the moment
equations (16) starting from mvv = mvzn = mznzm = 0, n, m =
1, . . . , N , (see Fig. 2) up to a maximal time order of 109.
Symbols (◦) refer to situations where reliable estimates of the
saturation value were possible. From the scaling of the latter
class of data a value ζ = 0.8 of the critical exponent defined
by Eq. (24) is obtained.

The occurrence of this ergodic or nonergodic transition can
be predicted from the dynamical properties of the system.
Consider Eq. (7) in the absence of the stochastic forcings,
and express it in matrix form introducing the joint variable
y = (v, z1, . . . , zN )T , where “T ” indicates transpose,

dy(t )

dt
= A y(t ), (25)

where

A =

⎛⎜⎜⎜⎜⎝
−� γ1μ1 γ2μ2 · · · γNμN

1 −μ1 0 · · · 0
1 0 −μ2 · · · 0

· · · · · · · · · · · · · · ·
1 0 0 · · · −μN

⎞⎟⎟⎟⎟⎠. (26)

Consider the spectral properties of the coefficient matrix
A, i.e., its right A ei = −λi ei, and left e∗

i A = −λi e∗
i , i =

0, . . . , N eigenvectors. The matrix A possesses a vanishing
eigenvalue λ0 = 0, while the others are real and negative, i.e.,
λi > 0, Fig. 10.

The left eigenvectors constitute the dual basis, and by def-
inition they are normalized as

e∗
i (e j ) =

N∑
k=0

e∗
i,ke j,k = δi j, (27)

where e j,k and e∗
i,k , k = 0, . . . , N are the entries of e j and e∗

i ,
respectively. The right and left eigenvectors associated with
λ0 = 0 are given by

e0 =

⎛⎜⎜⎜⎜⎝
1

μ−1
1

μ−1
2· · ·

μ−1
N

⎞⎟⎟⎟⎟⎠, e∗
0 = C (1, γ1, γ2, . . . , γN ), (28)

where the constant C is defined by the normalization condition
Eq. (27), i.e., e∗

0(e0) = 1, and thus

C =
(

1 +
N∑

n=1

γn

μn

)
. (29)

Next, consider the evolution of y(t ), solution of Eq. (25)
starting from a generic initial condition y(0) = y0,

y(t ) = eA t y0 =
N∑

n=0

e∗
n (y0) e−λn t en. (30)

In the long-term limit, y(t ) converges to a point lying in the
central eigenmanifold spanned by e0,

lim
t→∞ y(t ) = e∗

0 (y0) e0 (31)

depending on the initial condition. From Eqs. (28) and (29),
setting y0 = (v0, z1,0, . . . , zN,0), we have

e∗
0(y0) = v0 + ∑N

n=1 γn zn,0

1 + �N
, (32)

where

�N = 1 +
N∑

n=1

γn

μn
= 1 +

N∑
n=1

1

2n(κ−1)
. (33)

Two situations occur in the limit for N → ∞: (i) if κ < 1,
limN→∞ �N = ∞. Consequently, e∗

0 (y0) = 0, and the long-
term limit of the solution Eq. (30), is independent of the initial
condition y0. This is the case providing the occurrence of
an ergodic behavior; (ii) if κ > 1, limN→∞ �N = �∞ < ∞,
and the long-term limit Eq. (31) does depend on the initial
conditions, corresponding to a nonergodic behavior.

It can be observed that the condition on �N in the limit
for N → ∞ corresponds to the integrability condition for
the inertial kernel k(t ). Indicating with kN (t ) the truncated
approximation of k(t ) up to N modes, we have

�N = 1 +
∫ ∞

0
kN (t ) dt . (34)

D. Quasi-steady-state approximation

There is also another way to detect the ergodicity
transition, adopting a quasi-steady-state approximation of
the dynamics. Consider the dynamics of the second-order
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FIG. 7. 〈x2(t )〉 vs t , obtained from stochastic simulations (symbols) of Eqs. (7) and (18) for different values of the exponent κ , and
for different initial conditions starting from x(0) = 0. (a) refers to the ergodic case (κ < 1). The arrow indicates increasing values of κ =
0.3, 0.5, 0.7. The solid lines represent Eq. (22) for the corresponding values of κ . Line α corresponds to 〈x2(t )〉 ∼ t in order to mark the
difference with respect to the regular diffusive scaling. The initial conditions are v(0) = zn(0) = 0, n = 1, . . . , N , but in the ergodic case the
initial setting is immaterial. (b) refers to κ = 2.5, starting from vanishing initial condition for the auxiliray variables zn(0) = 0, n = 1, . . . , N
and with v(0) Gaussian random variable with zero mean and variance σ0. Symbols (�) refer to σ0 = 0, symbols (◦) and (•) to σ0 = 1, 2,
respectively. Line (β) corresponds to the ballistic scalings 〈x2(t )〉 ∼ t2, while line (α) to 〈x2(t )〉 ∼ t1.1.

moments Eq. (16), and perform a quasi-steady-state approx-
imation for mvv and mzmzp , corresponding to the assumption
that dmvv/dt = dmzmzp/dt = 0. This leads to the following
algebraic conditions,

mvv = 1

�

N∑
n=1

γn μn mvzn + 1

�

N∑
n=1

d2
n (35)

mzmzn = mvzm + mvzn + 2 c2
nδmn

μm + μn
. (36)

Substituting these expressions into the dynamics for the mixed
moments mvzn (t ) [second set of equations in Eq. (16)], and
enforcing the definition of the coefficients dn, cn Eq. (12), one
ends up with the reduced dynamics

dmvzn

dt
= −(� + μn) mvzn +

N∑
m=1

γm μm

μn + μm
mvzn

+
N∑

m=1

γm μm

μn + μm
mvzm + 1

�

N∑
m=1

γm μm mvzm . (37)

Let B the constant N × N coefficient matrix associated with
the reduced model Eq. (37) and let νmax be the maximal real
part of its eigenvalues. The graph of νmax vs κ is depicted
in Fig. 11. For κ < 1, all the eigenvalues have negative real
part. At κ = κc = 1 the reduced system loses stability and
νmax becomes positive for κ > 1. Although there is no spe-
cific dynamic motivation underlying the quasi-steady-state
assumption, the physical interpretation of this result is rather
clear. Since for κ < 1 all the eigenvalues of B are negative, the
mixed moments mvzn (t ) are vanishing in the long term. The
vanishing of these mixed moments is the condition (detailed
Langevin condition) ensuring the validity of Kubo fluctuation-
dissipation relations, and in turn 〈v2(t )〉 would converge to the
equilibrium value 〈v2〉eq = 1, independently of the initial con-
ditions (ergodicity). Conversely, the instability characterizing
the reduced system Eq. (37) for the mixed moments with κ >

1 indicates that in this case mvzn (t ) cannot be vanishing in the
long term, and consequently the dynamics of the system be-
haves in a way not consistent with the fluctuation-dissipation
predictions. The latter analysis of the transition occurring at

FIG. 8. (a) Equilibrium velocity distribution p∗
v (v) for κ = 0.5. (b) Long-term distribution p∗

�(�) for the normalized displacements �(t ).
Symbols represent the results of stochastic simulations, the solid line in both panels is the normalized Gaussian density with zero mean and
unit variance.
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FIG. 9. Behavior of the order parameter φv defined by Eq. (23) as
a function of κ − κc. Symbols are the results of moment analysis up
to a maximal time order of 109. Symbols (◦) correspond to reliable
data in this temporal window. The solid line represent the scaling
φv ∼ (κ − κc )ζ with ζ = 0.8.

κ = κc recasts the problem in the form of a bifurcational issue
associated with the loss of stability of an equilibrium point for
the second-order reduced moment dynamics.

E. Presence of attractive potentials

Another interesting situation involves the presence of
attractive potentials U (x) such that

∫ ∞
−∞ e−U (x) dx < ∞, en-

suring the existence of a steady state. Observe that in the
nondimensional formulation kB T = 1. In this case, the first
Eq. (7) for dv(t )/dt should be substituted by

dv(t )

dt
= −� v(t ) +

N∑
n=1

γn μn zn(t )

− dU (x(t ))

dx
+

√
2

N∑
n=1

dn ξn(t ) (38)

FIG. 10. Eigenvalues (with reversed sign) λn vs n associated with
the kernel k(t ) defined by the matrix A Eq. (26) at κ = 0.5 for
different values of the truncation order N : (a) N = 10, (b) N = 20,
(c) N = 40.

FIG. 11. Maximal real part νmax of the eigenvalues associated
with the coefficient matrix of the linear reduced system Eq. (37) as
the exponent κ varies.

coupled with the kinematic equation Eq. (18). We con-
sider two prototypical attractive potentials: (i) the harmonic
potential

U (x) = x2

2
(39)

and the double-well potential

U (x) = x4

4
− x2

2
. (40)

In both cases, the long-term steady-state solution for the
marginal velocity and position densities are the Maxwellian
and the Boltzmannian respectively. This is shown in Fig. 12.
This result is independent of the initial conditions and is valid
for any value of κ as depicted in Fig. 13.

Indeed, this result is valid in the presence of any dissipa-
tionless inertial kernel. To prove this, we can consider the
simplest possible case, namely an exponential kernel k(t ) =
γ e−μ t defined by a single mode, in the presence of a harmonic
potential. The modal equations for this setting read

dx(t )

dt
= v(t )

dv(t )

dt
= −γ v(t ) + γ μ z(t ) − x(t ) +

√
2 d ξ (t )

dz(t )

dt
= −μ z(t ) + v(t ) +

√
2 c ξ (t ), (41)

where d = √
γ and c = −1/

√
γ . If we consider the dynam-

ics of the second-order moments we obtain at steady state
(steady-state moments are indicated with an asterisk),

m∗
vv = m∗

xx = 1, m∗
zz = 1

γ μ
, m∗

xv = m∗
xz = m∗

vz = 0

(42)
corresponding to the equilibrium solution. This result can be
straightforwardly generalized to the presence of an arbitrary
number of modes. This means that the presence of an at-
tractive potential (the theoretical analysis is limited to the
harmonic case) provides a form of thermalization even in
the absence of dissipative effects deriving from fluid-particle
interactions.
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FIG. 12. Equilibrium velocity p∗
v (v) [(a) and (c)], and position p∗

x (x) [(b) and (d)] marginal densities in the presence of attractive potentials.
Symbols represent the results of stochastic simulations: (�) correspond to κ = 0.5, (◦) to κ = 2.5. (a) and (b) refer to the harmonic potential,
(c) and (d) to the double-well potential. Solid lines in (a), (b), and (c) correspond to the Gaussian distribution with zero mean and unit
variance. Solid line in (d) is the Boltzmann distribution p∗

x (x) = Ae−U (x), where A is the normalization constant and U (x) = x4/4 − x2/2 is the
double-well potential.

The explanation of this phenomenon is purely of dynamic
nature. Consider again the one-mode model Eq. (41), which is
governed by a linear dynamic for y = (x, v, z) controlled by

the coefficient matrix A

A =
⎛⎝ 0 1 0

−1 −γ γ μ

0 1 −μ

⎞⎠. (43)

〈  
   

 〉

〈  
   

 〉

FIG. 13. 〈v2(t )〉 vs t in the presence of attractive potentials, κ = 2.5, for initial conditions zn(0) = 0 n = 1, . . . , N , and v(0) normally
distributed with variance σ0. and v(0) normally distributed with variance σ0. (a) refers to the harmonic potential, (b) to the double-well
potential. Lines α, β, γ correspond to σ0 = 0, 1, 2, respectively.
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From the analysis of the characteristic polynomial associated
with the matrix A, it follows that all the eigenvalues admit
negative real part for γ , μ > 0. Therefore, the presence of a
harmonic potential introduces dynamically a stabilizing be-
havior enabling the achievement of a thermalizing action of
thermal fluctuations even in the absence of dissipative fluid
inertial interactions. This result is consistent with the analysis
reported in Ref. [9].

F. Presence of steady forces

As addressed in Sec. III A, there are some features of the
class of inertial kernel defined by Eqs. (3) and (4) that make
them acquire some irreversible behavior leading to thermal-
ization and to an equilibrium solution independently of the
initial conditions in the presence of attractive potentials.

This stems essentially from the spectral structure of the
resulting GLE defined by the matrix A Eq. (26): it possesses
a vanishing eigenvalue while the remaining ones are strictly
negative (see Fig. 10). The presence of a harmonic potential
destroys the central eigenspace, turning the central eigenvalue
from vanishing to negative.

In this regard, there is a profound difference with respect
to the kernels arising from linear heat-bath models (Zwanzig
heat-baths) [21,52,53] involving a finite but arbitrarily large
numbers of bath particles, for which all the eigenvalues of the
coefficient matrix are purely imaginary, and the superposition
of an external potential acting on the tagged particle does not
change the qualitative (spectral) properties of the dynamics.

However, there is a clear an unambiguous indicator of
dissipation that marks the difference between truly dissipa-
tive (strong thermalizing) and apparently dissipative (weak
thermalizing) systems: the long-term velocity dynamics in a
presence of a bounded force and specifically a constant one.
For this reason, we consider this case, for which the first
Eq. (7) for dv(t )/dt becomes

dv(t )

dt
= −� v(t ) +

N∑
n=1

γn μn zn(t ) + F +
√

2
N∑

n=1

dn ξn(t ),

(44)
where F > 0 is constant.

In the dissipative case, the particle velocity relaxes towards
a constant value, the settling velocity v∞ = F/η∞, where
η∞ = ∫ ∞

0 h(t ) dt is the integral of the dissipative memory
kernel h(t ) introduced in Eq. (2).

The saturation towards a constant settling velocity cannot
happen in the absence of dissipation, and the particle velocity
grows unboundedly in time.

This can be easily seen from Eq. (44), considering the first-
order moment, i.e., the expected value for the velocity. In the
Laplace domain we have for small s (long times)

〈̂v(s)〉 = F

s[s + s k̂(s)]
∼ F

s(s + sκ )
. (45)

Also in this case a different scaling occurs below and above
the critical value κc = 1. For κ < 1, the term sκ within the
brackets at the denominator of Eq. (45) is the leading term
with respect to s for small values of s, thus 〈̂v(s)〉 ∼ F/s1+κ ,
leading to 〈v(t )〉 ∼ F tκ , 〈x(t )〉 ∼ F t1+κ . For κ > 1, the op-
posite occurs, 〈̂v(s)〉 ∼ F/s2, and as a consequence 〈v(t )〉 ∼

F t , 〈x(t )〉 ∼ F t2. This phenomenon is depicted in Fig. 14
with the aid of data deriving from stochastic simulations of
Eq. (44) using an ensemble of 105 realizations.

This result is consistent with the analysis developed in Ref.
[54] as regards the different dynamical properties of Langevin
models compared to conservative models of particle dynamics
in a heat bath.

A similar result occurs also in the presence of a su-
perimposed periodic potential. Consider Eq. (44) with F
substituted by F − U ′(x), U ′(x) = dU (x)/dx, and U (x) =
− cos(2 π x)/2 π . The presence of a periodic potential does
not alter the scaling of 〈x(t )〉 and 〈v(t )〉, as depicted in
Fig. 15(a). It is important to observe that the divergence of
〈v(t )〉 as t → ∞ is independent of the intensity of the force
F �= 0, Fig. 15(b). This is to be expected as, in the fluid inertial
case, the structure of the stochastic fluctuations consistent
with Kubo’s theory involves Wiener forcings acting directly
on the velocity dynamics (last term at the right-hand side of
Eq. (44).

G. Weak thermalization and strong dissipation

The results developed in Secs. III A, III E, and III F re-
quire a deeper analysis as regards the connection between
irreversibility, thermalization and dissipation, as some form
of thermalization and irreversibility is exhibited by nondissi-
pative system (associated with power-law inertial kernels with
κ < 1). For the sake of clarity, it is convenient to introduce
some definitions taking the GLE associated with particle hy-
dromechanics as a working example. We refer to isothermal
conditions.

A GLE is weakly thermalizing if, in the absence of exter-
nal perturbations (external forces and potentials) other than
the equilibrium thermal force, the velocity attains a unique
equilibrium distribution independently of the initial state of
the system. This implies that 〈v2(t )〉 would converge for long
times to the equilibrium value 〈v2〉eq, independently of the
initial preparation of the system, i.e., of the values for v(t )
and zn(t ) at time t = 0.

A GLE is canonically robust if, in the presence of attrac-
tive potentials U (x) superimposed to the equilibrium thermal
fluctuations, there exists a unique equilibrium distribution,
independently of the initial conditions, coinciding with the
Maxwell-Boltzmann distribution. This diction stems from the
property that the GLE provides equilibrium statistics analo-
gous to those predicted by the equilibrium ensemble theory
(canonical ensemble).

A GLE is strongly thermalizing if it is weakly thermalizing
and canonically consistent and moreover, for any bounded
force F (x) (such that there exists a constant K > 0 and
|F (x)| < K) superimposed to the equilibrium thermal fluctu-
ations, the velocity attains in the long-term limit a bounded
value, independently of the initial conditions. More specif-
ically, if the force applied is constant, the velocity should
converge towards a constant limit value.

In the light of these definitions the behavior displayed
by GLEs characterized by dissipationless inertial kernel with
long-term power-law scaling can be summarized as follows:

(1) for κ < 1 the GLE is both weakly thermalizing and
canonically robust;
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FIG. 14. Mean values for velocity 〈v(t )〉 [symbols (◦) and lines α] and position 〈x(t )〉 [symbols (�) and lines β] vs time t in the presence
of a constant force F = 1. (a) refers to κ = 0.5, (b) to κ = 2.5. Symbols are the results of stochastic simulations. Line α in (a) corresponds to
〈v(t )〉 ∼ tκ , line β to 〈x(t )〉 ∼ t1+κ . Line α in (b) corresponds to 〈v(t )〉 ∼ t , line β to 〈x(t )〉 ∼ t2.

(2) for κ > 1 the GLE is canonically robust but the prop-
erty of weak thermalization is lost;

(3) independently of the value of κ the GLE is not strongly
thermalizing.

Therefore, in the absence of dissipation it may happen than
a GLE may display thermalization properties analogous to
those of dissipative systems, i.e., some form of irreversibility.
Nevertheless, the most strict property characterizing dissipa-
tive dynamics is their behavior in the presence of bounded
forces. And this represents the most cogent test for a correct
thermodynamic behavior. To this end, we have shown that
dissipationless GLE cannot provide this type of limit behavior.
The simplest physical model is the sedimentation of a solid
particle in a fluid (with density greater than the density of the
fluid medium) under the action of gravity. In the experiments
a final settling velocity is achieved, supporting the claim that
fluid-particle interactions are strictly dissipative.

It is important to observe that using some mathematical
technicalities, it would be possible to justify the occurrence of
a thermalizing behavior in dissipationless systems even in sit-
uations where thermalization cannot be physically achieved.
This is associated with the existence of singular limits, and
with the way these limits are performed.

Let us address this topic by means of a simple example
consistent with the class of problems analyzed in this arti-
cle. Consider a GLE characterized by an exponential kernel
k(t ) = γ e−μ t , and by a small friction factor ε > 0. With ref-
erence to Eq. (2) this implies that the dissipative kernel h(t ) is
impulsive, h(t ) = ε δ(t ). In this case, the modal representation
consistent with Kubo fluctuation-dissipation theory reads

dv(t )

dt
= −(ε + γ ) v(t ) + γ μ z(t ) +

√
2 ε ξ ′(t ) +

√
2 d ξ (t )

dz(t )

dt
= −μ z(t ) + v(t ) +

√
2 c ξ (t ), (46)

where d = √
γ , c = −1/

√
γ and ξ (t ), ξ ′(t ) are distributional

derivatives of two independent Wiener processes. For ε >

0, the system is dissipative and thus, for any initial condi-
tions (expressed via the statistical properties of v(0) = v0 and
z(0) = z0), one obtains

lim
t→∞〈v2(t )〉 = 1. (47)

Consequently,

lim
ε→0

lim
t→∞〈v2(t )〉 = 1. (48)

〈  
  〉

〈  
  〉

FIG. 15. 〈v(t ) and 〈x(t )〉 in the presence of a constant force F and of a superimposed potential contribution U ′(x) = sin(2 π x). (a): 〈v(t )
vs t at F = 1 for different values of the exponent κ . The arrows indicate increasing values of κ = 0.3, 0.5, 0.7, 1.5. Symbols represent the
results of stochastic simulations, solid lines correspond to the theoretical scalings, i.e. 〈v(t )〉 ∼ tκ for κ < 1, and 〈v(t )〉 ∼ t for κ > 1. (b):
〈x(t )〉 vs t at κ = 0.5, for different intensities of the constant force F . The arrow indicates increasing values of F = 0.05, 0.1, 0.5, 1. Line
(α) corresponds to the scaling 〈x(t )〉 ∼ t1+κ .
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Alternatively, one can exchange the order of execution of
the limits in Eq. (48), taking first the limit for ε → 0, and
subsequently the limit for t → ∞. Doing so, one obtains

lim
t→∞ lim

ε→0
〈v2(t )〉 = f [p0(v0, z0)], (49)

where f [p0(v0, z0)] is a functional of the statistical properties
of the initial preparation of the system defined by the initial
joint probability density function p0(v0, z0). Specifically,

f [p0(v0, z0)] = 1 + μ
2γμmvz(0) + μ mvv (0) + γ 2μ mzz(0)

(γ + μ)2
,

(50)
where

mαβ (0) =
∫∫

α βp0(v0, z0) dv0 dz0, α, β = v0, z0

(51)
are the second-order moments of the initial distribution.
Eq. (50) stems from elementary moment analysis. We may
therefore conclude that

lim
t→∞ lim

ε→0
〈v2(t )〉 �= lim

ε→0
lim

t→∞〈v2(t )〉. (52)

The qualitative properties displayed by the singular limit
in Eq. (52) are altogether analogous to other singular limits
occurring in the theory of GLEs and dissipation. Specifically,
they occur in the definition of the memory kernel associated
with Hamiltonian heat bath models [21], where the limit for
time tending to infinity and for the number of heat-bath par-
ticles tending to infinity may not coincide. In the latter case,
and in the case of Eq. (52), it is the physical reasoning that
may resolve the apparent ambiguity of the limit, providing the
correct interpretation of it.

IV. CONCLUDING REMARKS

In order to complete the analysis of ergodicity breaking in
GLEs initiated with the work [20], we have explored in this
article the case of dissipationless kernels. In the
hydromechanic framework, this corresponds to the presence
of purely fluid inertial interactions. The case of inertial kernels
with long-term power-law tails is particularly interesting as
a critical behavior resembling a phase transition occurs at
the critical value κ = 1 of the exponent characterizing the
long-term behavior.

For κ < 1 the system displays weak thermalization and is
ergodic both in the presence of purely thermal fluctuations
and in the case attractive potentials are superimposed to it.
Weak thermalization is lost for κ > 1 together with the break-
down of ergodicity. For κ < 1 a superdiffusive scaling of the
mean-square displacement is observed with an exponent equal
1 + κ .

While the results for κ < 1 seem to suggest that, even in
the absence of dissipation, some form of irreversibility may
arise, the critical test for the latter claim involves the dynamic
properties of momentum transfer in the presence of constant
or bounded potentials. And enforcing this test (for a constant
force) in the absence of a real dissipative fluid-particle inter-
action mechanism, the velocity diverges to infinity, and by no
means it can reach a constant and bounded settling velocity as
observed, e.g., in sedimentation experiments. In other words,
even if for κ < 1 the dissipationless GLE is weak thermal-
izing, this is not true in the strong sense, and consistently it
cannot describe the thermodynamic and energetic properties
of an irreversible memory dynamics.
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